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Abstract. The pricing model for American lookback options can be characterised as a
two-dimensional free boundary problem. The main challenge in this problem is the free
boundary, which is also the main concern for financial investors. We use a standard tech-
nique to reduce the pricing model to a one-dimensional linear complementarity problem
on a bounded domain and obtain a corresponding variational inequality. The inequality
is discretised by finite differences and finite elements in the temporal and spatial di-
rections, respectively. By enforcing inequality constraints related to the options using
Lagrange multipliers, the discretised variational inequality is reformulated as a set of
semi-smooth equations, which are solved by a primal-dual active set method. One of
the major advantages of our algorithm is that we can obtain the option values and the
free boundary simultaneously, and numerical simulations show that our approach is as
efficient as some other methods.
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1. Introduction

The valuation of financial derivatives is important in financial markets such as the com-
modity market or the stock market. Options are special derivatives used to insure invest-
ments against a market downturn. According to the exercise time, options can be divided
into two categories — viz. European style and American style. Due to its early exercise
possibility, the American style is more popular with investors, corporations, mutual funds,
and financial institutions. Here we focus on valuation of complex and flexible American
lookback options, which are path-dependent with payoff functions depending on the maxi-
mum or minimum of the underlying asset price over the life of the options. Compared with
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other options, the advantage of the lookback option model is twofold. On the one hand,
it offers opportunities for investors whose concern is underlying asset price fluctuations
during the life of the options but not the price on the maturity date. On the other hand,
lookback options can be exercised at any time up to the maturity date as for other American
options. However, in the absence of closed form solutions, the fast, efficient and reliable
pricing methods for lookback options are in great demand.

Let S be the underlying asset price. In the classical framework of the Black-Scholes
model [23, 26,31], the payoff function of lookback options with a lifetime [0, T] can be
represented as

J—S for put option with J = [max S
= sesf <t<
G(S,7,6) S—J for call option withJ = min S_"’ O<t=T.
0<¢<t

We consider lookback put option pricing problems — lookback call options can be treated
similarly. Assume that the interest rate is a constant r, and let o and q denote the volatility
and dividend rate of S, respectively. Then the American lookback put option value P(S,J, t)
is the solution of the free boundary problem

LP =P+ 8P +(r—q)SPs—rP =0, B(t)<S<J<+00, 0<r<T. (LD

This model has been solved by various numerical methods [7,20,22]. The binomial method,
used to price classical American options [4, 6], was generalised and applied to American
lookback options [1,18,19]. The finite difference and finite element methods have also
been used in pricing American lookback options [5, 8].

In the free boundary problem (1.1), it is notable that one has to determine the optimal
exercise boundary B(t) in advance. To avoid the resulting computational difficulties, the
problem (1.1) can be reformulated as a linear complementarity problem [17]:

{2P~(P—G)=0

<§< <
¢p<0,p>G > 0SSsJ<+00, 0st<T. (1.2)

This formulation does not contain any information about the free boundary. Numerical
methods such as the Projected Successive Over Relaxation (PSOR) [12], projection and
contraction [24], penalty [32], Lagrangian [15] and augmented Lagrangian [28] methods
have been developed for the linear complementarity problem. These strategies have also
been applied to the valuation of American lookback options [25,27,30]. A finite difference
method to solve the linear complementarity problem (1.2) for American lookback options
has been considered, where the option prices are obtained by the PSOR method [30]. The
projection and contraction method has also been considered for the discretised variational
inequality corresponding to American lookback options [25].

Here we also consider the linear complementarity problem to value American lookback
options. According to Ref. [30], the linear complementarity problem (1.2) can be expressed
as

Z2P-(P—-G)=0
{ ( ) JX<S<J<+o00, 05t<T, (1.3)

YP<0,P=>G "’
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where

1 2 1 __92v2 2
—r+q+50°—4/(—r+q+502)?+2ro
X = a+30°—y 173 i B(T):Jmin(f,l).
q

—r+q—%02—\/(—r+q+%02)2+2r02

Following Ref. [25], we obtain a variational inequality corresponding to the problem
(1.3) and solve it by a finite element method. The resulting matrix is symmetric and pos-
itive definite, so the discretised variational inequality can be transformed into a convex
minimisation problem and solved by the primal-dual active set method. It is well known
that the primal-dual active set method is extremely efficient for quadratic programming
problems with linear constraints [2,3,14], and it can be interpreted as a semi-smooth New-
ton method [11] — cf. also Refs. [9,13,21]. One of the main advantages of the primal-dual
active set method is that the optimal exercise boundary can be obtained using a Lagrange
multiplier. In Section 2, we apply the numeraire transformation to reduce the pricing model
to a one-dimensional linear complementarity problem and obtain a corresponding varia-
tional inequality. Numerical approximations of the resulting variational inequality are also
presented. In Section 3, the primal-dual active set method for solution of the discretised
system is discussed. Section 4 presents the results of some numerical simulations, and our
concluding remarks are provided in Section 5.

2. Discretised Model

In this section, numerical approximations of the two-dimensional parabolic linear com-
plementarity problem (1.3) on an unbounded domain are considered. Our work can be
split into two steps. First, we use the numeraire transformation and reduce the linear com-
plementarity problem to a one-dimensional problem on a bounded domain. We then obtain
a variational inequality corresponding to the American lookback options, and our finite el-
ement method. The resulting discretised system can be solved by the primal-dual active set
method.

2.1. Variational inequality

Taking the underlying asset price S as the numeraire [17,30] and applying the trans-
formations

J
XZIDE’ T=T—t, P(S,J,t)=Su(x,7), (2.1)

for the problem (1.3), we obtain the one-dimensional bounded linear complementarity
problem

0<x<L, O<7<T, (2.2)

(uT_Yuxx_qu+QU)-(u—g):()
Uy — YUy — YU, +qu=0, u—g=0"’
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with the initial and boundary conditions

u(x,0) = g(x), 0<x<L,

u,(0,7)=0, u(L,t)=g(L), 0<T<T,
where )
1 o
L=In—, =—, =q—r—vy, x)=e¥—1.
¥ =35 B=da v, &(x)
In order to obtain a symmetric discretised matrix, we follow Ref. [30]. Using the transfor-
mation

1
Fx) (YK(X)ux)x = YUyx T Ul

with x(x) := e®/"* we eliminate the first order derivative term in the problem (2.2), so
it takes the form

{ (kG — (yx(uy ), +qr(x)u) - (u—g) =0

< <T. .
K(x)uT—(YK(x)uX)X+qK(x)u20, u—g=>0"’ Osx<L, 0<r<T. (23

Further, we want to rewrite this problem (2.3) as a variational inequality, and to do so
we need an auxiliary result. Let H% (2), 2=10, L] be the set

H(Q) :={v e HQ); v>g(x), v(L) = g(L)}.

Lemma 2.1. If an element u € L%(0, T; H*(£2)) meets the conditions u, € L?(0, T; L%(Q))
and u(0,7) > g(0), 0 < T < T, then u is a solution of the linear complementarity problem
(2.3) if and only if it satisfies the variational inequality

(K(x)uf, v— u) + (YK(X)ux, Uy — ux) + (qK(x)u, v— u) >0, 2.4
forall ve H%(Q) and0< 1 <T.

Remark 2.1. In the American lookback option pricing problem, the condition u(0,7) >
£(0) holds true naturally [25], so the linear complementarity problem (2.3) and the varia-
tional inequality (2.4) have the same solution.

Thus the linear complementarity problem for American lookback options is converted to the
variational inequality (2.4) on a bounded rectangular domain. The next task is to derive
approximations of this inequality (2.4) by a discretisation method.

2.2. Finite element approximations

We now present a completely discrete form of the variational inequality (2.4) involving
finite elements and the backward Euler method in the spatial and temporal directions,
respectively. The stability and convergence of this method for the inequality (2.4) have
been established in Refs. [25,29].
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Let I, and I}, be the partitions

T
I.O0=1g<t1<--<7y="T, AT:M’ T;=jAt, j=0,---,M,
L o
I, 0=xg<x;<--<xy=1L, h:N’ x;=1ih,i=0,---,N,

where M and N are positive integers; and let V;(£2) denote the subset of piecewise linear
polynomials from H(2). The piecewise linear finite element space is then defined by

S1(Q) = {up € Vi(Q); v(x,) 2 g(xy), V X, (L) = g (L)},

and the semi-discrete form of the problem (2.4) can be formulated as follows:

Find uy,(7) € S%(Q) such that uy(x,0) = g;(x), and for any v, € S%(Q) and any T € (0,T]
the inequality

(K(x)uhf, Uy — uh) + (YK(x)uhx, Uny — uhx) + (qK(x)uh, Up — uh) >0 (2.5)
holds, where g;(x) denotes the piecewise linear interpolation of the function g(x) € S%(Q).

Lemma 2.2 ([25,30]). The solution of the variational inequality (2.5) is stable and satisfies
the estimate

Cllup(DII* < 4lup(0)II* + 6llg; 11 + yllgrll* +qzligl®, 0<T<T,
where C is a constant independent of h.

As mentioned above, we discretise inequality (2.5) in the temporal direction by the
backward Euler method. For any fixed point T = 7,,, the fully discrete approximation of
the variational inequality (2.4) is thus

(K(X)((l +qAT)uy — u}’ln_l) , Uy — u}’l”) + A7 (YK(X)U}TX > Uhye — u}’fx) >0, (2.6)

for all v, € S%(Q).
Let {¢;(x)};—.... y be a basis in S%(Q). Then for any 7 = 7,,, the finite element approx-
imation of the solution u;' can be written in the form

N-1
= Z”T‘Pj(x)+g(L)t,0N(x), m=0,1,---,M.

j=0

Applying the finite element method to the variational inequality (2.6) for all V > G, we
obtain

((yATA+(1+qAT)B)U’",V—Um)Z(BUm_l—F,V—Um), m=1,---,M, (2.7)
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where
V=g, v, -, ¥n-1), U™ = (ug,uf’, -+ ,uy_q),
A= (A )y B=(Bi)yy> GLI=0,N—1,
G =(g(xp), g(xN—l))T: F=(0, ,0,8(L)AT(gBy_1n + YAN—l,N))T,
Ai,jI(K(X)%’;,(Pf), B;; = (k(x)¢;, ¥i), ,j=0,---,N—1.
Using the notation D = y AtA+(1+qA7)B and W™ = BU™ ! —F, we rewrite the inequality
(2.7) as

(bu™mv-UM=(W™V—-U™) forall V=G, (2.8)

a fully discretised version of the variational inequality (2.4). We next proceed to consider
a fast solution method for inequality (2.8).

3. Primal-Dual Active Set Method

The matrix D above is a symmetric and positive definite [25], so the inequality (2.8) is
the first order optimality condition for the minimisation problem

: _ 1 T _g7Tyym
min ¢(U) = ZU'DU—UTW™. (3.1)
Let
1
2U) = EUTDU—UTW’”—/IT(U—G) (3.2)
be the Lagrangian function of the problem (3.1) with the Lagrange multiplier A € RIX . Then
the Karish-Kuhn-Tucker (KKT) condition for (3.2) is
DU-W™—21=0, A>0, U-G=>=0, A"(U-G)=0. (3.3)
The problem (3.3) can be approximated as follows [11]:
DU,—W™—1,=0, A,=max{0,A,+p(G—U,)}Vp>0. (3.4)

To find a solution of this problem (3.4), the primal-dual active set method previously used
in the American option problem [28] and the American basket option pricing problem [9]
may be employed [11]. This approach is equivalent to a semi-smooth Newton method [11],
and turns out to be very efficient.

For any primal-dual pair (U, A), let us define the active set AS and inactive set IS by

AS:={ie N : X;+p(G;—U) >0}, IS:={ieN:A+p(G—U)<0},

then the primal-dual active set method can be implemented as listed in Algorithm 3.1.
The existence and uniqueness of the solution of the problem (3.4) has been established in
Ref. [16]. On the other hand, if p > 0 then any solution of (3.4) is also a solution of (3.3),
and stated in the theorem below Algorithm 3.1.
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Algorithm 3.1 Primal-Dual Active Set Algorithm.

e 1. Let iteration step k = 0, and initialise p >0, >0, U 0> g, 20 >0;
e 2. Set the inactive and active sets by

1S = fie n, AP+ p(G—-UuP) <o},

AS®D = (ie , AW 4 p(G,—UM) > 0},

A ={0,1,--- ,N —1}.
e 3. Solve the following problem for U+ and AK+1):

DU(k+].) _ A(k—f—l) — Wm,

k+1 .

vV =g, ieastk+,

AE D =g jerskin),

1
o 4. If UKD —y®)|| o < g, UM = UKD stop;
else, let k =k + 1, and go to Step 2.

Theorem 3.1. If p > 0, then the solution (U,,A,) of the problem (3.4) satisfies the KKT
condition (3.3).

Proof. We note that the first equation in the problems (3.3) and (3.4) are identical, so
to show that (U,, 4,) meets the KKT condition we only have to verify that it satisfies the
supplementary condition of the problem (3.3). From the condition of (3.4), we have that
A,=0o0rA,=21,+p(G—U,)=0.1fA, =0, then G—U, < 0 because p > 0. On the
other hand, if A, =24, + p(G—U,) = 0 then G— U, = 0 such that

T —
p20, U,—G20, A'(U,-G)=0,

so from the problem (3.4) the result follows. O

Finally, let X* = (U*, A*) be the unique exact solution of the problem (3.4), and let
X% = (U° 1°) denote the initial value of the iteration. The convergence of the primal-dual
active set method is characterised by the following lemma.

Lemma 3.1 ([11]). If ||X° —X*|| is sufficiently small, then the primal-dual active set method
converges superlinearly to X* = (U*, A*).

Algorithm 3.1 can be used for simultaneously finding the option prices and the optimal
exercise boundary. Thus during computation of the discrete solution U™ corresponding
to u(x, 7,,), we also obtain an index i,, representing the critical point of the inactive and
active sets for the time level 7,,. If these indexed points are denoted by {x/" }In‘f:l and their

m
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continuous counterpart by b(7), then the option values and the optimal exercise boundary
B(t) follow from inverting the transformations (2.1) — i.e. from

P(S,J,t) =Je Yu(x,t), B(t)=Je P, S=ge ™, t=T—1. (3.5)

In brief, in addition to option prices as in Ref. [25], we also establish the optimal exercise
boundary that is one of the main concerns for investors [7,30].

4. Numerical Simulations

We now present some numerical experiments to verify the performance of our proposed
method. Numerical simulations using the primal-dual active set and the projection and con-
traction methods show that the former method is also very efficient in American lookback
option pricing. To give investors a better understanding of the American lookback option
pricing problem, we then provide several visual illustrations of options and the optimal
exercise boundary.

We simulated one-year American lookback options setting the interest rate r at 3%,
the dividend rate g of the underlying asset at 1%, 3% or 9%, and the volatility o of the
underlying asset prices at 0.2, 0.3 or 0.4. Thus we considered nine combinations of the
parameters {r,q, o}, in examining the performance of our approach.

4.1. The validity of the primal-dual active set method

As there is no known closed-form solution for American lookback options, the binomial
method is generally regarded as the benchmark [17]. We used the binomial method with
10000 nodes in the temporal direction. For a fixed m € {1,---, M}, the initial values u©
and A© in Algorithm 3.1 were set to max{U™ !,G} and 0 € ]Rﬂ\r]. Moreover, in order to
guarantee the accuracy of the approximate solutions obtained by our method, we chose
p=10%and ¢ =107°.

We use BM to denote the binomial method, PDAS for the primal-dual active set method,
and PCFEM for the projection contraction method combined with a finite element method.
In Fig. 1, the solutions u(x, 7) of the problem (3.4) with ¢ = 3% at 7 = T is shown for
0 =0.2, 0 = 0.3 and 0 = 0.4. The red o-line represents the solution computed by Algo-
rithm 3.1 with M = 300 and N = 500, the solid blue line the approximate solution found
by the binomial method, and the solid green line is related to the payoff function g(x).
Fig. 2 shows the corresponding results for the free boundary b(7). The approximations for
u(x, T) and b(t) for the nine different parameter combinations from the various methods
are shown in Table 1, and the satisfactory convergence of Algorithm 3.1 is evident in each
case.

4.2. Efficiency of the PDAS

The projection and contraction method is commonly used for monotone variational
inequalities [10]. For American lookback options in particular, the combination of this
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0=02: u(z,T)

0=03: u(z,T)

o=04: u(z,T)

611

—5—PDAS
—em

al)

—5—PDAS

M
900

Figure 1: The solutions of (3.4) at t=T for 0 =0.2, 0 =0.3 and ¢ = 0.4 computed by the PDAS with
M =300 and N =500 and by the BM with 10000 nodes.

7=02: b(r)

g=03: b(r)

a=04: br)

—5—PDAS
—l]
08 09 1

——P0As]
—m
08 08 1

——P0As]
—m
08 08 1

Figure 2: The optimal exercise boundary b(t) of (3.4) for 0 =0.2, 0 = 0.3 and o = 0.4 computed by
the PDAS with M =300 and N =500 and by the BM with 10000 nodes.

Table 1: L>-difference of the approximations obtained by the PDAS.

o 0.2 0.3 0.4
q 1% 3% 9% 1% 3% 9% 1% 3% 9%
u(x, T) Error/10 |[ 0.550 | 0.154 | 0.237 | 1.089 | 0.800 | 0.490 | 1.370 | 0.681 | 2.266
b(t) Error/10~* 0.920 | 1.299 | 1.196 | 1.447 | 2.171 | 0.855 | 2.001 | 3.047 | 3.575

method with a finite element method was proposed in Ref. [25]. In order to demonstrate
the efficiency of the primal-dual active set method, we provide the approximation error
for the computation of u(x,T) by the PDAS and the PCFEM in Table 2. We also show
the computational cost for the PDAS, PCFEM and BM. Note that for the PDAS we chose
N = [L/ (o m)] such that N is determined by M since At = T /M. This choice is similar
to Refs. [17] and [25], where the other two methods are considered.

Table 2 shows the corresponding results for M = 100 for the nine parameter combina-
tions, showing the computational speed of the PDAS is comparable to PCFEM whereas its
accuracy is slightly better. The primal-dual active set method can therefore be used as an
alternative method for American lookback options, but the primal-dual active set method
provides the option values and the free boundary simultaneously.
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Table 2: Computational cost of PDAS, PCFEM and BM.

o 0.2 0.3 0.4
q 1% 3% 9% 1% 3% 9% 1% 3% 9%
PCFEM Error/10~* || 1.424 | 0.981 | 0.717 [ 0.976 [ 0.907 | 0.523 | 1.263 [ 0.398 | 1.625
PDAS Error/10~* || 0.359 [ 0.074 | 0.213 | 0.712 [ 0.549 | 0.282 [0.995 [ 0.254 | 1.235
PCFFM Time/s 0.078 | 0.076 | 0.516 | 0.087 | 0.083 | 0.093 | 0.089 | 0.088 | 0.081
PDAS Time/s 0.102 | 0.127 | 0.199 | 0.109 | 0.123 | 0.161 | 0.113 | 0.119 | 0.147
BM Time/s 7.707 | 10.398 | 17.477 | 8.669 | 9.978 | 13.733 | 8.837 | 9.665 | 12.066

o=02: Bt) o=03: Bt) o=04: Bt)

~_ ~_ 1 T~
13| T — ~—__
11 ~— ~

0 01 02 03 04 05 06 07 08 03 1 0 01 02 03 04 05 06 07 08 03 1 0 01 02 03 04 05 06 07 08 03 1

Figure 3: The optimal exercise boundary B(t) with J =20 for 0 =0.2, 0 =0.3 and 0 =0.4.

Remark 4.1. The last row in Table 2, showing the computational cost for the benchmark
solution, indicates that the PDAS and PCFEM are superior to the binomial method in this
respect.

Finally, we considered the optimal exercise boundary B(t) and option values P(S,J, t)
with J = 20. For simplicity, we only present the cases o = 0.2,0.3 and 0.4 with ¢ = 3%
(the other cases were similar). Fig. 3 illustrates a new result in comparison with Ref. [25],
while the results in Fig. 4 are similar. This again confirms that our method is efficient for
the pricing of American lookback options.

5. Conclusions

We have proposed an effective numerical method for the valuation of American look-
back options. The method simultaneously obtains the option values and the optimal ex-
ercise boundary with no additional computational cost. Using the numeraire transforma-
tion, we reformulated the American lookback option pricing model as a one-dimensional
variational inequality problem on a bounded domain, which was solved by finite element
method via the primal-dual active set algorithm. Numerical simulations demonstrated the
efficiency of our method.
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a=0.2: option value P(S,20,t) a=0.3: option value P(S,20,t) a=0.4: option value P(S,20,t)

Figure 4: The valuation P(S,20,t) computed by the PDAS with M = 300 and N = 500 for o = 0.2,
oc=03and c=04.
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