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Compound Poisson population models are particular conditional branching process models.
A formula for the transition probabilities of the backward process for general compound
Poisson models is verified. Symmetric compound Poisson models are defined in terms of
a parameter 0 € (0,00) and a power series ¢ with positive radius r of convergence. It is
shown that the asymptotic behaviour of symmetric compound Poisson models is mainly
determined by the characteristic value 0r¢’(r—). If 6r¢'(r—) > 1, then the model is in
the domain of attraction of the Kingman coalescent. If 0r¢’(r—) < 1, then under mild
regularity conditions a condensation phenomenon occurs which forces the model to be in
the domain of attraction of a discrete-time Dirac coalescent. The proofs are partly based
on the analytic saddle point method. They draw heavily from local limit theorems and from
results of S. Janson on simply generated trees, conditioned Galton—Watson trees, random
allocations and condensation. Several examples of compound Poisson models are provided
and analysed.
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1. Introduction

Conditional branching process models, introduced by Karlin and McGregor [14, 15], are
population models with fixed population size N € N :={1,2,...} and non-overlapping
generations. They are defined in terms of a sequence (&,).en of independent non-negative
integer-valued random variables satisfying P(&; + -+ &y = N) > 0. If, fori € {1,..., N},
un; denotes the number of offspring of the ith individual alive in some fixed generation,
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then the random variables uy 1,..., un n have (by definition) joint distribution

P(E = i) P(Enw = |
ED(,“N,[ =j1,...,,uN,N =]N)= ?If(lfl —:1)_}_5(]5]\]: N];V),

Jis---sjnv € Ng :=1{0,1,...} with j; + -+ jy = N. For convenience we will often drop the
index N and simply write y; instead of uy;. For some more information on conditional
branching process models we refer the reader to [9, Section 3] and [10].

We now turn to the definition of compound Poisson population models. Let 0y, 0,,...
be strictly positive real numbers and let

0
$(z) = puz"/ml, |z| <,
m=1
be a power series with radius r € (0,00] of convergence and with non-negative coefficients
¢m =0, m € N. It is also assumed that ¢; > 0. Compound Poisson models are particular
conditional branching process models where each random variable &£, has probability
generating function (p.g.f)

falx) = E(x*) = exp(=0,($(2) — p(zx))), x| < 1. (L.1)

In (1.1), z is viewed as a fixed parameter satisfying 0 < z < r. If M, is a random variable
having a Poisson distribution with parameter 0,¢(z) and if X, X»,... are independent
random variables and independent of M, each with p.g.f. x — ¢(zx)/¢(z), |x| < 1, then
Zj.\i"l X has p.g.f. (1.1). This subclass of conditional branching process models is therefore
called the compound Poisson class. In order to analyse compound Poisson models it is
useful to view z as a variable and to introduce, for 0 € [0, ), the Taylor expansion

exp(0¢(z)) = > ou(0)zF/k!, |z] <r.
k=0

The coefficients gy(0) depend on (¢,,)men and they satisfy the recursion

k
6o(0) =1 and o(0) =0 (’;) brir1010), keNp,0€[0,00).  (1.2)
=0

The coefficients oy (0) are mainly introduced, since, by (1.1), the distribution of &,, n € N,
satisfies

P& = k) = ) Fexp(—0,6(2). k€N (1.3)

Note furthermore that &y 4+ --- 4+ &,, n € N, has distribution

O'k(®n)
k!
where ®, :=60; +--- 4+ 0,. From (1.2) it follows by induction on k € N that

¢ =limoy(0)/0 forall k € N,

P&+ + &=k = 2 exp(—0,¢(2)), k € No,

so the coefficients ¢, k € N, of the power series ¢ can be recovered from the coefficients
ar(0), k € Ny, 8 € (0,00). From ¢; > 0 it follows that oy () is a polynomial in 6 of degree
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k. In the literature (see, for example, [1] or [4]) the g, (0) are called the exponential or Bell
polynomials. We have

c1(0) = 0¢1,

52(0) = 02 + 0° 1,

a3(0) = 0¢3 + 30°p1 2 + 07

04(0) = 0ps + 0° (413 + 3¢2 )+ 60°p1a + 071,

and so on. The coefficients Byi(¢1, ¢2,...), k € No, [ € {0,...,k}, of the polynomials

k
ok(0) =Y Bu(di, ¢,..)0', k€N,

1=0
are called the Bell coefficients.

In the following, for x € R and k € Ny, the notation (x); :=x(x—1)---(x—k+1)
and [x]y :=x(x+1)---(x+k—1) is used for the descending and ascending factorials
respectively, with the convention that (x)y := 1 and [x]o := 1. It is readily checked that
&, has descending factorial moments

k
E((&) = fP(1) =2 Bu(@'(2),¢"(2),...)0), n €Nk €N,

1=0
that is,
E(&) = 0,2¢'(2),  E((En)2) = 0,2°0"(2) + 0,2°(9'(2))°
and so on. The descending factorial moments therefore satisfy the recursion
k

B = 0, ()0 RGN, 0 Nk € No
1=0

It is known (see, for example, [9, p. 535]) that u = (uy,..., uy) has distribution

=7 aN®N)HJ]" L= G ) € A, (1.4)

where @y :=60; +---+ 0y and A(N) denotes the discrete N-simplex consisting of all
j=(Ut,-..,jn) € N satisfying ji + -+ jy = N. Note that the distribution of x is not
necessarily exchangeable. Moreover (see, for example, [10, equation (4)]), u has joint
factorial moments

N! 0;,(01)--a,(ON)
B () = — o Y Jn , (1.5)
on(On ik Ske (1 — k)t (v —kn)!
Jittjin=N
N eN, ky,...,ky € Ny, 64,...,0y € (0,00). For some compound Poisson models, namely

for skewed Wright—Fisher models and for skewed Dirichlet models, the alternative and
simpler formula (see, for example, [10, Lemma 2.1] and the remarks thereafter)

01, (01) -+ - oxy (On)
o (01 + -+ 0n)

E((u)k, - (un)iy) = (N (1.6)
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holds for all ky,...,ky € Ny and all 04,...,0y € (0,00), where k :=k; + - - - + ky. For some
more information on compound Poisson models we refer the reader to [18].

The article is organized as follows. The main results are presented in Section 2. Proofs
are provided in Section 3. Examples of compound Poisson models are studied in Section 4.
One purpose of this article is to provide proofs of the results stated without proof in [10].

2. Results

The following proposition, stated without proof in [10, Proposition 2.2], provides ex-
pressions for the transition probabilities P;; of the backward process X for an arbitrary
compound Poisson model. The proof of Proposition 2.1 is provided in Section 3.

Proposition 2.1. If, for each n € N, the random variable &, has a p.g.f. of the form (1.1),
then the backward process X of the associated compound Poisson model has transition
probabilities

~ 1 (N
Pi’f_m Z Z kil k! (2.1)
i) 1<m<<ni<KN ky,eokj€Ng J
ki=ky+-+k; <N

><< Fi01(00) ov-i (On = L 0n) > <’;11>(’;f) Lje€s,
h...ljeN J

on(On)
I =i

with the convention that IA’LO =0, i €S. Here Oy :=0;+---+0y, S :=/{0,...,N}, and
the coefficients oy (0), k € Ny, 0 € [0,00), are recursively defined via (1.2). In particular,

5 A& N ) oni(Oy — b))
Py=)" 1<k_i> (0] , ie{l,...N}. (2.2)

n=1 k=i

Remark. Proposition 2.1 in particular yields the coalescence probability

N N
5 N —2\ oi(0n) oN—(On — On)
= = > .
N 2.1 2 kgzz (k B 2) T , N>2 (2.3)
and the probability
by =Py =33 (V3 B O =) 04
N = P31 2.2 -3 pTC , >3, :

that three individuals, picked at random and without replacement from some arbitrary
but fixed generation of the population, share a common parent.

In the following we focus on the unbiased (symmetric) case, when all the parameters
0, = 0 are equal to some constant 6 € (0,00). In this case the distribution (1.4) of u is
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exchangeable and (2.1) reduces to

P = (2.5)
0 5 0 [Eao@on iV =) 5~ <k1>...<kj>
(IY) ki...k; €Ny hile--kjt on(NO) Lol eN l i)

k=l <N L=

i,j € S, with the convention that }A’,-,o = Jj, i € S. In particular,

5 N =i\ ox(0) oy k(N = 1)0)
P =N;<k_l) on(NO) , i€{l,...,N}, (2.6)
N
_ g (0) oy k(N — 1)0)
—N;< ) o (ND) , N>2 (2.7)
and
o (0) oy (N — 1)0)
dN—NZ( ) o (NO) , N>3, (2.8)

in agreement with (2.2), (2.3), and (2.4).

We are interested in the asymptotic behaviour of symmetric compound Poisson models
as N — oo. The following results show that the characteristic value 0r¢’'(r—) € (0,00] is of
fundamental interest in this context, where r € (0,00] denotes the radius of convergence
of ¢. Theorem 2.2 below, stated in slightly different form and without proof in [10,
Theorem 2.3], clarifies that many symmetric compound Poisson models are in the domain
of attraction of the Kingman coalescent. The Kingman coalescent is a continuous-time
Markov process I1 = (Il;),>o with state space £, the set of equivalence relations on N. If
the process is in a state £ € £ having a finite number n € N of equivalence classes, then
any two classes, randomly chosen among these n classes, merge together (coalesce) at rate
one. For more information on the Kingman coalescent we refer the reader to the seminal
work of Kingman [16].

Theorem 2.2 (supercritical case). Suppose that Or¢'(r—) € (1,00] such that the equation

0z¢'(z) = 1 has a unique real solution z(0) € (0,r). Then, ux1 — X in distribution as N —

o0 with convergence IE(,LL{(]’I) — E(X?) as N - oo, p € (0,00), of all moments, where X is a

non-negative integer-valued random variable with distribution

ox(0)
k!

and mean E(X) = 1. Moreover, in the sense of [9, Definition 2.1(a)], the associated symmetric

compound Poisson population model is in the domain of attraction of the Kingman coalescent.
The effective population size N, := 1/cy satisfies N, ~ ¢N as N — oo with

0 =1/ Var(X) = 1/(1 +0(z(0))¢"(2(0))) € (0,1].

P(X =k) =

(2(0)) exp(=0¢(2(0))), k € No, (29)
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Remarks. (1) Two independent proofs of Theorem 2.2 are provided in Section 3. The first
proof involves the saddle point method and the second proof is based on the local limit
theorem. Both proofs differ significantly from the erroneous proof in [9]. The distribution
of the limiting variable X coincides with the distribution (1.3) of &; with the parameter z in
(1.3) replaced by z(0). Note that X has mean E(X) = 0z(0)¢'(z(0)) = 1. Thus, conditioning
&, on the event that & +---+ &y = N and afterwards taking N — oo, has altogether the
effect that the distribution of £; is ‘nearly’ recovered. Only the information about the
mean of &; is lost.

(2) If ¢'(r—) = oo, then for all 6 € (0, 00) the equation 0z¢'(z) = 1 has solution z(0) € (0,r).
If ¢'(r—) < oo, then a solution z(6) € (0,r) of the equation 0z¢’(z) = 1 exists if and only
if Or¢’(r—) > 1. Examples satisfying ¢’(r—) < co are provided in Section 4. The solution
z(0) (if it exists) is unique since the map z +— z¢’(z) is strictly increasing on (0,r). Closed
expressions for the solution z = z(0) of the equation u(z) := z¢'(z) = 1/0 seem not to
be available in general. By the inversion formula of Lagrange (see, for example, [5,
Section 3.8]), for k € N and x € (0, o0),
/) /)

[Xu ' (x) = r = k = Bi—1x(0, ¥1,-- ),

where 1, = p™(0), n € Ny, with 1(z) := 1/¢'(z). Choosing x :=1/0 and noting that
2(0) = u~!(x) yields the formal expansion

0 k-1 k o
20)=>)" [Z]% 07 =" Bi1x(po.p1,.. 0.
k=1

k=1

However, note that, depending on ¢ and 0, this series may not converge, so we can only
speak about a formal series here. Alternatively one may approximate the root z(0) of the
map z — 0z¢'(z) — 1 numerically.

Theorem 2.2 is not applicable if Or¢’(r—) < 1. In this case we have ¢’(r—) < oo, which
implies that ¢(r—) < oo, since

o0 [}
2/ (2) = guz"/m— 1! =D puz"/m! = ¢(z) for all z € [0,r).
m=1 m=1
Moreover, from ¢(r—) < oo it follows that r < co. Assume from now on that 0r¢’(r—) < 1
and introduce a non-negative integer-valued random variable X with distribution
ok(0)
k!

P(X =k) = r*exp(—0¢(r—)), k € No. (2.10)
Note that X has p.g.f.
st E(s¥) = exp(=0(p(r—) — d((rs)=-))),  Is| < 1,
and characteristic function
t > E(exp(itX)) = exp(—0(p(r—) — ¢((re")—))), tE€R.

In particular, E(X) = 0r¢'(r—) < 1. Moreover, E(X¥) < oo if and only if ¢*(r—) < oo,
k € N. Our second asymptotic result, Theorem 2.3 below, addresses the critical case
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E(X) = 0r¢/'(r—) = 1. The subcritical case E(X) < 1 is considered at the end of this
section.

Theorem 2.3 (critical case, convergence). If 0r¢’(r—) = 1, then limy_,, cy — 0 and, in the
sense of [9, Definition 2.1(a)], the associated symmetric compound Poisson population model
is in the domain of attraction of the Kingman coalescent.

In general ¢y can tend to zero very slowly. The proof of Theorem 2.3, provided
in Section 3, does not provide direct information on the speed of convergence. Under
additional assumptions more can be said about the asymptotics of cy. The proof of
Theorem 2.4 below draws solely but heavily from local limit theorems. For examples we
refer the reader to Section 4, from Example 4.6 onwards.

Theorem 2.4 (critical case, speed of convergence). Assume that Or¢'(r—) = 1.

(a) If the random variable X with distribution (2.10) satisfies E(X?) < oo or, equivalently,
if ¢"(r—) < oo, then uyy — X in distribution as N — co. Moreover, the coalescence
probability cy satisfies cy ~ Var(X)/N as N — oo, where Var(X) = 1 + 0r’¢" (r—).

(b) If there exists a constant ¢ = c¢(0) > 0 such that the distribution (2.10) of the random
variable X satisfies P(X = k) ~ ck=3 as k — oo, then uyy — X in distribution as N —
00. Moreover, the coalescence probability cy satisfies
clogN

2N

(c) If there exist constants o € (1,2) and k = i(a) € (0,00) such that the power series ¢ of
the compound Poisson model satisfies

$(z) = ¢(r=) + ¢'(r=)z —r) +&(r —2)* + O((r —2)*), z—>r, (212)

then the distribution (2.10) of the random variable X satisfies P(X = k) ~ ck™! as
k — oo with ¢ := Okr*/I'(—a). Moreover, uy; — X in distribution as N — oo and the
coalescence probability cy satisfies

N N — oo @2.11)

fOOOxl—%g(—x) dx NZ(I—O()/(X’
g(0)

Here g denotes the density of an a-stable random variable with characteristic function

t— exp(d(—it)*), t € R, where d := cI'(—a) = Oxr”.

CN ~C N — oo (2.13)

Remarks. (1) Assume that o € (1,2). Lemma A.2, applied with f :=1—«a € (—1,0),
shows that

/w x! 7 g(—x)dx = d"*T(1 — 0)/T((1 — ) /) and  g(0) = d~ V¥ (—1/a) 7"
0

Thus, the fraction in (2.13) can be expressed in terms of the gamma function via

Jo xe (=0 dx oy, L= 2I0(=1/2)

0 f-am - 202
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(2) Theorem 2.4(b) can be viewed as the boundary case o« =2 of Theorem 2.4(c). Note
that, under the assumptions of Theorem 2.4(b) or 2.4(c), respectively,

¢ 1—o
——N for a € (1,2),
E(X 1{X<N1 P l—x 2—a
— AR Zk P(X = k) ~—Zk ~ logN - (2.14)
N =2

The naive prospect, based on the equation (N — 1)cy = E((un.1)2), that the coalescence
probability ¢y could be asymptotically equal to (2.14), is wrong due to Theorem 2.4(b,c).

Theorems 2.2, 2.3 and 2.4 are not applicable if E(X) < 1. In this subcritical case it
seems not to be straightforward to derive asymptotic results without further regularity
assumptions on the weights wy = oy(0)/k!, k € Ng. Our last asymptotic result below
essentially states that a ‘condensation phenomenon’ occurs which forces the model to be
in the domain of attraction of a discrete-time A-coalescent, with A(dt)/t*> being a Dirac
measure (Dirac coalescent). For a given measure A on [0, 1] satisfying

/ x2A@dx) <1
[0.1]

a discrete-time A-coalescent is a Markovian process IT = (I1;)en, With state space &£, the
set of equivalence relations on N. If the process is in a state £ € £ having a finite number
i € N of equivalence classes, a transition to any equivalence relation n satisfying & <y
and 5 # ¢ happens with probability
B = 1= &) = [ 3=t 2,
(0.1] X2

where j denotes the number of equivalence classes of #. For more information on discrete-
time coalescent processes we refer the reader to [21, Section 6]. Theorem 2.5 below, in
particular, shows that, under certain circumstances, Dirac coalescents arise naturally in the
limit as the total population size N tends to infinity and indicates that Dirac coalescents
are more important in the context of ancestral population genetics as it seems to be at a
first glance. The reason why the behaviour in the subcritical case differs substantially from
the supercritical and critical case is as follows. Under the assumptions of Theorem 2.5
(see the proof below) it will turn out that we can apply Janson’s condensation result [13,
Theorem 19.34] to the weights wy := a4(0)/k!, k € Ny. As a consequence, the coalescence
probability ¢y does not converge to zero. Since time is measured in units of |tN,| = [t/cn]|
generations, in the limit as N — oo no continuous-time process can now arise, as for the
supercritical and critical case (Kingman coalescent).

Theorem 2.5 (subcritical case). Fix 6 € (0,00) and assume that there exist constants ¢ > 0
and B> 2 such that wy := o (0)/k! ~ ck=F /rk as k — co. If Or¢/(r—) < 1, then pun; —
X in distribution as N — oo, where X is a non-negative integer-valued random variable
with distribution (2.10). Moreover, limy_,., cy = u?, where u := 1 —E(X) =1 —0r¢/'(r—) €
(0,1) and, in the sense of [9, Definition 2.1(b)], the associated symmetric compound Poisson
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population model is in the domain of attraction of a discrete-time A-coalescent with A :=
2
u=o,,.

Remarks. (1) Note that limy_., P,j = (jil) w1 —u)/~! for all i, j € N with i > j and
that limy_,., P, i = (1 —u) +iu(l —u)~! for all i € N.

(2) The physical image is that of a very prolific individual giving birth to a fixed fraction
u of the total population, the others adjusting their random offspring to ensure a constant
population size N in each generation. This ‘condensation phenomenon’ is reminiscent of
the one observed by Eldon and Wakeley [6] (see also [11, Proposition 4]) in the context of
extended Moran models. However, as observed in [9, Proposition 3.1], compound Poisson
models and extended Moran models constitute disjoint reproduction laws.

(3) It remains unclear whether Theorem 2.5 holds without any regularity condition on the
weight sequence (wy)ken,- Note that, for arbitrary weights (not necessarily coming from
a compound Poisson model), theorems of this form do not hold without any regularity
condition on the weight sequence (wy)ien,. We refer the reader to the remark before
Example 19.33 and to Examples 19.37 and 19.38 of [13] for analogous comments and
more details. In our situation however, the weights arise from a compound Poisson model
and have the particular structure wy = gx(0)/k!. Thus, our weights cannot be arbitrarily
irregular, and hence there is some chance that Theorem 2.5 could hold without any
conditions on (wy)ken,- We leave this problem open for future work.

3. Proofs

Proof of Proposition 2.1.  For j € {1,..., N}, pairwise distinct ny,...,n; € {1,...,N}, and
ki,...,kj € Ng with k :=k; +--- +k; < N we have

(T2 P(En = ki) PO e g,y Em = N —K)
P& + -+ &y = N)
(N 0k, (Ony) - Ukj(onf) on—k(On — le=1 O,
kl'kj‘ GN(G)N)

P(,Lln] = kla“':,unj = kj) =

and, therefore, for I;,...,1; € Ny,

=(11(%))

' (k1)> (N)k Ok, (0;11 ) e O-kj(gnj)o-N—k(@N - Z{:l em)
k1' kj' O'N(G)N) ’

where the sum Zk ~extends over all ky,...,k; € Ny satisfying k :=k; +--- +k; <

,,,,,

Thus (2.1) follows from [9, equation (4)]. For j =1, (2.1) reduces to (2.2). Alternatlvely,
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(2.2) follows as well via

N N
_ (k)i (N 0(0,) on—1(ONn — by)
_ZZ(N)i(k> on(Oy)

N XN =i\ 0r(60,) oni(On — 6,)
=22 (k—i) PN

O

Proof of Theorem 2.2. Two independent proofs are provided. The first proof exploits
the analytic saddle point method. The second proof is based on the standard local
limit theorem for sequences of independent and identically distributed random variables
with finite and non-vanishing variance. We think both proofs are worthwhile, since they
demonstrate the intertwining of analysis and probability.

Proof 1. Fix k,l € Ny and 6 € (0,00). Let us verify that
ank((n—00) (a(0))

(n—k)! P2nn

b (0), n— oo, (3.1)

where
0 (z(0)) 0))ke—109(2(0))
a0) = o and by(0) = —2OV€ .
2(0) VI+0G0)7¢"((0)
We proceed in a similar way to the proof of [4, Theorem 2.1]. However, note that in [4]
asymptotic expansions for ¢,(0) are provided whereas we are essentially interested in the
asymptotics of g,(n). By Cauchy’s integral formula,

(3.2)

on(0)/n! = (2mi)~! / 279G gz e Ny,
C

where C is some contour around the origin. Replacing n by n —k and 0 by (n —1)0 it

follows that
an—k((n - 1)0) _ 1 / ( B ) / ng
(n—k)!  2miJo zn kT dz = 2mi hz)e

where h(z) = z¥"1e7199) and g(z) := 0¢(z) —logz. Note that g'(z) = 0¢'(z) — 1/z and
g"(z) = 0¢"(z) + 1/z%. In particular, g’ has a single real zero in the interval (0,r) at the
point z(6) solving the equation 0z(0)¢’(z(6)) = 1. Note that g”(z) > 0 for all z € (0,r).
In order to derive the asymptotics of the integral fc h(z)e™? dz we use the saddle point
method (see, for example, [3] or [7] for general references) and choose the contour C to
be the circle around the origin with radius z(0) such that it passes through the zero z(6)
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of g’. Note that g’(z(@)) =0, so g(z(0)e") has Taylor expansion

g"(z(0)) ”/(2(0))
2

= g(z(0)) + (z(0)*(e" = 1)* + (z(0))(¢" = 1)* +0(")

leading to the Taylor expansions

Re(g(z(0)e")) = g(2(0)) — (2(0))°¢"(2(0)*/2+ O(t*) and Im(g(z(0)e")) = O(r").
The saddle point method yields the asymptotics

2n
(z)e" D dz ~ iy | —————"EDp(z(0)).
g ()

Dividing this expression by 27i and writing z instead of z(6) for convenience yields
ank((n—=00) e"Cp(z)
=k g @) F
with a(0) = e2?) = ¢/¢() /7 and
b(0) := h(z)/\/g"(z) = 217090 )\ /272 4+ 0¢7(z) = ZKe7199C) )\ /1 + 02297 (2).

Thus, (3.1) is established. Note that for k = = 0 we have

o,(n0) 1 / e"e®) 1 / T gng(z(0)e") ; 1 / T ez
= — dz = — —iz(0)e" dt = —— ne=0) gy,
n T ami ) 2 T am ) e P 0e m )¢

Taking the real part yields
a(no 1 it 1 [ it
au(n ) / Re(e ng(z(0)e") )dt ~ 27_[ / oRe(g(z(0)e")) dt, (3.3)

nl  2=n

(a(0))" b (0)

where the last asymptotics is based on the Laplace method as follows. Choose a sequence
(On)nen of positive real numbers satisfying né? — oo and nd; — 0, for example, 8, :=n*
for some fixed o € (1/3,1/2). Decomposing the first integral in (3.3) into the two parts

5’1 . .
I :=/ Re(¢"8“ DN dr and I, :=/ Re(e"C0) g,
S Su<lil<n)

we can approximate I; and show that I, is negligible (in comparison to I;) for large n.
Obviously, 1 —x?/2 < cosx < 1 for all x € R. Choosing x := nIm(g(z(0)e")) and using

Im(g(z(0)e")) = O(*) and nt> -0 asn—
uniformly for all [t| < J, it follows that

lim sup | cos(nIm(g(z(0)e"))) — 1| = 0.
h—0 |t‘<5n
Thus, as n — oo, the map t — cos(nIm(g(z(0)e))) converges uniformly on [—&,,J,] to the
constant map t — 1, which implies that
5»1 (5"
I = / cos(nIm(g(z(0)e™)))e" O g ~ / R0 gy

—d On
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Let us now turn to the second integral I,. Define the two functions f :R — R and
m:R — R via

f() == Re(p(z(0)e") qunl/m'(z " cos(mt)

m=1

and

m(t) := Re(g(z(0)e")) = Re(0¢(z(0)e") — log(z(0)e")) = 0f (1) — log(z(0))

for all t € R. Note that f is 2z-periodic and that f(t) = f(—t) for all t € R. The same
holds for the function m since it is a linear transformation of f. For m € N define
Ay = ¢pm(z(0))"/m! and choose some g € (1,r/z(0)). Then,

> ang™ = $(z(0)q) < o,
m=1

since z(f)g < r. By Lemma A.1 (applied to the function f with ¢ := 9,,) it follows that there
exists a constant ng € N (which may depend on 6 and ¢) such that sup; ;<. m(t) < m(,)
for all n € N with n > ng. Therefore

‘12| g/ nRe(g 2(0)e') d _/ enm(z) dt < 27‘[8”’7[(5").
{on<ltl<m} {on<lt|<}

The expansion
m(t) = g(2(0)) — (2(0)°g" (2(0))r* /2 + O(¢*)

applied to t = ¢, yields

MO0 png(z(0)) ,—(z(0)Yg" (z(0)n57 /2.

Thus, |L|/I; = O(\/ﬁ/e‘f”‘si) with ¢ = (2(0))*¢"(z(0))/2 > 0. Since nd? =n'"2 — o it
follows that |I;|/I; — 0 as n — oco. Thus, the integral I, is negligible in comparison
to I and (3.3) is established.

For k € Ny and N € N with N > k it follows from (3.1) that

Pns — ) — (V) O ox AN =10 _ o(®) “H5
vE=80= on(NO) Tkl amn

_ ox(0) (a(0))Vbi1(0)/y2rN _ ak(0) by (0)
k! (a(0))Nboo(0)//2rN k! boo(0)

Thus, uy 1 — X in distribution as N — oo, where X has distribution (2.9).

(z(0 ))k o~ 0(z(0).

= oy (0) ol
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In the following, for fixed p € (0,0), the convergence E(ujp\,’l) — E(X?) as N - oo of
the pth moments is established. For all N € N and all k,I € {0,..., N} we have

on—k((N —1)0) < oN—k(NO) _ i/ Sk—1Ng(@) g
N—K! S (N=k! 27 /e

- 2% (2(0)e" )1 MO iz ()e di
T J o

k 4
_ (2(20)) / eikteNg(z(O)e”) dt.
Y

Taking the complex absolute value it follows for all N € N and all k,1 € {0,..., N} that
on—k((N—10) _ z(0) [T N0 | gy — (z(0)) / " NRe(@(0)) gy

—T

(N —k)! Y I . 2n .
Since, by (3.3),

(2%)71/ NREEOD) g < 6y (NO)/NY,

—n
it follows that there exists a constant Ny € N (which may depend on 6 and ¢ but not on
k and I) such that

an—k((N —1)0) k ON(NO)
N K] < 200" —

forall N > Ny and all k,I € {0,..., N}. In particular, for all N > Ny and all k € {0,..., N},

on_k((N=1)0)
or(0) “nmr - _ ok(0)
I;c(! M S ]}{(! 2(z(0)F = (O)P(X = k),

N!

where x(0) = 2’90 € (0,00). For all p € (0,00) the map k+— kPP(X =k), k € Ny, is
integrable with respect to the counting measure ey, on Ny, since

P(un1 =k) =

/k”IP’(X = k)en, (dk) = Zk”IP’(X =k)=E(X?) < o0.
k=0
Dominated convergence yields the convergence E(,uﬁ,’l) — E(X?) as N — oo of all mo-
ments.
In particular,

(N —Dey = E((una)2) = E(X)2) >0, (N =N —2)dy = E((un.1)3) = E(X)3)

as N — oo. Thus, dy/cy =0(1/N) -0 as N — oo, which ensures (see [19] or [17,
Theorem 4(b)]) that the symmetric compound Poisson model considered is in the domain
of attraction of the Kingman coalescent. The proof is complete. L]

Proof 2. Let Xy, X»,... be independent copies of the random variable X with distribution
(2.9). For N € N define Sy := X; + -+ Xy. Since 0 < Var(X) < oo, the local limit
theorem limy_,o, sup,cyz |dn(k)| = 0 holds, where

dy(k) := JNP(Sy = k) — g((k — N)/</N)

https://doi.org/10.1017/50963548314000431 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000431

Asymptotics of Symmetric Compound Poisson Population Models 229

and g denotes the density of the normal distribution N(0, Var(X)). We have

]P’( - k) _ N Gk(g) CTN—k(( 1)9) [P’(SN_1 =N —k)
AN =80 =1 on(NO) P(Sy = N)

P(X = k)

Since

P(Sy = N) = (g(0) + dn(N))//N ~ g(0)/{/N as N — oo
and, for arbitrary but fixed k,

P(Sy—1 = N —k) = (g((1 —=k)/~/N) + dn_1(N —k))//N —1 ~ g(0)/\/N as N — oo,

thanks to the fact that the convergence in the local limit theorem holds uniformly
for all k, it follows that P(Sy_1 = N —k)/P(Sy = N) > 1 as N — oo and, therefore,
P(uni =k) > P(X =k) as N — o for all k € Ny. Thus, uy; — X in distribution as
N — oo. Fix p € (0,00). For all N € N,

P(Sy—1 =N —k)
P(Sy = N)

Zkﬂp (X =k)

k=1

Applying the local limit theorem to both probabilities P(Sy_; = N — k) and P(Sy = N),
it follows for arbitrary but fixed p € (0,00) that

g((1 —k)/JN —1)+dy_1(N —k)
B ) ~ o - O
g(0) + dy_1(N — k)
g(0)

N
<) K'P(X =k)

k=1

N o0
~ D KP(X =k) > Y KP(X = k) = E(XP),

where we have used that the density g is non-decreasing on (—oo,0] and that dy_;(N —
k) — 0 as N — oo uniformly for all k by the local limit theorem. Similarly,

[NY4]

P(Sy—1 = N —k)
T ; KPR =) =F5—7;

LN'/4)
R gy — 8L —K)/YN —1)+dy_1(N —k)

> KP(X =k) 20

[NV _ Nl/4 10O +d N —k
SN ep(x — BN YN =)+ dy (N —K)
> ) KX =k 50)

LN'/4)
~ Z kPP(X = k) kap(x = k) = E(X?),

k=1

where we have again used that g is non-decreasing on (—oo, 0] and that the convergence in
the local limit theorem holds uniformly for all k. Thus, the convergence E(Hl;v,l) — E(X7?)
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as N — oo, p € (0,00), is established. The rest of the proof is identical to the last four lines
of Proof 1. U

Proof of Theorem 2.3. Fix ¢ € (0,1). As in the proof of [13, Theorem 19.2], applied to
the probability weights
wi = P(X = k) = e 70 kg,(0) k!
and with n :=m := N, it follows that there exists a constant d, € (—o0,0) such that
P(u; > Ne) = NN N - o0 (3.4)

Since our notation differs from that in [13] and since (3.4) is fundamental for the proof,
we think it is appropriate and helpful for the reader to recall in the following Janson’s
arguments of the proof of (3.4) adapted to our notation.

Let X1, X»,... be independent random variables all distributed as X. Note that the p.g.f.

®(s) = exp(—0(p(r—) — P((rs)—)))
of X has radius of convergence ¢ := 1. Define
P(s) = s®'(s)/D(s) = Ors'(rs), |s| <L,
and
Sy =X1+--+Xy, NeN
We have
P(uy = k) = wP(Sy_1 = N —k)/P(Sy = N).

Moreover, P(Sy = N) = ¢’™ by [13, Lemma 14.4]. In order to estimate P(Sy_; = N — k)
define 7, by ¥(1;) = 1 —e¢. Since WY(1—) = Or¢d’(r—) = 1, we have 7, € (0,1). For each N
choose k = k(N) € [eN, N] such that P(Sy_; = N — k) is maximal. We have k/N € [¢, 1].
Choose a subsequence such that k/N converges, say k/N — y € [¢,1]. Then, along the
subsequence, (N —k)/(N — 1) —» 1 —y. By [13, Theorem 18.1],

logP(Sy_1 = N —k) . D(s) ) D(s) : @(s)
< <
N — log ;gg i S log oglrslirg RS log Oglglgfrg RE=
d(t,
= log ET') =:d,,
T —&

&

where, since 1, < 1, d, < log(®(1)/1'7%) = 0. We have shown that

limsup N"'P(Sy_; = N —k) < d, for k =k(N)

N—wo

and any subsequence such that k/N converges. It follows that this inequality holds for the
full sequence. In other words, logP(Sy_1 = N —k) < d.N + o(N) for our choice k = k(N)
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that maximizes the left-hand side, and thus uniformly for all k € [¢N, N]. Thus,
N

P(S =N-—k P(S =N-—-k
IP’(u1>N£)=Zwk(N(SIN )\Z—(N;N_ N) )
kk>=F(1)V k>?N

N
— o) Z P(Sy_1 = N — k) < &™) NedeN+o(N) _ odiN+o(N),

k=0
k>eN

and (3.4) is established.
In order to verify that limy_,, cy = 0 define

i:={w <Ne} and B;:={w > Ne}, ie{l,....N}.

From (3.4) it follows in particular that limy_,., NP(x; > Ne¢) =0 and

& 1
CcN = oy ;E((ﬂi)zlm) + N ;E((Mi)Zle)

N

%82 ZE(MilAi) + ——E((1)>1,)

N
(N)2
B+ + pn) + NE(15,)

(N )2 '
NZ
" (N)
Thus, limy_,,, ¢y = 0, since ¢ > 0 can be chosen arbitrarily small. In order to determine the
asymptotics of the associated compound Poisson population model, let i) = -+ = py

denote the ranked offspring sizes, i.e., the offspring sizes ui,...,uy, but permutated in
non-increasing order. For all ¢ > 0 we have

(1 > Ng) > &, N — oo.

N
P(u1) > Ne) = P(U{,ui > N.s}) < NP(u; > Ne) >0 as N — .

Thus, wi1)/N — 0 in probability as N — oo. For arbitrary but fixed dimension d € N it
follows that (y1)/N,...,pa/N) = (0,...,0) € R¢ in distribution as N — oo. Treating the
infinite simplex

o0
A= {XZ(Xth,m) Xy zxp2 20, fo< 1}
i=1

as a subset of the metric space R* equipped with the topology of pointwise conver-
gence, this convergence of the finite-dimensional distributions is already equivalent (see,
Billingsley [2, p. 19]) to the convergence of the full processes

(#y/N,...,;n)/N,0,0,...) = (0,0,...) € A

in distribution as N — oo. Comparing this limit with Sagitov’s convergence result [20,
Theorem 2.1] shows that the model is in the domain of attraction of the Kingman
coalescent. U]
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Proof of Theorem 2.4. Let Xy, X5,... be independent random variables all with the
same distribution (2.10) of X. Define Sy := X; 4+ -+ Xy, N € N. For all k € Ny and all
N >k,

L N\a@on(N= 1) P(Sya=N—k)
Pl =)= (k) ooy X =TSR =Ny

The basic idea of the proof is to apply local limit theorems to the two probabilities
P(Sy—1 = N —k) and P(Sy = N) in the formula above. It turns out that the details of the
proof differ for parts (a), (b) and (c), so we have to treat these parts separately.

(a) By assumption, ¢"(r—) < oo or, equivalently, Var(X) < co. Following the proof of
Theorem 2.2, but with the root z(0) replaced by r, it follows that py; — X in distribution
as N — oo, where X has distribution (2.10). For p € (0,2] the convergence of moments
E(Hl;\m) — E(X?) as N — oo is shown in the same way as in Proof 2 of Theorem 2.2 by
exploiting the standard local limit theorem for sequences of independent and identically
distributed random variables having finite and non-vanishing variance. In particular,
(N — ey = E((un.1)2) = E((X)2) = Var(X) = 1+ 0r¢"(r—) as N — oo,
Thus, part (a) of Theorem 2.4 is established.

(b) Under situation (b) the local limit theorem limy_,., Supyey |dn (k)| = O holds, where

= /NlogNP(Sy = k) —g((k — N)/»/NlogN), N€N, k € Z,

and
g(x) = (nc) *exp(—x*/c), x€R,

is the density of the normal distribution N(0,c¢/2). Applying this local limit theorem
to both probabilities P(Sy = N) and P(Sy—; = N —k) it follows in the same way as in
Proof 2 of Theorem 2.2 that uy; — X in distribution as N — co. Let us now turn to the
asymptotics of the coalescence probability cy. We have

N
(N —Den =E((un1)2) = >_(k)2P(uns = k)

P(Sy_y = N —k)

[l
M=

ISCEEEIES (35)
N
k)//NlogN)+dn_1(N —k)
~ k),P k
k;( PP(X = 20
L m(k)zp(x €0 =K/ JNTOEN) +dy 1N = k)
¢(0)
k=2
Lm B L
ap(x = EAEER LD S arx = b
k=2 k=2
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Since P(X = k) ~ ck— as k — oo, the latter sum is asymptotically equal to

LVN] JN
ch/k~c/ 1/xdx ~ clog /N = (¢/2)log N.
k=2 2

Thus, liminfy_(Ncy)/log N > ¢/2. It remains to verify that limsupy_,..(Ncy)/log N <
¢/2. Define By = [\/Nlog N], N € N, and decompose the sum in (3.5) into a first part
over all k < By and a second part over all k > By. The second part is negligible, since,
uniformly for all k € {By + 1,..., N},

P(Sy—1 =N—k) g((1—k)/NlogN)+dy_i(N —k)
P(Sy = N) g(0)
< g(=logN) +dvi(N—k)
g(0)
as N — oo. Note that we used that the normal density g is non-decreasing on (—oo, 0],

that g(—./logN) —» 0 as N — oo and that dy_;(N —k) — 0 as N — oo uniformly for all
k. For the first part we use g(x) < g(0), x € R, and obtain

S P(Sy—1 = N —k)
k;(k)zp(X =
~ i(k)zﬂl’(x _ 8= k)//NTogN) + dy—1(N — k)
k=2 g(0)
2(0)+dy_1(N —k)

By By
<Y (k)P(X = k) ~ > (kP(X =),
k=2

—~ g(0)
again thanks to the fact that the convergence in the local limit theorem holds uniformly
for all k. From P(X = k) ~ ck=* as k — o it follows that the last sum is asymptotically
equal to

By

¢y 1/k ~ clogBy ~ (¢/2)logN.
k=2
Thus, limsupy_,..(Ncy)/log N < ¢/2 and the asymptotics ¢y ~ (¢/2)(log N)/N is estab-
lished.

(c) Let us first verify that P(X = k) ~ ck™* ! as k — oo with ¢ := Oxr*/T'(—a). It is readily
checked that (2.12) implies that

exp(0p(z)) =A+B(z—r)+C(r—2z)*+0((r — z)z), Z >,
with constants 4 := exp(6¢(r—)), B := 0¢'(r—)A, and C := OxA. From that representation
it follows that

P(X = k) = exp(—9¢(r—))6];<(!0) _

k
[ exp(0(2)) ~ —-CLH](r -2

a %

o v C, 1 c
= Acrk<k>(_1) ~ Zr F(_O()kfx‘l’l = kO(Jrl’ k — 00.

https://doi.org/10.1017/50963548314000431 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000431

234 T. Huillet and M. Méhle

By the generalized central limit theorem (see also Lemma A.3 below), (Sy — N)/N'/* — §
in distribution as N — oo, where S is an a-stable random variable with characteristic
function ¢(t) := E(exp(itS)) = exp(c[(—a)(—it)*), t € R. Define the constant

C = —cI'(—a)cos % € (0,00)
for convenience. For all p € [0, w0),
o0
| wrietna (36)
—0

= [ irexerare(=intydc= [ erexp(er-aiteos 3 ) e

—0 o 2

— P _C* - (p+1)/a—1 _
= 2/0 t? exp(—Ct*)dt = T /o u exp(—u) du

_2((p+ 1)/a)

o € (0.), (3.7)

where we have used the substitution u = Ct* (= dt/du = 1/(«aC"/*)u'/*~1). In particular
(choose p = 0), ¢ is integrable with respect to the Lebesgue measure on R. Thus, by the
Fourier inversion formula, S has density

—o0

1 o0
= / exp (eI'(—a)t* cos &) cos (xt + cI'(—o)t*sin &) dt, x € R.
0

Note that g is bounded, i.e., |g| :=sup,cr|g(x)] < oo. Moreover (see, for example,
Ibragimov and Linnik [12, Theorem 4.2.1]) the local limit theorem limy_,, Supycz [dn (k)] =
0 holds, where

dy(k) .= NV*P(Sy = k) —g((k — N)/N'*), NeN, k eZ.
In particular,
P(Sy = N) = (g(0) + dn(N))/N"* ~ g(0)/N"/*

and

g((1 =k)/(N = 1)) +dy_1(N — k)

P(Sy—1 =N —k) = (N — 1)1/

The convergence uy; — X in distribution therefore follows again in the same way as in
Proof 2 of Theorem 2.2. We furthermore obtain
X; =k)P(Sy—1 = N —k)

P(Sy = N)

N R
Nen ~ B((un)2) ~ E(uyy,) = Y K
k=1

S RBx = B =R/ =D (N =)

=T+ T
2(0) 1+ 13,

k=1
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where
1 N
= —OZ P(X =k)g((1—k)/(N —1)"/*)
k=1

and
N

! Zkz]P’(X k)ydy_1(N —k).

2(0)
Let us first analyse T5. Since (2.12) holds by assumption, it follows that
sup [dy—1(N — k)| = O(N'~*/*)
keZ

by Theorem A.4 (strong local limit theorem) in the appendix. Moreover,

N N
S IPX =k) ~ ¢ k' =0(N*).
k=1 k=1

Thus,

N
T, = O(N'™/*) Y "IPP(X = k) = O(N'"**)0(N*™*) = O(N°)
k=1
with 0 :=3 —2/a —a. Let us now turn to Tj. Since the density g is bounded, any finite
number of values of the summation index k in the sum of T; do not contribute to
the asymptotics of Tj. It is therefore asymptotically allowed to replace P(X = k) by its
asymptotic expression ck~*~! and we obtain

N
Ty ~ (0) Zkl “g((1—k)/(N —1)"/).
For the last sum we have
N
D KTre((1—k)/(N = 1'%
k=1

N (k-+1)/N'/=
= SN[ LN (1= LN N = 1)) d
k=1

k/NV/x

(N+1)/N/*
e [ LN LN 1
N o

~ Nl/a/ 1— aN (1—a)/a ( )dx _ 2 —o)/o /w xl—ocg(_x) dx.
0 0
Note that the last integral is finite, since
0 1 0
| ear<igl [ x s [Cgndy< el -m+ 1<
0 0 1

Since 6 =3 —2/a—a < (2—a)/a, it follows in summary that Ney ~ Ty + T, ~ Ty, and
(2.13) follows immediately. The proof of part (c) is complete. U]

https://doi.org/10.1017/50963548314000431 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000431

236 T. Huillet and M. Méhle

Proof of Theorem 2.5. Without loss of generality assume that ¢ has radius of con-

vergence r = 1. Otherwise consider the new power series ¢* defined via ¢*(z) := ¢(rz),

|z] < 1, and note that the coefficients o,(0) of the new power series ¢* and the coefficients

0k(0) of the original power series ¢ are related via o, (0) = a1 (0), k € Ny, 0 € (0,0).
Define ®(z) := ®y(z) = exp(0¢(z)) for |z| < 1 and 6 € (0,00). Note that

[ZK]®(z) = 6r(0)/k! for k € Ny and 6 € (0,00).

By assumption there exist constants ¢ = c¢(f) € (0,00) and f = f(6) > 2 such that
o1(0)/k! ~ ckP as k — co. We are hence in a position to apply Janson’s [13] condensation
result (Theorem 19.34) to the weights wy = oy(0)/k!, k € No. Note that the weight
sequence (W )ken, has p.g.f.

Z wizk = exp(0¢(2)) = O(z), |z| < 1.

k=0

Moreover, in Janson’s notation,
W(z) i=z0'(2)/D(z) = 02¢'(2), |z| <1,

and sov :=¥(1—) = 0¢'(1—) < 1 by assumption. Fix k,! € Ny. By [13, Theorem 19.34(ii)]
(with number of balls m := N —k and number of boxes n := N —[ and N — oo, which
implies m/n — 1 =: 1 > v), it follows for arbitrary but fixed k,I/ € Ny and 0 € (0,0) that
the partition function Z(m,n) = [z2"]®,9(z) = 6,(n0)/m! satisfies

on—k(N—=DO) ¢ (@(1—))N-1-1

N G N (38)
as N — oo. For all k € Ny and all N € N with N > k we have
v [N\ ok(@)on_ k(N —1)0)
Pluxs = k) = ( k) =10, (39)

Using the asymptotics (3.8) for I = 0 and for [ = 1 it follows that
a0 1 _ o)
k! ®(1-) k!
which is the right-hand side of (2.10) for r = 1. Thus, uy; — X in distribution as N — 0.

As in the proof of Theorem 2.3, let u) > - -+ > pyn) denote the ranked offspring sizes.
Theorem 19.34(i) of Janson [13] implies that

im Pluyy = k) = xp(=0¢(1-)), k€ No,

(,u(l)/N,...,,u(N)/N,O,O,...) ad (M,0,0,...) (310)

in distribution as N — oo, where u := 4 —v =1—0¢'(1-) € (0,1).

In the following it is verified that limy_,., cy = u?. We have g1)/N — u in distribution
as N — oo. Since y1)/N is bounded for all N (between 0 and 1) it follows that p)/N — u
in L2 In particular, E((z1))2)/(N)2 — u> as N — oo. Since

E((p1))2)
gE«um)z s (N)2ZE(
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it hence remains to verify that

Am s N) ZE((um (3.11)

In order to establish the convergence (3.11), fix ¢ € (0,1) and define A := {pp) < Ne} and
its complement B := {yp) > Ne}. We have

— —
223 ((1))2) @;E« )2 la) + M;E((M(z’)zhﬂ
Ne N &
< s 2 B0l + g, > Bl
Ne¢ N
= (N;z E((u@) + -+ uwy)la) + @E((ﬂm + -+ pwy)la)

N?¢  N?

S+

(N)2 = (N)

since P(p2) > Ng) — 0 as N — co. As ¢ > 0 can be chosen arbitrarily small, (3.11) holds

and, hence, the convergence limy_., cy = u”> € (0,1) is established. Comparing the limit

(3.10) with Sagitov’s convergence result [20, Theorem 2.2], it follows that the associated

compound Poisson model is in the domain of attraction of a discrete-time Z-coalescent
where

P(pp) > Ne) > ¢, as N — oo,

E(dx
Zi’))cz = 0(u00,.)(dx)
i=1 Xi

is the Dirac measure at
o0
(4,0,0,...) e A = {x = (X1,X2,...) X1 =2x3 = >0, Zx,- < 1}.
i=1

Hence, the limiting process is a discrete-time coalescent with multiple collisions (A-
coalescent) where A(dt)/t*> = §,(dt) is the Dirac measure at u. U]

4. Examples

We start with the two most popular examples, the Wright—Fisher model and the Dirichlet
model. Note that (1.6) holds for these two models. These two examples have the advantage
that most calculations can be done explicitly. For example, we will verify the asymptotic
results stated in Theorem 2.2 directly.

Example 4.1 (Wright—Fisher model). For the standard symmetric Wright-Fisher model,
we have ¢(z) = z. Therefore, &, has a Poisson distribution with parameter 6z and oy (6) =
0%, k € Ny, 0 € (0,00). For k € Ny and 0 € (0, 00) it follows that

o (N\a@ oy (N=10) [N\ [ 1\ L\ Nk
e == ()" = () (8) (5)
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Thus, py; has a binomial distribution with parameters N and 1/N. In particular, for
arbitrary but fixed p € N, E((un,1)p) = (N),/N? — 1 = E((X),) as N — oo, where X has a
Poisson distribution with parameter 1. The solution z(0) of the equation 0z(0)¢’(z(0)) = 1
is z(0) = 1/0. Note that (3.1) holds with a(0) :=e0 and by(0) = 0"%e!, k,1 € Ny, 0 €
(0,00). The effective population size N, = 1/cy = N coincides with the actual population
size N, a well-known result.

Example 4.2 (Dirichlet model). For the symmetric Dirichlet model, ¢(z) = —log(1 — z),
|z| < 1. Therefore, ¢; has a negative binomial distribution with parameters 6 and 1 — z.
In particular, E(&y) = 0z¢/(z) = 0z/(1 — z). Moreover,
o) =0k =00+1)---(0+k—1)=T(k+0)/T(0), keNy 0¢€(0,c0).
Thus, for k € Ny and 0 € (0, c0),
N\ [0]k[(N = 1)0]n—k _ [0k I'(NO—0+ N —k)I(NO)
k [NO]n k! (N0 — O)T(NO + N)
Since I'(x 4 ¢) ~ xT'(x) as x — oo for any ¢ € R, it follows that
[0]k, .. (NO+ N)""“*[(NO + N)T'(NO)
P(uy; =k) ~ 25N
(v = k)~ S N S F(NO)r(NE + N)

0 (N (0N okt N0
k! (NOENY\ 0 k! \0+1 0+1) "
Thus uny1 — X in distribution as N — co where X has a negative binomial distribution

with parameters 6 and 0/(6 + 1) € (0, 1). Moreover, for arbitrary but fixed p € N,
E((un,1)p) = (N),[01,/[NO], — [0],/0" = E((X),) as N — oo.

P(uni = k) = < (N )k

Thus, IE(,uﬁ’\,’l) — E(X?) as N — oo for all p € N in agreement with the general results
derived in the proof of Theorem 2.2. The solution z(0) of the equation 0z(0)¢'(z(0)) = 1
is z(6) = 1/(0 + 1). Note that (3.1) holds with

a(0) = (0+1)""/0" and  bu(0) == (0/(0 + DYT2(1/(0 + D)),
for k,I € Ny, 0 € (0,00). The symmetric Dirichlet model has effective population size
Ne=1/exy =(N = 1)/E((un,1)2) = (NO+1)/(0 + 1) ~ oN
with ¢ = 0/(0 + 1) = 1/ Var(X), in agreement with Theorem 2.2.

Let us now study examples which do not satisfy (1.6). We start with a model which
involves the absolute Lah numbers.

Example 4.3. Suppose that ¢,, = m! for all m € N or, equivalently, that ¢(z) = z/(1 — z),
|z| < 1. Note that ¢/(z) = 1/(1 — z)? and that ¢"(z) = 2/(1 — z)} = 2¢'(z)/(1 — 2), |z| < 1.
Then (Comtet [5, Section 3.3, p. 135, Theorem B]),

ou(0) = L(nk)0*, neN, 0 €R,
k=1
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where
L(n,k) := By (1,2),..) =nln—D!/(kW(k—1)!(n—k)!), neN, ke{l,...,n},

denote the absolute Lah numbers. The solution z = z(0) € (0,1) of the equation 1=
0z¢'(z) = 0z/(1 — z)? is

2(0) =1+ 0/2— /00 + 4)/2.

By Theorem 2.2, the model is in the domain of attraction of the Kingman coalescent and
the effective population size N, satisfies N, ~ ¢N with

0:=1/(1+022¢"(2)) = (1 —2)/(1 +2) < 1,

since

14 0224"(z) = 1 + 022/ (1) —— = 1 4 22— 1+2
1—z 1—z 1—z

Note that the asymptotics (3.1) holds with
a(e) — e(?(b(z)/z — 602/(1—2)/2 — el—Z/Z

and

bu(0) := ze™%C) )\ /1 + 022¢"(z) = ZXe "9 )\ /(1 + 2) /(1 — z),

for k,1 € Ny, 6 € (0, 00).

In the following example, which generalizes Example 4.3, the series ¢ solves a
particular functional equation and is hence (for most parameter constellations) only
defined implicitly. Nevertheless an explicit expression for the solution z = z(f) of the
equation 0z¢'(z) = 1 is derived.

Example 4.4. Suppose that (see [1, p. 402, equations (50) and (51)])

b = (m — 1)!(m“j11> bl meN,

where it is assumed that the real parameters a and b are either both negative or b > 0
and a > 1 (such that all the coefficients ¢, are non-negative). Note that [1, equation (43)]
the power series

$(z) =D pnz"/m!

m=1

is the solution of the functional equation ¢(z) = zf(¢p(z)) with f(x) := (1 4+ bx)* and that
¢ is related to the generalized binomial series B, (see, for example, [8, p. 200]) via
¢(z) = (Bu(bz) — 1)/b. Tt is readily checked that ¢ has radius of convergence

ri= lim (m+ D/ b1 = (ab)™ (1 = 1/a)*"" € (0,00)

and that ¢(r—) = 1/(b(a — 1)) (= o for a = 1), since, for a # 1, ¢p(r—) = 1/(b(a — 1)) is
the only positive solution of the equation ¢(r—) = rf(¢(r—)). Differentiating both sides
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of the functional equation ¢(z) = zf(¢(z)) yields the derivatives

o @) oy AN C) + 2 G )
L R e [~ (g(2) C =

For a =1 (and b > 0) we have ¢,, = m!b"!', m € N, and ¢(z) = z/(1 — bz), |z| < 1/b. For
a =b =1 we are back in Example 4.3. For a = 2 we have

d(z) = 4z/(1 + J1 —4bz)*, |z| < 1/(4b).

For a = —1 (and b < 0) we have

$m=(2m—2)1/(m—1)U=b)""", meN,
and

d(z) = (VT +4bz — 1)/(2b) = 2z/(1 + /T + 4bz), |z| < 1/(—4b).

For general parameters a and b, to the best of the authors’ knowledge, there seems to be
no special function related to the power series ¢. Nevertheless, an explicit expression for
the solution z = z(6) of the equation 0z¢'(z) = 1 is obtained as follows. Let x = x(6) be
the solution in the open interval (0, 1) of the quadratic equation 0x = b(1 — x)(a — x), i.e.,

0 +b+ab— /(0 + b+ ab)> — 4ab?
X0) = 2b

We have 0 < (1 —x)/0 < 1/(b(a— 1)) = ¢p(r—) (= oo for a = 1). Thus,
z=2(0) = ¢~ (1 —x)/0) € (0.r)
is well defined. From (1 — x)/0 = ¢(z) = zf((z)) = zf((1 — x)/0) it follows that
l—x 1 1—-x 1 Cl—x 1

zZ = =

0 f(1%) 0 (A+bEH)e 0 1+

l—x/a—x\* 1—xa—x/a—x\"" x /a—x\""
_ _ _x . 42
0 < a ) 0 a < a ) ab( a ) (42)

€ (0,1). (4.1)

Moreover,
, (1—x 1—x\*"!
f(¢(2))=f(9)=ab<1+b . )
a—1 a—1
:ab<1+ x) =ab< a ) S
a—x a—x z
and hence
Dy IO 09(2) l-x

T 1—zf(pz)  1—zf($(z) 1—z(x/2)

Thus, z = z(0) satisfies 6z¢’(z) = 1. Theorem 2.2 is therefore applicable. Straightforward
computations show that the limiting random variable X in Theorem 2.2 has variance

Var(X) =1+ 0z2¢"(z) = (a — x*)/(a(1 — x)*).
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By Theorem 2.2, the model is in the domain of attraction of the Kingman coalescent and
the effective population size N, satisfies N, ~ ¢N as N — oo with

0 =1/Var(X) = a(1 — x)*/(a — x?) € (0, 1).
Note that the asymptotics (3.1) holds, where a(0) = ¢’?)/z = ¢!=*/z and

k p—10¢(z) —
1 +022(t)”(z) a—x

with x = x(6) and z = z(0) defined in (4.1) and (4.2). At first glance the solution x(6) of the
quadratic equation 6x = b(1 — x)(a — x) seems to come ‘from nowhere’. In the following
an intuitive argument is provided showing how x(f) comes into play. It is known [1,
equation (51)] that ¢,(0) = Z;’zl B(n, j)0/ with

=Dl an N\,
B(n, j) = G=1) (n —j)b . (4.3)
The fraction
B(n,n— j+ 1)(n0)" 7 nlj
B(n,n—j)n0)=/ — (n—j)an—j+1)b

is equal to 1 for j = j, with
~ n(0+ b+ ab) +b— +/(n(0 + b + ab) + b)2 — 4b(bn + abn?)

Jn = b
— 2 _ 4qb?
0 tb+ab /(0 + b + ab)> — 4ab — nx(0) (44)
2b
Intuitively, when n is large, the contribution to the sum

n—1

0u(n0) = B(n.n— j)(n0)"
j=0

essentially originates entirely from indices j having the property that j/n belongs to a
(small) neighbourhood of x(0). The choice of the neighbourhood is rather unimportant. It
is hence not surprising that x(6) plays a crucial role in finding the asymptotics of ¢,(n0).
Since the Bell numbers (4.3) are known explicitly, one may carry out the Laplace method
in detail leading to an alternative proof of (3.1). We leave the details to the reader.

Example 4.5. Suppose that ¢,, =1 for all m € N or, equivalently, that ¢(z) =e* — 1,
z € C. Then (see, for example, Comtet [5, Section 3.3, p. 135, Theorem B]),

ou(0)=> S(nk)o*, neN, 0eR,
k=1

where the S(n, k) denote the Stirling numbers of the second kind. In this case the solution
z = z(0) of the equation 1 = 0z¢’(z) = 0ze* can no longer be expressed in closed form.
By Theorem 2.2, uy; — X in distribution, where X has distribution (2.9), and the model
is in the domain of attraction of the Kingman coalescent. The effective population size
N, satisfies N, ~ oN with ¢ := 1/(1 +0z%¢"(z)) = 1/(1 + 0z%¢*) = 1 /(1 +z) < L.
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For two further examples where Theorem 2.2 is applicable we refer the reader to [10,
Examples 1 and 2]. All examples considered so far satisfy ¢'(r—) = oo, which implies that
for all 0 € (0,0) the equation 0z¢’(z) = 1 has a unique real solution z = z(0) € (0,r). Let
us now study examples satisfying ¢'(r—) < co.

Example 4.6 (polylog model). Fix o € (0,00) and suppose that ¢ is the polylog function,
ie.,

o0
$(z) =Y m*z" |z < L.
m=1

For a =1 the polylog model coincides with the Dirichlet model (Example 4.2 with
¢(z) = —log(1 —z)). For o« —» 0 we are back in Example 4.3, whereas for o — co we
approach the Wright-Fisher model (Example 4.1).

For non-integer parameter « € (0,00) \ N, the first |o] — 1 derivatives of the polylog
function ¢ are finite and ¢ has asymptotic expansion around z = 1 of the form

|oe]—1 ;
P(z) = ; d)(j);!l_)(z—1)j+F(1—o¢)(1—Z)°‘1 +0((1 =2y, 251, (4.5)

whereas for integer o € N the expansion has the form (see also [7, p. 411])

oa—2 i a
T Sk L P e s R e NP
i~

j (xa—1)!
(4.6)
In the following it is verified that, for all o, 6 € (0, 0), the distribution (2.10) satisfies
P(X = k) = "’;((,0) exp(—0p(1—)) ~ kﬂ k — o0. (4.7)

Assume first that 2 < a < 3. Then, by (4.5),
pz)=a+bz—1)+T(1—o)1—2z)*14+0((1 —2)?) asz—1
with a := ¢(1—) = (o) and b := ¢'(1—) = {(o — 1), where { denotes the Riemann zeta
function. Thus,
Dy(z) ;== exp(0(z)) = A+ B(z— 1)+ C(1 —z)* '+ 0((1 —z2)?), z—1,
where A := e, B := 0bA and C := OT'(1 — «)A. Using

u—1>(_1)k: Fk—a+1) 1

k Ta—okl Tk F7%

41—z = (

it follows that

ox(0) _ [ C a—1 0

k! —Z[Z ](DO(Z)Nz[Z 1(1—2) Nﬁ’ k — oo,
and (4.7) is established for 2 < o < 3. For arbitrary non-integer o € (0,00), (4.7) follows
from (4.5) as shown above for 2 < o < 3. For integer o € N (4.7) follows from (4.6) and

from [7, p. 387, equation (24)]. Thus, (4.7) holds for arbitrary o € (0, c0).

P(X = k) = exp(=0¢(1-))
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We now turn to the asymptotic behaviour of the model as N — co. If o < 2, then
¢'(1—) = oo and Theorem 2.2 is applicable for all 6 € (0,00), so the associated symmetric
compound Poisson model is in the domain of attraction of the Kingman coalescent.
There seems to be no closed expression available for the solution z = z(0) of the equation
0z¢'(z) = 1. The case « = 2 is a nice exception where it is easily seen that z(0) = 1 — e~ /9,
0 € (0,00).

Assume now that o> 2. Then ¢'(1—) ={(o — 1) < co. In this case the equation 0z¢'(z)
1 admits a solution z =z(0) € (0,1) if and only if 6 > 6, with critical value 6, :=
1/¢'(1—) < 1. Thus, Theorem 2.2 is not applicable for 0 < 6.. Note that

¢"(1-) =0 fora<3 and
P(1=)=La—2)—L(a—1) < oo fora> 3.

If 0 = 0. (critical case), then by Theorem 2.3, the model is still in the domain of attraction
of the Kingman coalescent and, by Theorem 2.4 (part (c)) applied with « replaced by
o — 1, so with constants x := I'(1 —a) and ¢ := 6., the coalescence probability cy satisfies

Var(X)/N if o € (3,00),
OclogN 1 logN _ 3 logN oy 3
eN~92 N 22 N @ N r=>
0 2—a
0,20 X 80X oy if o € (2,3),
g(0)
where, in the first case o € (3, 00),
Var(X) =1+ 0.¢"(1-) = 1 4+ ¢"(1-)/¢'(1-)
=14+ (x—2)={a—1)/{(e—1)

={(x—=2)/{(x—1) € (1,00),

and in the third case o € (2, 3), g denotes the density of an (o — 1)-stable random variable
with characteristic function

t— exp(0. (1 —a)(—it)* 1Y), teR.

Finally, if 0 < 6 < 0. (subcritical case), then, by Theorem 2.5, the model is in the domain
of attraction of a discrete-time A-coalescent with A := u>J, and

ui=1—04(1-)=1—0l(x—1) € (0,1).

The following example is a slight modification of the polylog model. In comparison to
the polylog model it has the advantage that for integer parameter o explicit expressions
for the power series ¢ are available.

Example 4.7 (modified polylog model). As in the polylog model, fix o € (0,00), but
suppose that

b(z) = Z T(m)z"/T(m+a), |z] < 1.

m=1
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It does not come as a surprise that this model behaves in a very similar way to the polylog
model. We therefore leave the details to the reader and provide more information only
for o = 3, in which case the explicit formula

R z" _2(1 —z)X(—log(l —z)) — 2z + 322
o(2) = Z mm+ )(m+2) 472 > <l

m=1

is available. We have

o * zm—1 _2z— 22 —2(1 — z)(—log(1 — z))
¢(Z)_m§=:1(m+1)(m+2)_ 223 C
and
v * (m—1)z"2 B 22 — 6z +2(3 — 2z)(—log(1 — z))
V=2 w2 2 S
Note that ¢(1—) = 1/4, ¢'(1—) = 1/2, ¢"(1—) = o0,
b(z) = % + %(z —1)— %(1 —z)?log(1—2)+0((1 —z)%), z—1,

and, for 0 € (0,c0),
Dy(z) == exp(0(z)) = A+ B(z — 1) — C(1 —z)*log(1l —z) + O((1 —2)?), z—1,
where A := exp(0¢(1—)) = exp(0/4), B := C :=0A/2. From

(1—z)(=log(l—z)) = (1 =2z +z2%) sz/k
k=1

=z—(3/2) + y 2/(k(k — 1)(k — 2))z*
k=3

it follows that

[ZF1(1 — z)*(—log(1 — z)) = 2/(k(k — 1)(k —2)) for all k > 3,

and hence
[ZK1(1 — 2)*(—log(1 — z)) ~ 2/k* as k — oo.
Thus,
POX = k) = exp(—06(1-) 7 = ()
_C ok 2 _onL 20
= [Z10 —2)"(—log(1 —z)) yTE R

as k —> oo. If 0 > 1/¢'(1—) = 2 (supercritical case), then, by Theorem 2.2, the associated
compound Poisson model is in the domain of attraction of the Kingman coalescent
and the coalescence probability cy satisfies limy_,., Ney = 1+ 0z2¢"(z), where z is the
solution of the equation 0z¢’(z) = 1 in the interval (0, 1).
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If 0 = 2 (critical case), then, by Theorem 2.3, the compound Poisson model is in the
domain of attraction of the Kingman coalescent and, by (2.11), applied with constant
¢ = 0 = 2, the coalescence probability satisfies cy ~ (log N)/N as N — oo.

If 6 € (0,2) (subcritical case), then, by Theorem 2.5, the model is in the domain of
attraction of a discrete-time A-coalescent with A(du) := u?5, and u :=1—0¢'(1—) =
1—-0/2€(0,1).

We provide another example satisfying ¢'(r—) < co and ¢ (r—) = oo.

Example 4.8 (Lamperti model). Fix o« € (1,2) and a € (z,00) and assume that ¢(z) =
az—1+(1—z)*. Note that ¢; =a—a >0 and ¢, = (—1)"(2)n >0 for m € {2,3,...}.
The series ¢ has radius of convergence r = 1 with ¢(1—) = a — 1 > 0. Moreover,

P'z)=a—oa(l =2, ¢"(z) =alx—1)(1 -2,
and ¢'(1—) =a € (1,00) and ¢"(1—) = co. It is readily checked that
Dy(z) ;= exp(0gp(z)) = A+ B(z — 1)+ C(1 —z)* + O((1 — 2)*), z—1,
where 4 := ®y(1—) = exp(f(a — 1)), B := ®)(1—) = HaA and C := 0A. Thus,

7O — 00 ~ S0 -~
as k — oo, where ¢ := C/(Al'(—a)) = 0/T'(—a). If 6a > 1 (supercritical case), then, by
Theorem 2.2, the associated symmetric compound Poisson population model is in the
domain of attraction of the Kingman coalescent and the coalescence probability cy
satisfies cy ~ (1 + 0z2¢"(z))/N as N — oo, where z = z(0) is the solution of the equation
0z¢'(z) = 1 in the interval (0, 1).

If fa =1 (critical case) then, by Theorem 2.3, the model is still in the domain of
attraction of the Kingman coalescent, and, by Theorem 2.4(c), applied with constants
Kk =1and ¢ =0/T'(—a) = 1/(al'(—a)), the coalescence probability cy satisfies

o1 o X7 g(—x)dx N2
al’(—a) g(0) ’
with the density g as defined in Theorem 2.4(c).
If 0 < 0a < 1 (subcritical case), then, by Theorem 2.5, the model is in the domain of

attraction of a discrete-time A-coalescent with A = u?d, andu =1 —0¢'(1—) =1 —0a €
(0, 1).

P(X = k) = exp(—0¢(1-))

CN N — oo,

The following last example has much in common with the polylog model (Example 4.6).

Example 4.9 (exp polylog model). Fix o € (0,00), let

o0

Z(z) =) */(k+1)

k=0
be the polylog function divided by z and define ¢(z) := log(Z(z)), |z] < 1. Note that

ok(0)/k! = [ exp(0(2)) = [21(Z(2))" = 0/(k + 1)"
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for all k € N and all 0 € (0,00). Therefore ¢, = limy_,0,(0)/0 > k!/(k + 1)* > 0 for all
k € N, so ¢ is a power series of the form

D) = bit k!
k=1

with strictly positive coefficients ¢, > 0, k € N. For « = 1 we have
¢(z) = log(—log(l —z)/2)
and for « — 0 we approach the Dirichlet model (Example 4.2) with
¢(z) =—log(l—1z), |z|]<1.
For 2 < o < 3 we have
Z@Z) =L@ +loa—D)z—1)+T1—a)1—z)* 1+ 0((1—2)%), z-1.
Taking the 0-power yields

(Z(2))" = (C(@)" + 0L (@)’ 'L — 1)(z — 1)
+0L(@) T —a)(1 — 2" + O((1 — 2)?)

as z — 1. Using standard singularity analysis (see Flajolet and Sedgewick [7, p. 385,
Theorem VI.2] it follows that

0
POX = ) 1= exp(—0(1-) 72

= (L(@) [ exp(0(2))
= (L@) ' [Z1Z ()" ~

0
C o)k

as k — oo. The same asymptotic result for P(X = k) is checked similarly for arbitrary
o € (0,00).

Let us now discuss the asymptotic behaviour of the model. If o < 2, then ¢'(1—) = o0, so
Theorem 2.2 is applicable for all 6 € (0, 00), which implies that the associated compound
Poisson model is in the domain of attraction of the Kingman coalescent.

Assume now that o« > 2. Then ¢'(1—) = (e —1)/{(x) —1 € (0,00). In this case the
equation 0z¢’'(z) = 1 admits a solution z = z(0) € (0, 1) if and only if 8 > 6, with critical
value 6, := 1/¢'(1—) € (0,00). Thus, Theorem 2.2 is not applicable for 6 < 6.

If 0 =0, (critical case), then, by Theorem 2.3, the model is still in the domain of
attraction of the Kingman coalescent and, by Theorem 2.4, part (c) applied with o
replaced by « — 1, so with constants

=T —0)/{(x) and c:=0./{(2) =1/(¢'(1-)(2)) = 1/({(ox — 1) = L(x),
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the coalescence probability ¢y satisfies

1 fow xz_“g(—x) dx 20-a)fa—1)
N22-2/e=D) i 5y e (2.3
Dl g0 o€ (23),
N~ 1 log N _ 1 12898108 if o = 3
202 —L3) N e
Var(X)/N if o € (3, 00),

where, in the first case o € (2,3), g denotes the density of an (z— 1)-stable random
variable with characteristic function ¢+ exp(0.I'(1 — o)(—it)*~!), t € R, and in the third
case o € (3,00),

" ¢"(1=) _ {(@){(x—=2) = ({(z=1))
V) = HH 0 =1 D) = tata—D @)

since Z"(1—) = {(o — 2) — 3{ (o« — 1) + 2{ () and, hence,
" Z"(15)Z(1-) = (Z'(1-))?
Pio= Z(1-)P
_ {@)(x—2) = L@ —1) + (@) = (e — 1))

({(2))? '
If 0 < 6 < 6, (subcritical case), then, by Theorem 2.5, the associated symmetric compound
Poisson model is in the domain of attraction of a discrete-time A-coalescent with A = 1%,
andu =1—-0¢'(1-)=1—-0((x—1)/{(x) — 1) € (0, 1).

Appendix

The following simple but useful lemma is needed in the proof of Theorem 2.2.

Lemma A.l. Let ay,ay,... € [0,00) such that Zfl’,l anq™ < oo for some q € (1,00). Define

Z aycos(mt), teR.

m=1

If a; > O then there exists gy > 0 such that sup,, <, f(t) < f(e) for all & € [0, ¢].

Proof. Since f(t) = f(—t) for t € R it suffices to find some g > 0 such that sup,,, f(t) <
f(e) for all ¢ € [0, &)]. Obviously,

f0)—f(t) = ia,n(l —cos(mt)) = a;(1 —cost) >0 fort € (0,2n),

so f(t) < f(0) for t € (0,2n). For arbitrary but fixed t € (—o0,logq), the map
(m, k) = ay(—1) (me)* /(2k)!
is integrable with respect to the counting measure ey ® ey, on N x Ny, since

0 o) (mt 0
Z Z 17 Z ape” Z amq™ < o0
=0 m=1

m=1 m=1

o0 o0

(mt
(2k

A (—

m=1 k=0
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by assumption. Thus, by Fubini’s theorem,

f@t) = Z am cos(mt) = mz:l m Z(— )k mt) zm% 1)k (2tkk ' zm: Ky,

m=1

so on the interval (—oo,log q) the function f is a power series in t. Together with
f'(0)=0 and f"(0)= Zm am <0

it follows that there exists a constant ¢ € (0, 7) such that f is non-increasing on [0, J]. The
continuous function f takes its supremum on the compact set [0, 7], SO SUpe(s f(2) =
f(to) for some ty € [4,n]. Now choose ¢ € (0, ) sufficiently small such that f(g) > f(t),
which is possible since f is continuous and f(0) > f(ty). Now let ¢ € [0,¢] arbitrary
but fixed. For ¢ € (¢,0] we obtain f(t) < f(¢), since f is non-increasing on [¢ 0]. For

€ [0,7] we have f(t) < f(to) < f(e) < f(e), since f is non-increasing on [e, g]. Thus

Sups;<t<n f(t) A f(g) ]

In the following we provide some results for certain a-stable distributions, which, to the
best of the authors’ knowledge, are not stated, or at least are quite hard to find in the
literature. Our first result concerns half-sided moments.

Lemma A.2. Fix d>0and 1 <o <2. Let S be an o-stable random variable with char-
acteristic function t— exp(d(—it)*), t € R, and let g denote the density of S. Then, for all

ﬁ € (—1,0),
0
E((—S)1is<q)) = / Pg(—x)dx = dP/* ———
0
Moreover, P(S < 0) = 1/o and g(0) = d="/*|T'(—1/a)|~".

Proof. Since S has the same distribution as d'/%S,, where Sy is a random variable with
characteristic function t — exp((—it)*), t € R, we may assume without loss of generality
that d = 1. By the Fourier inversion formula,

/0 xPg(— x)dx—/ xﬁ / exp(itx + (—it)*) dt dx

—/ exp((—it)* / P exp(itx) dx dt
= % / exp((—it)*)(—it) P~ dt

= F(ﬂz: DI [3/0( 2sin(—nf3 /o)

rg+1) _ TP
aT(1+B/a) ~ T(B/a)

where the second last equality follows from Euler’s reflection formula

sin(nz)['(z) = n/T(1 — z),
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applied to the point z := —f/a < 1/a < 1. The relation P(S < 0) = 1/« follows by taking
the limit § — O in the second last fraction above. Similarly,

1 o LT/, __ 1
2(0) = - / expl(—it)")dt = 5= P sin/o) = s

T —1
) = [[(=1/0)|".

Let X1, X»,... be independent copies of a random variable X having distribution (2.10).
We provide a weak limiting result for Sy = X1+ -+ Xy, N € N, which holds under
the asymptotic assumption (2.12) on the power series ¢. The result provides detailed
information on the rate of convergence in terms of the characteristic functions. As an
application (see Theorem A.4) a local limit theorem is obtained which provides information
on the convergence rate.

Lemma A.3. Assume that Or¢'(r—) =1 (critical case). If there exist constants o € (1,2)
and x = i(a) > 0 such that the power series ¢ of the considered compound Poisson model
satisfies (2.12), then (Sy — N)/NY* — S in distribution as N — oo, where S is an o-stable
random variable with characteristic function ¢(t) := exp(Oxr*(—it)*), t € R. Moreover, there
exists a constant C > 0 such that the difference of the characteristic functions ¢, _n) N/
of (Sx — N)/NV* and S satisfies

|@(sy—nywi+ (1) — @(6)] < lo(0l(eCN " — 1) (A1)
for all N € N and all t € R.

Proof of Lemma A.3. Lett € R. By (2.12), the characteristic function ¢y of the random
variable X with distribution (2.10) satisfies

logox(D) _ P(re") — p(r—) = ¢'(r—=)(re" —r) + k(r —re")* + O((r — re'")?)

0
= r¢/(r=)(e" — 1) + kr*(1 — ") + 0(*(1 — €")?)
= r¢/(r=)(it + O(£?)) + xr*(—it + O(t*)) + O(£*)
= r/(r—)it + kr*(—it)" + 0(¢*), t— 0.

For convenience, let By := N'/* for all N € N. The characteristic function of (Sy — N)/By
satisfies

(" Ny — =N (g (1/ By )Y,
and therefore
log E(e"SN=NV/BNy — _itN /By + N log @x(t/By)
= —itN/By + NO(r¢'(r—)it/By + xr*(—it/By)* + O((t/By)*))
= —itN/By (1 — 0r¢/(r—)) + Oxr*(—it)* + O(£*N /B3
= Oxr*(—it)* + O(t*N/B%) = log ¢(t) + O(* N/ B,).
Note that we have used that 0r¢’(r—) = 1 (critical case). Thus, for all ¢ € R,

E(eit(SN—N)/BN) _ elogw(t)JrO(tzN/B}V) _ (p(t)eO(er/szv),
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where the constant of the O-term so far does not depend on ¢t and N, which implies that
(A.1) holds. For arbitrary but fixed ¢, we obtain in particular

E(e"NN/BN) = o(1)(1 + O(N/B3) = @(t) + O(N/By).

Note that N/B = N'"2/* -0 as N — co. By the continuity theorem it follows that
(Sy — N)/NY* — § in distribution, where S has characteristic function ¢. ]

We are now able to verify a local limit theorem which provides information on the rate
of convergence.

Theorem A.4 (strong local limit theorem). Assume that the conditions of Lemma A.3 are
satisfied. Then, we have the local limit theorem

sup [dy (k)| = O(N'/%),
keZ

where
dy(k) = N'"P(Sy = k) — g((k — N)/N"/*)

and g denotes the density of the limiting o-stable random variable S defined in Lemma A.3.

Proof of Theorem A.4. We modify the proof of the local limit theorem for lattice
distributions of Ibragimov and Linnik [12, Theorem 4.2.1]. By the Fourier inversion
formula, S has density

o0

g(x)=(2n)~! / e ™ p(t)dt, xeR.
—0o0

As in the proof of Lemma A.3 define By := N'/*, N € N. The discrete inversion formula

ensures that the integer valued random variable Sy := X| + - - - + X has distribution

21 2n

-7 —T

P(Sy =k) = = / " e g, () dt = - / " e (g ()" du

TIBN
! / /B (g (/By) d

27TBN —nBy

1 nBN .
/ e ENIBN) (o (t/By)N dt, k€ Z,
—nBy

- 27'CBN
where we have used the substitution u = t/By and the notation x := (k — N)/By. Thus,

|dn (k)| = |BNP(Sy = k) — g(x)]

1y (™ . ©
=5 [ e gt/ ar - [ e o ar
—nBN

—0o0

BN )
< / BN (o (t/Ba )Y — (1)) di + / () dt

—nBn [t|>nBN

<+ +13+ 14,
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with
kN .

L= [ 1™ /B — o0l e

—ky
— N

i [ ext/odr

kn<[t|<eBn

I3 :=/ lox(t/By)|V dt, and
eBn<|t|<nBN

Iy = / (1) dt,
[t|>kn

where we choose ky := By/+/N = N/*71/2 and where ¢ € (0,7) is a constant, to be
determined. Note that the integrals I}, j € {1,2, 3,4}, coincide with those on p. 122 of [12],
except for the crucial modification that the constant A on p. 122 of [12] is replaced by ky
satisfying ky > 1 for all N € N and ky — o0 as N — co. We now turn to the estimation of
these integrals and will show that I, = O(N'=*/%) and that I,, I5 and I, are smaller than
O(Nl —Z/a)‘

(1) By (A.1) there exists a constant C > 0 (not depending on t and N) such that
e ™Y (x (/BN — 0(0)] < l@(0)](e“ NP —1), NeNieR

Applying the inequality e* — 1 < xe*, x € R, to the point x := Ct*N /B3, yields

4 N
[ (ox(t/Ba)Y = 0(0)] < o0 CE eV, N eN.reR.
N

For all |t| < ky we have Ct?N /B3, < C, and it follows that
. N
e N (px 1/ By)™ = @(0)] < Ce oz Plo(®)l, N € N[t <ky.
N
Since, by (3.7),

/ £|o(r)| dt < oo,

—00

it follows for all N € N that
o0
I < CeC(N/BY) / Clo(0)]dt = O(N'>/%)
—0

as required.

(2) As in the proof of Theorem 4.2.1 of [12] it follows that, for any J € (0,«), there
exist constants ¢(d) € (0,00) and &(d) > 0 not depending on N and a constant No(J) € N
such that |y (t/By)|N < e~ for all |t| < &(3)By and all N > No(3). Thus, choosing
0 := o/2 and using the notation ¢ := c¢(a/2) and ¢ := ¢(a/2), it follows for all N > Ny(x/2)
that
%/2 « %/2 *© 4
L < / e dr < 2 / e dr <2 / e Nt ~ = \fkye VR,
kn<|tl<eBn c

kn kn

a quantity smaller than O(N?) for any f < 0, so in particular smaller than O(N'=%/%).
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(3) From [12, Theorem 1.4.2] it follows that there exists a constant g € (0, 1) such that
lpx(u)| < g for all u € [¢,n]. Thus,

I; = BN/ |q)x(u)|Ndu < 2nBNqN,
elul<n

a quantity smaller than O(N”) for any § < 0.

(4) In order to estimate the integral I4 define

¢ :=0kr* € (0,00) and D :=—ccos % € (0,00)

for convenience. We have

0
14 — / ecRe((—iz)“‘)dt _ / eclt\“‘ cos(mx/2)dt _ 2/ e_Dmdt.
[t>kn [t]>kn k)

Noting that ky > 1 for all N € N and that « > 1, it follows that

o0
1,<2 / ePldt = (2/D)e Pk,
k

N

again smaller than O(N”) for any f < 0. O
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