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We consider a two-queue model with state-dependent setups, in which a single server
alternately serves the two queues. The high-priority queue is served exhaustively,
whereas the low-priority queue is served according to the k-limited strategy. A setup
at a queue is incurred only if there are customers waiting at the polled queue. We
obtain the transforms of the queue length and sojourn time distributions under the
assumption of Poisson arrivals, generally distributed service times, and generally
distributed setup times. The interest for this model is fueled by an application in the
field of logistics. It is shown how the results of this analysis can be applied in the
evaluation of a stochastic two-item single-capacity production system. From these

© 2009 Cambridge University Press  0269-9648/09 $25.00 385
https://doi.org/10.1017/50269964809000217 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964809000217

386 E. M. M. Winands et al.

results we can conclude that significant cost reductions are possible by bounding the
production runs of the low-priority item, which indicates the potential of the k-limited
service discipline as priority rule in production environments.

1. INTRODUCTION

The present article considers a two-queue state-dependent polling model, in which
a setup is incurred for a queue only when it is nonempty. In this model, the single
server serves the high-priority queue exhaustively and serves the low-priority queue
according to the k-limited service strategy. Exhaustive means that the queue must be
empty before the server moves on, whereas under the k-limited strategy, the server
continues working until either a predefined number of k customers is served or until
the queue becomes empty, whichever occurs first.

The motivation for the present study is twofold. The first one is application ori-
ented. Although in the past the k-limited strategy proved its merit in communication
systems (see, e.g., [5,7]), the specific application that attracted our attention is in the
field of logistics. In particular, in many stochastic multiproduct single-capacity make-
to-stock production systems considerable setup times are incurred [i.e., the so-called
stochastic economic lot scheduling problem (SELSP)]. For surveys on the SELSP, see
Sox, Jackson, Bowman, and Muckstadt [28] and Winands, Adan and van Houtum [35].
The SELSP is a common problem in practice—for example, in glass and paper pro-
duction, injection molding, metal stamping and semicontinuous chemical processes
but also in bulk production of consumer products such as detergents and beers.

The presence of these setup times in combination with the stochastic environment
are the key complicating factors of the SELSP. On the one hand, one aims for short
cycle lengths, and thus frequent production opportunities for the various products,
in order to be able to react to the stochasticity in the system. On the other hand,
short cycle lengths will increase the setup frequency, which has a negative influence
on the amount of capacity available for production. Consequently, this effect will
hinder the timely fulfillment of demand. An important issue is the fact that in the
SELSP—and in various other applications of polling systems—the objective function
typically depends not only on the mean queue lengths but also on the complete marginal
queue length distributions. The main interest of the present article is, therefore, in the
marginal queue length distributions in the aforementioned queuing model.

In the context of the SELSP, the exhaustive service discipline with state-
independent setups [i.e., the machine sets up irrespective of whether the polled product
has a positive shortfall (i.e., has outstanding production orders)] has been studied by
Federguen and Katalan [14,15]. Their strategy has two major drawbacks. First, in
the exhaustive policy, one single product, for which a high demand arrives in a cer-
tain period of time, can occupy the machine for quite a while. The impacts of this
phenomenon on the other products are stock outs, highly variable cycle lengths, and
high costs. The k-limited policy circumvents this drawback and offers the possibility
to the manager to control both the setup frequencies and the production runs (and,
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thus, the cycle lengths). Second, Federguen and Katalan [14,15] assumed that the
machine incurs a setup for a certain product even when there is no shortfall for this
product, which is, of course, suboptimal, as argued by Sox et al. [28]. This observation
makes the practical relevance of the inclusion of state-dependent setups in the studied
queuing model evident.

From the application point of view, the present article offers, albeit in an ide-
alized mathematical setting, a preliminary exploration of an important managerial
issue: What is the gain in performance of bounding production runs—at the expense
of higher setup frequencies—in multi-item production-inventory systems. In order to
answer this question analytically and not to be diverted by other effects, the present
article focuses on a basic occurrence of the SELSP. The two-queue model is, how-
ever, also of interest in its own right: Production applications, in which only two items
have to be produced on one single production facility, are certainly not inconceivable.
In such settings, it is quite natural to apply a limited-service mechanism to provide
different service to the different items in order to improve system performance.

A second motivation for the present work is the fact that we have a theoretical
interest in the proposed queuing model; that is, the focus of attention is on the exact
evaluation of this model in order to get better fundamental insights. However, so far,
hardly any exact results for polling systems with the k-limited service policy have
been obtained; even mean performance measures are, in general, not known. This
can be explained by the fact that the k-limited strategy does not satisfy a well-known
branching property for polling systems independently discovered by Fuhrmann [17]
and Resing [26]. For general k, an exact evaluation for the queue length distribution is,
therefore, only available for very few special two-queue cases (see Lee [22] and Ozawa
[24,25]). In these models, one (low-priority) queue is served by the k-limited service
strategy, whereas the other (high-priority) queue is served by the exhaustive policy.
Furthermore, all of these articles make the restrictive assumption of zero setup times.
In many applications such as the SELSP, however, the setup times might be substantial
and the presence of these setup times might be crucial for the operation of the system.

A second feature of the proposed model seriously complicating the analysis is
the presence of the state-dependent setups (the server sets up for a queue only when
it is nonempty). Nearly all of the existing literature on polling systems makes the
assumption of state-independent setups. Notable exceptions are the recent studies
of Altman, Blanc, Khamisy and Yechiali [3], Giinalay and Gupta [18], Gupta and
Srinivasan [19], and Singh and Srinivasan [27], where exhaustive-type and gated-
type service disciplines are explored in combination with state-dependent setups.
The choice of modeling state-independent setups is generally not motivated by an
application, but by the tractability of the resulting analysis. The present work is the
first study combining the limited service discipline and state-dependent setups. Finally,
we refer to Takagi [30-32] and to Levy and Sidi [23] for extensive general surveys on
polling models and their applications.

We think that it is appropriate that we also bring the work of Borst, Boxma, and
Levy [5] to the reader’s attention, in which approximate optimal values of the service
limits with respect to a weighted sum of mean waiting times are obtained for general
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k-limited polling systems with state-independent setup times. Of particular interest
to the present article is the fact that they derived a (partially conjectured) rule stating
that for optimal operation of these systems, the queues with the highest priority (i.e.,
the queue with the highest value of the ratio between cost factor and mean service
time) must have their service limit set at infinity. In a two-queue system, this would
result into the priority rule of the present article, providing additional evidence for the
significance of the present study.

Before leaving the literature review, we should stress that one can come up with
other policies that, theoretically speaking, are capable of dealing with the sharing of
production capacity in the context of the SELSP; for example, one could think of a
longest-queue policy (see, e.g., Cohen [9] or Flatto [16]) or a threshold policy (see, e.g.,
Boxma and Down [6]). These policies decide, however, on switching based on global
information (i.e., the queue length of all queues and the state of the server), which is
a serious drawback in production environments. The k-limited strategy is, however,
easy implementable and can effortlessly be monitored with minimal informational
requirements; that is, only local information of the queue currently served is needed.
Furthermore, the exhaustive and k-limited policies are natural generalizations of the
rotation policies advocated for deterministic cyclic problems (see also Federgruen and
Katalan [14,15]), which adds to the willingness of production managers to actually
implement them on the work floor. For a detailed overview on policies for the SELSP,
where the policies are actually classified according to the amount of information used,
we again refer to Winands et al. [35].

In sum, the main contribution of the present article is twofold. First, the model
in [22] is generalized by including state-dependent setups. In particular, we obtain the
transforms of the queue length and sojourn time distributions under the assumption of
Poisson arrivals, generally distributed service times, and generally distributed setup
times. Second, we demonstrate how the results of the analysis can be applied in the
evaluation of a stochastic two-item single-capacity production system. We observe
significant cost reductions by application of the k-limited policy, compared to the
standard exhaustive policies, in such settings, indicating the potential of the k-limited
service discipline as a priority rule in production environments.

The rest of the present article is organized as follows. In Section 2, we present
the model description including the stability conditions and the balance equations.
Section 3 derives the probability generating functions (p.g.f.s) of the joint and marginal
queue length distributions both at service completion epochs and at arbitrary instants.
The penultimate section is devoted to the application of the analysis in the field of the
SELSP. Some concluding remarks are presented in Section 5.

2. MODEL DESCRIPTION

We start this section with the description of the notation and assumptions used
throughout the present article. Then Sections 2.2 and 2.3 present the stability

https://doi.org/10.1017/50269964809000217 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964809000217

STATE-DEPENDENT POLLING MODEL 389

condition and the state description together with the corresponding balance equations,
respectively.

2.1. Notation and Assumptions

We study a two-queue model, in which a single server alternately serves the two
queues. The high-priority queue 1 is served exhaustively, whereas the low-priority
queue 2 is served according to the k-limited strategy (see Fig. 1). The combination of
these service policies obviously creates a preferential treatment of type-1 customers.
Customers arrive at queue i according to a Poisson process with rate A; > 0. The
service times at queue i are independent and identically distributed (i.i.d.) random
variables with mean 8; > 0 and Laplace-Stieltjes transform (LST) B;(-). When the
server starts service at queue i, a setup time is incurred with mean t; > 0 and LST
T;(-). These setup times are i.i.d. random variables. The occupation rate p; at queue
i is defined by p; = A;6; and the total occupation rate p is given by p = p; + . In
the next subsection, we give a stability condition for the system in terms of the total
occupation rate and the service parameter k € {1,2,...}.

The setup times are assumed to be state dependent (i.e., the server incurs a setup
for a queue only when it is nonempty). When both queues are empty, the server stops
working. He starts again upon arrival of a new customer and, then, he has to set up
irrespective of the type of the last customer served before the idle time. Moreover,
if the server has served k customers of the low-priority queue and the high-priority
queue is empty, the server starts a new sequence up to k customers of this low-priority
class after a new setup time of the low-priority queue. However, it is important to
note that, in this case, no setup is incurred for the high-priority queue (which is the
standard assumption in polling systems with state-independent setup times).

Finally, we define S;(z;, z2) and R;(z;, z2) as the p.g.f.s of the number of type-1
and type-2 arrivals during a service time and a setup time at queue i, respectively;

that is,
Si(z1,22) = Bi(A (1 = z1) + 22 (1 — 22)), i=1,2, @
Ri(z1,22) = Ti(A (1 — z1) + A2 (1 — 22)), i=1,2. 2
————— A —1————§ \

FIGURE 1. The model.
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The quantities

A A
r = 2 and ry = 2 A3)
A+ A2 A+ A2
denote the probabilities that the server switches to queue 1 and 2 after an idle period,

respectively.

Remark 2.1: It is important to note that the analysis of the present article also fully
holds in the case of state-independent setups, mutatis mutandis, which are observed
occasionally in telecommunication applications. However, we envision production
systems as the main application for the present article (see also Section 4) and, in
such applications, state-independent setups are definitely not a realistic assumption.
In particular, the specific setup rule assumed here is quite common in, for example,
the chemical industry. After the cleaning of the machine and delivery of raw materials,
the machine is able to produce a batch with a certain maximum size. At the moment
that this maximum batch has been produced, the machine has to be cleaned again and
raw materials have to be replenished.

2.2. Stability Conditions

In this subsection, we derive the stability conditions for the two queues by deploying
(heuristic) arguments similar to those used by Ibe and Cheng [20], who studied the
stability conditions for a variety of polling systems without state-dependent setups.

Since the k-limited service policy bounds the time the server spends at queue 2,
queue 2 will not affect the stability of queue 1. Hence, the stability condition of the
latter simply reads

p < 1. @)

If this condition is not satisfied, queue 2 is unstable as well: The server will serve
queue 1 for an infinite amount of time and, in the meantime, the queue length of
queue 2 grows to infinity.

For queue 2, we define a cycle time as the time between the start of two successive
setups of the server at this queue. In a long period of time 7, the expected number
of customers arriving at queue 2 equals A,T. Each customer brings, on average, S,
units of work into the system. We approximately need 1,7 /k cycles to serve these
customers in heavy traffic, which is the regime of interest for the derivation of the
stability condition. In each cycle, the server always has to set up for queue 2 and has
to set up for queue 1 in case queue 1 is nonempty at the instant that the server has
served k customers at queue 2. The latter occurs with the probability r that the number
of type-1 arrivals during a setup time plus k successive service times at queue 2 is not
equal to zero; that is,

r=1—Ry(0,1)(S,(0, 1)k 3

Hence, the mean total setup time in each cycle equals t; + rt;. Moreover, a
fraction p; of time is used to serve customers at queue 1. Since queue 2 is stable if

https://doi.org/10.1017/50269964809000217 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964809000217

STATE-DEPENDENT POLLING MODEL 391

the server manages to serve all customers arrived in 7 in an amount of time less than
T, we have

ovh
mT+p2T+27<r2+m) <T, (6)

which gives us, after division by T,

. A2
P=,01+,02+7(T2+VT1)<1~ @)

When queue 2 satisfies (7), p; is also smaller than 1 and, thus, in this case, both queues
are stable. These findings are summarized in the following theorem.

THEOREM 2.2: The two-queue system is stable if and only if
R A2
/0=,01+,02+?(72+VT1) <1 8)

Throughout the present article, we assume that (8) in Theorem 2.2 is satisfied,
as we restrict ourselves to steady-state behavior. The above heuristic derivation of
the stability condition in Theorem 2.2 can be proved rigorously by using fluid limit
methodology described by Dai [10] and applied to polling models by Down [13] (see
the Appendix). Note that as this is a two-queue model, alternatively we can adapt the
results of Dai and Meyn [12].

2.3. State Description and Balance Equations

We study the system at embedded epochs of service completions of customers. The
state of the system Q(n) just after the nth departure from the system can be described
by the following three variables:

1. Q;(n): the number of customers in queue 1
2. Q> (n): the number of customers in queue 2

3. C(n): zero when the nth departure is a type-1 customer, whereas it equals the
number of type-2 departures since the last setup when the nth departure is a
type-2 customer

The associated stochastic process,

Q) = {(Q1(m), Q2(n), C(m)),n = 1,2,.. .}, (€]

is an aperiodic and irreducible three-dimensional Markov chain. Let

7(q1,q2,0) = lim PL(Q1(n), Q2(m), Cm) = (41.42.)] (10)
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be the limiting probability and define the corresponding generating functions for this
Markov chain as follows:

oo o0

Pz, ) =) Y (g1, 0022, (11)
q1=0 ¢2=0
oo o0

P2 =Y > gD, j=12.. .k (12)
q1=0 ¢,=0

Now, the following set of k + 1 balance equations for equally many unknowns
p1(z1,22) and p j(z1,22),j = 1,2,.. ., k, holds:

k—1
S1(z1,22)
P& 2) = 2 @) = P02 + | conai + Y [ 0)
1 N
J=1
—p2,;(0,0] + p2i(z1,22) — p24(0,22) | R1(21,22) ¢» 13)
S ,20)R ,
pan(er ) = 28 Zzl 2@n2) o, (14)
2
S>(z1,22) )
P2 (21,22) = % P21 2) = prjo1@, 0, j=1,2,...,k (15)
with
k
o =p1(0.0)+ Y ps;(0,0), (16)

j=1

the probability that the system is left idle at a departure epoch and

a(z2) = coraza + p1(0,22) — p1(0,0) + p24(0,22) — p24(0,0). a7

These balance equations are formulated by considering all of the possible states
at the previous departure epoch from which we can reach the current state. We explain
(13), which describes the case that the current departure is a type-1 customer. First, the
previous departure could be a type-1 departure that did not leave the system idle. This
event corresponds to the term p; (21, z2) — p1(0, 22). Second, the term cyr; z; represents
the event that the previous departure left the system idle and that the first new arriving
customer is of type 1. Third, the term Zf;} [p2,(z1,0) — p2,;(0,0)] represents the
event that the last departure was a type-2 customer that was not the kth in the sequence
and that left queue 2, but not the complete system, idle. Finally, p» x (z1, 22) — p2x(0, 22)
corresponds to the event that the last departure was a type-2 customer that was the kth
in the sequence and that queue 1 was not empty. The explanations of (14) and (15)
are similar.
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The function « (-) is recognized as the generating function of the number of type-2
customers at moments that a setup for queue 2 is initiated. Since, at these specific points
in time, Q7 and C are both equal to zero, the state description can be reduced to one
single dimension represented by the function «(-). The analysis of the next section is
oriented toward relating the unknown generating functions p;(-) and p, ;(:, ) to this
function «(-).

3. EXACT ANALYSIS OF QUEUE LENGTHS

In Section 3.1, we present the derivation of the generating functions of the joint
queue length distributions at service completion epochs, which is a generalization
of the method used by Lee [22] for the model without setup times. In Section 3.2
these results are used to derive expressions for the p.g.f.s of the marginal queue size
distributions at arbitrary instants.

3.1. Joint Queue Lengths at Service Completion Epochs

To derive the generating functions of the joint queue length distributions at service
completion epochs, we successively substitute (15) into itself and, then, into (14),
which yields, forj = 1,2,.. .k,

S{(Z1,Z2)R2(Z1,Z2)a(12) - lez_ll Zg_lSé(Zl,ZZ)pZ,jfl(Zl,O)

18
o (18)

P2,j(z1,22) =

Notice that (18) gives an expression of p; ;(-,-),j = 1,2,...,k, as a function of the
unknown functions «(-) and pp,(-,0), I = 1,2,...,j — 1.

Now, we turn our attention to p; (-, -). Substituting (18) for j = k into (13) and
using (16) and (17) gives us, after some straightforward manipulations,

(z1 — S1(z1,22)) p1(z1, 22)

= 81(z1,22) | cor1ziR1(z1,22) + (R1(z1,22) — Dp1(0,22)
2

S2(z1,22) \*
+ || — ) R(z1,22)0(z22) — a(z2) + comaza

! S)z122) !
+ Z |:1 — <u> :|p2,k—j(Zl70) —co|Ri(z1,22) ¢- 19)

j=1 2
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We eliminate p; (0, z) from the above equation by rewriting (17) as

P1(0,22) = a(22) — coraza + p1(0,0) — p24(0,22) + p24(0,0)

S,(0,22) )kR2 0. )00 (22)
22

=a(z) + co(l — rz) — (

[1- (222 a0 (20)

k—1

Jj=1

which yields

(z1 = S1(z1,22)) p1(z1,22) = S1(21, 22) </3(ZZ1;:ZZ) - 1) o (z2)

2

3i(z ,z)
+R1(zl,zz)2 L P (21,0)

j=1 3

k—1
3;(0,z2)
Lo (0,00,

+ D(z1,2) — (RiG,2) =D Y

=1 %
(1)
where
D(z1,22) = co [nziR1(z1,22) + 12zo — 1], (22)
B(z1,22) = S5(21,22)R1 (21, 22)Ra (21, 22) — S50, 22) (R (21, 22) — DR2(0,22), (23)
8z, 2) = 2 — 478) (@1, ). (24)

It is again important to notice that, via (21), p; (-, -) is also expressed as a function of
the unknown functions «(-) and p ;(-,0),j =1,2,...,k — 1.

It is well known that for each (fixed) |z;| < 1, the term z; — S1(z1,22) in (21) has
exactly one zero z; = £(z2) with |z3] < 11if p; < 1. More specifically,

71 = §(z2) = yilra(1 — 22)], (25)

where y;(-) is the LST of the busy period of a standard M /G/1 queue with arrival
rate Ay and LST of the service time B;(-) (see, e.g., Takdcs [29]). Thus, &£(-) can be
seen as the p.g.f. of the distribution of the number of type-2 arrivals during such an
M /G/1 busy period.

Remark 3.1: 1t is interesting to note that the function B(£(z),z) is the p.g.f. of the

number of type-2 customers arriving in a cycle for queue 2 in which the maximum of
k customers is served.
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By analyticity of p;(z;, z2), the right-hand side of (21) should vanish when z; =
£(z2). Hence,

k—1
@(@) = [ DE@, 7 + Ri(E@,2) Y §(E@), Dpax(£(2),0)
j=1
k—1
— (RI(E@,2 = 1)) 80,2)p2s(0,0) | [ = B, DI, (26)

j=1

and «(z) is formulated as a function of the unknown functions p» ;(-,0), j =1,
2,...k—1.

To eliminate these unknown functions, we differentiate the numerator and denom-
inator of (18) j times with respect to z; and, by I’ Hospital’s rule, we obtain the following

recursion, forj = 1,2,...,k — 1:
J il
C| d’
Pz,j(X,O) = Zﬁd o [Sz(x VIR (x, )’)]
I=1 y=0
j-1
p2,j—l (x7 O) d
- Z I d_ [SZ( )] ’ (27)
- =0
where ¢;, [ = 1,2,...,k — 1, represent the probabilities that / type-2 customers are
present at the start of a setup for this queue; that is,
1d
= , 1=1,2,...,k—1. (28)
I dy dy' -0

From this interpretation of ¢; one can easily deduce a probabilistic interpretation of
(27) as well; that is, the left-hand side and right-hand side clearly represent the p.g.f.s
of the number of customers in queue 1 when the server leaves queue 2 due to the
fact that the latter queue is empty after j customers are served, j = 1,2,...,k — 1. Of
course, we could have derived (27) directly by using this probabilistic interpretation
and, hence, avoid the use of I’Hospital’s rule.

By (27) we can write p, ;(-,0) as a function of the unknown probabilities c;,
j=0,1,...,k — 1. Moreover, with the help of (18), (21), and (26), the generating
functions p> ;(:,-), p1(-), and «(-) can be expressed in terms of these constants as
well. The problem of finding these generating functions is thus reduced to finding the
unknown probabilities ¢;, which can be computed as follows. Given that (8) holds,
the following theorem states that the denominator of (26) has exactly k zeros on or
within the unit circle.

THEOREM 3.2: Under (8), it holds that z¥ = B(£(2),z) has k roots on or within the
unit circle.
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PrOOF: The derivative of B(£(z),z) at z = 1 equals

, A2 A
BEM), 1) = (kB + 11 + 12) — 855(0,22)R2(0,20) 7y
1—p 1 —p

_kpr+ a0t + 1)
1 —p

, (29)

where ¢ is defined by (5). Because we have assumed (8), we obtain '(£(1), 1) < kand
the result follows from Theorem 3.2 of Adan, van Leeuwaarden and Winands [2]. W

Since «(z) is bounded in |z| < 1, the zeros in the numerator must be canceled by
corresponding zeros in the denominator. One of the zeros equals one and leads to a
trivial equation. However, the normalization condition provides an additional equation
and, therefore, we have a set of k linear equations. By making the assumption that the
k roots of z¥ = B(£(z), z) on or within the unit circle are all distinct (see Remark 3.2),
this set of equations has a unique solution forc;,j = 0,1, ...,k — 1. This completes the
determination of the generating functions of the queue length distributions at service
completion epochs and, hence, in the remainder of the present article, we assume that
these generating functions are known.

Remark 3.2: If one or more roots of z¥ = B(£(z), z) on or within the unit circle coin-
cide, our reasoning needs to be slightly modified; that is, for «(z) to be bounded in
|z| < 1, the numerator of (26) should still have the same zeros as the denominator of
(26) and with the same multiplicity. Additional equations can, therefore, be obtained
by requiring that the derivative(s) of the numerator should also vanish where the
denominator has a zero of higher multiplicity.

3.2. Marginal Queue Lengths at Arbitrary Instants

From the results of the previous subsection, we can obtain expressions for the p.g.f.
qi(-) of the marginal queue size distributions of queue i at type-i departure epochs;
that is,

k

z 1 > P2 (1,2)

0 =100 g gy = ZE P20
r r

(30)

By using a standard level crossing argument, in combination with PASTA, it can be
shown that the marginal queue length distribution of queue i at type-i departure epochs
and at arbitrary instants in time are the same. Hence, the p.g.f.s for these marginal
distributions are given by (30).

From (30) we can easily obtain the LST W;(-) of the sojourn time distribution
of a type-i customer. Since the number of type-i customers left behind by a tagged
type-i customer equals the number of customers arrived during the sojourn time of
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this tagged customer, we have

Wi = g; (1 - f) . Q=12 @1)
which is known as the distributional form of Little’s law (see, e.g., Keilson and
Servi [21]).

4. APPLICATION

In this section we use the analysis of the present article to evaluate a stochastic two-
item single-capacity production system. After the description of this application in
Section 4.1, we present a numerical illustration in Section 4.2.

4.1. Stochastic Economic Lot Scheduling Problem

Consider a system with one single production capacity for two products, in which
there is an infinite stock space for each product and raw material is always available.
Demands for the two products arrive according to stationary and mutually independent
unit Poisson processes with rate A; > 0. Demand that cannot be satisfied directly
from stock is backlogged until the product becomes available after production. The
individual products are produced make-to-stock in a cyclical order with stochastic
production times with mean 8; > 0 and LST B;(-). Stochastic setup times with mean
7; > 0 and LST T;(-) occur before the start of the production of a product. For an
arbitrary number of products, this setting is often referred to as the stochastic economic
lot scheduling problem (see Winands et al. [35], for a recent survey).

For product 1, a standard base-stock policy is implemented; that is, when pro-
duction is commenced, the machine will continue production until a predefined target
stock level b; has been reached. For product 2, a quantity-limited base-stock policy
is used; that is, when the machine starts production, it will continue production until
either the base-stock level b, has been reached or a maximum number k of products
has been produced. A production order is placed immediately after demand for the cor-
responding product has arrived. These production orders queue up at the production
facility.

The number of outstanding production orders of product i at this facility is indi-
cated as the shortfall of this product. The setup times are assumed to be state dependent;
that is, no setup for a product is incurred when there is no shortfall (no outstanding
production orders). When both products have no shortfall, the machine is turned off
and is turned on again upon demand arrival. When a type-2 batch of size k has been
produced and product 1 has no shortfall, a new type-2 batch up to k products is started
after a new setup time.

For given values of the base-stock levels, b; and b,, and the quantity limit, k, the
steady-state net stock level distribution /; for product i is given by (see Fig. 2)

Ii = bi _Li, i= 1927 (32)
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FiGure 2. Example of the relation among base-stock level, net stock level, and
shortfall.

where L; denotes the steady-state shortfall of product i. Notice that the net stock level
becomes negative when the shortfall of a certain product is larger than its base-stock
level.

It is easily seen that the shortfall of a product is independent of the base-stock
levels. Moreover, it is easily verified that the shortfall distribution of product i at
the production facility is identical to the queue length distribution of queue i in the
queuing model of the article paper. Hence, by the procedure presented in Section 3,
in combination with (32), the steady-state net stock level for both products can be
computed. With these distributions, various performance measures of interest can be
computed.

In the remainder of the article, we consider the total expected costs C (i.e., the sum
of holding and backlogging costs). For these individual cost components, we assume
a simple linear structure; that is, the cost rate function for product i as a function of
the net stock level x equals

hix, >0
ci(x) = { Bod (33)
—pix, x <0,

where h; and p; represent the holding and penalty cost coefficients for product i,
respectively. With the help of (32), the total expected costs C can be written as

C=Ci+ G =Elei(ID] + Elea ()] = Eley(by — L)1+ Elca (b2 — L)) (34)

For a given value of k, it can be shown that the optimal base-stock levels b} are given
by

b;‘:min{neN0|P[Li§n]z p—} i=1,2, 35)
pi+hi
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which is recognized as the solution of a standard newsboy problem. Finally, we note
that we do not consider the optimization of the quantity limit £ here.

4.2. Numerical lllustration

We now present some cases, which illustrate the value of the procedure of Section
3 in the evaluation of the described production system. Of course, a whole plethora
of cases can be studied: different values of the quantity limit, choice of service time
distributions and their parameters, choice of setup distributions and their parameters,
different (ratios between) cost factors, and so forth. However, the aim of the present
section is to present some illustrative cases that show the potential of the k-limited
service policy in the context of the SELSP.

As described earlier, the p.g.f.s derived in the previous section have to be fin-
ished off with a number of zeros, which are numerically computed by using the
Chaudhry QROOT software package [8]. We then use the method presented by Abate
and Whitt [1] to numerically invert these p.g.f.s. Unfortunately, for large quantity
limits, numerical problems have been encountered in the procedure. Therefore, we
confine ourselves to cases with small quantity limits (see also the end of the present
subsection).

In the numerical evaluation we also present results for the special case of k = oo,
which amounts to a two-product model with an exhaustive base-stock policy for
both products. In this case, we do not use the procedure of Section 3, but we have
implemented a discrete event simulation. Each simulation run is sufficiently long such
that the widths of the 95% confidence intervals of the performance measures of interest
are smaller than 1% of the estimated value.

The examination starts with an initial case, which is subsequently being perturbed
into six cases to study the effect of (1) (ratio between) the loads, (2) (ratio between)
cost factors, and (3) setup times.

Case 1 (Initial Case): Suppose that product 1 is a product with high costs, whereas
product 2 is of secondary importance compared to the first product. Table 1 shows the
detailed specifications for these two products (where the numbers in parentheses are
the rates of the corresponding distributions). Table 2 shows the costs C; per product,
the total costs C, and the optimal base-stock levels b} as a function of the quantity limit
k. First, we observe that the marginal costs for product 2 are decreasing in the quantity

TABLE 1. Product information for Case 1

Parameter Product 1 Product 2
Demand Poisson(0.375) Poisson(0.375)
Processing times Exp(1.0) Exp(1.0)
Setup times Exp(0.25) Exp(0.25)
Holding costs 10 1

Backlogging costs 90 9
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TABLE 2. Output for Case 1

k b} Ci b} C C

1 3 27.5 13 13.9 41.4
2 3 28.8 9 9.8 38.5
3 3 30.5 7 8.7 39.2
4 3 325 7 8.1 40.6
5 3 34.6 6 7.7 42.3
6 4 36.5 6 7.4 43.9

limit, whereas the marginal costs for product 1 increase with this limit. Second, the
optimal value of the quantity limit with respect to total costs is equal to 2. For smaller
limits, the amount of capacity available for production is too low, whereas larger limits
lead to more variable cycle lengths. Third, the optimal base-stock levels for product
2 are nonincreasing in the quantity limit, whereas the optimal base-stock levels for
product 1 are nondecreasing in this limit. Fourth, the optimal quantity limit equals 2
in this case, and the optimal costs are equal to 38.5. In Table 2, the line with the results
for the optimal quantity limit is placed in italic (and similarly for the Cases 2—7 in the
Tables 3-8). Finally, it is interesting to compare Table 2 with the total costs equalling
59.2 that would be incurred if a standard exhaustive policy were implemented for both
products. Via a k-limited policy for product 2, we might thus save 35.0% compared to
the latter policy, clearly showing the advantage of the k-limited policy in a production
environment.

Case 2 and 3 (Effect of the Load): These cases are similar to the initial case, except
that the demand rates are perturbed; that is, in Case 2 the demand rates of products
1 and 2 equal 0.15 and 0.6, whereas in Case 3, products 1 and 2 have demand rates
0.6 and 0.15, respectively. Comparing the results in Tables 3 and 4 with the costs
for exhaustive base-stock policies equaling 49.3 and 61.7, respectively, once more,
significant cost reductions are observed by application of the k-limited policy. Of
course, the advantages of the k-limited policy are much more pronounced in the case
that the low-priority product 2 has the highest demand rate.

Case 4 and 5 (Effect of the Cost Factors): In the fourth and fifth case, we consider
systems similar to that of the initial case and perturb the cost factors; that is, the

TABLE 3. Output for Case 2

k b} C b3 C C

1 1 13.8 24 249 38.7
2 1 15.4 12 12.5 27.8
3 1 17.1 10 10.6 27.7
4 2 18.6 9 9.8 28.4
5 2 19.2 8 9.3 28.5
6 2 19.9 8 9.0 28.8
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TABLE 4. Output for Case 3

k b} C b} C C

1 5 47.6 5 6.6 54.2
2 5 48.7 4 5.8 54.5
3 5 49.9 4 54 553
4 5 51.0 4 5.2 56.2
5 5 52.0 4 5.0 57.0
6 5 53.0 3 4.9 57.9

TABLE 5. Output for Case 4
k b)f C b; Cr C
1 3 13.7 13 139 27.6
2 3 14.4 9 9.8 242
3 3 15.2 7 8.7 24.0
4 3 16.2 7 8.1 243
5 3 17.3 6 7.7 25.0
6 4 18.3 6 7.4 25.6
TABLE 6. Output for Case 5

k b’f C b; Cr C

1 3 55 13 13.9 19.4
2 3 5.8 9 9.8 15.5
3 3 6.1 7 8.7 14.8
4 3 6.5 7 8.1 14.6
5 3 6.9 6 7.7 14.6
6 4 7.3 6 7.4 14.7

cost factors for product 2 remain unaltered, whereas the holding and penalty costs for
product 1 are decreased to 5 and 45 for Case 4 and to 2 and 18 for Case 5, respectively.
Although the same conclusions as in Case 1 can be drawn from Tables 5 and 6, it should
be observed that the advantages of the k-limited discipline are a bit less pronounced
in these cases due to the leveling of the costs among the products. In fact, application
of exhaustive policies for both products, which is normally done, would lead to total
costs of 32.3 and 16.1, respectively.

Case 6 and 7 (Effect of the Setup Times): In Cases 6 and 7 we examine the effects
of the sizes of the setup times. We therefore study two cases similar to the initial case,
but in which the mean setup times equal 0.5 and 0.1, respectively. See Tables 7 and 8
for the results. Notice that for Case 6 the system is not stable when the quantity limit
is chosen to be equal to 1. In the case that we implement the exhaustive base-stock
policy for both products, the total costs are given by 62.7 and 56.3. This leads to the
intuitively appealing conclusion that the advantages of the k-limited service discipline
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TABLE 7. Output for Case 6

k b C b C> c

1 _ _ _ _ _

2 3 30.2 16 16.9 47.1
3 3 32.4 11 12.1 44.5
4 4 34.7 9 10.4 45.0
5 4 36.0 8 9.4 45.4
6 4 37.6 7 8.8 46.4

TABLE 8. Output for Case 7

k b} Ci b} G C

1 2 26.7 8 8.8 354
2 3 28.3 7 7.9 36.2
3 3 29.8 7 7.5 372
4 3 31.5 7 7.2 38.6
5 3 333 6 7.0 40.3
6 3 353 5 6.7 42.0

slightly increase in the case the setup times vanish, but we stress that even in the case of
large setup times, the k-limited strategy still shows its superiority over the exhaustive
policy.

4.3. Conclusion

In this section we have presented some cases, by using the results of the exact analysis
of the present article, that aim to answer the question: What is the gain in perfor-
mance of bounding production runs — at the expense of higher setup frequencies —
in multi-item production-inventory systems. The results of the present section lead to
the conjectures that the widely used exhaustive policy is not the most effective strat-
egy in (frequently encountered) asymmetric production situations as well as that it
might be desirable that production runs of low-priority products are bounded in these
environments. We touch upon the possibilities of a large-scale (approximate) study to
support this statement in more realistic systems in the next section.

The numerical problems encountered might be the reason for a skeptical reader
to remark that simulation would be a more appropriate tool to analyze the model
of the present article. We would disagree with this opinion for two reasons. First,
such a remark passes over one of the main motivations of the present article: to
study the borders of tractability of the k-limited service discipline. In that sense, it is
important to observe that one of the key steps of our approach [the reduction of the
multidimensional stochastic process to a single dimension represented by the function
«(-)] already breaks down in the simplest extension of the model (i.e., a two-queue
case in which both queues are served according to the k-limited service discipline).
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This observation unearths the fact that the present study has indeed reached the borders
of tractability.

Second, in the past, people have observed an inefficiency of simulation techniques
for (k-limited) polling systems (see, e.g., Blanc [4] or Van Vuuren and Winands [34]),
especially, if one is interested in tail probabilities as needed in the present study for
the computation of the optimal costs and optimal base-stock levels. In that respect,
the generating functions derived in the present article provide an excellent breeding
ground for the development of simple (closed-form), accurate, and efficient approxi-
mations for these tail probabilities along the lines of the dominant pole approximation
as described in Tijms [33], for example.

5. CONCLUSIONS

The present article has presented an exact analysis of a two-queue state-dependent
polling system with k-limited service extending the polling literature on both the k-
limited service discipline and on state-dependent setups, containing the nonpreemptive
priority model and the model of Lee [22] as special cases. Moreover, the results of
the analysis have been applied to a make-to-stock production setting, which provides
us with theoretical evidence that the k-limited strategy leads to considerable cost
reductions compared to widely used (standard) exhaustive policies.

As stated in Section 1, the k-limited policy violates the branching property for
polling systems (see Fuhrmann [17] and Resing [26]), implying that extensions of the
analysis of the present article to more realistic systems are, in most likelihood, outside
the borders of possibility and that one has to resort to approximations in these cases.
Recently, Van Vuuren and Winands [34] developed an efficient and accurate approxi-
mate decomposition approach for k-limited polling systems under the assumption of
generally distributed arrival, service, and setup distributions.

It is our hope that the theoretical evidence on the potential of the k-limited dis-
cipline given by the present article in combination with the efficient approximate
algorithm for the k-limited strategy of [34] tempts people to a large-scale study com-
paring the k-limited and exhaustive strategies in the context of the (make-to-stock)
production-inventory environments. Such a study would get us a second step closer to
answering the question raised in Section 1 of the present paper: What is the gain in per-
formance of bounding production runs — at the expense of higher setup frequencies —in
multi-item production-inventory systems?
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APPENDIX A

Proof of Theorem 2.2
The intuition behind our proof of stability is as follows:

1. The first queue is stable if p; < 1, due to the exhaustive service policy.

2. The stability of the overall system is determined by queue 2, and as we are concerned
with stability, we need to show that the queue length at 2 tends to decrease when it is
“sufficiently large.”

3. If queue 2 always has at least k customers, then no arrivals occur to queue 1 during
a busy period at queue 2 plus a setup time for 2 with probability R2(0, 1)(S2(0, )k,
This determines whether a setup for queue 1 is needed and, in turn, determines the
proportion of time spent on setups.

4. Stability is then determined by determining if the proportion of time taken up by serving
queue 1 (p1) plus the proportion of time spent on setups is sufficiently small for queue
2 to accommodate its demand.

This program can be made precise by using fluid limit methodology described by Dai [10] and
applied to polling models by Down [13]. (Note that as this is a two-queue model, we can also
adapt the results of Dai and Meyn [12].)

As we wish to adapt the results of [ 13], we need to define so-called fluid limits for the system.
Let OQ(t) = (Q1(1), Q2(?)), where Q;(¢) is the number of customers in queue i at time ¢, 7'(¢) =
(T1(1), Tr(1)), where T;(¢) is the cumulative time by time ¢ that is spent servicing customers at
queue i, and T9(r) = (T? 0, Té) (1)), where Tio (1) is the cumulative time by time ¢ that the server
spends in switching from queue i. Let ¢ = Q1(0) + 02(0). Suppose that OO, T, T()) =
(1), 0200, T1(), T2(), T (), T3 ()) is a limit point of

1 1 1
(—Q(q->, -T(g"), —T°(q~)) A1)
q q q
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when g — oo. This scaling allows us to look at a scaled version of the state when at least
one of the queue lengths is very large. From [10], any fluid limit satisfies the following set of
equations, for i = 1,2:

0i(t) = 0i(0) + At — wiTi (o), A.2)
0i(1) > 0,
T;(0) = 0 and T;(¢) is nondecreasing,
2
% D (Ti) + TP (1) =1 whenever Q1) + 02(t) > 0, A.3)

i=1

where p; = 1/8; is the service rate at queue i, i = 1, 2. Although every fluid limit must satisfy
these equations, it is not the case that any solution of the above equations is a valid fluid limit.
Further properties are derived in the proof of Theorem A.1.

Define

N A2
p=p1+p+ 7(1’2 +rr71),
where r has previously been defined as
r=1-Ra(0,1)(S200, 1)".

(Note that r is the probability that the number of arrivals during a setup time plus k successive
service times at queue 2 is not equal to zero.) We then have the following result.

THEOREM A.1:

(i) If o < 1, then the distribution of the queue length process {Q(t)} converges to a steady-
state distribution ¢ ast — oQ.

(ii) If p > 1, as t — oo,
P(|Q()] —> oc0) — 1.

PROOF: At several points in the proof, we will need to take the time derivatives of T;(t) and
7_"1-0 (7). As these functions are Lipschitz, their derivatives exist almost everywhere, so we assume
throughout that any derivatives are taken at time points where the derivatives exist.

From Lemma 3.1 of [13], p; < 1 implies that for some finite #; and all # > 71, 01(t) =0.
Using (A.2), this, in turn, implies

d -
ETI ®) = p1 A4)

forallz > 1. Intuitively, this means that the queue length at 1 for the unscaled process eventually
becomes finite and remains so (see (A.1)). For r > t1, suppose that 0, (f) > 0. By the conti-
nuity of 0>, there exists an i > 0 such that MiNge[s 4] 02(s) > 0. Letc = MiNge[s,14h] 02(s).
Then, by Theorem 4.1 of Dai [10], there is a sequence {g,} such that {g, 1Q2 (gns)} uniformly
converges to Q2 (s) for s in [¢, t 4 h]. Thus, for large enough 1, we have a4, 10, (gns) > c/2 for
s € [t,t + h] and g,c/2 > 1. So,

Ox(u) >0 foru € [gnt,gn(t + h)] (A.5)

that is, for a large interval of time, queue 2 does not empty. We will be concerned with the deriva-
tives of T; at ¢, for which one needs to calculate T;(t + h) — T;(¢) = limy— o0 g;, 1 (Ti(gn(t +
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h)) — Ti(gn(2)), but by (A.S), the intervals on the right-hand side correspond to those where
queue 2 never empties. However, this, in turn, implies that if we model the server as always
moving to queue 1, but incurring a zero setup time and performing no service if the queue is
empty, then the mean time spent in switching from queue 1 to queue 2 is 12, and switching
from queue 2 to queue 1, it is r71 (with probability 1 — r that no setup time is incurred). We
can now directly apply Lemma 3.2 of [13] to get

d - d -
120/ (/1) = ETE(r)/(rm, (A.6)

which makes precise the notion that when queue 2 never empties, the number of busy periods
at queue 2 (each of mean length k/ ) is equal to the number of setups for queue 1 (including
those of zero time, so the mean is r71). In the same manner, it follows that

d/dt (T)()  d/di (T9(1))
rz - rTy ’

(A7)

Similar to (A.6), this says that the number of setups for queue 1 (including those of zero time) is
equal to the number of setups for queue 2. Also, if Q1 (s) + Q2(s) > O forall s < ¢, from (A.3),

T+ T +T)0) + T =1 (A8)

that is, the server never idles. Differentiating (A.8) and using (A.7),

i} i d/dr (T
L+ 0 =1 -t tr) (/t(z(m> . (A.9)
dt dt rTy
Define
W) = o1 + (1)
123 n2
=W(0) + (o1 + p2)t — T1 (1) — T2 (D), (A.10)

where the second equality follows from (A.2). Differentiating (A.10) and using (A.9), we have

d/dt (TY(1))

d -
EW(I) = (2 +r11) ( -

) — (= p1 = p2). A.11)

By rearranging terms in (A.9) and using (A.4) and (A.6),

70
(,2+m+£> (d/dm») o
n2 rTy

Now, substituting for d/dt (T9(#))/(rt1) in (A.11) gives

d - (2 +rr)1 — p1)
dt ® T+ +k/un ( pL=P2)

_ (m+rm)pr — A = p1 — p2)(k/p2)
4 rr+k/un '
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So, d/dt (W(t)) < 0 if and only if

(2 +rt)p2 < (1 = p1 — p2)(k/12)

or, by rearranging terms,
. A2
p=pi +pz+f(r2+rr1) <L

Thus, we conclude thE_lt d/dt (V__V(t)) < 0if and only if p < 1, so we would then have for some
> O_and allz > 1, Q1(¢) + Q2(¢) = 0. Theorem 4.2 of Dai [10] then yields part (i). If p > 1,
d/dt (W(t)) > 0 and part (ii) follows from Theorem 2.5.1 of Dai [11]. |
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