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ABSTRACT 

When fluid passes a cavitator in the supercavitating flow, a supercavity forms behind the cavitator.  
Variation of the cavitator attack angle can influence theshape of the formed supercavity behind the cavi-
tator.  Consequently, it will affect the stability of supercavity behind the supercavitating cavitator with 
after body.  In this study, a direct boundary element method (DBEM) is being formulated and numeri-
cally solved for3D unbounded potential flowspassing supercavitating bodies of revolution at different at-
tack angles.  In the analysis of potential flows passing supercavitating bodies at non-zero attack angles, a 
cavity closure model must be employed in order to close the mathematical formulationand guarantee the 
solution uniqueness.  In the present study, we employ modified Riabouchinsky closure model.  Since 
the location of the cavity surface is unknown at prior, an iterative scheme is used and for the first stage, 
an arbitrary cavity surface is assumed.  The flow field is then solved and by an iterative process, the lo-
cation of the cavity surface is corrected.  Upon convergence, the exact boundary conditions are satisfied 
on the body-cavity boundary.  A powerful CFD codeis developed to solve the 3D supercavitating flows 
behind all types of axisymmetric cavitators (such as disk, cone, etc) at zero and non-zero attack angles.  
The predictions of the CFD code are compared with those generated by verified existing data.  The pre-
dictions of the code for supercavitating cones and disks seem to be excellent.  Using the obtained data 
from CFD code, we investigate the supercavity shapesand corresponding stability at different attack an-
gles with a fixed cavitation number. 

Keywords: Boundary element method, Supercavitating flows, Cavitator, Cavity closure, Cavitation 
number, 3D, Attack angle. 

1.  INTRODUCTION 

Supercavitation is a revolutionary means to achieve 
drag reduction up to 90 on an underwater body [1].  
This level of drag reduction will have dramatic effects 
on the operation of naval forces.  The high level of 
drag reduction is achieved by enveloping the body 
within a gaseous cavity.  Only small area at the nose 
(cavitator) remains in contact with the liquid.  

The study of axisymmetric and three-dimensional 
supercavitating flow problems has always been of great 
interest, since they are in general more applicable to 
reality than two dimensional models.  Of the early 
work on infinite-length axisymmetric supercavitating 
flow, we note Reichardt [2], who experimentally stud-
ied the axisymmetric supercavitating flows, and Gara-

bedian [3], who developed an analytical method for 
calculating cavity shapes, though the accuracy of the 
method he presented is limited.  Following the work 
on axisymmetric flow by Reichardt [2] and Garabedian 
[3], attention was paid to finite-length cavities spring-
ing from bodies of revolution by a number of authors, 
such as Cuthbert and Street [4], Brennen [5], Chou [6], 
Aitchison [7], Hase [8] and Varghese, Uhlman and Kir-
schner [9].  These authors used a variety of techniques 
for modeling the supercavitating flows including finite 
difference, finite element, boundary integral and inte-
rior source methods.  Ingber presented a numerical 
modelling (BEM) in order to calculate a partially cavi-
tation behind a body of revolution with after body and 
at zero and non-zero angle of attack [10]. 

The most useful information from a solution of a 
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supercavitating flow problem is the spatial location of 
the free surface (cavity surface) and knowledge of ve-
locities and/or pressures along the boundaries.  This 
realization leads one to feel that domain-type tech-
niques (such as FDM and FEM) are computationally 
inefficient and that the problem is ideally suited to a 
boundary element method (BEM) solution [11].  

The boundary element method is based on the de-
scritization of an integral equation that, mathematically, 
is equal to the governing partial differential equation of 
the problem.  The one of the main advantages of the 
boundary element method is that in which, instead of 
the whole domain, we generate the mesh only on the 
boundaries of the domain and so, the number of the 
generated meshes reduces considerably.  This advan-
tage decreases the numerical solution run-time and so-
lution costs [12].  

At literatures such as [11], [13] and [14] the authors 
deducedthat for supercavitating flows, the BEM gives 
more accurate solutions than finite difference or finite 
element methods.  Moreover, the method can, in most 
cases, provide an order of magnitude increase in effi-
ciency over finite difference or finite element methods.  
As mentioned before, the gain in efficiency and ease of 
use is due to the fact that solution of thepartial differen-
tialequation in the entire domain is reduced to the solu-
tion of an integral equation on the boundary of the do-
main. 

In this study, we present a formulation of direct 
boundary element method for finding numerical solu-
tions to 3D supercavitating flows involving finite- 
lengthsupercavities.  An example of such supercavity 
is shown in Figs. 1 and 2, where we illustrate finite- 
length cavities with modified Riabouchinsky closure 
models behind a cone.  It should be noted that this 
closure model has been chosen as a compromise be-
tween simplicity and physically validity [15].  Ac-
cording to the modified Riabouchinsky closure model, 
an image disk is introduced at a certain distance down-
stream of the real body (cavitator) to make the cavity 
closed.  Application of this closure model for the axi-
symmetric boundary-element method is discussed in 
detail in Kirschner et al. [16].  Since the location of 
the cavity surface is unknown at prior, an iterative 
scheme is used.  Where, for the first stage, an arbitrary 
cavity surface is assumed.  The flow field is then 
solved and by an iterative process, the location of the 
cavity surface is corrected.  Upon convergence, the 
exact boundary conditions are satisfied on the 
body-cavity boundary.  The iterative scheme for de-
termining the cavity surface position is similar to that of 
references [17-19]. 

A powerful CFD code is developed to solve the 3D 
supercavitating flows behind all types of axisymmetric 
cavitators (such as disk, cone, etc) at zero and non-zero 
attack angle.  The predictions of the CFD code are 
compared with those generated by existing supercavita-
tion software data.  The predictions of code for 
supercavitating cones and disks are seen to be excellent.  
The main goal of this study is to investigate the influ-
ence of the attack angle variation in the cavity shape 
and supercavity stability with a fixed cavitation number. 

 

Fig. 1 Side view of finite-length supercavity with 
modified Riabouchinsky closure model 

 

Fig. 2 Isometric view of finite-length supercavity 
with modified Riabouchinsky closure model 

2.  POTENTIAL FLOW FORMULATION 

Consider the unbounded, steady and irrotational flow 
of an inviscid and incompressible liquid past a super-
cavitating cone placed at non-zero attack angle in the 
flow direction (Fig. 3).  The flow is then a potential 
flow and hence possesses a potential function, , which 
in the fluid satisfies Laplace’s equation: 
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x y z

     
     

  
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The potential function can be subdivided into two 
parts: One part due to the free stream, fs, and the other 
part due to the perturbation caused by the body and 
cavity, p.  The potential function due to the free 
stream, fs, can be calculated as follow: 

 fs U R  
 

 

where, U


 is the freestream velocity vector and R


 is 

the position vector. 
So, the potential function due to the perturbation 

caused by the body and cavity, p, can be defined from 
the total potential by: 

 pU R    
 

 (2) 

So that the disturbance velocity is given by the gra-
dient of the disturbance potential, the disturbance po-
tential also obeys the Laplace’s equation: 
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3.  BOUNDARY CONDITIONS  

The requirement that the flow be tangential to the 
cavity and body surface (Sc and Sb) gives the following 
kinematic condition on the body-cavity surface, S  Sc  
Sb: 

Modified Riabouchinsky Closure 
Cavity Surface 

Cone Cavitator 
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Fig. 3  Typical problem geometry 
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n





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where, n


 is the unit vector normal to the body-cavity 
surface (see Fig. 3).  Combining Eq. (2) with (4) 
gives: 
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Similarly, a dynamic boundary condition (constant 
pressure or constant velocity) must be applied on the 
cavity surface, Sc.  Using Bernoulli’s equation, it may 
be shown that this condition becomes: 

 1 onc cU U S    (6) 

where,  is the cavitation number and Uc is the constant 
representing the liquid velocity along the cavity sur-
facethatcan be calculated as follow:  
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Combining Eq (7) with (6) gives: 
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  (8) 

4.  DIRECT BOUNDARY ELEMENT METHOD 
FORMULATION 

The problem governed by Eqs. (3), (5) and (8) is 
highly nonlinear not only because the dynamics bound-
ary condition represents a nonlinear boundary condition 
but also because the position of the cavity surface is 
unknown at prior.  Since this position is of primary 
concern, the DBEM is well suited for this problem.In 
the DBEM formulation, a boundary integral equation 
(BIE) is derived from Laplace’s equation (Eq. 3) 
through application of Green’s second theorem.  In 3D 
flow, it has the following form: 
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where, n


 is the unit vector normal to the body-cavity 
surface, 0R


 is the position vector of an interior ‘load’ 

point or ‘source’ point with coordinates (xp, yp, zp), R


 
is the position vector of a ‘field’ point with coordinates 
(xo, yo, zo) and 0( , ) /G R R n 

  
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first and second kernels respectively and defined as 
follows: 
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5.  NUMERICAL SOLUTION 

To solve the three-dimensional potential BIE nu-
merically, the body-cavity surface is discretized intoa 
number of connected elements.  The discretization of 
the body-cavity surface is accomplished with rays in the 
direction of the axis of the body and transverse rings 
(Fig. 2).  Previous experiences of  BEM users have 
established that in most three-dimensional problem 
analysisapplications, isoparametricquadratic elements 
provide the best compromise between accuracy andef-
ficiency [12].  In three-dimensional problems, it is 
convenient to divide the surface into quadrilateral ele-
ments with a quadratic curve on each side.  Since three 
nodes are needed for a quadratic curve, the total number 
of nodes in each element is eight.  We can introduce 
two local (intrinsic) variables 1 and 2 with their ori-
gins at the center of the element and limiting values of 
1 and 1 at the outer edges (see Fig. 4).   

Therefore, the geometry of an element can be de-
scribed by the coordinates of its eight nodes and shape 
function as follows:  
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Note that, in the above equations, , ,j j j
c c cx y z  is the 

coordinates of the cth node of the jth element and (X j, Y j, 
Z j) is the coordinates of the any point on the jth element.  
The shape functions Nc(1, 2) must satisfy two condi-
tions: 

1. Nc(1, 2)  1 at node c 
2. Nc(1, 2)  0 at all other nodes 
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Fig. 4 Three-dimensional isoparametric quadrilateral 
quadratic element 

Using above conditions, the shape functions can be 
explicitly written in terms of intrinsic coordinates 1 

and 2. 
The BIE of Eq. (9) cannow be written in terms of the 

local coordinates 1 and 2 as follows: 
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The symbol Gij means the Green’s function with the 
source point at the centroid of the ith element and with 
the field point varying over all locations in the jth ele-
ment as the integration is carried out.  The symbol J(1, 
2) is the Jacobian of the transformation due to trans-
formation of the variable from the surface to the intrin-
sic coordinates 1 and 2.  In the above discretized 
equation, the only unknowns are the values of p on the 
N element centroids.  So, there will be N equations.   

Define: 
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Then, the final set of equations for the N values of p 
is: 
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For the numerical solution of the problem, we guess 
an initial cavity surface location (see Fig. 5).  Then the 
body-cavity surface, S, is subdivided into a number of 
elements (see Fig. 6).  The mesh concentration is 
higher near the cavity surface detachment and reat-
tachment zones because of singularity in these zones.   

The DBEM solution then produces the values of 
disturbance potential, p, at thecentroid nodes of the 
boundary elements.  The central problem is calculation 
of the velocity at the body-cavity surface.  At each 
element, the total flow is tangent to the body-cavity 
surface so we need only find tangential velocity.  The 
tangential velocity is the tangential derivative of the 
total potential,  (perturbation potential plus any exte-
rior potential for the steady flow problems we have 
been considering).  We know how to determine the 
tangential derivative at a point using a modified central 
difference procedure for smooth objects.  Even when 
the object has a sharp edge (detachment and reattach-
ment zones) or tip, this procedure can be used for all 
central nodes of elements except for those adjacent to a 
sharp edge and tip.  In addition, the numerical deriva-
tive can be determined at a point that is midway be-
tween the first and second central nodes from the sharp 
edge (and tip).  Then the tangential derivative can be 
approximated at a central node nearest the sharp edge 
(and tip) by numerical extrapolation.  The obtained 
values for velocity at central nodes of elements on the 
cavity surface are all equal for the correct cavity surface 
position shown in Fig. 5 (but, of course, not for the as-
sumed one), and it is essential that a procedure be de-
vised to properly move the cavity surface in the steps of 
the iteration scheme so that the constant-velocity or 
constant pressure condition bemore closely satisfied on 
the moved surface.  The iterative scheme here is the 
one employed by Shafaghat et al. [17-19].  It should 
be noted thatthe convergence of the iteration is de-
pendent on the initial guessedsurfacefor the location of 
the cavity boundary surface.  In fact, if the initial 
guessis poor, the iteration may not converge at all.  
Therefore, it is beneficial to have a method for gener-
ating the initial guess for the cavity surface, capable of 
reducing the computational costs.  In this work, the 
initial guess for the cavity surface is generated by con-
sidering the points of cavity surface detachment and 
cavity surface reattachment and then fitting an arc of a 
circle through these points, which is tangent to the body 
at detachment point (each ray is an arc of a circle). 

6.  ITERATION PROCEDURE 

According to the previous subsection, the iteration 
procedure will be as follows: 
(i) Assume an initial cavity surface location. 
(ii) DBEM solution provides value of velocity at central 

node of each cavity surfaceelement (qci). 

(iii) Calculate the displacement of each element (in di-
rection of unit normal vector of each element), us-
ing the following empirical relation: 
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Fig. 5 Side cross section of discretized body-cavity 
surface 

 

Fig. 6  Discretized body-cavity surface 

 
2 2

3| 500 500 |

1000
iS C

i i

q q
r r


    (18) 

where  is a relaxation parameter, qci is the value 
of velocity at central node of ith elementof the cav-
ity surfaceand qs is the value of velocity at separa-
tion point.   

(iv) Compute the relative norm of increments 
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1 k kN
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k
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r r
Norm
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
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where N is the number of cavity surfaceelements.  
If the norm is smaller than a specified tolerance , 
the process has converged and is terminated; other-
wise, the cavity surface is moved to a new location 
given by 1 1k k k

i i ir r r    and the process re-
turns to step (ii). 

7.  RESULTS DISCUSSION 

In order to obtain the final results, the cavitator and 
cavity dimensions, closure model properties and dif-
ferent attack angles are presented in Table 1. 

Since there isno qualified experimentaldatato verify 
the obtained results, the 3D coderesults are verified 
bythe results of the other similar solutions at zero attack 
angles.  We compared the results with the results of 
the existing verified axisymmetric supercavitation 
software [19,20].  As you see in Figs. 7 and 8, the ac-
curacy of the 3D code results is acceptable. 

After verifying the results, we solved the 3D super-
cavitation problem at non-zero attack angles.  In order 
to investigate the results of 3D supercavitating flows, it 
should be noted that in a fixed infinity conditions (P  
U), cavitation number doesn’t change with different 
attack angles.  With respect to iterative procedure, 

Table 1  Final solution conditions 

Main properties Description 

Cavitator type Cone 

Cone head angle (degree) 90 

Cavitator diameter 1 

Cavity dimensionless lengths 5, 10, 15 and 20 

Cavity closure model Modified Riabouchinsky 

Disc diameter 
(in closure region) 

1 

Attack angles (degree) 0, 1, 3, 5 and 10 
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Fig. 7  Cavity widths for cavities of various lengths 
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Fig. 8 Cavitation numbers for cavities of various 
lengths 

supercavity shapes are obtained at a known cavity 
length.  So, at a fixed cavitation number and cavity 
length, the supercavity geometric characteristics are 
obtained for different attack angles.  Figure 9 shows 
the sample results for 1/d  10. 

As you see in Fig. 9, by increasing the attack angle, 
the cavity shape deviates toward flow direction.  In 
order to describe thesupercavity behavior at different 
attack angles, the cavity width characteristic, (tu / td), is 
introduced (see Fig. 10).   

Correct Cavity Surface 
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Fig. 9  Sample results for l/d  10 

 

Fig. 10  Cavity width characteristics definition 

Variation of the cavity width characteristicsby 
changing the attack angle at different dimensionless 
cavity lengths arepresented in Table 2 and Fig. 11. 

Any disturbances destroying the supercavity shape 
may cause the motion path deviation.  An important 
question in supercavitating body motion is that do these 
bodies can keep their way toward the target after im-
posing a non-zero attack angle?So, an important prob-
lem is the control strategy in supercavitating bodies.  
By increasing the attack angle, the cavity shape devi-
ates toward the flow direction.  When dimensionless 
cavity length is large (in supercavitation state), chang-
ing of the cavity width characteristics is notable.  In 
this condition cavity surface cuts the after body surface 
and then pressure distribution on the after body surface 
will change.  So, supercavity in a supercavitating case 
with after body will be unstable by changing the attack 
angle (Fig. 12). 

8.  CONCLUSIONS 

In this study, the supercaviy shapes at zero and non- 
zero attack angles of axisymmetric cavitators are inves-
tigated.  We can present the final conclusion as fol-
lows: 

Table 2 Cavity width characteristics for various attack 
angles and various dimensionless cavity 
lengths 

(tu/td) Attack Angle
(Degree) l/d = 5 l/d = 10 l/d = 15 l/d = 20

0 1 1 1 1 

1 1.016551 1.039178 1.047005 1.078987

3 1.047842 1.111049 1.135733 1.208316

5 1.076845 1.175322 1.204178 1.316214

10 1.143427 1.315936 1.348859 1.515203
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Fig. 11 Cavity width characteristics for various attack 

angles and various dimensionless cavity 
lengths 

 

Fig. 12 Schematic of supercavity formed behind a 
supercavitating case with after body 

1. Direct BoundaryElement Method (DBEM) can be a 
suitable method in order to investigation the 3D su-
percavitating flows. 

2. It should be noted that the convergence of the itera-
tion is dependent on the initial guessed surface for the 
location of the supercavity boundary surface. 

3. In 3D supercavitation problems, isoparametric quad-
ratic elements provide the best compromise between 
accuracy and efficiency. 

4. By increasing the attack angle, the supercavity shape 
deviates toward the flow direction.  When dimen-
sionless cavity length is large (in supercavitation 
state), changing of the cavity width characteristics is 
notable.  In this condition, supercavity surface cuts 
the after body surface and then pressure distribution 
on the after body surface will change.  So, supercav-
ity in a supercavitating case with after body will be 
unstable by changing the attack angle.  
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