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Improved modelling of interfacial terms in the
second-moment closure for particle-laden flows
based on interface-resolved simulation data
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Correlations for the interfacial terms in the fluid dissipation rate equation and Reynolds
stress equations are established for particle-laden flows, based on data from the
interfaced-resolved direct numerical simulations of particle sedimentation in a periodic
domain at a density ratio ranging from 0.01 to 1000, a particle concentration ranging
from 2.3 % to 30.2 % and a particle Reynolds number below 250. The correlations for
the mean drag and the pseudo-turbulent kinetic energy are also reported, which are
used for the modelling of the interfacial term in the fluid dissipation rate equation. The
interfacial term correlations obtained are then incorporated in the Reynolds stress model
(RSM) (i.e. second-moment closure) for the simulation of vertical turbulent channel flows
laden with the finite-size particles at relatively low particle volume fractions. The results
show that the RSM with new interfacial term correlations can quantitatively predict
particle-induced turbulence enhancement or suppression in vertical channel flows.
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1. Introduction

Turbulent dispersed multiphase flows are encountered in many processes in nature and
industry, such as fluidized beds, drug delivery, drilling process and sand storms. The
two-fluid model (i.e. the Euler–Euler method) (Anderson & Jackson 1967; Ding &
Gidaspow 1990; Ishii & Hibiki 2010) and the discrete particle (or element) model
(i.e. the Euler–Lagrange method) (Tsuji, Kawaguchi & Tanaka 1993; Deen et al. 2007;
Zhu et al. 2007) are two models widely used for particle-laden flows in engineering
applications because of much lower computational resource requirements compared with
direct numerical simulations (DNS). For the two-fluid model, modelling of the interphase
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Politano et al. Troshko & Ma et al. Yao & Rzehak &
(2003) Hassan (2001) (2017) Morel (2004) Krepper (2013)

Length scale k3/2/ε dp dp λ ∼ dp k3/2/ε or dp

Velocity scale
√

k ur ur (ελ)1/3 ur or
√

k

Time scale τ k/ε dp/ur dp/ur d2/3
p /ε1/3 k3/2/(εur) or dp/

√
k

Cε3 1.92 1.35CD 0.3CD 1.0 1.0

Table 1. Summary of characteristic scales for the modelling of the dissipation interfacial term based on
dimensional analysis.

momentum and energy transfers is crucial for accurate simulations of industrial-scale
multiphase flows (Crowe, Troutt & Chung 1996; Crowe et al. 2011; Joshi & Nandakumar
2015).

The turbulence models for particle-laden flows have been established based on the
modification of single-phase turbulence models. In the past two decades numerous
studies have been devoted to developing the two-equation multiphase turbulence models
(including k–ε and k–ω) with transport equations for the turbulent kinetic energy (TKE)
and dissipation rate (Sato & Hishida 1996; Troshko & Hassan 2001; Politano, Carrica &
Converti 2003; Rzehak & Krepper 2013; Ma et al. 2017). Sato, Sadatomi & Sekoguchi
(1981) proposed a particle-induced turbulence viscosity. The effects of particles on the
turbulence can be captured through the inclusion of the interfacial (source) terms created
by particles in the Reynolds stress and dissipation rate equations (Troshko & Hassan 2001;
Politano et al. 2003; Rzehak & Krepper 2013; Fox 2014; Ma et al. 2017, 2020b). For
the particle-induced turbulence, the interfacial term in the TKE equation, Ik, is generally
modelled as the product of the interphase mean drag force per unit volume and the
interphase mean slip velocity (Troshko & Hassan 2001; Colombo & Fairweather 2015;
Mehrabadi et al. 2015; Ma et al. 2017).

The model of the interfacial term in the dissipation rate equation, Iε, is much more
complex. Based on dimensional analysis, a general expression of Iε reads

Iε = Cε3
Ik

τ
, (1.1)

where τ represents a characteristic time scale of the flow and Cε3 is an empirical
coefficient. The determination of the characteristic scales for particle-laden flows is
still a subject of debate in the literature because of the intrinsic multiscale property of
particle-laden flows. Some typical choices of the characteristic scales and the coefficient
Cε3 are summarized in table 1. For shear-dominated turbulence, the large-scale eddy time
τ = k/ε is normally chosen as the characteristic time scale (Politano et al. 2003). For
purely particle-induced pseudo-turbulence (i.e. the turbulence generated by the particles),
the characteristic length scale is related to the wake length Lw or particle diameter dp.
Therefore, the time scale can be selected as τ = dp/ur (Troshko & Hassan 2001; Ma et al.
2017), where ur is the particle slip velocity. Risso et al. (2008) suggested that Lw ∝ dp/CD,
while Du Cluzeau, Bois & Toutant (2019) argued that the wake length is in the range of
2dp ∼ 4dp. For the situation where both shear-induced turbulence and particle-induced
turbulence are important, several hybrid scales have been proposed in the literature (Yao
& Morel 2004; Rzehak & Krepper 2013).

The model of the dissipation rate interfacial term can also be derived from
fundamentals. Schwarzkopf, Crowe & Dutta (2009) derived a dissipation rate transport
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equation for particle-laden flows, and proposed a model of the dissipation rate interfacial
term based on the point-particle approximation as

Iε = C′
ε3

ν2

V

∑
k

fk
|ui − upi|2k

dp
, (1.2)

where fk is the drag factor, ui and upi are the local fluid and particle velocities, respectively,
and C′

ε3 is an empirical coefficient. Experimental data on particle sedimentation in a
quiescent fluid were used to obtain the coefficient C′

ε3 for solid volume fractions between
10−6 and 10−2 and particle Reynolds numbers between 30 and 1000. The primary purpose
of the present work is to provide an extending model for the solid volume fraction above
10−2.

Although the two-equation models have been widely used to simulate multiphase flows,
they fail to account for the strong anisotropy of particle-induced velocity fluctuations
(Mehrabadi et al. 2015; Ma et al. 2020b). This limitation can be overcome by employing
the Reynolds stress model (RSM) (Cokljat et al. 2006; Masood, Rauh & Delgado 2014;
Capecelatro, Desjardins & Fox 2016a,b; Riella, Kahraman & Tabor 2019; Baker et al.
2020; Ma, Lucas & Bragg 2020a; Ma et al. 2020b; Shi & Rzehak 2020). For weakly
inertial particle-laden flows, Capecelatro et al. (2016b) developed a multiphase RSM
based on the data of point-particle DNS. The RSM framework has been used to simulate
particle-laden vertical channel flows (Capecelatro et al. 2016a; Baker et al. 2020). Riella
et al. (2019) proposed a pressure-velocity model for both particle and fluid phases that
can account for the strong near-wall inhomogeneity of particle-laden channel flows. From
experimental data on bubbly pipe flows, Colombo & Fairweather (2015) developed a RSM
based on the Speziale–Sarkar–Gatski (SSG) model (Speziale, Sarkar & Gatski 1991) for
bubble-induced turbulence.

In the past decades, interface-resolved (or particle-resolved) DNS (IR-DNS or PR-DNS)
has been extensively employed to investigate the mechanisms in turbulence–particle
interactions and the development of the multiphase turbulence model (Balachandar &
Eaton 2010; Tenneti & Subramaniam 2014; Maxey 2017). Ma et al. (2017) for the first time
used the IR-DNS data of bubble-induced turbulence in a vertical channel flow to develop
the interfacial term models. In particular, a correlation of Cε3 = 0.3CD is proposed, as
shown in table 1, at the bubble volume fraction ranging from 1.07 % to 2.14 % and the
bubble Reynolds number above 200. More recently, Ma et al. (2020b) extended this work
in the framework of a second-moment closure for bubble-induced turbulence from DNS
of dispersed bubbly flow in a vertical channel, and modelling of the pressure–strain term
and the interfacial term in Reynolds stress equations was taken into consideration.

To our knowledge, the works on IR-DNS-based multiphase turbulence modelling are
limited to bubble-induced turbulence at relatively low bubble volume fractions (Ma et al.
2017, 2020b). The IR-DNS data so far have not been used to develop a dissipation rate
model for particle-laden flows. Thus, we aim to develop new models or correlations for the
interfacial terms in the dissipation rate equation as well as in the Reynolds stress equations,
based on interface-resolved simulations of particle sedimentation in a periodic domain at
a density ratio ranging from 0.01 to 1000, a particle concentration ranging from 2.3 % to
30.2 % and a particle Reynolds number below 250. The correlations for the mean drag and
the pseudo-TKE are also presented, which are required by the modelling of the interfacial
term in the dissipation rate equation. In addition, the new models are employed in the
RSM-based Reynolds-averaged Navier–Stokes (RANS) simulations of fully developed
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vertical particle-laden channel flows. It is found that the model predictions are in good
agreement with the DNS results for both turbulence enhancement and attenuation regimes.

The rest of the paper is organized as follows. In § 2 we address the basic equations of
the RSM for the particle-laden flows. In § 3 we present the numerical method and the
set-up for our interface-resolved simulations. Next, in § 4 the coefficients of the interfacial
terms in the dissipation rate and Reynolds stress equations are determined on the basis
of our DNS data. Then, in § 5 the proposed model is applied to RSM-based RANS
simulations of vertical particle-laden channel flows, and the results are compared with
the interface-resolved simulations. Concluding remarks are summarized in § 6.

2. Reynolds stress model

The averaged continuity and momentum equations of the Euler–Euler two-fluid approach
for particle-laden flows (Anderson & Jackson 1967; Crowe et al. 2011) are

∂(φmρm)

∂t
+ ∇ · (φmρm〈um〉) = 0, (2.1)

∂(φf ρf 〈uf 〉)
∂t

+ ∇ · (φf ρf 〈uf 〉〈uf 〉) = −φf ∇〈pf 〉 + ∇ · (φf 〈τ f 〉)

− ∇ · (φf ρf 〈u′
f u′

f 〉) + φf ρf g − 1
V

∫
SI

σ f · n ds, (2.2)

∂(φsρs〈us〉)
∂t

+ ∇ · (φsρs〈us〉〈us〉) = −φs∇〈pf 〉 + ∇ · (φs〈σ s〉)

− ∇ · (φsρs〈u′
su

′
s〉) + φsρsg + 1

V

∫
SI

σ f · n ds. (2.3)

The subscript m in (2.1) denotes the phase (f denoting fluid phase and s solid phase). Here
ρ, p, u, u′, τ and σ represent the density, pressure, velocity, fluctuating velocity, viscous
stress tensor and total stress tensor, respectively; 〈·〉 represents phase averaging; φf and
φs denote the mean volume fraction of fluid and solid phases, with φf + φs = 1.0. The
last term in (2.2) or (2.3) is the volume-averaged interphase hydrodynamic force, which
may include the steady drag force, lift force and history force (Saffman 1956; Wen &
Yu 1966; Antal, Lahey Jr & Flaherty 1991; Gidaspow 1994; Burns et al. 2004; Tenneti &
Subramaniam 2014). Here we are only concerned with the steady mean drag force. In (2.2)
the term −φf ρf 〈u′

f u′
f 〉 is the fluid Reynolds stress tensor. In (2.3), σ s is the solid stress,

including the solid pressure and shear stress, which are generally modelled by the kinetic
theory of granular flows (Fox 2014).

The transport equations for the fluid-phase Reynolds stresses can be written as (Kataoka,
Besnard & Serizawa 1992; Crowe et al. 2011; Peng, Ayala & Wang 2019)

∂(φf ρf 〈u′
iu

′
j〉)

∂t
+

∂(φf ρf 〈uk〉〈u′
iu

′
j〉)

∂xk
= −φf ρf (〈u′

iu
′
k〉

∂〈uj〉
∂xk

+ 〈u′
ju

′
k〉

∂〈ui〉
∂xk

)︸ ︷︷ ︸
Pij

+ Dij + Φij − εij + Iij. (2.4)

Here and in the following, the subscript ‘f ’ for the fluid velocity, pressure and stress
is omitted for convenience, unless otherwise specified. The shear-induced production
of Reynolds stresses, Pij, can be determined without modelling. Here Dij, εij, Φij and
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Iij represent the diffusion, pressure–strain term, dissipation term and interfacial term,
respectively, and they need to be modelled for the second-moment closure. The diffusion
term can be expressed as

Dij = −
∂(φf ρf 〈u′

iu
′
ju

′
k〉)

∂xk
−
[

∂(φf 〈u′
ip

′〉)
z∂xj

+
∂(φf 〈u′

jp
′〉)

∂xi

]

+
[

∂(φf 〈u′
iτ

′
jk〉)

∂xk
+

∂(φf 〈u′
jτ

′
ik〉)

∂xk

]
, (2.5)

and can be modelled with the gradient diffusion hypothesis as (Shir 1973)

Dij = ∂

∂xk

[
φf ρf (ν + csνt)

∂〈u′
iu

′
j〉

∂xk

]
, (2.6)

where the eddy viscosity νt and an empirical coefficient cs are introduced.
The dissipation term εij can be expressed as

εij = −φf

(〈
τ ′

ik

∂u′
j

∂xk

〉
+
〈
τ ′

jk
∂u′

i
∂xk

〉)
. (2.7)

The isotropic model of εij = −φf ρf
2
3δijε is widely used for high-Re turbulent flows, where

ε is the average fluid-phase TKE dissipation rate. For low-Re wall-bounded flows, an
anisotropic model proposed by Hanjalić & Launder (1976) is widely used, i.e.

εij = φf ρf

(
fs

〈u′
iu

′
j〉

k
+ 2

3
(1 − fs)δij

)
ε, (2.8)

where fs is normally chosen as a constant or a function of the turbulent Reynolds number
Ret = k2/εν. For fs = 0, εij is isotropic, whereas for fs = 1, εij is fully anisotropic (Rotta
1951). For the particle-free channel flow, the DNS data of Kim, Moin & Moser (1987) and
Mansour, Kim & Moin (1988) revealed that the dissipation tensor is strongly anisotropic
with fs ≈ 1 close to the wall.

The pressure–strain term Φij has the following form:

Φij = φf

〈
p′ ∂u′

i
∂xj

〉
+ φf

〈
p′ ∂u′

j

∂xi

〉
. (2.9)

The pressure–strain term plays a significant role in predicting the Reynolds stress
anisotropy, and is most difficult for accurate modelling. It is generally modelled by the
SSG model (Hanjalić & Launder 2011)

Φij = Φij,1 + Φij,2 + Φij,3 + Φij,w, (2.10)

where Φij,1, Φij,2, Φij,3 and Φij,w represent the return to isotropy of turbulence (the
slow term), isotropization of strain production (the rapid term), isotropization of force
production and the wall blocking (Hanjalić & Launder 2011), respectively. The terms Φij,1
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and Φij,2 are modelled as (Lumley 1979; Speziale et al. 1991)

Φij,1 = −φf ρf C1εaij + φf ρf C′
1ε(aikakj − 1

3 A2δij), (2.11)

Φij,2 = −φf ρf C2(Pij − 2
3 Pkδij) − φf ρf C4(Eij − 2

3 Pkδij)

− φf ρf (0.033 + 0.65A1/2
2 )kSij − φf ρf C∗

1aijPk. (2.12)

The isotropization of force production Φij,3 can be modelled as (Naot 1970)

Φij,3 = −C3(Iij − 2
3 Ikδij). (2.13)

In the above equations, aij is the fluid Reynolds stress anisotropy tensor

aij = 1
k

(
〈u′

iu
′
j〉 − 2

3
kδij

)
, (2.14)

and A2 = ajiaij is the second invariant of aij. The coefficients C1, C′
1, C2, C3, C4 and C∗

1
are model coefficients; Pk represents the TKE production rate; Eij and Sij are given as

Eij = −
[
〈u′

iu
′
k〉

∂〈uk〉
∂xj

+ 〈u′
ju

′
k〉

∂〈uk〉
∂xi

]
, (2.15)

Sij = 1
2

(
∂〈ui〉
∂xj

+ ∂〈uj〉
∂xi

)
. (2.16)

The Reynolds stress interfacial term Iij can be expressed as

Iij = − 1
V

[∫
SI

nku′
i(−p′δjk + τ ′

jk) ds +
∫

SI

nku′
j(−p′δik + τ ′

ik) ds
]

, (2.17)

where SI is the interphase surface inside the averaging volume. Neglecting the effect of the
particle rotation, Crowe et al. (2011) derived the following form for the interfacial term:

Iij = 1
V

Np∑
k

(〈ui〉 − upk,i)Fk,j + 1
V

Np∑
k

(〈uj〉 − upk,j)Fk,i. (2.18)

Here upk,i denotes the ith velocity component of the kth particle, Np denotes the number
of particles in the volume V and Fk,i represents the drag force on the kth particle. Xia et al.
(2022a) showed that, for the TKE interfacial term at the steady state, the term related to
the particle rotation and the correlation between the particle fluctuating velocity and the
drag force are negligibly small. Thus, the interfacial term (2.18) can reduce to

Iij = FDiurj + FDjuri, (2.19)

where FD is the volume-averaged drag and ur represents the mean interphase slip velocity.
On the other hand, it is conventional to establish the model of the Reynolds stress
interfacial term with the TKE interfacial term Ik (Ma et al. 2020b)

Iij = bijIk, (2.20)

where bij is a coefficient matrix. The Troshko–Hassan model (Troshko & Hassan 2001) is
one of widely used models for the TKE interfacial term,

Ik = F D · ur. (2.21)

It was suggested to multiply (2.21) by a correction coefficient Cn, i.e. Ik = CnF D · ur.
In the ANSYS FLUENT software, a value of 0.75 is recommended for Cn (Ansys, Inc
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2013). Here Cn was determined as a function of TKE or particle Reynolds number from
DNS of bubbly flows (Santarelli, Roussel & Fröhlich 2016; Ma et al. 2017) and as a
function of the particle Reynolds number, the particle size, the density ratio and the
particle volume fraction, based on the DNS data on the upward turbulent channel flow (Yu
et al. 2021). However, we have recently demonstrated that Cn=1 is a better choice for the
particle-laden flows at a statistically steady state (Xia et al. 2022a), being consistent with
the observation of Mehrabadi et al. (2015). For the particle sedimentation in a periodic
domain or in a vertical channel flow considered in the present study, the mean drag and
the mean slip velocity are only non-zero in the vertical direction, thus, I11 = 2Ik and the
other components are zero. Accordingly, the only non-zero component of bij is b11 = 2.0.

The transport equation of the fluid-phase TKE reads

∂(φf ρf k)
∂t

+ ∂(φf ρf 〈uj〉k)
∂xj

= −φf ρf 〈u′
iu

′
j〉

∂〈ui〉
∂xj︸ ︷︷ ︸

Pk

+ ∂

∂xk

[
φf ρf (ν + csνt)

∂k
∂xk

]
︸ ︷︷ ︸

Dk

−φf ρf ε︸ ︷︷ ︸
εk

+Ik, (2.22)

where Pk and Dk represent the production and the diffusion of TKE, and εk is the
dissipation term of TKE.

The transport equation for the dissipation rate ε is given as

∂(φf ρf ε)

∂t
+ ∂(φf ρf 〈uj〉ε)

∂xj
= −φf ρf Cε1

ε

k
〈u′

iu
′
j〉

∂〈ui〉
∂xj︸ ︷︷ ︸

Pε

+ ∂

∂xj

(
φf ρf

(
ν + νT

σε

)
∂ε

∂xj

)
︸ ︷︷ ︸

Dε

− Cε2φf ρf
ε2

k︸ ︷︷ ︸
εε

+Iε. (2.23)

Here Pε, Dε and εε represent the production, diffusion and dissipation of TKE dissipation
rate, respectively; Iε is the interfacial term in the ε equation; Cε1, Cε2 and σε are model
constants.

3. Numerical method and DNS setup

3.1. Direct forcing/fictitious domain method
The IR-DNS approach used in this work is the direct forcing/fictitious domain (DF/FD)
method (Yu & Shao 2007; Yu et al. 2016). The key idea of this method is to fill the
interior domain of solid particles with fictitious fluids, and introduce a pseudo-body
force (i.e. distributed Lagrange multiplier Glowinski et al. 1999) over the solid region
to enforce the rigid-body constraints. For simplicity of description, we consider only one
particle in the following formulae. Let P(t) represent the solid domain and Ω represents
the entire domain including both the interior and exterior of the solid body. The particle
density, volume and moment of inertia tensor, translational velocity and angular velocity
are denoted by ρs, Vp, J , U and ωp, respectively. The viscosity and density of the fluid are
μ and ρf .
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We introduce the following characteristic scales for the non-dimensionalization: Lc
for length, Uc for velocity, Lc/Uc for time, ρf U2

c /Lc for the body force. Then the
dimensionless FD formulation for incompressible fluid can be written as

∂u
∂t

+ u · ∇u = ∇2u
Re

− ∇p + λ in Ω, (3.1)

u = U + ωp × r in P(t), (3.2)

∇ · u = 0 in Ω, (3.3)

(ρr − 1)V∗
p

(
dU
dt

− Fr
g
g

)
= −

∫
P
λ dx, (3.4)

(ρr − 1)
d(J∗ · ωp)

dt
= −

∫
P

r × λ dx, (3.5)

where u, p and λ, r represent the fluid velocity, pressure, pseudo-body force and position
vector with respect to the mass centre of the particle, respectively. Here ρr is the
particle–fluid density ratio defined by ρr = ρs/ρf , Re the Reynolds number defined by
Re = ρf UcLc/μ and Fr is the Froude number defined by Fr = gLc/U2

c , with g being the
gravitational acceleration; V∗

p and J∗ are the dimensionless particle volume and moment
of inertia tensor, defined by V∗

p = Vp/L3
c and J∗ = J/ρsL5

c .
A fractional-step temporal scheme is used to decouple the system (3.1)–(3.5) into two

subproblems.

(1) The fluid subproblem for u∗ and p is given by

u∗ − un


t
− 1

2
∇2u∗

Re
= −∇p − 1

2
[3(u · ∇u)n − (u · ∇u)n+1] + 1

2
∇2un

Re
+ λn,

(3.6)

∇ · u∗ = 0. (3.7)

A finite-difference-based projection method on a homogeneous half-staggered grid
is used. All spatial derivatives are discretized with a second-order central difference
scheme.

(2) The particle subproblem for Un+1, ωn+1
p , λn+1 and un+1 is given by

ρrV∗
p

Un+1


t
= (ρr − 1)V∗

p

(
Un


t
− Fr

g
g

)
+
∫

P

(
u∗


t
− λn

)
dx, (3.8)

ρr
J∗ · ωn+1

p


t
= (ρr − 1)

[J∗ · ωn
p


t
− ωn

p × (J∗ · ωn
p)

]
+
∫

P
r ×

(
u∗


t
− λn

)
dx.

(3.9)

The pseudo-body forces λ are then updated from

λn+1 = Un+1 + ωn+1
p × r − u∗


t
+ λn. (3.10)

Finally, the fluid velocities un+1 at the Eulerian nodes are corrected as

un+1 = u∗ + 
t(λn+1 − λn). (3.11)

In the above manipulations, a discrete δ function in the form of a trilinear function is
employed to transfer quantities between the Eulerian and Lagrangian nodes.
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Improved modelling of interfacial terms

3.2. Collision model
We implement a soft-sphere collision model with lubrication correction to solve the
short-ranged inter-particle interaction. A discrete element model based on a nonlinear
soft-sphere approach is coupled to our DF/FD solver. The total contact force acting on
particle i by another particle j is described by

F ij,n = (−knδ
3/2
n − ηnuij · n)n, (3.12)

F ij,t = (−ktδt − ηtuij,t · t)t, (3.13)

where F ij,n, δn, kn and ηn are the normal contact force, overlapping distance, stiffness
coefficient and damping coefficient, respectively, and F ij,t, δt, kt, ηt are the corresponding
parameters in the tangential direction. Also, n is the unit normal vector pointing from the
centre of particle i to that of particle j, and t is the unit tangential vector. If uij = ui − uj
denotes the relative velocity between particles then the relative normal velocity can be
written as uij,n = (uij · n)n, and the slip velocity at the contact point is

uij,t = uij − uij,n + (aiωi × n + ajωj × n), (3.14)

where a denotes the radius of the particle and ω is the rotational velocity of the particle.
The values of kn and kt are given using the Hertzian contact theory and Mindlin’s theory

(Crowe et al. 2011)

kn = 4
3

(
1 − σ 2

i
Ei

+
1 − σ 2

j

Ej

)−1(
ai + aj

aiaj

)−1/2

, (3.15)

kt = 8
(

2 − σi

Gi
+ 2 − σj

Gj

)−1 (ai + aj

aiaj

)−1/2

δ1/2
n , (3.16)

where E and σ are the Young’s modulus and Poisson ratio, respectively, and G =
E/2(1 + σ) is the particle shear modulus. Damping coefficients are given as (Barnocky &
Davis 1988; Tsuji, Tanaka & Ishida 1992)

ηn = φn
√

mpknδ
1/4
n , ηt = φt

√
mpktδ

1/4
t , (3.17a,b)

where mp = mimj/(mi + mj) is the effective mass, φn is a constant related to the dry
coefficient of restitution ed as shown in Tsuji et al. (1992). If |F t| ≥ f |F n| then the
tangential force is given by the Coulomb-type friction law

F t = −f |F n|t, (3.18)

where f is the friction coefficient. The time step for the collision is set to be one tenth of
that for the flow solution (i.e. 
tc = 
t/10).

Since the DF/FD method is a fixed mesh method, the correction of the lubrication force
is needed when two spheres are very close to each other. The lubrication force corrections
have the form

F ij,lub = −6πμf auij,n[λ(ε) − λ(εal)], (3.19)

where εal = 
x/a is the threshold gap below which the lubrication correction is activated,
where a represents the radius of the particle and 
x is the grid size, and λ(ε) is a function
of the normalized gap distance ε = ζn/a (Jeffrey 1982), so

λ(ε) = 1
4ε

− 9
40

ln(ε) − 3
112

ε ln(ε) + 0.673 + O(ε). (3.20)

Note that the lubrication correction is kept constant for ε < ε1 to account for the
lubrication force saturation due to the effect of the surface roughness. In addition, the
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2L g2L 2L 2L

L L L L L L L L
y z

x

(a) (b) (c) (d)

Figure 1. Sketches of the particle sedimentation in a fully periodic domain for three different particle volume
fractions: (a) φ = 2.3 %, (b) φ = 5.0 %, (c) φ = 14.2 %, (d) φ = 30.2 %.

φ 2.3 % 5.0 % 14.2 % 30.2 %
Np 11 / 90 24 / 192 68 / 540 144 / 1152
Ga 24.2–194.0 24.2–218.2 24.2–242.5 24.2–315.2

Table 2. Simulation settings for particles settling in a fully periodic domain at ρr = 2.0. Here Np is the total
particle number and φ is the mean solid volume fraction. Because we have two computational domain sizes,
the particle numbers before the ‘/’ correspond to L/dp = 5 while the numbers after the ‘/’ correspond to
L/dp = 10.

lubrication force correction is turned off for ε � −ε2 when two particles overlap and the
squeezing fluid film is damaged. Here ε1 and ε2 are set to be 0.001 in our simulations.

3.3. Simulation set-up
In the present study we focus on modelling of the interfacial terms for the case where
the mean slip velocity exists. Thus, we use the DNS data on the particle sedimentation
to establish the correlations for the interfacial terms. As shown in figure 1, the particles
are freely settling in a periodic cuboid, with the size of Lx × Ly × Lz = 2L × L × L. The
domain is discretized using a uniform Cartesian grid, and the spatial resolution with
respect to the particle size is dp/
x = 25.6. The mean velocity of the suspension in the
direction of gravity (i.e. x-direction) is kept zero by instantaneously adjusting the pressure
gradient.

The parameter settings for our simulations are listed in tables 2 and 3. For convenience,
we use φ to denote the particle (or solid) volume fraction. The particle number Np is given
by

Np =
[

6φ

π

(
L
dp

)3
]

. (3.21)

We select four solid volume fractions φ = 2.3 %, 5.0 %, 14.2 % and 30.2 %, and two
domain sizes: L/dp = 5 and 10 for the liquid–solid case of ρr = 2.0, as shown in
table 2. We also perform some simulations for ρr = 0.01 and 1000, which represent
the bubble–liquid and gas–solid systems, respectively, as shown in table 3. Numerical
instability was encountered for ρr = 0.001 at high particle volume fractions, hence, ρr =
0.001 is not considered.
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Improved modelling of interfacial terms

φ Np ρr Ga

14.2 % 540 0.01, 1000 24.2, 72.7, 169.7, 242.5
30.2 % 1152 0.01, 1000 24.2, 72.7, 169.7, 315.2

Table 3. Simulation settings used for particles settling in a fully periodic domain of L/dp = 10 for various
density ratios.

We take the sphere diameter dp as the characteristic length, and the characteristic
velocity uc is selected as

uc =
√

4dp

3
(ρr − 1)g. (3.22)

The Galileo number is widely used to measure the particle settling effect, which is
defined as

Ga =
√

d3
p(ρr − 1)g

ν
. (3.23)

The mean relative (or slip) velocity ur is defined as the difference between the average
solid and fluid-phase velocities directed along the x axis as

ur = 〈u1〉 − 〈up,1〉. (3.24)

The particle Reynolds number is defined as Rep = urdp/ν.
We set E/(ρf u2

c) = 2 × 104, σ = 0.33 and f = 0.3 for the collision model. The
dimensionless time step is 
t = 0.005 and the statistics are obtained from averaging the
data for a duration of 1000 non-dimensional time unit (dp/uc) after the statistically steady
state is reached. The statistics for the solid-phase velocity and volume fraction are obtained
from the data in the solid domain (i.e. inside the particle boundary). Note that we have
examined the effects of the box size and the mesh resolution on the results in Appendix A,
and ensured that our results are not affected significantly by the box size and the mesh
resolution.

4. Modelling of interfacial terms

4.1. Modelling of dissipation interfacial term
Using the spatial averaging theorem, Schwarzkopf et al. (2009) derived the dissipation rate
transport equation of the fluid phase, in which the interfacial terms due to the presence of
particles have the form (see also Crowe et al. (2011) for the derivation)

Iε = −ρf ν
2

V
∂

∂xk

∫
SI

∂u′
i

∂xj

∂u′
i

∂xj
nk dS + 2ν

V

∫
SI

∂u′
i

∂xj

∂p′

∂xj
ni dS − ρf ν

2

V

∫
SI

∂

∂xk

[
∂u′

i
∂xj

∂u′
i

∂xj

]
nk dS.

(4.1)

The first and second terms on the right-hand side of (4.1) are not important, as
demonstrated by Schwarzkopf et al. (2009). For the Stokes flow in the dilute limit, the
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last term of (4.1) can be simplified as (Schwarzkopf et al. 2009; Crowe et al. 2011)

− ρf ν
2

V

∫
SI

∂

∂xk

(
∂u′

i
∂xj

∂u′
i

∂xj

)
nk dS = 72π

ρf ν
2

V

∑
k

(〈ui〉 − upki)
2

dp
= 24

ν

d2
p

Ik. (4.2)

The constant ‘24’ can be replaced by the so-called dissipation interfacial term coefficient
Cε3 to account for non-Stokesian effects, resulting in

Iε = Cε3
ν

d2
p

Ik. (4.3)

Accurate computation of the interfacial term via the integration of (4.2) on the
particle surface is difficult for the non-body-fitted approach. Therefore, we quantify it by
considering the dissipation rate balance equation (Schwarzkopf et al. 2009). For the fully
developed homogeneous system with dk/dt = 0, dε/dt = 0 and ∂〈·〉/∂xi = 0, the k and ε

equations reduce to

Ik = φf ρf ε, (4.4)

Iε = Cε2φf ρf
ε2

k
. (4.5)

From (4.3)–(4.5), we have

Cε3

Cε2
= d2

p

ν

ε

k
. (4.6)

From (2.21) and (4.4), one can obtain

ε = FDur

φf ρf
. (4.7)

Substituting (4.7) into (4.6) yields

Cε3

Cε2
= d2

p

ν

1
φf ρf k

FDur = Rep
dpFD

(1 − φ)ρf (k/u2
r )u2

r
, (4.8)

which indicates that Cε3/Cε2 is related to the relative TKE k/u2
r and the mean drag force

FD. Hence, to model the interfacial term in the dissipation rate equation, the correlations
for the mean drag and the relative TKE are required.

Based on interface-resolved simulations of the flow past fixed random assemblies
of monodisperse spheres (0.1 ≤ φ ≤ 0.5, 0.01 ≤ Rem ≤ 300, where Rem = (1 − φ)Rep),
Mehrabadi et al. (2015) proposed the following correlation for the particle-induced relative
TKE:

k
u2

r
= φ + 1.25φ(1 − φ)3 exp(−φRe1/2

m ). (4.9)

This was shown to be applicable to the dynamic sedimentation system. In the present
work we attempt to quantify the relative TKE for the dynamic sedimentation system at
different density ratios. Figure 2(a) shows the variation of k/u2

r with the particle Reynolds
number for different solid volume fractions at a density ratio of 2. k/u2

r for two different
box sizes of L/dp = 10 and 5, which shows that k/u2

r slightly increases with increasing
domain size. Figure 2(b) shows the effects of the density ratio on k/u2

r for φ = 14.2 %
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0.8

0.4
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0
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0.6

Rep

k/
u r2

Rep

φ = 2.3 %,   Small φ = 14.2 %, ρr = 0.01 φ = 30.2 %, ρr = 0.01

φ = 14.2 %, ρr = 2 φ = 30.2 %, ρr = 2

φ = 14.2 %, ρr = 1000 φ = 30.2 %, ρr = 1000

φ = 14.2 %, ρr = 1000 φ = 30.2 %, ρr = 1000

φ = 14.2 %, ρr = 0.01 φ = 30.2 %, ρr = 0.01

φ = 5.0 %,   Small

φ = 2.3 %,   Large φ = 5.0 %,   Large

φ = 14.2 %, Small φ = 30.2 %, Small

φ = 14.2 %, Large φ = 30.2 %, Large

φ = 2.3 %,   Model φ = 5.0 %,   Model

φ = 14.2 %, Model φ = 30.2 %, Model

(a) (b)

Figure 2. Relative TKE k/u2
r as a function of Rep for (a) ρr = 2.0 and different domain sizes, and (b) ρr =

0.01 and 1000 at L/dp = 10. The symbols represent the IR-DNS data, while the lines denote the corresponding
correlations (4.10). In the legend of (a), ‘small’ represents the smaller domain of L/dp = 5, while ‘large’
represents the larger domain of L/dp = 10.

and 30.2 %. From figure 2(a), k/u2
r decreases rapidly with increasing particle Reynolds

number at relatively small Rep, particularly for dense suspensions, consistent with previous
simulations of Mehrabadi et al. (2015). For dilute suspensions, we observe a slight increase
in k/u2

r with increasing Rep at Rep > 100. From figure 2(b), k/u2
r is higher for a lower

density ratio. Using the present DNS data (0.023 ≤ φ ≤ 0.302, Rep ≤ 250) and inspired
by the correlation function form of Mehrabadi et al. (2015), a correlation for the relative
TKE is obtained as

k
u2

r
= 0.92ρ−0.02

r φ0.78 + 0.05φ0.3(1 − φ)(Rep/200)1.1

+ 25φ2(ρr + 0.5)−0.15(1 − φ)3 exp(−φ1/2(1 − φ)1/2Rep
1/2). (4.10)

Figure 2 shows that the above correlation agrees well with our DNS data. Figure 3
compares the present correlation of the relative TKE for ρr = 1000 to that of Mehrabadi
et al. (2015) obtained from the simulations of fixed spheres. Both correlations are in fairly
good agreement with each other. One discrepancy is that the relative TKE of Mehrabadi
et al. (2015) decreases monotonically with increasing Rep, whereas ours slightly increases
with increasing Rep for Rep > 100. Mehrabadi et al. (2015) observed that the relative TKE
for freely moving particles was slightly greater than that for fixed particles at relatively
high Rep. Our computational domain size is larger than that of Mehrabadi et al. (2015),
and it has been observed that the relative TKE increases with increasing domain size.
Therefore, the differences in the domain size and particle mobility may be responsible for
the above discrepancy.

We now intend to establish the correlation for the mean drag from our DNS data, which
is also required for modelling the dissipation interfacial term (4.8). We take the following
form for the drag correlation

FD = βur, (4.11)

where β is the momentum transfer coefficient.
For φ ≤ 0.1, we adopt the correlation of β obtained in our previous work (Xia et al.

2022b),

β1 = 3
4

Cd
ρf φ(1 − φ)ur

dp
(1 − φ)−n, (4.12)
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0.6

0.5

0.4

0.3

0.2

0.1
0 50 100 150 200 250

Rep

k/
u r2

φ = 14.2 %

φ = 14.2 %, Present model

φ = 14.2 %, Mehrabadi et al. (2015)

φ = 30.2 %, Mehrabadi et al. (2015)

φ = 30.2 %, Present model

φ = 30.2 %

Figure 3. Comparison of relative TKE k/u2
r obtained from the present simulations and from the correlation of

Mehrabadi et al. (2015). Our IR-DNS data for ρr = 1000, denoted by the symbols, and our correlation (4.10),
denoted by the lines, are both shown.

where Cd is the modified drag coefficient

Cd = 24
(1 − φ)Rep

(1 + 0.15((1 − φ)Rep)
0.687), (4.13)

and n is the exponent of the correction function in the form

n = (3.88 − 0.38 ln(Rep)) ln(φ−1)ρ−0.038
r . (4.14)

For φ > 0.1, based on our DNS data and the modification of the drag correlation of
Tang et al. (2015) by considering the effects of particle mobility and density ratio, we
obtain the following drag correlation:

β2 = 180
μφ2

d2
p(1 − φ)

+ 18
μ(1 − φ)3φ(1 + 1.5

√
φ)

d2
p

+ 18μφ(1 − φ)Rem

d2
p

[
0.11φ(1 + φ)

− 0.00456

(1 − φ)4 +
(

0.169(1 − φ) + 0.0644

(1 − φ)4

)
Re−0.343

m

]

+ 2.76Re0.8
m ρ−0.05

r
μφ2

d2
p(1 − φ)

. (4.15)

We note that in order to avoid the discontinuity of β at the critical solid volume
fraction (e.g. 0.1 here), Lu et al. (2003) proposed a continuous stitching function as
β = κβ1 + (1 − κ)β2, with κ = arctan[150 × 1.75(0.1 − φ)]/π + 0.5 being an inverse
tangent function.

The mean drag forces FD obtained from IR-DNS normalized with 3πμ(1 − φ)dpur/d3
p

at different Rep and φ are compared with the present drag correlations in figure 4. The
correlations agree well with our DNS data for all cases considered, as shown in figure 4.
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φ = 14.2 %, ρr = 0.01
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φ = 14.2 %, ρr = 1000 φ = 30.2 %, ρr = 1000

φ = 30.2 %, ρr = 1000

φ = 30.2 %, ρr = 2

(a) (b)

Figure 4. Mean drag forces FD, normalized with 3πμ(1 − φ)dpur/d3
p , as a function of Rep for different φ,

and (a) ρr = 2.0, (b) ρr = 0.01–1000 and L/dp = 10. The symbols denote the IR-DNS data, while the lines
present the corresponding drag correlation (4.12) or (4.15). In the legend of (a) , ‘small’ represents the smaller
domain of L/dp = 5, while ‘large’ represents the larger domain of L/dp = 10.
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Figure 5. Coefficient ratio Cε3/Cε2 as a function of Rep at different solid volume fractions and (a) ρr = 2.0,
(b) ρr = 0.01 and 1000, and L/dp = 10. The symbols denote the IR-DNS data, while the lines denote the
correlation (4.16).

With the established correlations for the relative TKE (4.10) and the mean drag
coefficient (4.11), the ratio Cε3/Cε2 can be modelled as

Cε3

Cε2
= βRep

ρf (1 − φ)(k/u2
r )

dp

ur
. (4.16)

The comparison of this correlation with the IR-DNS data is shown in figure 5. From
figure 5(a), Cε3/Cε2 increases with increasing particle Reynolds number or solid volume
fraction, when the other parameters are fixed. In addition, the effect of the computational
domain size becomes more pronounced at a higher solid volume fraction, and Cε3/Cε2
is larger for a smaller domain size. Figure 5(b) shows that Cε3/Cε2 is much higher
for ρr = 1000 than those for ρr = 2 and 0.01, which indicates that the dissipation rate
interfacial term is higher for particles with a larger density at the same particle Reynolds
number and solid volume fraction.

In the dilute limit, Cε3 can be simplified as

Cε3 = 3
4

Cε2
φ

k/u2
r

CDRep. (4.17)
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Reference Carrier Disperse Reb Rep dp/2H ρr φ0

Santarelli &
Fröhlich (2015),
Santarelli et al.
(2016)

Water Bubbles 5263 236–475 0.052–0.076 0.01 0.0029–0.0214

Uhlmann (2008) Water Solid particles 5400 136 0.05 2.21 or 10 0.0042
Yu et al. (2021) Water Solid particles 5746, 12 000 50–225 0.05, 0.1 2.0–100 0.0236

Table 4. Summary of the previous works on interface-resolved simulations of vertical turbulent
particle-laden channel flows.

Therefore, the interfacial term of dissipation rate Iε can be expressed as

Iε = 3
4

Cε2
φ

k/u2
r

CDRep
ν

d2
p

Ik = 3
4

Cε2
φ

k/u2
r

CD
Ik

τ
, (4.18)

where τ = dp/ur. Our model in the dilute limit (4.18) has a form similar to that of Troshko
& Hassan (2001) (Iε = 1.35CDIk/τ ) and Ma et al. (2017)(Iε = 0.3CDIk/τ ), as shown in
table 1.

From (4.8), we have [
(1 − φ)(k/u2

r )
Cε3

Cε2

]/[
dpFD

ρf u2
r

]
= Rep. (4.19)

We collect the IR-DNS data on vertical channel flows laden with bubbles or heavy particles
in the literature (Uhlmann 2008; Santarelli & Fröhlich 2015; Santarelli et al. 2016; Yu
et al. 2021), as summarized in table 4, and compare them with our model in figure 6. It
is noted that the values of Cε3/Cε2 in figure 6 are calculated directly from (4.6), and FD
and k/u2

r are computed with our correlations (4.10) and (4.11). All data are collected in the
sedimentation-dominated regime of

√
k/ur 
 1 at the channel centre. Our model agrees

very well with the DNS data of Yu et al. (2021) for particle Reynolds numbers below
200, and is in fairly good agreement with those of Uhlmann (2008), Santarelli & Fröhlich
(2015) and Santarelli et al. (2016).

4.2. Modelling of the interfacial term in Reynolds stress equation
The presence of particles gives rise to strong anisotropy for the Reynolds stress transport.
For the homogeneous sedimentation system at steady state, the Reynolds stress equations
(2.4) reduce to

Φij − εij + Iij = 0. (4.20)

Considerable efforts have been devoted to the modelling of the dissipation rate tensor εij,
pressure–strain term Φij and interfacial term Iij.

Poelma, Westerweel & Ooms (2007) have demonstrated experimentally that relative
motion between the phases induced by gravity forces can lead to significant anisotropy
in the fluid-phase dissipation tensor εij. Using the present DNS data, we determine the
coefficient fs in (2.8), and the results for different Rep and φ at ρr = 2.0 are plotted
in figure 7(a). Baker et al. (2020) adopted fs = 0.9. Figure 7(a) shows that fs from our
DNS data is insensitive to the variation of Rep and φ, and fs = 0.9 is a good choice.
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Figure 6. Previous IR-DNS data on Cε3/Cε2 at the channel centre for vertical channel flows, as compared
with the model (4.19).
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Figure 7. Plots of (a) fs and (b) C3 as a function of Rep for different solid volume fractions and ρr = 2. The
symbols denote our IR-DNS data, and the solid lines represent the model (4.22).

It should be noted that the results for ρr = 0.01 and 1000 are similar to those for ρr = 2.0
in figure 7(a), but are not shown here for clarity.

For the homogeneous sedimentation system, the pressure–strain term Φij reduces to

Φij = −φf ρf C1εaij + φf ρf C′
1ε(aikakj − 1

3 A2δij) − C3(Iij − 1
3δijIkk). (4.21)

With the standard coefficients C1 = 1.7 and C′
1 = 1.05 for the SSG model (Hanjalić &

Launder 2011), the only unknown coefficient C3 can be obtained using the DNS data from
(4.21). The results are shown in figure 7(b). Obviously, C3 increases with increasing φ.
For dilute flows (φ = 2.3 %) at Rep < 150, C3 is almost zero. For ρr = 2, C3 is a function
of particle volume fraction and particle Reynolds number in the form

C3(φ, Rep) = φ + aRep + bRe2
p + c, (4.22)

in which a = 3.723 × 10−4, b = 2.819 × 10−6 and c = −0.010. The correlation of C3
(4.22) is compared with the DNS data in figure 7(b), and good agreement can be observed.
We note that C3 is not sensitive to the variation of the density ratio from our DNS (not
shown here), thus, the correlation (4.22) is applicable to other density ratios.
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Figure 8. Reynolds stress anisotropy component a11 for different Rep and φ at (a) ρr = 2.0 and (b) ρr =
0.01–1000. The symbols denote our IR-DNS data, while the lines represent the model proposed by Mehrabadi
et al. (2015) from DNS of fixed particles.

The non-monotonic trend of C3 with Rep may be related to the particle-induced fluid
Reynolds stress anisotropy aij defined by (2.14), since C3 is determined from (4.21) with
the DNS data of aij, Φij and Iij. Our results on the Reynolds stress anisotropy component in
the vertical direction a11 are shown in figure 8. From figure 8, a11 increases with increasing
Rep at relatively low Rep, and then decreases with increasing Rep above a critical Rep,
being opposite to the dependence of C3 on Rep, as shown in figure 7(b). From figure 8, a11
decreases with increasing φ, which indicates that the anisotropy of the velocity fluctuation
decreases with increasing φ, since a11 + a22 + a33 = 2 and a22 = a33. Mehrabadi et al.
(2015) argued that the magnitude of anisotropy is determined by the ratio of the length
of elongated structures to the inter-particle spacing (Mehrabadi et al. 2015). In addition,
figure 8(b) shows that a11 increases with increasing density ratio, particularly for high Rep,
and a11 for ρr = 1000 is in good agreement with the algebraic stress model proposed by
Mehrabadi et al. (2015) obtained from the DNS data for fixed spheres, which provides
evidence for good accuracy of our DNS data.

The force term Φij,3 with the coefficient of C3 in the pressure–strain model is caused by
the presence of particles, and this term can be combined with the interfacial term Iij. Ma
et al. (2020b) defined an effective particle-induced interfacial term I∗

ij = Φij,3 + Iij, i.e.

I∗
ij = bijIk − C3(Iij − 1

3δijIkk) = [(1 − C3)bij + 2
3 C3δij]Ik. (4.23)

Therefore, we have I∗
ij = b∗

ijIk, with

b∗
ij = (1 − C3)bij + 2

3 C3δij. (4.24)

As discussed in § 2, b11 = 2.0 and b22 = b33 = 0, if the mean slip velocity exists only
in one direction. Figure 9 shows b∗

11 as a function of Rep for different φ at ρr = 2.
Clearly, b∗

11 decreases with increasing φ, as a11 in figure 8, which indicates a trend
towards stronger isotropy at a higher φ. For φ = 2.3 % and Rep < 150, our b∗

11 is close
to 2.0, which is consistent with the correlation of Ma et al. (2020b) from DNS of bubbly
flows at relatively low particle volume fractions and high particle Reynolds numbers:
b∗

11 = min(0.67 + 0.67 exp(370Re−1.2
p ), 2) (Ma et al. 2020b).

5. Reynolds-averaged simulation of turbulent channel flows

It remains unclear whether the existing multiphase turbulence models can correctly
predict the turbulence enhancement or attenuation induced by particles. In this section
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Figure 9. Modified interfacial term b∗
11 as a function of Rep for different φ at ρr = 2. The solid line

represents the correlation of Ma et al. (2020b).

Case ρr dp/2H φ0 Ga Rep Reb Flow direction Source

1 2.0 0.05 2.36 % 22.9 9.5 5746 Upward Yu
2 2.0 0.05 2.36 % 62.2 49.6 5746 Upward Yu
3 2.0 0.05 2.36 % 112.0 113.5 5746 Upward Yu
4 2.0 0.05 2.36 % 103.9 102.1 12000 Upward Yu
5 2.0 0.05 2.36 % 49.8 38.3 5746 Downward Xia
6 100 0.05 2.36 % 112.0 90.6 5746 Downward Xia
7 2.21 0.025 0.42 % 115.5 130.5 5400 Upward Uhlmann
8 0.001 0.052 2.14 % 195.4 235.5 5263 Upward Santarelli
9 2.0 0.05 14.2 % 50.0 22.9 5746 Upward Present work

Table 5. Key parameters for the selected particle-laden flows in a vertical channel (Uhlmann 2008; Santarelli
et al. 2016; Xia et al. 2021; Yu et al. 2021). Here φ0 is the mean solid volume fraction in the entire channel,
Reb = ub(2H)/ν is the bulk Reynolds number, Rep is the particle Reynolds number based on the mean
interphase slip velocity at the channel centre.

the particle-laden flows in a vertical channel at relatively low particle volume fractions are
simulated using the RSM with the interfacial term correlations developed in the present
study. The results are compared with the IR-DNS data of Yu et al. (2021), Xia et al. (2021),
Uhlmann (2008) and Santarelli et al. (2016) (see table 5 for the parameter settings), in
order to validate our new models. In addition, a new IR-DNS simulation with a particle
volume fraction of 14.2 % (case 9 in table 5) is performed in the present work to validate
the accuracy of our model for relatively large volume fractions.

5.1. Near-wall RSM for particle-laden turbulent channel flows
Most turbulence models were developed for high Reynolds numbers, and they are not
suitable for low-Re wall-bounded channel flows where the viscous effects permeate the
whole region. The Reynolds numbers for all IR-DNS data available are low, hence, the
near-wall Reynolds stress model (So et al. 1996) for the single-phase turbulent flows is
employed. In the present study we assume that the presence of particles do not affect
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Figure 10. Comparison between the dissipation rate tensor εij obtained fully from the DNS simulations and
from the model (2.8) with fs = 0.9 and the DNS data of the dissipation rate ε for (a) case 1 (Rep = 9.5) and
(b) case 3 (Rep = 113.5). All values are normalized with ρf u3

b/H.

the model parameters existing in the single-phase case in (2.4) and (2.23), and we only
supplement with the particle-induced terms.

For the dissipation term, the model (2.8) is employed with fs = 0.9, as discussed earlier
in association with figure 7(a). The components of the dissipation term εij predicted by
the model (2.8) using the DNS data of the dissipation rate ε and Reynolds stresses are
compared with the DNS data of εij for the typical cases (cases 1 and 3) in figure 10.
Remarkably good agreement can be seen, which indicates that the anisotropic model (2.8)
with fs = 0.9 is suitable for the particle-laden channel flow.

From (2.10)–(2.13), the pressure–strain tensor Φij for turbulent channel flows reads

Φij = −φf ρf (C1ε + C∗
1Pk)aij + φf ρf C′

1ε(aikakj − 1
3 A2δij)

− φf ρf C2(Pij − 2
3 Pkδij) − φf ρf C4(Eij − 2

3 Pkδij)

− φf ρf (0.033 + 0.65A1/2
2 )kSij − C3(Iij − 1

3δijIkk) + Φw
ij . (5.1)

Here the near-wall correction tensor Φw
ij is given by So et al. (1996)

Φw
ij = fwφf ρf [(C1ε + C∗

1Pk)aij − C′
1ε(aikakj − 1

3 A2δij) + α∗(Pij − 2
3 Pkδij) + 2γ ∗kSij],

(5.2)

where fw is a damping function given as fw = exp[−(Ret /200)2], with Ret being the
turbulent Reynolds number Ret = k2/εν. Here α∗ and γ ∗ are constants in the SSG model,
which can provide a better prediction for a fully developed channel flow in the near-wall
region.

Comparison between the pressure–strain terms obtained directly from (2.9) and from the
model (5.1) using the DNS data for cases 1 and 3 is shown in figure 11. The model predicts
well the pressure–strain term for both shear-induced turbulence and particle-induced
turbulence in the bulk region, but the accuracy of the model is not good in the near-wall
region. It is a difficult issue how to accurately model the pressure–strain term in the
near-wall region for low-Re wall-bounded flows even for the single-phase case.

In the modelled ε equation, to account for near-wall effects, the term εε is modified as

εε = Cε2φf ρf
εε̃

k
, (5.3)
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Figure 11. Comparison between the pressure–strain terms Φij obtained directly from (2.9) and from the model
(5.1) using the DNS data for (a) (Rep = 9.5) and (b) case 3 (Rep = 113.5). All values are normalized with
ρf u3

b/H.

where ε̃ = ε − 2ν(
√

k/y)2, with y being the normal distance from the wall. The difference
between ε̃ and ε disappears at the edge of the viscous region for the low-Reynolds-number
case (e.g. Reτ = 180) (Hanjalić & Launder 2011).

5.2. Comparison between RANS and DNS
We consider vertical channel flows, with gravity points downwards. We define
the streamwise, wall-normal and spanwise directions as x, y and z, respectively,
and also as x1, x2 and x3, respectively. For fully developed channel flows, we
have 〈u′

3u′
1〉 = 〈u′

3u′
2〉 = 0, 〈u2〉 = 〈u3〉 = 0 and ∂〈u1〉/∂x1 = ∂〈u1〉/∂x3 = 0. Thus, the

dimensionless volume-averaged equations for the fluid phase can be simplified as

∂φf 〈u1〉
∂t

= −φf
d〈p〉
dx1

+ 1
Re

∂

∂x2
(φf

∂〈u1〉
∂x2

) − ∂(φf 〈u′
1u′

2〉)
∂x2

− FD,

∂φf 〈u′
1u′

1〉
∂t

= −2φf 〈u′
1u′

2〉
∂〈u1〉
∂x2

+ D11 + Φ11 + ε11 + I11,

∂φf 〈u′
2u′

2〉
∂t

= D22 + Φ22 + ε22 + I22,

∂φf 〈u′
3u′

3〉
∂t

= D33 + Φ33 + ε33 + I33,

∂φf 〈u′
1u′

2〉
∂t

= −φf 〈u′
2u′

2〉
∂〈u1〉
∂x2

+ D12 + Φ12 + ε12 + I12,

∂φf ε

∂t
= Pε + Dε + εε + Iε.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5.4)

The pressure gradient is determined from the constraint that the flow rate (or bulk
velocity) is constant. The following boundary conditions are imposed on the wall: 〈ui〉 = 0,
〈u′

iu
′
j〉 = 0 and ε = 2ν(d

√
k/dx2)

2. Equations (5.4) are solved with an in-house code using
a time advancement scheme to achieve the steady-state solution.

The full two-fluid RSM is complex (Fox 2014; Baker et al. 2020), involving some
sub-models for the solid phase, such as the lift model and the particle stress model. In
order to evaluate the performance of the interfacial term models proposed in the present
study, the uncertainty from other models should be minimized. Therefore, inspired by the
work of Ma et al. (2020b), we only solve the fluid-phase transport equations (5.4), and
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cs C1 C′
1 C2 C3 C∗

1 C4 α∗ γ ∗ Cε1 Cε2 σε fs

0.22 1.7 1.05 0.4125 0.0 0.45 0.2125 −0.29 0.065 1.44 1.83 1.36 0.9

Table 6. Coefficients in the present RANS simulations of particle-laden channel flows.

directly use the DNS data for the solid-phase quantities involved in the fluid equations,
such as the particle volume fraction, the mean slip velocity and the mean drag. Table 6
presents the empirical coefficients in our RANS simulations.

The DNS mean drag is obtained from the fluid mean momentum equation in the
dimensional form at statistically steady state

FD = d
dx2

(
φf μ

d〈u1〉
dx2

)
+ φf

(
−dpe

dx1

)
+ d

dx2
(φf ρf 〈−u′

1u′
2〉). (5.5)

From the domain-averaged momentum balance for the mixture, the mean pressure gradient
−dpe/dx = τw/H + φ0(ρs − ρf )g for upward flow, while −dpe/dx = τw/H − φ0(ρs −
ρf )g for downward flow.

To evaluate the performance of the original near-wall RSM for the single-phase flow,
we compare the results on the single-phase turbulent channel flow from the model with
the DNS results of Hoyas & Jiménez (2008) in Appendix B. It is shown that the model
can predict well the turbulence statistics, which lays a foundation for the application of the
RSM to particle-laden flows.

The results on TKE from the RANS simulations of upward particle-laden turbulent
channel flows for cases 1–3 in table 5 are compared with the DNS results of Yu et al. (2021)
in figure 12. Turbulence suppression across the entire channel is observed for cases 1
(Rep = 9.5) and 2 (Rep = 49.6), whereas turbulence augmentation in the bulk region
takes place for case 3 (Rep = 113.5). The RANS results agree well with the DNS results,
as shown in figure 12. To the best of our knowledge, this is the first demonstration of
using RANS simulations to well predict particle-induced turbulence enhancement and
attenuation in vertical channel flows.

Figures 13 and 14 show that the root-mean-square (r.m.s.) values of the fluid velocity
fluctuations and some selected terms in the Reynolds stress equation of 〈u′

1u′
1〉 from RANS

agree well with the DNS results, which indicate that the particle-induced anisotropy is
correctly captured by our RSM. Nevertheless, significant over-estimation of v′

rms and
w′

rms near the wall by the RANS simulations can be observed in figure 13(a). We note
that such over-prediction occurs for the RANS simulation of the single-phase flow, as
shown in figure 22. In addition, figure 13 shows that the discrepancy of wall-normal and
spanwise r.m.s. velocities between Euler–Euler RANS and IR-DNS becomes relatively
larger in the centre region of the channel at a higher particle Reynolds number, which
is a surprising result, since one may assume that the flow tends to become a more
homogeneous sedimentation system as the particle Reynolds number increases. From our
previous study (Yu et al. 2021), the shear turbulence (characterized by the Reynolds shear
stress) in an upward channel flow can be attenuated by the settling particles, however,
the effect is non-monotonic with increasing particle Reynolds number. Above the critical
Rep, the Reynolds shear stress increases with increasing Rep (see also figure 16), which
may indicate that the flow deviates more from the homogeneous sedimentation system at a
higher Rep. Our models for the interfacial terms are based on the data of the homogeneous
sedimentation in a periodic domain, and we conjecture that this is the reason why the

952 A25-22

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
2.

92
7 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2022.927


Improved modelling of interfacial terms

0.020

0.015

0.010

0.005

0 0.2 0.4 0.6 0.8 1.0

0.020

0.015

0.010

0.005

0 0.2 0.4 0.6 0.8 1.0

0.020

0.015

0.010

0.005

0 0.2 0.4 0.6 0.8 1.0

k

k

y/H

Particle-free, RANS

Particle-laden, EE-RANS

Particle-laden, IR-DNS

(a) (b)

(c)

Figure 12. Profiles of TKE for (a) case 1 (upflow, Rep = 9.5), (b) case 2 (upflow, Rep = 49.6), (c) case 3
(upflow, Rep = 113.5).
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Figure 13. Root-mean-square velocity components from RANS and DNS for (a) case 2 (Rep = 49.6) and
(b) case 3 (Rep = 113.5).

discrepancy in the channel bulk region is higher for Rep=113.5 than that for Rep=49.6 in
figure 13. We note that there is also a more pronounced discrepancy in the Reynolds shear
stress for Rep=113.5 (figure 16). We leave the improvement of the model in the presence of
shear turbulence effects for the near-wall region and the r.m.s.velocities in the bulk region
to a future study.

From figures 15 and 16, the fluid mean velocities and Reynolds shear stress from the
RANS model also agree well with the DNS results. As Rep increases from 9.5 to 49.6,
the mean velocity profile becomes flatter and the Reynolds shear stress becomes much
smaller, which are well captured by the RANS simulations.
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Figure 14. Comparison between RANS and DNS on the selected terms in the equation of < u′
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1 > for
(a) Case 2 (Rep = 49.6), and (b) Case 3 (Rep = 113.5). All terms are normalized with ρf u3
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Figure 15. Mean fluid velocity profiles of turbulent channel flows for (a) case 1 (upflow, Rep = 9.5),
(b) case 2 (upflow, Rep = 49.6) and (c) case 3 (upflow, Rep = 113.5).
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Figure 16. Reynolds shear stress −〈u′v′〉 profiles for (a) case 1 (upflow, Rep = 9.5), (b) case 2 (upflow,
Rep = 49.6) and (c) case 3 (upflow, Rep = 113.5).

The profiles of TKE for cases 4–6 in table 5 are shown in figure 17. The results show
that the RSM also works well for the situations of higher flow Reynolds number, downward
flow and high density ratio. Particularly, figures 12(b) and 17(b) indicate that the effects of
flow direction on TKE can be captured by the RANS model: from figure 12(b), for upflow
at Rep = 49.6 (case 2), the turbulence is significantly suppressed by particles, whereas
from figure 17(b), for downflow at Rep = 38.3 (case 5), the turbulence is roughly not
attenuated by particles, particularly if compared with the DNS result of the single-phase
flow (Xia et al. 2021). Xia et al. (2021) attributed the reason for the difference to the
observations that, for case 2, the particles migrate towards the channel centre, and the
shear-induced large-scale vortices are significantly suppressed, whereas, for case 5, the
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Figure 17. Comparison of the TKE profile predicted by RANS and DNS for (a) case 4 (upflow, Rep=102.1,
Reb = 12000), (b) case 5 (downflow, Rep=38.3) and (c) case 6 (downflow, ρr = 100, Rep=90.6).
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Figure 18. (a) Mean fluid velocity, (b) Reynolds shear stress −〈u′v′〉 and (c) TKE profiles predicted for
case 9 (φ0 = 14.2 %, Rep = 22.9).

particles migrate towards the channel wall, and the flow is still dominated by large-scale
vortices. It is interesting that the RANS simulation does not resolve the vortices, but is
able to predict the turbulence attenuation or enhancement quantitatively.

The profiles of mean fluid velocity, Reynolds shear stress −〈u′v′〉, as well as TKE for
case 9 (φ0 = 14.2 %, Rep=22.9) in table 5 are shown in figure 18. The results show that
our model prediction is still good for larger volume fractions. We note that in the bulk
region the shear turbulence is almost completely suppressed by the particles in this case
(φ0 = 14.2 %, Rep = 22.9), evidenced by vanishingly small Reynolds shear stress.

In the following we attempt to identify the main reason why the appreciable turbulence
attenuation occurs in the RANS simulations for case 2, but not for case 5. Vreman (2015)
demonstrated that the non-uniform part of the drag force contributed significantly to the
particle-induced turbulence attenuation in point-particle simulations. The same analysis
method is used here, with a minor difference that the effect of the particle volume fraction
is taken into account, which was not considered by Vreman (2015) for point-particle
simulations.

The domain-averaged mean momentum equation of the fluid phase can be derived from
(5.5) as

− τw

H
+ φf

(
−dpe

dx1

)
− FD = 0, (5.6)

where φf and FD are the domain-averaged fluid volume fraction and drag force. If this
equation is subtracted from (5.5), we obtain

d
dx2

(
φf μ

∂〈u1〉
∂x2

)
+ φnu

f

(
−dpe

dx1

)
+ d(φf ρf 〈−u′

1u′
2〉)

dx2
+ τw

H
− Fnu

D = 0, (5.7)
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Figure 19. Profiles of the terms defined in (5.8) for (a) case 2 (upflow, Rep = 49.6) and (b) case 5 (downflow,
Rep = 38.3). All terms are normalized by ρf u2

b.

where Fnu
D and φnu

f are the non-uniform part of the drag and the fluid volume fraction,
respectively, i.e. Fnu

D = FD − FD and φnu
f = φf − φf . Integrating (5.7) from the wall

(x2 = 0) to x2 = y, we obtain

(φf ρf 〈−u′
1u′

2〉)︸ ︷︷ ︸
τfR

= τw

⎛
⎜⎜⎝1 − y

H
−

∫ y

0
φnu

f dx2

H

⎞
⎟⎟⎠

︸ ︷︷ ︸
τT

∓φ0(ρs − ρf )g
∫ y

0
φnu

f dx2︸ ︷︷ ︸
τG

−
(

φf μ
∂〈u1〉
∂x2

)
︸ ︷︷ ︸

τfV

+
∫ y

0
Fnu

D dx2︸ ︷︷ ︸
τF

. (5.8)

Figure 19 shows the profiles of the terms in (5.8) for case 2 and case 5 obtained from the
DNS data of Yu et al. (2021) and Xia et al. (2021). Since the particle volume fraction is
low, the term τG is negligibly small. The drag force term τF is negative for both cases 2 and
5, which means that the drag tends to attenuate the fluid Reynolds stress, from (5.8). For
case 2, the interphase drag is larger in the channel centre region due to particle migration
towards the channel centre and thereby a higher particle volume fraction there (Yu et al.
2021), which leads to the integration term of the non-uniform force τF having a larger
negative value in the bulk region, compared with case 5. Therefore, the non-uniform drag
distribution is responsible for the turbulence attenuation, as pointed out by Vreman (2015).
The turbulence enhancement at relatively high particle Reynolds numbers is clearly caused
by the TKE interfacial term Ik. The accuracy of the interfacial term models is important to
the quantitative prediction of the turbulence attenuation and enhancement. One advantage
of the RSM over the eddy viscosity model for the multiphase flow is that the effect of
the interphase drag on the Reynolds shear stress can be adequately accounted for by the
former.

We also compare our RANS results on TKE and the r.m.s.velocities to the DNS results
of Uhlmann (2008) and Santarelli et al. (2016) in figure 20, and good agreement can be
seen.

952 A25-26

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
2.

92
7 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2022.927


Improved modelling of interfacial terms

0.05

0.04

0.03

0.02

0.01

0.4 0.5

0.4

0.3

0.2

0.1

0.3

0.2

0.1

0 0.2 0.4 0.6 0.8 1.0

0.10

0.08

0.06

0.04

0.02

0 0.2 0.4 0.6 0.8 1.0

0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0

y/H y/H

k

r.
m

.s
.

Ulmann (2008), IR-DNS

u′
rms, Ulmann (2008), IR-DNS

u′
rms, Present, EE-RANS

v ′
rms, Present, EE-RANS

v′
rms, Ulmann (2008), IR-DNS

u′
rms, Santarelli et al. (2016), IR-DNS

u′
rms, Present, EE-RANS

v ′
rms, Present, EE-RANS

v′
rms, Santarelli et al. (2016), IR-DNS

Present, EE-RANS

Particle-free, RANS

Santarelli et al. (2016), IR-DNS

Present, EE-RANS

Particle-free, RANS

(a) (b)

(c) (d )

Figure 20. Comparison between the present RANS results, TKE and the r.m.s. velocities and the IR-DNS
results of (a,c) Uhlmann (2008), case 7, and (b,d) Santarelli et al. (2016), case 8.

6. Conclusions

Based on data from the IR-DNS of particle sedimentation in a periodic domain at
a density ratio ranging from 0.01 to 1000, a particle concentration ranging from
2.3 % to 30.2 % and a particle Reynolds number below 250, the novel models for the
particle-induced interfacial terms for the second-moment closure have been developed.
The main conclusions are drawn as follows.

(i) The interfacial term in the dissipation rate equation is modelled as

Iε = Cε3
ν

d2
p

Ik, (6.1)

where Ik is the interfacial term in the TKE equation modelled as Ik = FDur, and the
coefficient Cε3 is modelled as

Cε3

Cε2
= Rep

dpFD

(1 − φ)ρf (k/u2
r )u2

r
. (6.2)

In (6.2) the relative TKE k/u2
r is modelled as

k
u2

r
= 0.92ρ−0.02

r φ0.78 + 0.05φ0.3(1 − φ)(Rep/200)1.1

+ 25φ2(ρr + 0.5)−0.15(1 − φ)3 exp(−φ1/2(1 − φ)1/2Rep
1/2). (6.3)

The correlation for the mean drag coefficient (FD = βur) is as follows.
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For φ ≤ 0.1,

β1 = 3
4

Cd
ρf φ(1 − φ)ur

dp
(1 − φ)−n, (6.4)

where Cd is the modified drag coefficient

Cd = 24
(1 − φ)Rep

(1 + 0.15((1 − φ)Rep)
0.687), (6.5)

and n is the exponent of the correction function in the form

n = (3.88 − 0.38 ln(Rep)) ln(φ−1)ρ−0.038
r . (6.6)

For φ > 0.1,

β2 = 180
μφ2

d2
p(1 − φ)

+ 18
μ(1 − φ)3φ(1 + 1.5

√
φ)

d2
p

+ 18μφ(1 − φ)Rem

d2
p

[
0.11φ(1 + φ) − 0.00456

(1 − φ)4 +
(

0.169(1 − φ)

+ 0.0644

(1 − φ)4

)
Re−0.343

m

]
+ 2.76Re0.8

m ρ−0.05
r

μφ2

d2
p(1 − φ)

. (6.7)

(ii) The particle-induced force term in the pressure–strain terms is modelled as Φij,3 =
−C3(Iij − 2

3 Ikδij), with the coefficient C3 correlated with

C3(φ, Rep) = φ + aRep + bRe2
p + c, (6.8)

in which a = 3.723 × 10−4, b = 2.819 × 10−6 and c = −0.010. The interfacial term
in the Reynolds stress equation is modelled as Iij = FDiurj + FDjuri, and for the
sedimentation system, an only non-zero component is I11 = 2Ik.

(iii) The anisotropic model for the dissipation rate tensor

εij = φf ρf

(
fs

〈u′
iu

′
j〉

k
+ 2

3
(1 − fs)δij

)
ε, (6.9)

with fs = 0.9, is in excellent agreement with our DNS data on the particle-laden
turbulent channel flows.

(iv) The fluid-phase RSM for the particle-laden flows is established with the original
RSM for the single-phase flow and the above models for the particle-induced source
terms, and is found to be able to quantitatively predict the turbulence enhancement or
suppression by particles in vertical channel flows, through the comparison between
the RSM-based RANS simulations and the IR-DNS data in the literature. It is shown
that the non-uniform drag distribution is responsible for the turbulence attenuation
in the upward channel flow. We think that the capability to account for the effect of
the drag on the Reynolds stress is the advantage of the RSM over the eddy viscosity
model for the particle-laden flows.
Since our correlations are obtained from the sedimentation system, they are suited
to the case where the particle sedimentation effect (or the interphase mean slip
velocity) exist. For convenience, we assume that the coefficients in the single-phase
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dp/
x = 12.8 dp/
x = 25.6 dp/
x = 51.2

φ = 2.36 % ur/uc 1.036 1.084 1.094
k/u2

r 0.059 0.062 0.063
φ = 14.2 % ur/uc 0.627 0.661 0.670

k/u2
r 0.225 0.219 0.223

Table 7. Effects of grid resolution on the mean relative velocity and TKE normalized with uc at Ga = 170,
L/dp = 5 and ρr = 2. uc = √4dp(ρr − 1)g/3.

L/dp = 5 L/dp = 10 L/dp = 20

Ga = 73 ur/uc 0.518 0.529 0.533
k/u2

r 0.215 0.231 0.233
Ga = 170 ur/uc 0.661 0.697 0.714

k/u2
r 0.207 0.207 0.208

Table 8. Effects of the domain size on the mean relative velocity and TKE normalized with uc at φ = 14.2 %,
dp/
x = 25.6 and ρr = 2.

RSM are not modified by the particles. Based on DNS data, extensive studies on
the full two-fluid RSM can be conducted in the future, such as the lift force model,
the solid-phase stress model and how the coefficients in the single-phase RSM are
modified by the particles.

Funding. The work was supported by the National Natural Science Foundation of China (grant nos 12072319,
91752117 and 91852205).

Declaration of interests. The authors report no conflict of interest.

Author ORCIDs.
Zhaosheng Yu https://orcid.org/0000-0001-8999-407X;
Yu Guo https://orcid.org/0000-0002-0012-4498.

Appendix A. Box size and mesh resolution validations

The DF/FD solver has been extensively validated in our previous studies for the turbulent
channel flows (Wang et al. 2016; Yu et al. 2016, 2019, 2021) and particle sedimentation
(Yu & Shao 2007; Shao, Wu & Yu 2012; Xia et al. 2022b). It was shown that the
mesh resolution of dp/
x = 12.8 is able to predict with reasonable accuracy the settling
velocity of a single particle at relatively low particle Reynolds numbers (e.g. Rep < 100)
(Shao et al. 2012; Xia et al. 2022b). Here we perform a mesh convergence test for the
sedimentation of many particles at relatively high particle Reynolds numbers. The time
step is determined from a fixed Courant–Friedrichs–Lewy (CFL) number CFL ≈ 0.15,
where the CFLnumber is defined as CFL = uc
t/
x. The results of the mesh convergence
test on the mean relative slip ur/uc and the relative TKE k/u2

r at Ga = 170 (Rep ≈ 210 for
φ = 2.3 %) are presented in table 7, which shows that the relative differences in both
mean velocity and TKE obtained with dp/
x = 25.6 and 51.2 are below 1.5 %. Limited
by our computational resource, the mesh resolution of dp/
x = 25.6 is chosen for our
simulations.
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Figure 21. (a) Two-point correlation function of vertical fluid velocity as a function of vertical separation
distance for different domain sizes at φ = 14.2 % and Ga = 73, (b) fluid velocity correlation functions for
Ga = 73 and 170 at φ = 14.2 %, L/dp = 10 and ρr = 2.
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Figure 22. Comparison between the near-wall RSM-based RANS simulations and the DNS results of Hoyas
& Jiménez (2008) for the particle-free turbulent channel flow at Reτ = 180. (a) Mean velocity, (b) TKE,
(c) Reynolds shear stress and (d) r.m.s. velocities. The lines and the symbols represent the DNS results of
Hoyas & Jiménez (2008) and the present RANS results, respectively.

In addition, we examine the dependence of the results on the domain size. The results
on the effects of the domain size on the mean relative velocity and TKE normalized with
uc at φ = 14.2 %, dp/
x = 25.6 and ρr = 2 are presented in table 8, which indicates that
both mean relative velocity and TKE increase slightly with increasing domain size, and
they change little as the domain size is increased beyond L/dp = 10.
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Figure 23. Comparison between the near-wall RSM-based RANS simulations and the DNS results of Hoyas
& Jiménez (2008) for the particle-free turbulent channel flow at Reτ = 395. (a) Mean velocity, (b) TKE,
(c) Reynolds shear stress and (d) r.m.s. velocities. The lines and the symbols represent the DNS results of
Hoyas & Jiménez (2008) and the present RANS results, respectively.

The two-point autocorrelation function for the vertical component of the fluid
fluctuating velocity as a function of vertical separation distance can be computed from

Ruu(rx) = 〈u′(x, y, z, t)u′(x + rx, y, z, t)〉
〈u′(x, y, z, t)2〉

. (A1)

Figure 21(a) shows the velocity correlation functions for different domain sizes at Ga =
73 (Rep ≈ 44) and φ = 14.2 %. The results show that the two-point correlations vanish
at the separation of half-domain height for L/dp = 10 and 20. The velocity correlation
function for Ga = 170 (Rep ≈ 137) and φ = 14.2 % at L/dp = 10 is shown in figure 21(b),
and no correlation is observed at the separation of half-domain height, unlike the dilute
case where strong clustering of particles in the form of vertically elongated columnar
regions were observed by Uhlmann & Doychev (2014) at Ga = 178. The results on the
two-point autocorrelation function and the settling velocity above indicate that a domain
size of L/dp = 10 is sufficiently large to ensure a rough independence of the results on
the domain size. Nevertheless, some results for L/dp = 5 (denoted as the ‘small’ case) are
also reported, as compared with those for L/dp = 10 (denoted as the ‘large’ case), since
the small size of the computational cell may also be used for two-fluid RANS simulations.
Unless otherwise specified, the results reported are obtained with L/dp = 10.
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Appendix B. RANS simulations of fully developed particle-free turbulent channel
flows

The test cases are the particle-free turbulent channel flows at Reτ = 180 and 395. Here
Reτ is the friction Reynolds number defined by Reτ = uτ H/ν (uτ = τw/ρf being the wall
friction velocity and τw being the mean shear stress on the walls).

Profiles of the fluid mean velocity, TKE, Reynolds shear stress and r.m.s. velocities are
compared with the benchmark DNS data of Hoyas & Jiménez (2008) in figures 22 and 23.
From these figures, our results obtained from the near-wall RSM are in good agreement
with those of Hoyas & Jiménez (2008).
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