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Abstract. In this paper, a local multilevel algorithm is investigated for solving linear
systems arising from adaptive finite element approximations of second order elliptic
problems with smooth complex coefficients. It is shown that the abstract theory for
local multilevel algorithm can also be applied to elliptic problems whose dominant
coefficient is complex valued. Assuming that the coarsest mesh size is sufficiently
small, we prove that this algorithm with Gauss-Seidel smoother is convergent and
optimal on the adaptively refined meshes generated by the newest vertex bisection
algorithm. Numerical experiments are reported to confirm the theoretical analysis.

AMS subject classifications: 65F10; 65N30
Key words: Local multilevel algorithm, Adaptive finite element method, Complex coefficients,
Gauss-Seidel smoother.

1. Introduction

Multilevel or multigrid methods are very efficient for solving the systems arising
from the approximation of elliptic boundary value problems. The convergence prop-
erties of multigrid methods on quasi-uniform meshes have been studied by [2,5, 7,
9,11,16,18,30,31] and the references therein. Multigrid methods on locally refined
meshes was first introduced by Brandt [10]. Subsequently, the techniques on locally re-
fined meshes have been widely investigated, such as the multilevel adaptive technique
(MLAT) in [1,20,27] and the fast adaptive composite grid (FAC) methods in [21-24].
Recently, Wu and Chen [33] proposed a multigrid V-cycle algorithm with Gauss-Seidel
smoother on adaptive refined meshes generated by the newest vertex bisection algo-
rithm, they proved that this algorithm is convergent and optimal when the smoother
performing only on the new nodes and their “immediate” neighbors (i.e., the old nodes
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whose support or the nodal basis function has changed). Therefore, this multigrid
algorithm is more robustly applied to practical problems. Based on the well known
Schwarz theory [29], Xu and Chen [13, 32] proved the convergence of some local
multilevel algorithms with Gauss-Seidel and Jacobi smoothers applied to second order
elliptic boundary value problems.

The purpose of this paper is to study local multilevel algorithm applied to second
order complex coefficient elliptic problems. Complex coefficient problems arising from
time harmonic scattering and radiation have been studied in [4,8,14,19]. Gopalakrish-
nan and Pasciak [17] proved that multigrid algorithm is convergent on quasi-uniform
meshes for second order elliptic problems with smooth complex coefficients. In this
paper, adopting the techniques developed in [13], we analyze the convergence of local
multilevel algorithm with Gauss-Seidel smoother applied to complex coefficient elliptic
problems. The key is how to extend the assumption conditions presented in [13, 30]
to complex coefficient case and verify them. Based on the perturbation arguments pro-
posed in [17], it is shown that this algorithm converges if the mesh size of the coarsest
grid is sufficiently small.

We shall use the standard notation for the Sobolev spaces W,"({2) with norm || -
llmp.o and the seminorm | - |, , o [15]. For p = 2, we denote H™(Q2) = W3 (Q),
HY(Q) = {v e H'(Q): v loo= 0} | - o = Il - |nz and || - | = |- lo2- Throughout
this paper, the notation = < y (or x 2 y) represent the inequality x < Cy (or x > Cy),
where the positive constant C' is independent of all the variables in the inequality. The
notation z = y is equivalent to the statement that = < y and = 2 y.

The rest of the paper is organized as follows. In Section 2, we describe the multi-
level method on adaptively refined meshes applied to a model of elliptic problem with
complex coefficient. In Section 3, we present a convergence estimate for the local mul-
tilevel algorithm with Gauss-Seidel smoother. Finally, in Section 4, some numerical
examples are given to show the efficiency of the local multilevel algorithm.

2. Multilevel algorithm on adaptively refined meshes

To illustrate the main idea, we consider the following second order elliptic problem

[17]
{ -V (a(x)Vu) = f, inQ, 2.1)

u =0, on 0f),

where Q is a polygonal domain in R? and a(x) : Q — C is a complex valued non-
vanishing function in C?(Q), f € L?(f2). Assuming that there exists a positive constant
o such that |a(x)| > ag for all x € Q.

For brevity, we omit the variable «x in the following exposition. The variational form
of (2.1) is to find u € H}(£2) such that

Au,v) = (f,v) Vo e H}(Q), (2.2)
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where the natural bilinear form is

Au,v) = / aVu-Vode Y u, ve HH(Q)
Q

and (f,v) = [, fudz. Here, T denotes the complex conjugate of v, therefore, (-, ) is the
Hermitian inner product on L?(92) and the corresponding norm is denoted by || - ||. For
all p € H}(Q), if v € HY() satisfies A(v, ¢) = 0 then v = 0, it follows that (2.1) has a
unique solution [17].

Let 7x(k = 0,1,2,...,J) be a sequence of finite element triangulations of the do-
main €2, where the initial mesh 7, is chosen quasi-uniform, and 7;(k > 1) is refined
from 7;_, by the newest vertex bisection algorithm. It is shown in [3] that there exists
a constant ¢ > 0 such that

@KZSO VKEE, (k:1727--'7J)7 (23)

where ¢ is the minimum angle of the element K. Set V, = {v; € Hj(Q)| vilx €
Pi(K), K € Ty} is the continuous piecewise linear finite element space on 7. Denote
the collection of the edges on 7 and the collection of the interior nodes of 7, by &, and
N, respectively. For any z € Ny, let hf be the shortest edge of £(€27), where &£,(£27)
denotes the set of edges of 7, over O} and the domain )} is the union of elements
containing z € N;.

To maintain the optimal complexity of the multigrid algorithm on adaptively refined
meshes, it is required to perform the smoothing only on local nodes [26,33]. Let N
be the set of new nodes and the old nodes whose support of basis function has been
changed, i.e.,

N = {z €Nz € Ng\Nj—1 or z € N} and ¢, # ¢Z,1},

where ¢ is the basis function of node z. For convenience, we denote J\A/k = {z},i =
1,...,ny}, where ny, is the cardinality of N % Additionally, denote by ¢! = qbik the basis
function corresponding to z%, and denote by hy,; = h;* and Qi the support of ¢i .

Lemma 2.1. ([33]) Let Tx(k = 1,2,...,J) be a sequence of nested conforming finite
element triangulations of the domain ) such that Ty is a refinement of T obtained by
the newest vertex bisection algorithm. Then we have, for any xé eN,,

4 I : 4 Py ’
Z Z ,(hj,i> Z Z _ <hj,i>
k=j+1 x%ENk,xQEfI} k=j+1 x%ENk,xQEQ;
where £} = £;(Q}), and for any zl € N,

k-1 h 3 k-1 3
> (#) <1, 3 (h’”> <1. (2.5)
75t O

I=1 gieN; ot €l
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Define the discretization operator Ay, : Vi — Vi by
(Agu,v) = A(u,v)  VYu,ve Vg
and the projection operators Py, : H} () — Vj and Qi : L?(Q) — Vj by
A(Pyu,v) = A(u,v) and (Qru,v) = (u,v) Yu,v € V.
The k" level discrete problem for (2.1) is to find u;, € Vj, such that
A(ug,v) = (f,v) Vo€V (2.6)
From the above analysis, (2.6) can be rewritten as
Agug = [k, 2.7

where [, = Q. f.
The V -cycle multigrid algorithm is an iterative solver for equations of the form

(2.7): given g € V; and initial guess u° € V4, defined a sequence approximating u by
u™ = MG y(u™, g), (2.8)

where MGj(-,-) : V; x Vj — Vj is a linear map defined as follows.

Algorithm 2.1.

Set MGy(v,g) = Aalg. Let k > 1 and v € Vj. Assuming that MGy_1(-,-) has been
obtained, then M Gy(v, g) is defined

(D v =v+ Ri(g — Agv);

(2) V' =V + MGy_1(0,Qr_1(g — Axv'));

(3) MGy(v,g) =" + Rl(g — Ap"),
where Ry, : Vi, — V}, is a linear smoothing operator.

Let Ty, = Ry Ay Py, k =1,...,J and Ty = P,. The error reduction operator deduced
from Algorithm 2.1 is [6]
& = EE*, (2.9)

where E = (I —To)(I —Ty)--- (I — Ty), I is the identity operator in V.
When Algorithm 2.1 is applied to the problem
g(u,v) = / Vu-Vode = (f,v) Ywve H(Q), (2.10)
Q

which is a special case of the variable coefficient problems. Analogously, we can define
the corresponding operators by replacing A(u,v) with A(u,v), to distinguish it from
the general case, we add superscript “A ”on the previously defined notation. Hence,

E=(I-T)I-T)---(I-Ty),
where j—\‘k = kazl\kﬁk,k = 1, ey J and j—\b = ﬁo.
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3. Convergence for elliptic problems with complex coefficients

In this section, firstly, we extend the assumption conditions proposed in [13,30] to
complex coefficient cases. Secondly, based on the perturbation arguments presented
in [17], we give convergence analysis of local multilevel algorithm with Gauss-Seidel
smoother.

Chen and Xu presented the abstract theory for local multilevel algorithm applied to
nonsymmetric and indefinite elliptic problems [13]. It is shown that this theory can be
extended and applied to complex coefficient problems. We first present the following
assumptions.

(A1) There exists a constant K independent of k such that
A(v,v) < KoRe(A(Tv,v)) Vv € Vy,
where T = X_(T;..

(A2) There exists a constant 0 < w < 2 independent of & such that
J o J
A(Tw, Tyw) <w Y Re(A(Tjv,v)) Yo € V.
k=0 k=0
(A3) For any u,v € Vj, there exists a constant K; > 0 independent of k such that
J k-1

ZZRe (Tyu, TU))<K1(ZR€ (Txu,u) ) (ZRe (Tjv,v)) >

k=0 5=0

The following inequality is also required for the local multilevel algorithm with
Gauss-Seidel smoother.

ZRe (Txu,v))

1

<K2(2Re (Tyu,u) > (ZRe (Tv,v) )2 Yu,v € Vj, (3.1)

where K5 > 0 is independent of k. The above assumptions are reduced to the assump-
tions presented in [13,30] when applied to real coefficient problems.

Define || - H?A = A(-,-), we can obtain the same convergence results as that proposed
in [13,30].

Theorem 3.1. For sufficiently small hy, if assumptions (A1)-(A3) and (3.1) are satisfied,
then R R

A(Eu, Eu) < §A(u,u) YueVy,
where § =1 — KO(I?%J‘:KW Hence, the error reduced operator derived from Algorithm 2.1
can be bounded by

1€z = 1EE* 5 <9
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In the following, we obtain the convergence of the local multilevel Algorithm 2.1
with Gauss-Seidel smoother by verifying assumptions (A1)-(A3) and (3.1).
Decompose the space Vj into subspaces V;' = span{¢}} such that

ik
Vi=> W.
=1

For any v € V, considering the decomposition

J
v=2 v
k=0
Vo = H()U, VEp = (Hk — kal)’l), k= 1, .. .,J,

where II; : V; — V} is the Scott-Zhang interpolation operator [28]. Hence, it can be
obtain that [33]

n
vp = (I, = Mey)o = Y vela}) k.
i=1

where zi € Ny (k= 1,...,J). Define the operator Ay, : Vji — V; by
(Apiu, ¢) = Alu, 6},) Yu eV
and the projection operator P} and Q. : Vj — Vi by
A(Piu, ¢},) = Alu, ¢}) and (Qju, ¢f) = (u,¢}) YV u € Vi
Analogously, we can also define Ay, ;, P{, Q' by replacing A(u,v) by A(u,v). Let

Kk — a(x)

Dy(u,v) = /(7)Vu -Vodr Y u,v € H(Q), (3.2)
Q K
where « is a non-vanishing complex constant. Obviously, we have A(u,v) = kA (u, v) —

D, (u,v). By the definitions of P} and 15,2, it can be obtained from [17] that

A((P} — P))u,v) = Du((P{ — I)u, Piv) (3.3)
A((PO - Po)u, ’U) == DH((PO - I)u, Pov). (34)

If the parameter « in (3.2) is chosen as £ = «; := a(z}), since a(z) is smooth and
the support of function in V;’ extend only a distance O(hy,;), which yields [17]

|k —a(z)| < ChmHV(xHLw(QZ), (3.5)
It follows from [17] that (3.3)-(3.5) imply

| Do (P, = I, Pio)| < Chygllull 3 g0 0]l 3.6 (3.6)
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[ Do (Fo = Du, Pyv)| < Cellul 7]l 3,

where € = h§(s > 1).

3.7)

Now we introduce the Gauss-Seidel smoother defined on the adaptively refined

meshes, which is
R =[I—(I = P{*)(I = P* 1) (T = BHJAL

Let
By = EBpf = (I - PP*)(I— Py (I-PY).

Obviously, we have Ry, = (I — Ej)A; " and
Ty = Py, Ty = RpApPy = (I — Ey)P, = I — Ej.

Set EY = I and

Ei=(I-PHYI-P - (I-P)fori=1,- ,fp.(i=1,...

Clearly, Ei = (I — P})E} . Therefore, we obtain

BB )

Ejv+ PLE; v, Bjv + PLE} 'v)

Bjv, Ej) + 2Re(A(Bjv, BLEv) + A(PLE v, PLE0)

A(
A(
A(
A(

(3.8)

(3.9

(3.10)

Eiv, Efv) + A(P{E: v, PLEI v) + 2Re(A((P} — P})Ei ‘v, PLEI ).

Summing over all the local nodes Ny, on level k and since E? = I, it then follows from

(3.3), (3.6) and (3.10) that
> A(PLE v, PLE] ')
1=1

=1

N
< A(v,v) — A(Epo, Epv) +C Y hk:iHE/Zc_lUH,QZ,Q};
=1

n
= 2ReA(Tyv,v) — A(Tyv, Tyv) + C Z hk,i”E/i_lvH?gQi .
i=1 o

Lemma 3.1. ([13]) For sufficiently small hg, there holds

J a
Z Z hy.i

k=1 1=1

2
Ei < ChoA(v,v).
A
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Theorem 3.2. Assume that hy is sufficiently small, if Ry, T (k = 1,...,J) are defined by
(3.8) and (3.10), respectively, then the assumptions (A1)-(A3) and (3.1) are satisfied.

Proof. For convenience, the proof is mainly divided into there parts.
(1). Verification of assumption (A1). When Algorithm 2.1 is applied to the problem
(2.10), there exists a constant K > 0 such that [32]

A(v,v) < KoRe(A(Tw,v)) Yo € Vy, (3.12)
where
o~ J o~ o~ o~ o~ o~ o~ ~
T=>) T To=h, Ti=RAb; (3.13)
k=0
Rp=[I— (I = B*)(I = Pty (1= POJAL (3.14)

For any v € V}, due to (3.12), we have

<

+ KoY Re(A((Tj, — Ti,)v,v)). (3.15)
k=1

Let By, = El* = (I — P'*)(I — P*")--- (I — P}). It follows from (3.13) and (3.14)
that

-~

Ry =(I - EpAY, Ti=RyAPy=( - Ey)B,=1-E}. (3.16)

Fori=1,...,7ny, it follows form (3.9) that

Since || — ﬁ,};” 7 is bounded by one, it follows that

[A((B}, — Ep)v,v)]
<|A(I = BB = BT D, o)| + [A((P = BB v,0))
<IA(E; = B v,v)| + [A(B = POE v, 0)].

Summing over all the local nodes 7, on level & yields

ny
JA(Ey — Er)o,0)| < 3 AP - POE;  0,0)]. (3.17)
i=1
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Combining (3.10), (3.16) with (3.17) implies

~

(AT, - Tm,v))\

(A((Bx - Ek>v,v>>\

3)

k

M M- TM-

< A((Pf = PHYE Y, 0)|. (3.18)
k=11i=1
Since
we obtain
(B - POE0,0)
<|A((P{ — P)EI v, Ei" )| + |A((P} — PH)E Z PrE™ 1y (3.19)
By Cauchy-Schwarz inequality and the mean value inequality, we have
g
Z A((P]z Ez 1 Z mEm 1
i=1
< Z — PHE; v, P E! )' (3.20)
i,m=1
gc(z AP, = PHE o, (P = POE )| ) (X | PrEg || )
i=1 m=1 A
] ) Mg 2
— PYET N, (P — PE ) +CY |\PrEr ||
m=1

where the second inequality is derived form the following techniques (Lemma 5.1 of

[61)

(3

i,m=1

~ m 2
A(uk’vk )‘)
N

k
SCZA(U%C,’U,Z) AP, o) Yul € VE ot € Vi (3.21)

i=1 m=1
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It follows from (3.3), (3.6), (3.11), (3.19) and (3.20) that

ng
Y A((Pi = PYE; v, v)]
=1

n
< Y IAWP - POE; v, B M)

=1
N Nk
+CY AP, - POE; v, (P — POE; )| +C > |IPrEP |4
=1 m=1
ﬁk ﬁk
<O (i + W) IET 0% o +C D IR ER 0|5
i=1 F m—1
N
< C(2ReA(Tjv,v) — A(Tyv, Tyv)) + C ) | hk,iHEflUH%’%
=1
ng
< 2CReA(Tyv, S h|ES W% 3.22
= ( kU U) + ZZI k,z” k /UHA,Q}C ( )

Thus, combining (3.4), (3.7), (3.15), (3.18), (3.22) and Lemma 3.1 yields

A(v,v)
< KoRe(A(Tw,v)) + Ko| Do, ((Py — Iv, Biv)| + Ko > [(A(Ty, — Ti)v, v))]
k=1
< (Ko + 2C)Re(A(Tw,v)) + CeKoA(v,v) + C D hkyl-HE,ﬁflvH%’%
k=1 1i=1
< (Ko + 2C)Re(A(Tv,v)) + C(eKo + ho)A(v, v). (3.23)

Therefore, when hy is sufficiently small, we have

A(v,v) < KoRe(A(Tw,v)),
where .
(Ko +20)
1— C(eKo+ ho)
The proof of assumption (Al) is complete.
(2). Verification of assumption (A2). Using the technique in (3.21), we have

Ko =

ﬁk ng
APLE o, PP B 0) < Y A(PLE] v, PLE] ). (3.24)
i,m=1 i=1
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It follows from (3.10), (3.11) and (3.24) that

A\(Tkv, Txv)

=A((I = Ex)v, (I = Eg)v ZPkE,g Yy ZPkE,g 1)

Mk
< S5 AR PPEp ) < O3S APE 0 E
t,m=1 i1
S2CR€A\(T]€’0,U) CA(kaU Tyv) + CzthHE]Zg 11}”
=1

AQ"

Combining the above inequality, Lemma 3.1 with assumption (A1) implies

J
Z (Tyv, Tyv)
k=0

J
2C ~ C ~
<— 5 A(T; A
— + C — ( ( k"U7 U)) + 1 + Cho (’U7 U)
cC Ko -
< — 110 kgzo (A(TMJ,’U)) + I ChQKO E Re Tk?} ’U)) (3.25)

Hence, the proof of assumption (A2) is completed when h is sufficiently small and

2C C
= K
©w=1¢ t iy gt
(3). Verification of assumption (A3). In this part, we adoPt the techniques devel-

oped in [13,33]. Let £ = Zi:jﬂ Tyu, since Ty = I — E; = ;7| PIE""", we obtain

J k-1 J J
> "Re(A(Thu, Tjv)) = > > Re(A(Tjhu, Tjv))
k=1 j=1 j=1k=j-+1
J R J 7y

= Re(A(&, (I - Ej)v)) = > Y Re(A(Pj¢, PE; ')
j=1 j=11i=1

J k-1 R
> > Re(A(Tyu, Tjv))
k=1 j=1
L NSNS (R AL N o 1
< (Z A(P;g,P;g)) (Z A(JD;E;—lv,P;E;—lv)). (3.26)
j=1 i=1 j=1 i=1
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It follows from (3.11) and Lemma 3.1 that

T

J
DILL R LA

J
Z ReA(Tjv,v) +CZZhMHEZ 1v||AQZ

<2
j=1 J=11i=1
J ~ ~
<2 ReA(Tjv,v) + ChoA(v,v). (3.27)
j=1
Due to
. fl@ ¢t s AL
Ple = ———¢! ~ A&, ¢})0}, Pio) = = o1, ~ A(¢), )
A T A6
by Cauchy-Schwarz inequality, we obtain
~ o~ A~ J ~ . 2
APje. Py ~ 1A e < (D Z A(PLE "u. Plo})|)
k=j+11=1
Jﬁk’\lll Ld—1, W2 3Dl si Bl siyL)>
S (0 Y (APLE w, BLES w)} (APl Plo))?)
k=j+1 I=1
J - . 2
~ (X Y| AET | (A )
: A

k 1

o~
Il

1

+

J
J

~(Y X

F=i+1 gl e Ny ol €9

)2. (3.28)

S RO
A

Since gb;'- € Q; is conforming and piecewise linear on 7j|q:, it follows from Green’s
J

formula that

A, 6) = [ vovdar— S [ (vs oas

KcﬂZ JKeT KcﬂZ JKET
where v is the outward normal to Q. If z}, ¢ £/ and K C €, obviously

Sklox =0, |Voi| < ()~
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Hence,

Y IIBE ull 5 A5 6]

z%cENk 7332 GQ?

- ¥ > | (Ve -vshds|IPLE  ul 5
z%ce]/\}k,xﬁceﬁl KCQZ JKET oK
- ¥ 3 (Vo5 - v)éhds| | PLEL ull 5
zkeﬁk,xfceé" KCQZ JKET oK
Y @ | PLE} ) 5. (3.29)

y?

z%ce]/\}k,xﬁcefl

It follows from (2.4), (3.28), (3.29) and Cauchy-Schwarz inequality that

AP RO < (S X () () e )

k= J+112€Nk,xk€5i ’

DS (’;’;l) | PLEL g

h
DI O R )
- —~ h]z
k=j+lgleN,
where §(z}, zh) = 1if 2} € & and §( zt) = 0 otherwise. Combining the above

inequality with (2.5) implies

i\ _ ;
)2 PLE 8 o)

~ 7,8

J 1 ‘
S X S Y () IR el

7=l sieN; k=itlaleN,
J k—1 hkl 1 J A
) 2 p—
=330 (30> (BH) othah) ) IPLE ull £ 30D IPLE  uly. (3.30)
k=24l Ny, J=1aien; G k=2 1=1
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It follows from (3.26), (3.27), (3.30) and assumption (Al) that

k—1

J
> > " Re(A(Tju, Tjv))

k=1 j=1

N

A\(ij, v) + ChoA(v, v))

<
I
—

[SIE
/_\
'Mk

J
5(22Re (Tyu, u) + ChoAl(u, u))

S

< ( kZ:O ReX(Tku, u)) : ( i RGA\(TJ‘U, v))

=0
Analogously, we can prove that

1

ZRe (T, Tov)) §<2Re (Tou,w)) ) (ZRe (Tiv, v) )2

The proof of assumption (A3) is completed. Similar to the derivation of assumption
(A3), estimation (3.1) can also be obtained.

4. Numerical examples

In this section, we present several numerical examples to illustrate the optimality
of Algorithm 2.1. The implementation is based on FFW toolbox [12].

In the experiment, the domain (2 is refined into families 7x(k = 0,1,2,...,J) of
triangulations at each level generated by the newest vertex bisection algorithm. The
local error estimator is defined as in [25]. At the k' level, the discrete equation is
A u, = F,. Set ug = uy_1, where u;_; is the multigrid solution of the previous level.
Letr;’ = F,—Apu]’(m = 0,1,...) be the residual at the mt" iteration, then the stopping
rule of the multigrid algorithm is

‘em’

ol <1071, (4.1)

where e, = (r7*)!Agr* and ep = (r)!Ar). Moreover, if the number of the iteration
exceeds 1000, the multigrid iteration is also terminated. The number of iteration steps
required to achieve the condition (4.1) is denoted by “IT”. And the average reduction
factor is denoted by p, which is computed by p = (y/]en]/+/]eo]) /7.

Example 4.1. Consider the complex coefficients equation
-V - (14 iKsin(r(2y — 1)/2))Vu) = f (4.2)

on the L-shaped domain © = [—1,1] x[—1,1]\(0, 1] x[-1,0). where K is a real constant,
the Dirichlet boundary condition and f are chosen such that the exact solution in polar

conditions is given by u(r,6) = (1 + z‘)r% sin(%@)_
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Figure 1: The adaptively refined mesh (left) at the eighth level and CPU time (right) of Algorthm 2.1 for

solving (4.2)(K=0).
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Figure 2: The adaptively refined mesh (left) at the eighth level and CPU time (right) of Algorthm 2.1 for

solving (4.2)(K=1).

Table 1: Numerical results of Algorithm 2.1 for solving (4.2)(K = 0).

level | DOFs | IT p llu—wuplla | |luw—usnll
11 818 12 | 0.2467 | 4.5609e-2 | 6.6804e-4
15 3736 | 12 | 0.2554 | 2.1506e-2 | 1.4526e-4
19 16147 | 12 | 0.2523 | 1.0341e-2 | 3.4124e-5
23 | 68649 | 12 | 0.2275 | 5.0177e-3 | 8.0038e-6
25 | 141273 | 12| 0.2423 | 3.5023e-3 | 3.9127e-6
26 | 201989 | 11 | 0.2295 | 2.9281e-3 | 2.7722e-6
27 | 289500 | 11 | 0.2266 | 2.4471e-3 | 1.9485e-6
28 | 413424 | 11 | 0.2254 | 2.0472e-3 | 1.3035e-6

In the computation, the initial mesh size is chosen as hy = i, and the constant K

in (4.2) is selected as K = 0,1,10,20. The numerical results are given in Tables 1-4
and Figs. 1-4, respectively, where “DOFs” denotes the number of degrees of freedom,
|lu — up|la and ||u — uy|| are the error between the exact solution u and the discrete
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solving (4.2)(K=10).
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Figure 4: The adaptively refined mesh (left) at the eighth level and CPU time (right) of Algorthm 2.1 for

solving (4.2)(K=20).

Table 2: Numerical results of Algorithm 2.1 for solving (4.2)(K = 1).

level | DOFs | IT p llu—wuplla | |lw—unll
14 1692 | 12| 0.2481 | 4.5950e-2 | 7.2260e-4
18 6677 | 12 | 0.2559 | 2.3130e-2 | 1.9702e-4
22 | 25449 | 12 | 0.2538 | 1.1896e-2 | 5.0503e-5
26 | 94824 | 12| 0.2498 | 6.1582e-3 | 1.3991e-5
28 | 184315 | 12| 0.2459 | 4.4200e-3 | 7.7197e-6
29 | 250585 | 12| 0.2442 | 3.8429e-3 | 5.7504e-6
30 | 349587 | 12 | 0.2410 | 3.1974e-3 | 3.7515e-6
31 | 479741 | 11 | 0.2291 | 2.7463e-3 | 2.7945e-6

solution wy, in the energy norm and L?-norm, respectively. It clearly shows the optimal

convergence of Algorithm 2.1, i.e., |[u — uy|| & DOFs~! and ||u — up||a ~ DOFs™ 3.

1

It can be also observed that the number of the iteration on each level is bounded inde-
pendently of the mesh levels, which confirms our theoretical analysis. We find that the
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Table 3: Numerical results of Algorithm 2.1 for solving (4.2)(K = 10).

level | DOFs | IT p llu—wuplla | |lw—upnl
15 1695 | 23 | 0.4859 | 3.4357e-1 | 1.8684e-3
19 6552 | 21 | 0.4628 | 1.7341e-1 | 4.6106e-4
23 24408 | 21 | 0.4524 | 8.9994e-2 | 1.9315e-4
27 | 87860 | 19 | 0.4260 | 4.6354e-2 | 3.8600e-5
29 | 170455 | 19 | 0.4194 | 3.3258e-2 | 2.1409e-5
30 | 230037 | 19 | 0.4163 | 2.8558e-2 | 1.7710e-5
31 | 316315 | 18 | 0.4057 | 2.4204e-2 | 1.5211e-5
32 | 428048 | 18 | 0.4027 | 2.0832e-2 | 1.2236e-5

Table 4: Numerical results of Algorithm 2.1 for solving (4.2)(K = 20).

level

DOFs [IT | p [ lu—wslla | Ju—ua]

15 1795 27 | 0.5468 | 6.2081e-1 | 1.9464e-3
19 6826 251 0.5217 | 3.2223e-1 | 4.6726e-4
23 25002 | 25 | 0.5187 | 1.7140e-1 | 1.8644e-4
27 89372 | 24 | 0.5013 | 9.0623e-2 | 3.9234e-5
29 174676 | 23 | 0.4901 | 6.6091e-2 | 2.1674e-5
30 | 233465 | 23 | 0.4863 | 5.6773e-2 | 1.8102e-5
31 321568 | 22 | 0.4769 | 4.7621e-2 | 1.5318e-5
32 438390 | 22 | 0.4746 | 4.0705e-2 | 1.3050e-5

number of the iteration increases as the constant K is chosen larger, it shows that the
complex coefficients problem need more work than real coefficients problem( the case
K =0).

Figs. 1-4 show the locally refined meshes on the eighth level (left) and the CPU time
of each iteration of Algorithm 2.1 (right). We observe that the CPU time is almost linear
in terms of the number of interior nodes used, which clearly indicates the optimality of
Algorithm 2.1.

Example 4.2. Consider the complex coefficient equation

—V - ((r? 4+ r*e*)Vu) =1+ (4.3)

on Hexagon domain with homogeneous Dirichlet boundary condition.

To illustrate the convergence of Algorithm 2.1, we give an example which is not
coercive (the coefficient may be equal to zero in absolute value). The numerical results
are reported in Table 5 and Fig. 5. From Table 5, we observe that the iteration steps
and the average reduction factor on each level are bounded independently of the mesh
levels, as expected from the theory. The linear relation between the CPU time and the
number of interior nodes in Fig. 5 (right) indicates the optimality of Algorithm 2.1.
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Figure 6: The adaptively refined mesh (left) at the eighth level and CPU time (right) of Algorthm 2.1 for

solving (4.4).
Table 5: Iterations steps and average reduction factor for solving (4.3).
level 14 18 22 26 28 29 30 31
DOFs | 1640 6416 | 23587 | 87644 | 173280 | 227673 | 325301 | 448935
IT 19 20 21 23 24 24 24 24
p 0.4085 | 0.4269 | 0.4616 | 0.4824 | 0.4951 | 0.4966 | 0.4994 | 0.5048
Example 4.3. Consider the complex coefficients equation
V(1 —isin(r(2y — 1)/2))Vu) =1+ (4.4)

on the L-shaped domain 2 = [—1, 1] X

boundary condition.

[—1,1]\(0, 1] x[—1, 0) with homogeneous Dirichlet

Finally, we test this example without exact solution. The numerical result in Table 6
shows that the number of the iteration and the average reduction factor on each level
is bounded independently of the mesh levels. Additionally, Fig. 6 shows that the CPU
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Table 6: Iterations steps and average reduction factor for solving (4.4).

level 13 17 21 25 27 28 29 30
DOFs | 1528 | 6001 | 22926 | 84578 | 159464 | 207712 | 305040 | 403127
IT 15 17 18 19 19 19 20 20
p 0.3348 | 0.370 | 0.3931 | 0.4121 | 0.4208 | 0.4250 | 0.4236 | 0.4307

time is almost linear in terms of the number of interior nodes used. Therefore, it can
be obtained that Algorithm 2.1 is optimal.
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