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Fix q and let Mn be an n× n matrix with entries drawn independently from the finite field

Fq according to some distribution µn. It is shown that, except in certain pathological cases,

the probability that Mn is nonsingular is asymptotically the same as for uniform entries;

that is,

Pr(Mn is nonsingular)→
∏
i>1

(1− q−i) as n→∞.

1. Introduction

Let q = pe be a prime power and write F for the Galois field F = Fq = GF(q). We

suppose throughout that F is fixed and M = Mn is a random n × n matrix with entries

chosen independently from F.

If the entries are chosen uniformly from F, then it is well known (and easy to see) that

Pr(Mn is nonsingular)→∏
i>1

(1− q−i) as n→∞. (1.1)

A nice surprise, discovered by various authors, is that (1.1) is quite robust. Specifically,

Charlap, Rees and Robbins ([3], see also [5]) proved the following theorem in 1990.

Theorem 1.1. A sufficient condition for (1.1) is that the entries of Mn be drawn from
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some fixed probability distribution µ which is not concentrated on any proper affine subspace

of F.

They also discuss the extent to which the restriction on the support of µ in Theorem 1.1

can be relaxed. Note that some restriction is required since we clearly cannot expect (1.1)

if µ is concentrated on a single point or a proper subfield. On the other hand, as noted in

[3], the condition of Theorem 1.1 seems stronger than necessary; for example (again as

noted in [3]), uniform distribution on some 2-dimensional subspace of F = F8 regarded

as a vector space over F2 is a first case not covered by Theorem 1.1.

A main result of the present paper (Theorem 1.3) is that replacing ‘proper affine

subspace’ with ‘proper affine subfield ’ in Theorem 1.1 gives a necessary and sufficient

condition in the case of a fixed probability distribution. (So, for instance, (1.1) does hold

for the example at the end of the preceding paragraph.)

Another extension of the uniform limit is to random matrices with µ depending on n.

One limitation here is that, if ‖µ‖∞ > 1 − (log n + O(1))/n, then there is an Ω(1) chance

of having either a row or column of zeros (if ‖µ‖∞ = µ(0)) or two or more equal rows or

columns, so it is no longer reasonable to expect (1.1). (In fact, if ‖µ‖∞ > 1−(log n−ω(1))/n,

then Mn is a.s. singular.)

This question was considered by Kovalenko, Levitskaya and Savchuk [6]. They prove

the standard limit (1.1) under the condition that the entries mij of M are independent

and Pr(mij = α) > (log n + ω(1))/n for all α ∈ F. (They prove the conclusion even when

the entries are not identically distributed, but then the above lower bound on Pr(mij = α)

should be uniform in i, j.)

The behaviour of the nullity of Mn for 1−µ(0) =: p close to log n/n and µ(α) = p/(q−1)

for α 6= 0 was considered by Blömer, Karp and Welzl [2] in 1997; this was the original

motivation for the present work. When q = 2 very precise information for the model of

[2] is given by Cooper in [4].

In the present paper we address both these issues, giving, in Theorem 1.2, sufficient

(and probably necessary; see below) conditions for (1.1) when the entries of M = Mn are

drawn from a distribution µ = µn which may depend on n. The special case of fixed µ is

completely settled in Theorem 1.3.

We will say that H is an affine subfield of F if H = αK + β with K a subfield of F,

α, β ∈ F and α 6= 0, and that H is proper if it is not equal to F.

We will say that a matrix or vector is chosen according to µ if its entries are chosen

independently, each according to µ.

Theorem 1.2. Let µn be a probability distribution on F = Fq (q fixed ), and let Mn be a

random n× n F-matrix chosen according to µn. Then (1.1) holds provided

‖µn‖∞ < 1− log n+ ω(1)

n
(1.2)

and

µn(F \H) > ω(n−2) for each proper affine subfield H of F. (1.3)
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(Throughout the paper log denotes natural logarithm.)

For fixed µ we present the definitive result mentioned earlier.

Theorem 1.3. Let Mn be a random n× n F-matrix with entries chosen according to some

fixed non-degenerate probability distribution µ on F. Then (1.1) holds if and only if the

support of µ is not contained in any proper affine subfield of F.

Sufficiency of the conditions on µ – the more interesting part of this – is given by

Theorem 1.2. A proof of necessity is provided in Section 7. (Here Conjecture 7.2 seems

particularly interesting, both in its own right – since it appears to require some new ideas

– and because it would complete a determination of limn→∞ Pr(Mn is nonsingular) for an

arbitrary fixed µ.)

The main idea in the proof of Theorem 1.2 is that there is very little chance of

‘non-generic’ dependencies among the columns of Mn. Once these have been ruled out,

probabilities for more typical dependencies behave essentially as for uniform entries. This

vague description is implemented in Section 3, where the proof of Theorem 1.2 is given

modulo results (Lemmas 3.1 and 3.2) proved in later sections.

The most complicated part of the whole business is the proof of Lemma 3.2 given in

Section 6. This is probably not optimal, though we were unable to find a satisfyingly

simple way to do it. As mentioned in the remarks following (6.7), most of this work can

be avoided if we are willing to strengthen (1.3) to ‘µn(F \H) > ω(1/n)’, so in particular if

we just want Theorem 1.3.

As suggested above, we believe (1.2) and (1.3) are also necessary for (1.1); in fact the

probability of nonsingularity should be less than the right side of (1.1) if either of these

conditions fails.

Both restrictions are at least natural. The reason for (1.2) (avoidance of row or column

dependencies of length 1 or 2) was noted earlier. Similarly, failure of (1.3) gives an Ω(1)

probability that Mn has no entries outside some proper affine subfield H, which should

increase the probability of singularity. (This is less obvious when H 63 0, but still seems to

be true.)

A proof of necessity should identify anomalous situations arising under failure of (1.2)

and/or (1.3), and show that the probability of nonsingularity is less than the right side of

(1.1) in such situations, and asymptotically at most the right side of (1.1) otherwise. (One

cautionary example: if H is a proper subfield and we condition on Mn having exactly one

entry in F \H, then the limit of Pr(Mn is nonsingular) will generally be strictly less than

the right side of (1.1).) We believe such a program could eventually be carried out mainly

via the present methods, but this seems likely to involve considerable extra effort.

2. Notation and background

To repeat, we take F = Fq , where the prime p and the prime-power q = pe are fixed.

When working in the m-dimensional vector space Fm, we take u · v to be the usual inner

product, and, as usual, set U⊥ = {v ∈ Fm : u · v = 0 for all u ∈ U} for any U ⊆ Fm.

We will sometimes regard F itself as a vector space over one of its subfields H; subspaces
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of this vector space are then called H-subspaces. (In other words, an H-subspace of F is

an additive subgroup of F closed under multiplication by H.) Of course, any vector space

over F is also a vector space over any subfield of F, but here we will use the natural

default: unless otherwise specified, ‘subspace of Fm’ refers to Fm as a vector space over F.

Vectors are column vectors by default. For a real matrix M we write MT for the

transpose. Hence rT is a row vector if r is a column vector. The support of a vector v

(or that of a discrete measure) is the set supp(v) = {i : vi 6= 0}. For a vector v and a

set S ⊆ F of scalars, we write Sv = {αv : α ∈ S}. In particular, F1 is the set of column

vectors {(α, α, . . . , α)T : α ∈ F}. For v ∈ Fm and I ⊆ [m], vI is the restriction of v to I:

vI = (vi : i ∈ I).
If M is a k×m F-matrix (matrix with entries in F), then row(M) is the row space of M

(linear span of the rows of M).

We use [n] for the set {1, 2, . . . , n}. Given positive sequences {f(n)} and {g(n)}, we

use the standard notations f(n) = O(g(n)), f(n) = o(g(n)), f(n) = Ω(g(n)), and f(n) =

ω(g(n)), to denote, as n→ ∞, the limit relations lim sup f(n)/g(n) < ∞, lim f(n)/g(n) = 0,

lim inf f(n)/g(n) > 0, and lim f(n)/g(n) = ∞, respectively. We will also use f(n) = o(g(n))

(with the same meaning) in cases where f is not required to be positive.

In general we pretend large numbers are integers, nothing we do being affected by such

rounding.

Throughout the paper – as in the above theorems – we work with a ‘hidden parameter’

n, so that a statement like ‘f(u) = o(1)’ really refers to a sequence {un} and asserts that

f(un) → 0 as n → ∞. We assume throughout that n is large enough to support our

assertions, but emphasize again that the underlying field F, and thus also the parameters

p, e and q, are fixed.

As usual, we say that an event Q = Qn holds almost surely (a.s.) if its probability tends

to 1 as n → ∞. For µ a probability distribution on X and K ⊆ X we write µK for the

conditional distribution µ(·|K).

3. Main ingredients and Proof of Theorem 1.2

Here we give just enough of the results of later sections to allow us to prove Theorem 1.2.

We assume throughout that µ = µn satisfies (1.2) and a concrete version of (1.3):

µn(F \H) > h(n)/n2 for each proper affine subfield H of F, (3.1)

with h(n) = ω(1).

Eventually our main task (Lemma 3.2) will be to show that the first n−ω(1) rows of Mn

are a.s. ‘generic’, meaning that they are (i) linearly independent, and (ii) not simultaneously

annihilated by any ‘atypical’ vectors, formally those not belonging to

C = C(n, s0) := {b ∈ Fn : |b−1(γ)| > s0 for all γ ∈ F},
where

s0 = (1− log−1 n)n/q (3.2)

(and, of course, b−1(γ) = {i : bi = γ}).
The next two lemmas are proved in Section 4 (see Lemma 4.4) and Section 6, respectively.

https://doi.org/10.1017/S096354830100462X Published online by Cambridge University Press

https://doi.org/10.1017/S096354830100462X


Singularity Probabilities for Random Matrices over Finite Fields 141

Lemma 3.1. Let U be an i-dimensional subspace of Fn contained in C ∪ {0} and let r be

chosen from Fn according to µ. Then Pr(r ∈ U⊥) = q−i + o(1/n) uniformly in i and U.

For Lemma 3.2 and the following discussion, let h′(n) be any function with ω(1) < h′(n) <
o(n log−2 n), and set h′′(n) = min{h(n)/(3e), h′(n)} (where q = pe).

Lemma 3.2. Let N be the matrix consisting of the first ` rows of M.

(a) If ` < n− ω(1), then the rows of N are linearly independent a.s.

(b) If ` > n− h′′(n), then a.s.

Nb = 0⇒ b ∈ C ∪ {0}.

Given these we finish easily, as follows. Let ` = n−h′′(n). Let M(i) be the matrix consisting

of the first i rows of M and define the events

R = {M(`)b 6= 0 for all b ∈ Fn \ (C ∪ {0})},
Qi = R ∧ {rank(M(i)) = i}.

Then Pr(Q`) = 1− o(1) (by Lemma 3.2), and

Pr(M is nonsingular) = Pr(Qn) = Pr(Q`) Pr(Q`+1|Q`) · · ·Pr(Qn|Qn−1).

So it is enough to show

Pr(Qi+1|Qi) = (1− o(1/n))(1− q−(n−i)),

or equivalently, with ri the ith row of M,

Pr(ri+1 6∈ row(M(i))|Qi) = (1− o(1/n))(1− q−(n−i)), ` 6 i 6 n− 1. (3.3)

But on Qi, row(M(i))⊥ is an (n − i)-dimensional subspace of Fn contained in C ∪ {0}; so

(3.3) is an instance of Lemma 3.1.

4. Fourier analysis

Background

Let ζ = e2πi/p. Recall that the trace function Tr(α) = α + αp + · · ·+ αp
e−1

is a linear map

from GF(pe) onto GF(p) (that is, from F onto Zp), and hence, for any fixed u ∈ Fm, the

function χu(v) = ζTr(u·v), v ∈ Fm, is a character of the additive group Fm.

For f : Fm → C, the Fourier transform of f is given by

f̂(u) =
∑
v∈Fm

ζTr(u·v)f(v).

The following identity is easy to verify (see also Lemma 2 in [3]): for any (F-)subspace

V of Fm, ∑
v∈V

f(v) =
1

|U|
∑
u∈U

f̂(u) where U = V⊥.
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(This is the Poisson Summation Formula for the special case when the subgroup V is

actually a subspace, in which case Tr(u · v) = 0 for all v ∈ V if and only if u ∈ V⊥.)

Replacing f(v) with f(z + v) and V with U⊥, we get the form we will need.

Lemma 4.1. For any subspace U of Fm and any z ∈ Fm,∑
v∈U⊥+z

f(v) =
1

|U|
∑
u∈U

ζ−Tr(z·u)f̂(u).

Note that this contains the inversion formula

f(z) = q−m
∑
u∈Fm

ζ−Tr(z·u)f̂(u).

Convolutions

The following easy (and undoubtedly known) fact will be needed here and again later on.

The symbol ∗ here is used for convolution of probability measures.

Proposition 4.2. Suppose σ1, σ2, . . . are probability distributions on an additive group F,

with ‖σi‖∞ 6 1− η for each i, where η 6 1/2. Then, for any k,

‖σ1 ∗ · · · ∗ σk‖∞ 6
1 + (1− 2η)k

2

6

{
1− kη + k2η2, for all η,

3/4, if kη > 1/2.
(4.1)

Note that the first inequality is exact when 1 + 1 = 0 in F and σi(0) = 1− η = 1− σi(1).

Proof. We proceed by induction:

σ1 ∗ · · · ∗ σk(γ) =
∑
α

σ1 ∗ · · · ∗ σk−1(α)σk(γ − α)

6
1 + (1− 2η)k−1

2
(1− η) +

1− (1− 2η)k−1

2
η =

1 + (1− 2η)k

2
.

For this last inequality we used the easy fact that, if the numbers ai, bi > 0 satisfy∑
ai =

∑
bi = 1 and ai 6 1 − δ, bi 6 1 − η for all i, where η, δ 6 1/2, then

∑
aibi 6

(1− δ)(1− η) + δη.

The bounds (4.1) are standard calculus.

Main inequalities

We now turn to the main business of this section. As earlier, set

C(m, s) = CF(m, s) = {b ∈ Fm : |b−1(γ)| > s for all γ ∈ F}.
We want to say (roughly) that, for suitable s, inner products of vectors from C(m, s) with

r ∈ Fm chosen according to an appropriate σ are nicely behaved (see the Main Lemma,

Lemma 4.4). We will get at this via the Fourier transform on Fm. Let f be a probability
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distribution on Fm and let U be a subspace of Fm of dimension d. Applying Lemma 4.1

(and using f̂(0) =
∑
f(v) = 1) we get, for r chosen from Fm according to f,

Pr(r ∈ U⊥ + z) = q−d
[

1 +
∑

u∈U\{0}
ζ−Tr(z·u)f̂(u)

]
.

This proves the following lemma.

Lemma 4.3. Let r be a random m-vector chosen according to the distribution f on Fm.

Then, for any z ∈ Fm and any subspace U of Fm of dimension d,

|Pr(r ∈ U⊥ + z)− q−d| 6 q−d ∑
u∈U\{0}

|f̂(u)|. (4.2)

When f is a product distribution σm on Fm (i.e., f(v) =
∏m

i=1 σ(vi), with σ some probability

distribution on F), we have

f̂(u) =
∏

σ̂(ui), (4.3)

where σ̂(γ) =
∑

α∈F ζ
Tr(αγ)σ(α).

Assume from now on that ‖σ‖∞ 6 1− η. We first observe that∏
α∈F

σ̂(α) 6 1− qη + q2η2. (4.4)

To see this, consider some u ∈ Fq having one entry equal to γ for each γ ∈ F, and let

r ∈ Fq be chosen according to f = σq . Applying Lemma 4.1 (with z = 0 and U = 〈u〉, the

one-dimensional subspace generated by u) and (4.3) yields

Pr(rT u = 0) = q−1
∑
α∈F

f̂(uα) = q−1

[
1 +

∑
α∈F×

q∏
i=1

σ̂(uiα)

]
= q−1

[
1 + (q− 1)

∏
α∈F

σ̂(α)

]
. (4.5)

On the other hand we have, from Proposition 4.2,

Pr(rT u = 0) 6
1 + (1− 2η)q−1

2
6 1− (q − 1)η + (q − 1)2η2,

and this with (4.5) implies (4.4).

This observation easily gives our basic inequality.

Lemma 4.4 (Main Lemma). Let N be a d×n F-matrix of rank d with row(N) ⊆ C(n, s)∪
{0}, and let σ be a probability distribution with ||σ||∞ 6 1 − η. Then, for r ∈ Fn chosen

according to f = σn and any c ∈ Fd,

|Pr(Nr = c)− q−d| 6 (1− qη + q2η2)s.

Note that this lemma includes Lemma 3.1: choose d = i, σ = µ, c = 0, η = (log n+ω(1))/n,

and s = s0. The error term (1− qη + q2η2)s is then o(1/n) and is indeed independent of i

and U.
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Proof. Fix z ∈ Fn with Nz = c and set row(N) = U. Then Nr = c is the same as

r ∈ U⊥ + z. By Lemma 4.3,

|Pr(Nr = c)− q−d| 6 q−d ∑
u∈U\{0}

|f̂(u)|. (4.6)

But, since |σ̂(γ)| 6 1 for all γ, (4.3) and (4.4) imply |f̂(u)| 6 (1 − qη + q2η2)s whenever

u ∈ C(n, s) (in particular for each u appearing on the right-hand side of (4.6)) and the

lemma follows.

This will be our main tool for dealing with possibilities for annihilation of Mn by fairly

‘typical’ vectors – those in which each γ ∈ F appears many times. The next section

develops methods for dealing with more pathological vectors.

5. Elementary bounds

For a fixed finite set X and σ = σn a probability distribution on X, we say that σ is

almost uniform (on X), and that an element of X chosen according to σ is drawn almost

uniformly from X, if

max
γ∈X |σ(γ)− |X|−1| = o(1)

(equivalently, the total variation distance between σ and the uniform distribution is o(1)).

Lemma 5.1. Let σ = σn be a probability distribution with support K ⊆ F, assumed to

contain 0, and let A be the additive subgroup of F generated by K . Let γ1, . . . , γm be drawn

independently from K , each according to σ, and set γ∗ =
∑
γi. Then γ∗ is drawn almost

uniformly from A provided m ·min{σ(γ) : γ ∈ K} → ∞.

Proof. We may regard γ∗ as the mth state of a Markov chain on A with 0th state 0

and transition probabilities p(γ, δ) = σ(δ − γ). The eigenvalues of the transition matrix

are λχ =
∑{σ(γ)χ(γ) : γ ∈ K}, with χ ranging over the characters of A. Now γ∗ is almost

uniform from A provided |λχ| < 1−ω(1/m) for each χ 6= 1; but this is an easy consequence

of the hypotheses of the proposition. (An elementary proof would be equally easy.)

Remark. If we omit the assumption 0 ∈ K then we should take A to be generated by

K − γ0 for some (any) γ0 ∈ K , and conclude that γ∗ is almost uniform from A+ mγ0.

For a set A ⊆ F and a vector B = (β1, . . . , βk) ∈ Fk , let

A ◦ B =

{
k∑
i=1

αiβi : α1, . . . , αk ∈ A
}
.

For a set S ⊆ F with k elements we define A ◦ S = A ◦ B, where B = (β1, . . . , βk) is a list

of the elements of S .

Lemma 5.2. Fix B = (β1, . . . , βk) ∈ Fk and let α1, . . . , αk be chosen uniformly and indepen-

dently from an additive subgroup A of F. Then
∑
αiβi is chosen uniformly from A ◦ B.
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Proof. For a = (α1, . . . , αk) ∈ Ak , set a◦B =
∑
αiβi. That A is a subgroup implies that, for

any fixed a′ ∈ Ak and a chosen uniformly from Ak , (a+ a′) ◦ B has the same distribution

as a ◦B. So, in particular, for any y ∈ A ◦B, we may fix a′ ∈ Ak with a′ ◦B = y, and then

Pr(a ◦ B = y) = Pr((a+ a′) ◦ B = y) = Pr(a ◦ B = 0).

Corollary 5.3. Assume the conditions of Lemma 5.2, but with α1, . . . , αk only assumed to be

almost uniform from A. Then
∑
αiβi is chosen almost uniformly from A ◦ B.

Lemma 5.4. Let B = (β1, . . . , βk) ∈ Fk , K ⊆ F with 0 ∈ K , σ some probability distribution

on K , and A the additive subgroup of F generated by K . Let b ∈ Fm and I1, . . . , Ik disjoint

subsets of [m] with bi = βj for all i ∈ Ij , and assume

min
j
|Ij |min

γ∈K σ(γ) = ω(1).

Then, for r ∈ Km chosen according to σm, and any γ ∈ F,

Pr(rT b = γ) < [|A ◦ B| − o(1)]−1.

Proof. Let us condition on any specification of (ri : i 6∈ ∪Ij), say with
∑

i6∈∪Ij riβi = γ′,
and let r∗j =

∑
i∈Ij ri. By Lemma 5.1, r∗j is chosen almost uniformly from A; so by

Corollary 5.3, rT b = γ′+
∑k

j=1 r
∗
j βj is almost uniform from γ′+A ◦B. The lemma follows.

Lemma 5.5. For any A ⊆ F with |A| > 2 and ∅ 6= B ⊆ F, |A ◦ B| > |B|. Equality holds if

and only if there exist a subfield H of F and α, β ∈ F, α 6= 0, such that A is a subset of the

affine subfield H′ = αH + β, and B is an H-subspace of F.

Proof. Since the lemma is not affected by applying a (non-degenerate) affine transfor-

mation to A, we may assume 0, 1 ∈ A. In this case we have B ⊆ A ◦ B, which gives the

inequality.

Now assume equality holds, so that A◦B = B. If |B| = 1 then |A◦B| = |B| < |A| implies

B = {0}. If |B| > 2, then B + B ⊆ B, so that B (being finite) is an additive subgroup of

F. Hence the set H := {γ ∈ F : γB ⊆ B} is a subfield of F, and B is an H-subspace of F.

The relation AB ⊆ B shows that A ⊆ H.

Finally, we will need the following form of the Chernoff bound (see, e.g., [1, p. 238,

Theorem A.13]).

Proposition 5.6. If the random variable X has a binomial distribution with mean µ then

for any x 6 µ we have Pr(X 6 x) 6 exp{−(µ− x)2/(2µ)}.
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6. Proof of Lemma 3.2

We need a concrete version of (1.2):

‖µn‖∞ 6 1− log n+ g(n)

n
=: 1− ε, (6.1)

with g(n) = ω(1). For the rest of the paper we write µ for µn.

We will generalize slightly and assume throughout that L is an `× m F-matrix chosen

according to µ with

(1− o(log−2 n))n < `,m 6 n. (6.2)

(The assumption l 6 n is unnecessary – Lemmas 6.1 and 6.2 trivially become ‘more true’

as l grows – but will spare us some distractions.)

Set C = CF(m, s0) with s0 as in (3.2). All bs in this section are assumed to lie in Fm \ {0}.

Lemma 6.1. If ` > m+ ω(1) then a.s. there is no b ∈ C with Lb ∈ F1.

Lemma 6.2. If (in addition to (6.2))

m 6 `+ h(n)/(3e), (6.3)

where as usual q = pe, then

a.s. there is no b ∈ Fm \ (C ∪ {0}) with Lb ∈ F1. (6.4)

(In fact we only need Lemma 6.2 with ‘Lb = 0’, but the version given is convenient

because it will allow us to assume that the affine subfield H in the proof is actually a

subfield. Again in Lemma 6.1 ‘Lb = 0’ would suffice for Theorem 1.2, but we will make

some use of the stronger statement in Section 7.)

Combined (and transposed) these give Lemma 3.2(a), while Lemma 6.2 itself contains

Lemma 3.2(b).

Proof of Lemma 6.1. For b ∈ C, γ ∈ F and r ∈ Fm chosen according to µ, Lemma 4.4

gives

Pr(rT b = γ) 6 1/q + (1− qε+ q2ε2)s0 = 1/q + o(1/n).

So the probability that Lb ∈ F1 for some b ∈ C is at most qm+1[1/q + o(1/n)]` = o(1).

Proof of Lemma 6.2. Let f(n) be some function satisfying

min{log log n/(3q), g(n)/(2q)} > f(n) = ω(1) (6.5)

(g(n) as in (6.1)).

Let K = {α ∈ F : µ(α) > f(n)/n}, and let H be the (unique) minimal affine subfield of F

containing K . Since the truth of the lemma is not affected when we replace µ by µ′ given

by µ′(γ) = µ(αγ + β) (α, β ∈ F, α 6= 0), we may assume 0, 1 ∈ K , so that H is actually a

subfield. (Note |K| > 2 by (6.1) – or (1.2) – and (6.5).) Let A be the additive subgroup of

F generated by K .
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Set T = nf−1/2(n) (we just need T/n → 0 and Tf(n)/n → ∞), and for b ∈ Fm \ {0}
write

F′(b) = {γ ∈ F : |b−1(γ)| > T }.
For the proof of Lemma 6.2 we consider an (unfortunately large) number of possibilities

for b. Set

B0 = C ∪ {0},
B1 = C(m, s) \ C, with s = m/(3q),

B2 = {b : |supp(b)| < qT },
B3 = {b : F′(b) is not an H-subspace of F} \ ∪i<3Bi,
B4 = {b : |b−1(γ)| 6 m/(2|F′(b)|) for some γ ∈ F′(b)} \ ∪i<4Bi,
B5 = Fm \ (∪i<5Bi).

Set Qi = {Lb ∈ F1 for some b ∈ Bi}. (We will follow this convention throughout with

superscripts and other decorations: any decorated Q is the event that Lb ∈ F1 for some b

in the correspondingly decorated B.)

To prove Lemma 6.2 we need to show that Pr(Qi) = o(1) for 1 6 i 6 5, assuming (6.2)

and (6.3); it will be convenient to show a bit more:

if `, m satisfy (6.2), then Pr(Qi) = o(1) for 1 6 i 6 4; (6.6)

if `, m satisfy (6.2) and (6.3), then Pr(Q5) = o(1). (6.7)

Remarks. If H = F then B5 = ∅, since {b : F′(b) 6= F} ⊆ B3 ∪B2, and {b : F′(b) = F} ⊆
B4 ∪C(m, s). This greatly simplifies the following proof, most of which is devoted to (6.7).

In particular, if h(n) = ω(n) – that is, if the lower bound in (3.1) is ω(1/n) – then we can

be a little more careful with our choice of f, adding ‘f(n) < h(n)/(qn)’ to the requirements

(6.5), and then necessarily H = F. So, for instance, we get a reasonably simple proof of

Theorem 1.3.

We should also point out here that something close to (6.3) really is needed for (6.7)

(and for Lemma 6.2). For suppose m− ` > h(n) and H′ is a subfield of F with (h(n)/n2 <)

µ(F \ H′) 6 (m − l)/n2. Then with probability Ω(1) there are fewer than m − l non-H′
entries in L, implying that there is an `×m′ submatrix L′ of L with m′ > ` and all entries

of L′ in H′. But in this case L′b′ = 0 for some (nonzero) b′ ∈ (H′)m′ , and then Lb = 0

when b is b′ suitably augmented by 0s (and clearly b 6∈ C).

For the proofs of (6.6) and (6.7), we consider the Bis in order.

B1. We again apply Lemma 4.4, in this case exploiting the fact that the bs under

consideration are rare. For t = αm/q ∈ [s, s0), set Bt1 = {b : minγ∈F |b−1(γ)| = t}. By

Proposition 5.6,

|Bt1| 6 qm+1 exp

{
− (m/q − t)2

2m/q

}
= qm+1 exp

{
− (1− α)2m

2q

}
(the extra q-factors are for the choice of γ), while for b ∈ Bt1, γ ∈ F, and r ∈ Fm chosen

https://doi.org/10.1017/S096354830100462X Published online by Cambridge University Press

https://doi.org/10.1017/S096354830100462X


148 J. Kahn and J. Komlós

according to µ, Lemma 4.4 gives

Pr(rT b = γ) 6 q−1[1 + q(1− qε+ q2ε2)t].

Thus, since

q(1− qε+ q2ε2)t < q exp{−α(log n+ ω(1))} = o(n−α)

(using mε = log n+ ω(1), a consequence of (6.2)), we have

Pr(Qt1) 6 |Bt1| (max Pr(rT b = γ))` < qm+1−` exp{−(1− α)2m/(2q) + o(`n−α)}
< qm+1−` exp{o(n1−α)− Ω((1− α)2n)},

where the max is over b ∈ Bt1 and γ ∈ F. Since α < 1 − log−1 n, the term in brackets is

−Ω((1− α)2n) = −Ω(n log−2 n), and this with (6.2) gives

Pr(Q1) 6
s0∑
t=s

Pr(Qt1) = o(1).

B2. For b ∈ Fm with |supp(b)| = x, γ ∈ F and r ∈ Fm chosen according to µ, Prop-

osition 4.2 gives

Pr(rT b = γ) 6

{
1− xε+ (xε)2, if xε 6 1/2,

3/4, if xε > 1/2.
(6.8)

Thus, setting x0 = b1/(2ε)c,

Pr(Q2) 6 q
x0∑
x=1

(
m

x

)
(q − 1)x(1− xε+ (xε)2)` + q

qT∑
x=x0+1

(
m

x

)
(q − 1)x(3/4)`. (6.9)

(The initial q-factors are for the choice of γ in (6.8).)

That the right-hand side of (6.9) is o(1) is a routine calculation using (6.2) and

T = o(n).

B3. For b ∈ B3, say with |F′(b)| = k, Lemmas 5.4 and 5.5 imply that, for r ∈ Fm chosen

according to µ and any γ ∈ F,

Pr(rT b = γ) <
1

k + 1− o(1)
. (6.10)

To see this, condition on S := {i : bi 6∈ F′(b) or ri 6∈ K} setting S = [m] \ S . Then rS is

chosen from KS according to µK . So, since rT b = rTS bS + rT
S
bS (and since Tf(n)/n→∞),

it follows from Lemma 5.4 (with σ, b and r replaced by µK , bS and rS ) and Lemma 5.5

that, for any γ ∈ F, Pr(rT b = γ|S) < 1/(k + 1− o(1)), provided (say)

|b−1
S

(γ)| > T/2 for all γ ∈ F′(b). (6.11)

But (6.11) holds with probability 1−o(1), so we have (6.10). (We have used the assumption

b ∈ B3 to guarantee F′(b) 6= ∅ (because b 6∈ B2) and to rule out equality in the application

of Lemma 5.5.)
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On the other hand, for the number of such b s we can use the crude bound

|{b ∈ Fm : |F′(b)| = k}| <
(
q

k

)(
m

qT

)
qqT km−qT < eo(n)km.

Combining these observations, we have

Pr(Q3) < q

q−1∑
k=1

eo(n)km(k + 1− o(1))−` = o(1).

(The initial q corresponds to the choice of γ in (6.10).)

B4. Fix an H-subspace F′ of F, say with |F′| = k, and let B4(F′) = {b ∈ B4 : F′(b) = F′}.
For any b ∈ B4(F′) and γ ∈ F, Lemmas 5.4 and 5.5 imply

Pr(Lb = γ1) < (k − o(1))−`. (6.12)

On the other hand, noting that |b−1(F′)| > m′ := m− qT , we have

|B4(F′)| 6
(
m

qT

)
qqT km

′
k exp{−Ω(n)}. (6.13)

Namely, |B4(F′)| is less than the number of ways to choose a set of qT coordinates, assign

arbitrary elements of F to these coordinates, and for the remaining coordinates choose

values from F′ with some γ appearing at most m/(2k) times. (The last factor – in which the

exponent may be given more precisely as ((m′/k − m/(2k))2/(2m′/k) – again comes from

Proposition 5.6.) Combining (6.12) and (6.13) we have Pr(Q4(F′)) 6 |B4(F′)|q(k−o(1))−` =

o(1), so also Pr(Q4) 6
∑

F′ Pr(Q4(F′)) = o(1).

B5. We again fix an H-subspace F′ of F of size k, and set B = B5(F′) = {b ∈ B5 :

F′(b) = F′} (and Q = {Lb ∈ F1 for some b ∈ B}).
Notice that B5({0}) = ∅, since F′(b) = {0} implies b ∈ B2, and B5(F) = ∅ since

F′(b) = F implies b ∈ B0 ∪B1 ∪B4; so we may assume F′ 6= {0},F.

Set G = {α ∈ F : αF′ = F′} ∪ {0}. Then G ⊇ H, G is easily seen to be a subfield of F,

and G 6= F since F′ 6= {0},F. Moreover, crucially,

if α, β ∈ F and αF′ = F′ + β, then α ∈ G (and β ∈ F′) (6.14)

(since 0 ∈ αF′ = F′ + β ⇒ β ∈ F′ ⇒ F′ + β = F′ ⇒ α ∈ G). So in fact,

α 6∈ G⇒ |F′ ∩ (αF′ + β)| 6 |F′|/p (6.15)

(since F′ ∩ (αF′ + β) is an affine G-subspace properly contained in F′).
Let δ = µ(F \G). By (3.1) and the definition of K , we have

qf(n)/n > δ > h(n)n−2. (6.16)

Let F′′ be a G-subspace of F complementary to F′. For α ∈ F write α = α′ + α′′ with

α′ ∈ F′, α′′ ∈ F′′, and similarly b = b′+b′′ for b ∈ Fm. Then, for b ∈ Fm, r ∈ Gm and γ ∈ F,

rT b = γ if and only if rT b′ = γ′ and rT b′′ = γ′′. (6.17)
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Write ri for the ith row of L. For the proof of (6.7) we fix and condition on the value

of R := {i ∈ [`] : ri ∈ Gm}, setting |R| = t.

Note first that, for each i ∈ [`], Pr(i ∈ R) = (1 − δ)m =: ρ. It then follows from (6.16)

(and (6.5)) that a.s.

n/
√

log n < ρ`/2 < t and `− t > (1− ρ)`/2 (6.18)

(e.g., via Proposition 5.6, noting that (6.16) implies (1− ρ)` is ω(1)). So we only need to

consider t satisfying (6.18).

We need to break up the event Q a bit further. Let LR consist of those rows of L

indexed by R. Let Bx consist of those b ∈ B with |{i : bi 6∈ F′}| = x. By the definition of

F′(b), Bx = ∅ unless

x < qT , (6.19)

so we assume from now on that x is in this range. To complete the proof of (6.7) it will

suffice to show

Pr(∪x<qTQx) = o(1). (6.20)

(We will eventually need to give special treatment to x = 0.)

Now, in view of (6.17), Qx requires that LRb
′′ ∈ F1 for some b′′ ∈ (F′′)m with

|supp(b′′)| = x. So, again using Proposition 4.2, we have

Pr(Qx) 6

(
m

x

)
|F′′|x+1

(
1 + (1− 2η)x

2

)t
, (6.21)

with η = 1− (1− ε)/(1− δ). (Recall we condition on R. Note that (6.16) and the second

upper bound in (6.5) imply η = (log n+ω(1))/n. The extra factor of |F′′| is for the choice

of the common value of the products (ri)Tb′′, i ∈ R.)

For the last term in (6.21) we may again apply the bounds (4.1), and a calculation

similar to that required in connection with B2 then shows that∑
16x<qT

Pr(Qx) = o(1)

if t > t0 := (1− log−1 n)n, and, with n′ = n1−ρ/4,∑
n′6x<qT

Pr(Qx) = o(1)

if t > n/2. (When x = o(1/η) our bound on Pr(Qx) is essentially exp[x(log(n/x) − ηt)],
which, in view of the lower bounds on t in (6.18), is acceptably small provided x > n′.)

So, to finish the proof of (6.20) it will suffice to show

Pr(∪06x<qTQ
x) = o(1) if t 6 n/2, (6.22)

Pr(∪06x<n′Q
x) = o(1) if t 6 t0, (6.23)

and

Pr(Q0) = o(1) if t > t0. (6.24)

For the proofs of (6.22) and (6.23) we fix (condition on) the values si := |{j : rij 6∈ G}|
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(recall ri is the ith row of L). Note that a.s. si < log n for all i (since δ < log log n/(3n) by

(6.5) and (6.16)). We will show, with b ∈ B, r = ri and γ ∈ F,

Pr(rT b = γ|si = 0) < (1 + n−Ω(1))/k (6.25)

(recall k = |F′|) and

Pr(rT b = γ|si = s) < (1− Ω(1))/k if 1 6 s < log n. (6.26)

Once we have these, it follows that, for any A,

Pr(∪x<AQx) < o(1) +
∑
x<A

(
m

x

)
qxkm−x[(1 + n−Ω(1))/k]t[(1− Ω(1))/k]`−t

< o(1) +
∑
x<A

(
m

x

)
qxko(n log−2 n) exp{n1−Ω(1) − Ω(`− t)}.

(The o(1)s are for the possibility that some si exceeds log n.) This easily gives (6.22) and

(6.23). (For the latter, note `− t = Ω(n/ log n) since t < t0.)

For (6.25) set I = {i : bi ∈ F′}, with I := [m] \ I , and condition on any specification of I

and rI , letting rT
I
bI = γ′. Note that we may then assume γ − γ′ ∈ F′, since otherwise we

cannot have rT b = γ. Treating elements of F′ as vectors in Gd (where |F′| = |G|d), we may

represent bI as a d× |I | G-matrix N, so that, under our conditioning, the probability on

the left-hand side of (6.25) is Pr(NrI = γ − γ′) with rI ∈ GI chosen according to µ
G
. So,

noting that b 6∈ B4 implies that every vector in Gd appears at least s := m/(2k) times as

a column of N, whence rank(N) = d and row(N) ⊆ CG(|I |, s), we may apply Lemma 4.4

with F replaced by G (and q by |G|) and η = (ε− δ)/(1− δ) to obtain

|Pr(rT b = γ|si = 0)− k−1| < (1− |G|η + O(η2))s < n−Ω(1).

(Actually it is easy to see that row(N) ⊆ CG(|I |, m/(2|G|)). We will need this stronger

statement in the proof of (6.24).)

To verify (6.26) we regard r as given in three stages.

Stage 1. (a) Choose those rjs for which bj 6∈ F′.

(b) If fewer than s of these are in F \G then also choose all but one of those rjs which

lie in F \G. (Note that for these additional choices – and also for those in Stage 2 – both

the indices j and the values rj are random.)

Stage 2. Choose the last rj belonging to F \G. (If this was already chosen in Stage 1(a),

then Stage 2 is vacuous.)

Stage 3. Choose the remaining rjs.

Let J be the (partly random) set of indices j for which rj is chosen in the first two stages.

Note that (since j 6∈ J ⇒ bj ∈ F′, rj ∈ G) we cannot have rT b = γ unless rTJ bJ ∈ F′ + γ.

So (6.26) will follow from

Pr(rTJ bJ ∈ F′ + γ) < 1− Ω(1) (6.27)
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and

Pr(rT b = γ|rTJ bJ ∈ F′ + γ) < (1 + n−Ω(1))/k.

The second inequality is an application of Lemma 4.4 similar to that giving (6.25) which

we omit, just noting that we use |J| 6 x+ s = o(n).

For (6.27) first notice that, since the number of rjs chosen in Stage 1(a) is x = o(n), the

probability that these include all s rjs lying outside G – i.e., that Stage 2 is vacuous – is

o(1).

Suppose on the other hand that Stage 2 is not vacuous, and condition on the outcome

of Stage 1 as well as on the value – but not the index – of the rj chosen in Stage 2. Say

the set of coordinates involved in Stage 1 is J ′, rTJ ′bJ ′ is equal to γ′, and the value chosen

in Stage 2 is α. Then, letting j∗ be the (as yet unknown) index chosen in Stage 2 (so

J = J ′ ∪ {j∗}), we have rTJ bJ = γ′ + αbj∗ . So rTJ bJ ∈ F′ + γ (the event in (6.27)) if and only

if

bj∗ ∈ α−1(F′ + γ − γ′) (6.28)

(an event depending on the random index j∗).
Now b[m]\J ′ contains at least m/(2k)− log n = Ω(n) copies of each β ∈ F′, so that (under

our conditioning)

Pr((6.28) fails ) >
|F′ \ α−1(F′ + γ − γ′)|Ω(n)

m− |J ′| ,

which is Ω(1) by (6.14) and the fact that |J ′| = o(n). Thus we have (6.27).

Finally we turn to the proof of (6.24). We need to show, assuming t > t0, that

a.s. Lb 6∈ F1 for all b ∈ B0. (6.29)

Notice that, since t > t0, (6.18) gives n/ log n > (1− ρ)`/2, which implies

δ = o(1/n) (6.30)

(actually δ = O((n log n)−1)).

Call an entry rij of L bad if rij ∈ F \G and at least one other entry in either the ith row

or jth column of L is also in F\G. Write Y and X for, respectively, the set of bad entries

in L and the set of entries from F\G which are not bad. Then (writing E for expectation)

E|Y | < `mδ(` + m)δ 6 2δ2n3 and E|X ∪ Y | = `mδ, and it follows, using Proposition 5.6

(with (6.16) to guarantee `mδ = ω(1)) and (6.30), that a.s.

|Y | < o(δn2) and |X| > δn2/2. (6.31)

It is thus enough to show (6.29) under conditioning on any specification of the non-

G entries of L for which (6.31) holds; so for the rest of our discussion we fix such a

specification. We may assume, without loss of generality, that the entries in X are r1
1 , . . . , r

u
u ,

say with rii = αi (∈ F \G) for i ∈ [u] =: S .

For y = αm/k ∈ [m/(2k), m/k], set

B(y) =

{
b ∈ B0 : min

γ∈F′
|b−1(γ)| = y

}
.
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(So B0 is the union of these B(y)s.)

Fix y = αm/k as above and b ∈ B(y). Again (as in the proof of (6.25)) regard elements

of F′ as d-dimensional G-vectors and b as a d × m G-matrix N. Then LRb ∈ F1 is

equivalent to

LRc ∈ G1 for all cT ∈ row(N).

That each vector in Gd appears at least y times as a column of N is easily seen to imply

row(N) ⊆ CG(m, αm/|G|).
So we may apply Lemma 4.4 using s = αm/|G| (resp. αm/|G|−1) for rows in R (resp. S)

to conclude that, under our conditioning,

Pr(Lb ∈ F1) 6 Pr(LR∪Sb ∈ F1) 6 k(k−1 + o(n−α))t+u. (6.32)

(So we sacrifice the o(δn2) rows indexed by [`] \ (R ∪ S). As elsewhere we have a factor –

in this case k – on the right-hand side for the choice of the common value of the entries

of LR∪Sb.)
To get from (6.32) to (6.29), we need bounds on the |B(y)|s which are significantly less

than km. For α not too close to 1, the large deviation bound of Proposition 5.6 suffices

here, but for larger α we need to exploit the entries from X.

Notice first that we cannot have LR∪Sb ∈ F1 unless bi ∈ α−1
i F′ for each i ∈ [u],

since for i′ ∈ R, (ri
′
)Tb ∈ F′, while (ri)Tb ∈ F′ + αibi. So, recalling (see (6.15)) that

|α−1
i F′ ∩ F′| 6 k/p, we find that the number of restrictions b[u] which allow even the

possibility that LR∪Sb ∈ F1 is at most (k/p)u.

On the other hand, b ∈ B(y) implies that some γ ∈ F′ appears at most y times in

b[m]\[u], so the number of possibilities for this part of b is (by Proposition 5.6) at most

km−u+1 exp

[
− (1− u/m− α)2m

2k(1− u/m)

]
=: km−u+1e−Z ,

provided α 6 1− u/m.

Combining the preceding bounds (and defining Q(y) according to our usual convention),

we have

Pr(Q(y)) <

{
km−t−u+2p−u exp[o(n1−α)− Z], if α 6 1− u/m,
km−t−u+1p−u exp[o(n1−α)], if α > 1− u/m.

(6.33)

We are left with some calculations to show∑{Pr(Q(y)) : m/(2k) 6 y 6 m/k} = o(1) (6.34)

(which gives (6.24)). Set ξ = 1 − α ∈ [0, 1/2]. (Thus each of y, α and ξ determines the

others, and we use whichever is convenient.)

To make use of the bound (6.33), observe first of all that

km−t−up−u < e−Ω(u), (6.35)

since m − t − u < h(n)/(3e) + o(δn2) (by (6.3) and (6.31)), u > δn2/2 > h(n)/2 (by (6.31)

and (6.16)), and k 6 pe. (And note that, again by (6.31) and (6.16), the right-hand side of

(6.35) is o(1).)

This takes care of those terms in (6.34) for which ξ 6 log−1 n, since for such ξ the
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bound in (6.32) is (1 +o(1))k1−t−u (and the total number of relevant bs is less than kmp−u),
so that (using (6.35))∑{Pr(Q(y)) : ξ 6 log−1 n} < (1 + o(1))km−t−u+1p−u = o(1).

Suppose on the other hand that ξ > log−1 n. Then, for u > ξm/2, (6.33) and (6.35) give

Pr(Q(y)) < exp[−Ω(u) + o(nξ)] < exp[−Ω(ξn) + o(nξ)],

while for u < ξm/2 we have Z = Ω(ξ2n) and

Pr(Q(y)) < exp[o(nξ)− Ω(ξ2n)];

so in either case (using ξ > log−1 n), Pr(Q(y)) < exp[−Ω(ξ2n)], and (6.34) follows.

7. Necessity in Theorem 1.3

Write I(q) for the limiting value
∏

(1−q−i) in (1.1). To complete the proof of Theorem 1.3,

we will show that, if µ is a fixed probability distribution concentrated on some proper

affine subfield of F = Fq , and N = Nn is a random n× n F-matrix chosen according to µ,

then

lim sup Pr(Nn is nonsingular) < I(q). (7.1)

(We have replaced M by N, preferring another role for M below.)

Let H = αG− β (with G a subfield and α 6= 0) be the (unique) minimal affine subfield

of F containing supp(µ), and set |G| = p. (Since we no longer need the prime field of F,

and since we like prime powers to be p or q, we have recycled p, which in particular is

no longer required to be prime. We may of course assume |supp(µ)| > 2, so that H is

defined.)

It will be convenient to assume α = 1, which we may do since the probability in (7.1) is

unchanged if we replace µ by σ with σ(γ) = µ(αγ). We may then assume in addition that

β is either 0 or an element of F \G.

Let µ′ be the probability distribution on G given by µ′(γ) = µ(γ − β). Then

N = M − βJ, (7.2)

where M = Mn is a random n × n G-matrix chosen according to µ′ (and J is the n × n
matrix of 1s).

Since µ′ is not concentrated on any proper affine subfield of G, we know

Pr(Mn is nonsingular)→ I(p) < I(q).

So (7.1) is immediate if β = 0. We may therefore assume β ∈ F \G, which yields a more

interesting picture.

Proposition 7.1. (Assuming β 6= 0) N is nonsingular if and only if either

(a) M is nonsingular, or

(b) rank(M) = n− 1, 1T 6∈ row(M) and 1 6∈ col(M).
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(Note that this is a deterministic statement: the proposition holds whenever M,N are as

in (7.2) (with M a G-matrix) and β ∈ F \G.)

Proof. Of course, nonsingularity of N requires rank(M) > n − 1. It is also easy to

see that if M has rank n − 1 and violates (b) then N is singular, since 1T ∈ row(M)

implies row(N) ⊆ row(M) and 1 ∈ col(M) implies col(N) ⊆ col(M), so in either case

rank(N) 6 rank(M) = n − 1. Hence the more interesting part of the proposition is the

sufficiency of the conditions in (a) and (b).

Suppose first that M is nonsingular, and assume, for a contradiction, that Nx = 0

with x ∈ Fn \ {0}. Then Mx = βJx = (β
∑
xi)1, and x is a nonzero multiple of the

unique y ∈ Gn for which My = 1. (Note
∑
xi 6= 0 since M is nonsingular.) But then

My = βJy (6= 0) gives the desired contradiction, since y ∈ Gn implies that the entries of

My are in G, while those of βJy are in F \G.

Finally, suppose M satisfies the conditions in (b) and (again for a contradiction) Nx = 0

for some 0 6= x ∈ Fn. As before, we have Mx = (β
∑
xi)1, and this gives a contradiction:

either
∑
xi 6= 0, in which case 1 ∈ col(M), or

∑
xi = 0, in which case Mx = 0 implies

(since rank(M) = n− 1) 1T ∈ 〈x〉⊥ = row(M).

To complete the proof of (7.1) we need to say something about the probability of the

event in Proposition 7.1(b). Actually, the limiting value here seems clear.

Conjecture 7.2.

Pr(rank(M) = n− 1, 1T 6∈ row(M), 1 6∈ col(M))→ (p− 1)−2I(p) as n→∞.

(See Theorem 7.3 for motivation.)

While we do not see how to attack this, the machinery developed earlier does give a

related statement adequate for our purposes. Set Q={rank(M)=n− 1 and 1T 6∈ row(M)}.

Theorem 7.3. Pr(Q)→ (p− 1)−1I(p) as n→∞.

(Of course, this and Conjecture 7.2 apply to a general finite field G.)

Combining Theorem 7.3 with Proposition 7.1, we have (7.1):

Pr(N nonsingular) 6 Pr(M nonsingular) + Pr(Q)→ (1 + (p− 1)−1)I(p) < I(q),

since q > p2 implies I(q) >
∏

(1− p−2i) = I(p)
∏

(1 + p−i).

Proof of Theorem 7.3. This is similar to the proof of Theorem 1.2 given in Section 3 (now

applying our various lemmas with G in place of F). As in that argument, let ` = n−h′′(n),
let ri be the ith row of M, and M(i) the matrix whose rows are r1, . . . , ri. Let C = CG(n, s0)

with s0 again as in (3.2). Set

R = {M(`)b 6= 0 for all b ∈ Gn \ (C ∪ {0})},
and define

Q` = R ∧ {rank(M(`)) = ` and 1T 6∈ row(M(`))}.
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Then

Pr(Q`) = 1− o(1) (7.3)

by Lemmas 3.2 and 6.1.

For ` < i, j 6 n define

Q′ij =

{ {rj 6∈ 〈r1, . . . , rj−1, 1〉}, if j 6= i,

{rj ∈ 〈r1, . . . , rj−1〉}, if j = i,

and

Qij = Ql ∧
∧

`<k6j

Q′ij ,

and for convenience set Qi := Qin, Qi` := Q`.

Then on Q`, Q is the disjoint union of Q`+1, . . . , Qn, so by (7.3),

Pr(Q) =

n∑
i=`+1

Pr(Qi|Q`)− o(1).

Now Pr(Qi|Q`) =
∏n

j=`+1 Pr(Qij |Qi,j−1), and we assert that

Pr(Qij |Qi,j−1) =


(1 + o(1/n))(1− p−(n−j)), if j < i,

(1 + o(1/n))p−(n−i+1), if j = i,

(1 + o(1/n))(1− p−(n−j+1)), if j > i.

(7.4)

To see this, note that Qi,j−1 implies 1T 6∈ row(M(j−1)), so that on Qi,j−1, 〈r1, . . . , rj−1, 1〉⊥ is

a subspace of Fn contained in C ∪ {0} and having dimension n− j if j 6 i and n− j + 1

if j > i. The assertion then follows from Lemma 3.1.

Thus the probability of Qi is asymptotically

p−(n−i+1)
∏
`<j<i

(1− p−(n−j))
∏
i<j6n

(1− p−(n−j+1))→ p−(n−i+1)I(p),

and

Pr(Q)→∑
i>1

p−iI(p) = (p− 1)−1I(p).
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