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OPTIMAL SIMILAR TESTS FOR
STRUCTURAL CHANGE FOR THE
LINEAR REGRESSION MODEL

G. FORCHINI
University of York

This paper analyzes similar tests for structural change for the normal linear re-
gression model in finite samplebsing the approach of Waltl943 American
Mathematical Society Transactiorigl, 426—482, Hillier (1987 Econometric
Theory3, 1-44), Andrews and Ploberggil994 Econometricab2, 1382-1414,

and AndrewsLee and Plobergef1996 Journal of Econometricg0, 9-36), we
characterize a class of optimal similar tests for the existendpassibly multi-

ple) changepoints at unknown timed/e extend the analysis of Andrews et al
(1996 by deriving weighted optimal similar tests for the case where the error
variance is not knowrnWe also show that when the sample size is latiye tests

of Andrews et alconstructed by replacing the error variance with an estimate are
equivalent to the optimal test derived in this pag&wer comparisons are pro-
vided by a small simulation study

1. INTRODUCTION

Testing for structural change in the linear regression model has received con-
siderable attention in the statistical and econometric literature in the last 30
years This intense activity has led to the development of many tests for struc-
tural change that are widely used by practitioners

Two different testing situations have been studied under the heading of “test-
ing for structural changé The first one arises when the changepoint is as-
sumed to be knowre.g., because of institutional changegars etc (see Chow
196Q for a survey of resultssee Pesaraismith and Yeq 1984). In this setup
testing for structural change is equivalent to testing for linear restrictions on
the parametergprovided the variance does not change over tjraad a char-
acterization of similar testf.e., tests for which their sizes do not depend on
nuisance parametgrfor this problem can be found in Hilligi1987).
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The second testing situatipthe focus of this papgioccurs when there is
no information available regarding the time of the possible structural changes
This gives rise to a nonstandard testing setup where classical tests are not
directly applicable because of the existence of nuisance parameters under
the alternative but not under the null hypothesis of no structural change
Even in this caseseveral of the most popular tests suggested in the litera-
ture (the CUSUM and the CUSUM of squares of Brawburbin, and Evangs
1975 the fluctuation test of PlobergelKramer and Kontrus 1989 the sup-
test of Quandt196Q and Andrews1993 and the tests recently suggested by
Andrews and Ploberged994 and Andrews Lee and Ploberger1996 are
similar.

For the case of unknown changepoimsadrews et al (1996 suggest tests
for structural change in the Gaussian linear regression model that maximize a
weighted average powerhey derive a class of optimal tests for the case where
the disturbance variance is knowior the more realistic case where the error
variance is not knowrthey propose replacing the unknown variance by an es-
timate and show that the resulting tests are still simithough they cannot
prove the finite sample optimality

In this paper we analyze similar tests for structural change in the Gaussian
linear regression model in finite sampld$he assumption of normality allows
us to simplify the analysjseven though the results obtained can be indicative
for more general model$Ve first use results in Hillie1987) to characterize
the class of similar testand we then derive “optimal” tests for structural change
for the case of unknown error variandg@ecause it is well known that no uni-
formly most powerful similar test exists even for simple cases follow the
suggestion of Wald1943, Hillier (1987, Andrews and Plobergdi994, and
Andrews et al (1996 and weaken the optimality criteria by maximizing a
weighted powerThe tests for structural change at unknown changepoints that
we suggest improve upon those of Andrews et(2B96), because they are
optimal (in terms of weighted powerin the case where the error variance is
unknown for every sample siz8y showing that the tests suggested by An-
drews et al (1996 for the case of an unknown disturbance variance are the
same as the optimal tests when the sample size is,lavgealso provide a
proof of the asymptotic optimality of such tests in terms of our weighting
function

The geometrical aspects of the testing setup will be emphasized throughout
the paperWe believe that these are important to better understand the effect of
the uncertainty about the changepoint upon the inferential procedure and to
indicate what kind of weighting functions is needed to derive optimal tests in
terms of weighted power

The remaining part of the paper is organized as folloWse model is de-
scribed in Section ,2where similar tests are also characteriz8dction 3 de-
rives optimal tests for structural chan@be proofs of all statements are in the
Appendi¥. The results of a Monte Carlo simulation are reported in Section 4
Section 5 concludes
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2. THE MODEL AND CHARACTERIZATION OF SIMILAR TESTS

This section characterizes similar tests for a Gaussian linear regression model
with t + 1 subsamplescontaining respectively 7y, 7, ..., 71 (317 = T)
observations

Yoo =Z,m+ W, +u

T1?

y7'2 = Zrz(n + 71) + szg + uTz’

yTt+l = ZTHI(”’I + ‘Yt) + WTng + uT‘+l’ (1)

wherey, = (V. 11,¥s ,42,--5¥s) s i = 2j_oTj, is a7 X 1 vector of depen-
dent variablesW, is ar; X n matrix of independent variableg andya,...,
arek X 1 vectors of parameterg is ann X 1 vector of parameteyandu,, is a
7, X 1 vector of disturbancedhe matrice<, ,Z,,...,Z,,Z,  have the form

Tt
V4 Z 41 Zz +1 Zz 41
Z = oo ,Z = coe ’.”,Z = e 9e. Z = cee .

i
z ZTl+Tz Z7_'i Zt

wherez; is theith (1 X k) vector of observations ok explanatory variables

In this paper we identify changepoints by an indethat represents a parti-
tionof Tintot + 1 parts 7 = (74, 72,...,7+1), 7 > 0 for alli, fliri =T.The
subset of all partitions of of interest(i.e., the set of all possible changepoints
in the mode) is denoted byy.

Lety = (Vi Y- Yo ) s Z2=(24,...,2¢) , W= (W/,W,...,\W, ), and
u=(u;,ur,...,u; ), so that(l) can be written as

7 T Tl

y=XB+Z(r)y +u, (2)
whereX = (Z,W)isTXp,B=(n,{") ispX1 yv=(y1,7%...,¥{) ISKX1,
u~ N(0,02l7), andZ(7) is the T X K matrix obtained by deleting the firgt
columns in the block diagonal matriZ, ,Z,,,...,Z,,Z, ) in (1). Moreover
p=n+k K=kt We assume thal —p—K=T—-n—- (1 +t)k=0;
otherwise the model is not identified evenriis known We also do not allow
for changes over time for the error varian(@e?), so that we can avoid Behrens—
Fisher type problemaNo assumption on the elements of the matrideand
Z(7) has been mad&hese can be considered as either fixed or randarthe
latter case they are assumed to be ancillary to the paranigeyso? 7), and
the following analysis will be conditional on them

The setup considered is very genethke changepoints can be approximately
located(e.g., they can occur about a particular dade yeap or only their num-
ber can be specifiear they could be totally unknowiWe want to testy:y ~
N(XB,o2l7), and in this case the statistigs= (X'X)"1X'y ands? = y'Myy
(My = I+ — X(X’X)~1X") are jointly sufficient for the nuisance paramet@rs
ando 2. Because they are boundedly compjetey similar region of size is a
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fractiona of the surface 3,s?) = constant(Hillier, 1987). It may happen that

7; < k for somei, so that the vectoZ(7)y can be zero even i is different
from zera Thus the null hypothesis under consideration is different from
H.:y = 0, because this might not be testalfgreusch 1986. If ; < k for
somei, Z(7)y can be written as a linear combination of the linearly indepen-
dent columns of(7), Z*(7), say and under the alternativ@*(7)y* = 0. We
assume thaZ(r)y is replaced byZ*(7) andy by v* if ; < k for somei, but

we will continue to indicate the resulting full rank matrix Bf7) and the pa-
rameter vector by. The numbeiK is thus to be understood as the number of
columns of the reduced matri&*(r).

The alternative hypothesis i$,:y ~ N(X8 + Z(7)y, 0 %l7). The termZ(7)y
depends on, 7, andy, and asy varies overRX, it spansm (K-dimensional
subspaces Ak, V™ = {Z(7)y :y € R¥}, indexed byr, wheremis the number
of elements iny. Note that the number of changepoints determines the dimen-
sion of the subspaceé”, whereas the position of the potential breaks influ-
ences the number of such subspacdss setup is quite different from the
classical testing situation where the alternative is specifidd,ay ~ N(X8 +
Qy,c?l;) andQ is a completely knowr{T X K) matrix. In this case the col-
umns ofQ span a fixedk-dimensional subspace &', asy varies overRX,

V = {Qy:y € RX}. In the structural change case this is no longer so

A characterization of similar tests ¢fy:y ~ N(XB, o ?l) is given by the

following theorem of Hillier(1987).

THEOREM 1 (Hillier, 1987). The class of all similar tests forly ~
N(XB,o2l) against any alternative whatever is characterized by the vector
v = C'y/(s?)¥2, where C is a TX T — p matrix such that CC= My, C'C =
I+_p, and CX = 0. That is, a critical region for testing kihas size independent
of B and o2 if and only if it is defined in terms of alone. Moreover, under
Ho, the vectorw is uniformly distributed over the un{fT — p)-sphere $_, =
{vEeRTP:vv=1}

The matrixC can be chosen so théYt'y is the vector of recursive residuals
for the modely = X8 + u (but we do not need to impose this condition on the
tests considered in the subsequent discusskor the null model considered
the CUSUM the CUSUM of squares of Brown et.dl1975, the fluctuation
test of Ploberger et al1989, the supF test and the tests of Andrews et.al
(1996 are similar because they are all functionsvof

3. OPTIMAL TESTS FOR STRUCTURAL CHANGE

This section studies the optimal similar critical regions for testdHgfy ~
N(XB,o2l) againstH;:y ~ N(XB8 + Z(7)y,o?l1), where bothy andr are
unknown

It is well known that even in the case wherés known there is no uniformly
most powerful test because the power of the test depends on the unkmaiwn
sance parametery. A procedurewhich can be traced back to Walti943 and
is often used to handle the existence of nuisance parametarsists in weak-
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ening the optimality criterioni.e., in choosing the critical region to maximize
an “average” poweiFor the case of known, Hillier (1987 suggests maximiz-
ing the average power on the surface of constant y'Z(7)'MxZ(7)y/o? by
averaging over all possible directions©fZ(7)y/o. The most powerful simi-
lar critical region(in terms of average powgis given by the points oSr_,, for
which the angle with the subspaces is small(Hillier, 1987 Sect 3). That is
w is a “strip” onSr_, close toSr_, N V7. Note that the anglé,. betweerv and
the subspace generated by the column8'&(7) is related to the F-statisti€,,
for testingHy: y = 0 againstH,:y # O, 7 fixed, by the relation(cosé,)? =
[K/AT = p — K (1 + [KAT = p— K)f,) ™

When~ is itself a nuisance parameter undty, (asy varies inR¥) the col-
umns ofC'Z(7) generate a hyperplané” indexed byr. When weakening the
optimality criterion to maximize an “average” powave are confronted with
the problem of averagingver and amonglifferent space¥ . An obvious gen-
eralization of the traditionalfixed 7) procedure consists in assigning a weight
p(7) to each subspacé”™ and in maximizing the average power over the sur-
faces of constani, for eachV?. However this is not enough to yield a test
that is uniformly most powerful in terms of average powas can be deduced
from the proof of Theorem,2vhich follows

Averaging among subspaces requires much more information than just aver-
aging over the surface of constantfor fixed . It requires taking into account
A, itself, i.e,, the distance from the origin of the alternative for each fixed
Thus a further weight on . is neededWe will assume that the weight far, /c
is proportional to the density of a chi-square distribution wittdegrees of
freedom The constant determines the relative weight given to different alter-
natives Whenc is close to zero then small deviations from the null are given a
large weightOn the other handvhenc is large relatively more weight is given
to large parameters

THEOREM 2 The critical regionw that maximizes the unconditional power
averaged over (i) the partitionr with weights g7), (ii) the direction of
C’'Z(7)y/o with uniform weights on,§ and (i) A, = v'Z(7)'MxZ(7)y/c?
with weights proportional to the density function of a chi-square random vari-
able with K degrees of freedom is given by

LR, > ¢,

where

c
- ~(K/2) -
LR, =(1+¢c) > p(7) (1 * e cos’0,

>[(T p)/2]
TEY

(T-p/2

=
=1+ TP 23 p(r) : (3)
TeY 1+c+ T— f
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where0 < 6, < 7r/2 is the angle betweemand V" and f. is theF test statistic
for testing H:y ~ N(XB,02l1) against H:y ~ N(X8 + Z(7)y,o?l1) for a
fixed 7. The critical value, ¢, is determined by the condition

T —
(%)
: J (dv)
T r—oo v) = «a,
2w (T=p/2 {vESr p:LR>cy}

where(dv) denotes the unnormalized Haar measure @n,S

This result is proved in the AppendiXhe statisticLR. is called the “likeli-
hood ratio” following Andrews et al(1996.

Remarks

(i) The derivation of thé&.R. test is based on a particular weighting function for
and the actual power of the test could be strongly dependent on the choice of
such weighting functionThe critical values for th& R; test are difficult to de-
rive because they depend on the complex geometrical relations among the spaces
V7. However they can be simulated for the given regressors because of the sim-
ilarity property For the derivation of the asymptotic distributions of the test sta-
tistics derived previously it might be useful to impose additional assumptions on
the regressors ifll) (such as stationarifgrgodicity and weak exogeneifyas in
Andrews (1993 and Andrews and Plobergét994. Recently Hansen(2000
has derived the asymptotic distribution of the $upests and the tests of An-
drews et al (1996 in the presence of exogenous stochastic trgrudynomial
trend or structural shifts in the regressomhe results can be used to derive the
asymptotic critical values for theR. test in view of the results of Corollary, 1
which follows

(i) Andrews et al (1996 suggest averaging the power over all valueg @t y’)’
with weights proportional to the density of a normal distribution ovér and
they obtain a class of similar tests for the case whetds known given by a
weighted average of the form

cKf
E = (1+c) (K2 L
okt %p“)exp{zum}

Our approach is the same as taking a weightG¢Z(7)y/o proportional to a
N(0,/cl,) density wherec is an arbitrary positive constant that scales the vari-
ance matrix Averaging the unconditional power with respect@6Z(r)y /o ~
N(0,Vcly) is equivalent to averaging the power of a critical regionvith re-
spect to both the direction &'Z(7)y/o and its lengthi.e., A, with A_/Nc ~
x2). Note that the weighting function we use is different from that of Andrews
et al (1996, because ours does not depend on the nuisance pargfedear
approach can be justified by the fact that the stati8tis not informative about
Z(7)v, so there is no loss of information in constructing inference a@dujy
from C’y only (which also does not depend @). Moreover in contrast to An-
drews et al (1996, we are able to show that the tests suggested are optimal
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whena 2 is unknown The relationship between theR. and the exp-Etests as
functions of the individual F test statisti¢$,) is given by Corollary 1

COROLLARY 1 Let LR indicate the LR statistic in (3). Then, as T goes to
infinity, for a fixed p, the exp~ and the LR test statistics coincide:

exp-K, — LR; = 0p(2).

Thus the exp-Ftests of Andrews et a[1996 are optimal in terms of the aver-
age power of Theorem 2 when the sample size is large and the.stjpis
bounded in probabilityThus the asymptotic critical values bR, tests are the
same as the asymptotic critical values of the expeBts Note also that because
Andrews and Plobergéfd 994 show that the exp-Fests are asymptotically op-
timal under more general conditions than those considered in this,ghpse
asymptotic optimality properties can be extended toltRg tests using Corol-
lary 1. Moreover the proof of Corollary 1 is based on the convergence of
(1+ 1/n)*" to exp{x}, which is very slowTherefore the convergence bR, to
exp-F is also very slowl thank one of the referegwho noted that the validity
of this result did not need one of the assumptions originally madg.on

(iii) As far as the choice of is concernedthere does not seem to be any optimal
value However asc — oo, C'Z(7)y/o tends to be uniformly distributed over
RK, and this using a Bayesian interpretatiomight be taken as a noninforma-
tive prior. A normalized version of th&R; test for this case is

LR, = lim (1+ ¢)*2LR,

C—o

= > p(r)(1—cosg,) (P2l

TEY

K (T-p/2
EY p(7) (1 + e — — f,) . (4)

Note that the Andrews et al1996 test statistic in this case is exps;F=
In(X,ey p(7)exp{Kf,/2}). On the other handletting c tend to zero(so that
possible departures @'Z(7)y/o tend to be small a normalized_R; test is

2  LR,—(l+c¢)" W2
LRy = lim
T— P c—o0 Cc

> p(r)cog o,

TEY

:
B

1+ ——f,
T-p—K

®)

As a consequenckR, should have power in detecting small deviations from
the null The corresponding statistic in Andrews et 81996 is avg-F =
ELEY”p(T)t‘
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4. MONTE CARLO RESULTS

This section presents Monte Carlo results comparing the optimal tests derived
previously with the suf test and the exp-Hests of Andrews et a(1996. We
consider three modeland we concentrate on the case where there can be only
two possible subsamples

Model 1 The first model considered is an example of a stationary model

yi :BO+(_1)|ﬁl+ N(Oyl), (6)
whereT = 120 and the possible structural change affects the intercept
Bo+ (=1)'B; + N(0,1) fori=1,...,7
" Botag+ (1B +N©O,1) fori=r+1...,T,

whereag is a constant

Model 2 The second model is an example of a time-trend model

1
>:81 +N(0,1), (7

inBoJr(i—T

for T =12Q and under the alternative there is a structural change in the intercept

1
>:81+ N(0,1) fori=1,...,7

Bo+<‘—7

%= CT+1 _
Bo+ag+ (I —T>31+N(O,1) fori=r+1,...,T,

wherea, is again a constant
Model 3 Finally the third model is
¥i = Bo+ BLGNR + B,1; + N(0,0?),

i =12,...,T(= 39), where the values of the regressors are the annual gross
national produc{GNP) (GNR) seasonally adjusted in 1992 constant dollars
and the interest raté;) from Tables B-2 and B-73 of the 19%conomic Re-
port of the PresidentCouncil of Economic Advisers 1999 These data extend
the data set given by Gree®991) in Example 79 to the period 1959-1997

The following alternative model is consideted

Yi

Bo + B1GNP + B,r; + N(0,02) fori=1,...,7
Bo+ ag+ B1GNP + B,r; + N(0,02) fori=7+1,...,T,

whereT = 39 anda, is a constant
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Model 1 and Model 2 have also been studied by Andrews.€t8B6, and
they have been chosen to facilitate the compatrig@n these models we will
assumewithout loss of generalitythat (8o, 82) = (0,0) ando 2 = 1. For Model 3
we also choosé€B,, 81, 82) = (0,0,0) ando? = 1.

The tests compared are based on the following test statistigp-F =
SUR—p+1,.. T-plf-, avO-F exp-k, exp-F., LRo, LRy, LR, and the F test for
the correct changepoinwith the appropriate values @f K, andT, andp(7) =
1/(T—2p) and7 = (t, T —t) witht=p + 1,...,T — p. Note that we assume
that no knowledge is available about which parameter is affected by the struc-
tural change

The 5% critical values of the tests have been calculated by simulating the
distribution of the tests using 1@MO replicationsBecause the tests are simi-
lar we can set o, 81, 82) = (0,0,0) and (8o, 81) = (0,0) ando? = 1 to obtain

TABLE 1. Power for Model 1

Alternative
Distribution Test Statistic
T ao supl15-F sup2-F avg-F exprF  exp-F, LRg LR, LR, F
15 04 .09 .09 11 .10 .10 11 .10 .10 .23
0.6 21 21 .19 21 21 .19 21 .21 .49
0.8 42 42 .32 .40 A1 31 .39 41 .75
1.0 .68 .66 .50 .63 .65 .49 .62 .65 91
30 04 .19 17 21 .21 .18 21 21 .19 .39
0.6 .46 42 .46 A7 .45 .45 A7 .46 74
0.8 .78 74 74 .78 77 73 .78 a7 .94
1.0 .95 .94 .92 .95 .95 .92 .95 .95 .99
45 04 .25 21 .30 .28 .25 .30 .29 .25 A7
0.6 .60 .54 .63 .63 .60 .63 .64 .60 .83
0.8 .88 .85 .88 .89 .87 .88 .89 .88 .97
1.0 .98 .98 .98 .99 .99 .98 .99 .99 1
60 04 .26 22 .33 31 .27 .33 31 .27 .49
0.6 .60 .55 .67 .65 .61 .67 .66 .61 .84
0.8 91 .88 .92 .92 91 .92 .92 91 .98
1.0 .99 .98 .99 .99 .99 .99 .99 .99 1
75 04 .25 .22 31 .28 .25 31 .29 .26 .46
0.6 .58 .53 .63 .62 .58 .63 .63 .59 .83
0.8 .88 .85 .89 .89 .88 .88 .89 .88 .98
1.0 .98 .98 .98 .99 .98 .98 .99 .98 1
90 04 .19 17 21 21 .19 21 21 .19 .37
0.6 .46 41 .46 A7 .45 .46 A7 .45 71
0.8 a7 71 .73 .76 .75 .73 .76 .75 .93
1.0 .95 .93 .92 .94 .94 91 .94 .94 .99
105 Q4 A1 11 11 A1 11 11 A1 A1 24
0.6 21 .20 17 .19 .20 17 .19 .20 A7
0.8 .43 41 .32 .39 41 .32 .38 .40 74
1.0 .67 .65 .50 .62 .64 .50 .62 .64 91
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TABLE 2. Power for Model 2

Alternative
Distribution Test Statistic
T ao sup15-F sup2-F avg-F exprF  exp-R, LRo LRy LR, F
15 04 .10 .10 12 12 11 12 12 A1 .16
0.6 .19 17 24 .23 21 24 .23 21 .33
0.8 31 .30 .40 .40 .36 .40 .40 .37 .56
1.0 .50 A7 .58 .58 .54 .57 .58 .55 .76
30 04 12 A1 .14 .14 .13 .14 14 .13 .19
0.6 21 .18 27 .25 .22 27 .25 .23 .38
0.8 .36 .32 43 42 .38 43 42 .38 .62
1.0 .56 .52 .61 .61 .57 .61 .61 .58 .81
45 04 .08 .08 .09 .09 .09 .09 .09 .09 17
0.6 .15 .13 .16 .16 .15 .16 .16 .15 .31
0.8 27 .23 .25 .27 .26 .25 27 .26 .52
1.0 44 .39 .38 42 42 .38 42 42 .73
60 04 .07 .07 .08 .08 .07 .08 .08 .07 .15
0.6 13 A1 .10 12 12 .10 12 12 .31
0.8 21 .19 .15 .18 .19 .14 .18 .19 .49
1.0 .37 .33 22 .29 .33 21 .29 .33 .69
75 04 .08 .07 .09 .09 .08 .09 .09 .08 17
0.6 .15 13 .16 .16 .15 .16 .16 .15 .34
0.8 .26 .23 .25 27 .26 .25 27 .26 .54
1.0 44 .39 .39 43 42 .39 42 42 74
90 04 .10 .09 .14 .13 A1 .14 .13 11 .18
0.6 .20 .18 .26 .25 .22 .26 .25 .22 .38
0.8 .35 .30 43 .40 .36 43 41 .37 .60
1.0 .56 .51 .62 .62 .58 .63 .62 .59 .81
105 Q4 .10 .09 12 11 .10 12 A1 .10 17
0.6 .18 .16 .23 22 .20 .23 .22 .20 .35
0.8 .33 .30 .40 .40 37 .40 .40 .37 .55
1.0 .51 .48 .60 .60 .56 .60 .60 .57 .76

the critical valuesThe powers reported in Tables 1+£8r different values of,
are based on,800 replications

From Tables 1 and 2 it appears that thRe. tests and the exponential tests
of Andrews et al (1996 have identical powers for a medium large sample of
120 observation for both Model 1 and Model Ror a smaller sample size
such as that of Model,3he differences between the powers of the tests are
still very small(see Table B No test appears to be uniformly better than the
others

In comparison with the sulp test the LR tests and those of Andrews et al
(1996 do not perform significantly better unless the structural change occurs
outside the range of possible change points implicitly considered in the con-
struction of the suj test
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TaBLE 3. Power of tests for structural change for Model 3

Alternative

Distribution Test Statistic

T ao sup15-F sup3-F avg-F exprF  exp-R, LRo LRy LR, F

10 05 .05 .05 .05 .05 .05 .06 .05 .05 .07
1 .07 .08 .09 .09 .08 .09 .09 .08 17
15 .10 .15 .14 .16 .16 14 .15 .16 .35
2 .14 .30 .22 .29 .30 21 .26 .30 .61

20 Qa5 .07 .06 .07 .07 .06 .07 .07 .06 .08
1 .18 13 17 .16 .14 17 17 .15 .23
15 37 .26 .33 31 .28 .32 .33 .29 .48
2 .62 .48 .55 .54 51 .54 .56 .52 .76

30 Qa5 .06 .06 .06 .06 .06 .06 .06 .06 .07
1 .07 .08 .09 .09 .08 .09 .09 .08 .16
15 A1 .16 .15 .15 .16 .15 .15 .15 .34
2 .16 .27 .23 .27 27 .23 .25 27 .58

5. CONCLUSIONS

This paper has derived optimal similar tests for structural change in the linear
model under the hypothesis of normality of ertdrhis was done by first char-
acterizing the class of similar tests using a result from Hil{ile387) and then
deriving an average optimal test following the principle suggested by Wald
(1943, Hillier (1987, Andrews and Plobergef1994), and Andrews et al
(1996.

The tests for structural change suggested are analogous to those of An-
drews et al (1996. The weighting function employed is slightly different
from that of Andrews et al(1996. However we are able to derive optimal
tests for the case of unknown error variance and also are able to prove that
the exponential F tests of Andrews et €1996 (for the case where the error
variance is unknownare optimal according to our criteria when the sample
size is large

A simulation study shows that the tests suggested have power very similar to
those of Andrews et al1996 for the case where the disturbance variance is
unknown This suggests that the latter tests might be close to optimal even when
the sample size is relatively small
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APPENDIX

This Appendix contains one Lemma and the proofs of Theorem 2 and Corollary 1
LEMMA 1. (Chikuse, 1991). Any vecterE S, can be written uniquely as

v = c0sHC, v, + SiNOC,u,, (A.1)

wherev, € S, v2 € S, and0 < 0 < 7/2; C; and G are (n X k) and (n X n — k)
matrices satisfying OC, = Iy, C;C, = |I,—, and C C, = 0; and@ is the angle between
the vectorv and the orthogonal projection af onto the subspace spanned by the col-
umns of G. The Jacobian of the transformatian— (6,v1,v5) is

(dv) = (cos@)*1(sin®)"*"1(dv,)(dv,) d6, (A.2)

where(dv) denotes the unnormalized Haar measure gn S

Proof of Theorem 2. The unconditional power of a similar critical regienof size
« is (Hillier, 1987
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F<T_—p+j>2j/2
2

Po= exp{ ) } f ji T @) (A.3)
where

A, = C'Z(R)(Z(r My Z(r) 2, (Ad)
b = (Z(rY My Z(r) V2, (A5)
A, =brd, =y Z(1) My Z(7)y/o? (A.6)

By averaging this on the surface of constanf we obtain the average power

(5

1 T- T-p K A, ,
W exp *5 AP 5 EEU "A,N v |(dv), (A.7)

and by further averaging it over the set of all possible structural poihthis becomes

(%)

1 T-p KA
Wf Eyp(r)exp{— }F1< 2p'E'z v'AL N >(dv). (A.8)

By using Lemma I can be written uniquely as = cosf,A,vi, + sinf, Atv,,,
wherevy, € S¢, vp, € Sr—p—k, 0< 0, < 7/2, andA; isaT — p X T — p — K matrix
orthogonal toA, such that(AL)'A = I+_,_k. Becausey;, andv,, are uniformly dis-
tributed overSc and Sy, «, respectivelythe most powerful critical region must con-
tain all such spheres and the test is characterized in terms @f cos= Y, only:

T-p
2F< : ) Ep(r)exp{ }

F<K>F<I p K) TEY
2 2
-p KA

X f(cos@T)K‘l(sinOT)T‘P‘K‘11F1<—;—;—Tc $6 )do (A.9)

[0]

Averaging with respect ta, in (A.9), where the weight fon\, /A/c is the density
function for a random variable having the chi-square distribution Wittegrees of free-
dom yields
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e

Pm - f— -
F(g)r(#)(l-‘r c)</?

(cosh, )< I(sing, )TP K1

x 2P | . o 90
1—- —— cos0.
1+c
The statement of the theorem follows n

Proof of Corollary 1. The result is proved by showing thiaR. converges pointwise
to exp-Fk asT goes to infinity If some of thef, are infinite then both expdandLR. are
infinite. So we can suppose that theare all finite The term

K (T-p/2
1+ ———— 1
{K c f} T-p-K
exp 21+c” K

1+ (1+c)(T7pr)fT

can be rewritten as

1
explb,} — (14— ).
+_
a,+ -4

-

whereb, = (K/2)[c/(1 + ¢)]f., a, =1 — [(1 + ¢)/cf.] =1 — (K/2b,), andq =
(T - p)/2 > K/2. By settings = a, + (1/b,)qwe haveq = b.(s— a,) = b,s— a,b, =
b,(s— 1) + K/2, and using the triangular inequality we have

1\b-s

exp{b,} — (1 + g)

1\b-s 1\ (K/2—b,
(e 3) - (+3)"
S S

1\b-s 1\b-s
exp{b,} — <1+ ;) = exp{b,} — <1+ g>

1\b-s 1\b-s
<1+ ;) = <1+ ;) = exp{b,}

1\(K/2)~b, 1\K/2 1\K/2 1\ b-

1-(1+ = 1-(1+= 1+ = 1-(1+=

S S S S
1\K/2 1\K/2 1\ b-
[ )

S S S
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exp{b,} — (1 + g

+

Note that

I

+
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and all three terms are increasinglin so that

1>bf(sf1)+(K/z>

exp{b,} — <1+ PN

. 1\b"s
= exp{b*} — <1+§>

o1 2 4]

+ b* (1+}>K/2<1— <1+}>b*>
exp{b*} < < ,

whereb* = (K/2)[c/(1 + c)]sup.ey f, < c0. SO

1>b,(s1)+<K/2>

lexp— F; — LR.| = (14 ¢)~ %2 > p(7)|exp{b,} — <1+ <

TEY

1 b*s 1 K/2
=(1+c)®2 [exp{b*} - <1+ g) + exp{b*}[(1+ g) - 1]

a3 (- (03) )
+explb}{ 1+ 2 1- {1+ < .

As T (and thuss) goes to infinity all the terms in square brackets go to zero
|
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