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A graph G is called an H-type graph for some graph H if there is a mapping from V(G) to
V(H) preserving edges. In this paper, we shall prove that: (1) every triangle-free graph G
of order n with x(G) < 3 and d(G) > n/3 is of F;-type for some d > 1, where F; is a certain
d-regular triangle-free Hamiltonian Cayley graph of order 3d — 1, (2) every triangle-free
graph G of order n with y(G) = 4 and 6(G) > n/3 contains the Mycielski graph (see
Figure 2) as a subgraph.

1. Introduction

Given a graph H, a graph G is called H-free if H is not a subgraph of G. The problem of
classifying K;-free (i.e. triangle-free) graphs with large degree has been studied by many
researchers. Among them, Mantel [8] proved a result which implies that every graph G of
order n with §(G) > n/2 contains a K3. Indeed, this is just a special case of Zarankiewicz’s
result [13]. In 1974, Andrasfai, Erd8s and Sos [1] showed that every K3-free graph G of
order n with 6(G) > 2n/5 is bipartite.

In order to state further results, we have to give some definitions. A graph G is called a
complete H-type graph for some graph H if G can be obtained from H first by replacing
each vertex v in H by a nonempty independent set U,, and then by joining every vertex in
U, to every vertex in U, whenever xy € E(H), where x,y € V(H). A graph is said to be
of H-type if it is a subgraph of a complete H-type graph. Trivially, G is of H-type if, and
only if, G is homomorphic with H, i.e. there is a mapping from V(G) to V(H) preserving
edges. Thus, a graph is bipartite if and only if it is of K,-type.

For an integer d > 1, the graph F; of order 3d — 1 was introduced in [5] as
follows:

V(Fg) = {ar,az,a3,...,a30-1} = {a; 1 i€ Z3s_1}
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Figure 1 Mobius ladder Fs.

and
E(Fy) = {aiai+lsaiai+4a AiliyT, .. Qiliy3pd 5 & 1€ Z3d71},

where the indices are taken modulo 3d — 1. It is easy to check that Fy = K,, F; = Cs
and F3 is a Mobius ladder (shown in Figure 1). Trivially, Fy is 2-chromatic and F; is
3-chromatic for i > 2. Clearly, Fi-type graphs are of Fj-type for 1 <i < j.

In 1973, Woodall [12] conjectured that if the binding number of G is at least 3/2 then
G contains a triangle, which was proved by Shi [11] in 1985. Graphs F; are among the
graphs constructed by Woodall to explain that the number 3/2 in his conjecture is the
least possible. Pach [10] in 1981 rediscovered graphs F,; and proved that every triangle-free
graph is of complete Fy-type for some d if and only if every independent set of its vertices
has a common neighbour.

In 1982, Héaggkvist [4] proved that every Kj-free graph G of order n with 6(G) > 3n/8
is of F,-type, i.e. Cs-type. Recently, Jin [5] showed that every Ks-free graph G of order n
with 6(G) > 10n/29 is of Fo-type. Note that the results of Andrasfai, Erdés and Sos [1],
Higgkvist [4] and Jin [5] are sharp.

Clearly, the result in [5] implies that if G is a K3-free graph of order n with 6(G) >
10n/29, then %(G) < 3. In this paper, our first aim is to study the structure of Kj-free
graphs G of order n with x(G) < 3 and 6(G) > n/3. We shall show that every such graph
is of F;-type for some i. This result considerably extends those of Andrasfai, Erdés and
Sos [1], Hiaggkvist [4] and Jin [5] mentioned above. Note that the bound 6(G) > n/3 is
best possible since 6(F;) > |F;|/3 and lim;_,o, 6(F;)/|F;| = 1/3.

What can be said about the structure of Ks-free graphs G of order n with y(G) = 4 and
0(G) > n/37 Our second aim here is to show that every such graph contains the Mycielski
graph, shown in Figure 2, as a subgraph. For convenience, let M be the Mycielski
graph [9].

In order to prove the results above, we have to do some preparation in the next section.
A graph G is said to be maximal Ks-free and M-free if G does not contain either K;
or M and G + e contains K3 or M for every e € E(G). In Theorem 2.2 we shall show
that if G is maximal Kz-free and M-free then G does not contain a certain structure.
In Section 3, instead of proving our results above we shall prove Theorem 3.1, which is
somewhat stronger than our two results, but easier to prove. The techniques employed in
our proofs of Theorems 2.2 and 3.1 are similar to those in [4], [5] and [6].
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Figure 2 The Mycielski graph M.

2. Some basic results

In this section, we shall count all indices modulo 5. A graph G is said to be a maximal

Kj3-free graph if G is Ks-free and G + e contains a K3 for every edge e € E(G). The
following trivial lemma is useful in proving Theorems 2.2 and 3.1.

Lemma 2.1. If G is a maximal Ks-free graph, then every two nonadjacent vertices have a
common neighbour. ]

We shall denote by N(v) the set of neighbours of a vertex v of the graph G. If we wish
to emphasize that the neighbourhood is taken in a graph G, then we write Ng,(v) instead
of N(v). For a vertex x and a vertex set (or subgraph) S of G, we define dg(x) = |[N(x)NS|.
Note that if S = G, then dg(x) is just the degree of x in G. Also, we say that x is adjacent
to S if and only if dg(x) > 0.

We are now ready to prove the main theorem in this section which is essential in the
subsequent discussions.

Theorem 2.2. Let G be a maximal Kj-free and M-free graph of order n with 6(G) > 3.
Then G has no vertex x such that G — N(x) contains a 5-cycle.

Proof. Suppose to the contrary that the graph G has a vertex x such that G — N(x)
contains a 5-cycle ajayaszaqas.
For convenience, let G’ = G — N(x), and for 1 <i <5, let

Xi = N(ai-1) N N(ai+1) N N(x),
P; = Ng(ai-1) N Ng(aitr),

Yi = N(a)NN(x)—Xiog — Xis,
Qi = Ng(ai)—Piy — Pipy,

5
X = V(G)- U(Pi U Qi),

i=1
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and
Xi=1|Xil, pi=IPl, yi=1Yil, g =10l
Also, let X; = {x;,...}, Qi = {q;,...} and Y; = {y;,...}, where the vertices x;, ¢; and y;
exist only if the corresponding sets are nonempty.
Since x is an isolated vertex of G/, x € X. Also,

5
n=|X|+dx)+ Y (pi+7) 2.1
i=1
and
5
d(x) =) (% + 3i). (22)
i=1

Note that, if X; # 0, then, as G is K3-free,

N(xi)) € Pt UP11UQiUQi2UQinUX. (2.3)
By the definitions of Y; and Q;, we have

N(a))=P_1UP1UX, 1UX;11UY;UQ;.
Since the sets on the right-hand side are disjoint,

d(a;) = pi—t + Pix1 + Xim1 + Xip1 + Vi + Gi. (2.4)

With relations (2.1)—(2.4), we shall show now that they lead to a contradiction. Although
it is long and tedious, the rest of our proof is essentially easy by checking several cases.

Denote by r the number of indices i such that X; > 0. We have 0 < r < 5. We may
assume that the vertex x and the 5-cycle C in G — N(x) have been chosen so that r is
maximum. If » = 5, then the graph G contains M as a subgraph. So r < 4.

Suppose that r = 4. Without loss of generality, we may assume that Xy =0 and X; > 1
for2 <i<5s.

Assume that dy, (x3) 4 do,(x4) < qi. Then, by (2.3),

2n
Gi+Dp2+p3+DPa+ps+q+ G+ Ga+ gs + 21 X| = d(x3) + d(xa) > 3
So, by (2.1),
n
| X >d(x)—§+1‘)1 > p1. (25)

On the other hand, by (2.4) and the fact that x; = 0, we have

5 5

P+ Pit+ Y Xi+q1 48 +3s+P1 + 52+ Fs = dlar) + d(ay) + d(as) > n.
i=1 i=2

Hence,

5 5 5 5
Pr+Y Bt Y %+ Gi+Y Vi—G—qa—y3—ya>n
i—1 i=2 i=1 i=1
Thus, by (2.1), (2.2) and the fact that x; = 0, we get
Pr> X[+ 33+ qa+y3 +ya > [X].
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This contradicts (2.5). Hence do,(x3) 4 dg,(x4) > gqi. Therefore, there is a vertex q; € Q
such that ¢;x3,q1x4 € E(G). However, if we choose the vertex a; instead of x and the cycle
xx3agaszxqsx, we have r = 5. This contradicts our assumption that r < 4. Hence r < 4.

At this point, we would like to show that our graph G is in fact maximal K;-free.
Indeed, suppose that this is not so. Then, by the maximality of G, it contains a subgraph
M’ isomorphic to M — e, where ¢ € E(M). Therefore, there exists a vertex x € V(G) such
that G — x contains a 5-cycle ajayasasasa; in M’ with the property that at most one of
the five sets N(a;) N N(ai12) N N(x), 1 < i < 5, is empty. This contradicts the fact that
r < 4. Hence G i1s maximal Ks-free.

Now, the rest of the proof is divided into four cases according to the value of r.

Case 1: r=3.
Without loss of generality, we may assume that either X; = Xs = 0 and X; > 1 for
i=23,4;0orx,=Xs=0and x; >1fori=1,3,4.

(a) Suppose first that X; = Xs =0 and Xx; > 1 for i = 2,3,4. It is easy to see that no vertex
in Q; has a neighbour in X3 U X4. Otherwise, we can choose a; instead of x, and find a
S-cycle xx3asaszxsx such that r > 4. Therefore, for any vertices x3 € X3 and x4 € X4, we
have dg,(x3) + dg,(x4) < gi. Hence, by (2.3),

_ B _ _ B _ _ _ B 2n
i+ P2+ p3+pa+Ps+ g+ Gz +qa+gs + 2|X| = d(x3) + d(xg) > 3

So
X| > d(x) — g + 51> B (2.6)
On the other hand, by (2.4) and the fact that X; = X5 = 0, we have
5 4
P+ Pit+ Y Xi+d1 40 +3s+ V1 + 52+ s = dlar) + d(ay) + d(as) > n.
i=1 i=2

Thus
pr> X4+ q3+gs+ 33+ ya = X,
which contradicts (2.6).

(b) Suppose now that X, = Xs =0and X; > 1 fori = 1,3,4. By Lemma 2.1, we have y; > 1.
Also, every vertex y; € Y; has no neighbour in P; U Py4; for otherwise, let y; € Y; with
ay € P3N N(y1), say. Then, we can choose the 5-cycle ajaxdsasasa; instead of ajarazasasa;
and obtain r = 4, a contradiction. Clearly, the vertex y; has no neighbour in Q; U P, U Ps.
Therefore, N(y;) € Py U Ui5=2 Q;UX and so

5

P+ > 4+ 1X|>dy) >
i=2

5

w3

that is,

5
_ n _
>3 —IX|— §l_2 gi- 2.7)
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Let x3 € X3 and x4 € X4. Then, by (2.3),

5

5
2n
E pi+aqi+ E gi + 2|X| = d(x3) +d(x4) > —.
i—2 =1 3

Thus

Vv
|
+
=
|

5
Sa+2xl > Dip-Yh-a
i=1

2n  n

5 5
A X =N =S"p —d. by (26),
> T3 IX ;q ;p 1, by (2.6)

5 5
= n—|X|=> @) P
i=1 i=1

= n—(n—d(x))
> g (2.8)

Since G is K3-free, each vertex of G is adjacent to at most two vertices of the cycle C. By
the definitions of Q; and Y;, each vertex in Q; and Y; is adjacent to only one vertex of the
cycle for 1 < i< 5, and no vertex in X is adjacent to any vertex of the cycle C. Therefore,

5 5 5
Sn
D@+ 2 FiHp) = Y de(®) = dla) > (29)
i=1 i=1 veV(G) i=1
Hence, we have
S5n n
= n—-—
3 "3
5
> 22— gi—2X|
i=1
5 5
= Z(Eli + i) +2 Z(Xi + i)
i=1 i=1
.
3 b
a contradiction, where the first inequality is a consequence of (2.8) and the last one follows
from (2.9).
Case 2: r =2.

Without loss of generality, we may assume that either X; = X, = X5 =0 and X; > 1 for
i=3,4;0orx;=Xx3=Xs=0and x; > 1 fori=24.

Assume first that Xy = X, = X5 = 0 and X; > 1 for i = 3,4. If dg,(x3) + dg,(x4) > 1,
then there is a vertex ¢; in Q; such that q; is adjacent to x3 and x4. Considering the
vertex a; instead of x and the cycle xx3asazx4x instead of the cycle C, we would have
r = 3. This contradicts the assumption that r = 2. Hence dg, (x3) + dg,(x4) < q1.
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By (2.3), we have

2n
g1+ D2+ Pp3+pa+Dps+ G+ Gz +qa+gs +2|X| = d(x3) +d(x4) > —,

3
and so, by (2.1),
X|> d(x) = 5+ > B (2.10)
On the other hand, by (2.4) and the fact that X = X, = X5 = 0, we have
5 4
Pr+ Y Pit Y Xi+q1+q+3s+P1 + P2+ Ps = dlar) + d(ay) + d(as) > n.
i=1 i=3

Thus, by (2.1), (2.2) and the fact that x; = X, = X5 = 0, we get
p1> X+ 3 +qa+ s+ s = |X],

contradicting (2.10).

Suppose now that Xy = X3 = X5 =0 and X; > 1 for i = 2,4. By Lemma 2.1, ; > 1 for
i=2,4. Let y, € Y,. If we consider as instead of x and the cycle xy,araszx,x instead of
the cycle C, we find that either r > 3 or we can have X; = X = Xs =0 and X; > 1 for
i = 3,4. We have shown that all these are impossible.

Case 3: r=1.

We may assume that X; > 1. Then X; = 0 for 2 < i < 5. Let x; € X;. By Lemma 2.1,
yi = 1 fori=1,3,4. Since r = 1, the vertex y; is not adjacent to any vertex in P; U Py; for
otherwise, let a5 € P3N N(ay), say. Then, by considering the 5-cycle ajardjasasa; instead
of ajayazasasa;, we would have r = 2, a contradiction. Clearly, y; is not adjacent to
any vertex in P, U Ps, since G is Ks-free. Similarly, y; is not adjacent to any vertex in
Py U P, U Py, and yy is not adjacent to any vertex in Py U P3 U Ps. Finally, since r = 1, the
vertices y3 and x; have no common neighbour in Ps, and the vertices y4 and x; have no
common neighbour in P,. Therefore, by considering the possible neighbours of xi, y1, y3
and y4, we have

5 5
4n
D_BiH3D @+ AX| = dxi) +d(n) +d(ys) +d(ys) >
i=1 i=1

By (2.1), the inequality above implies that

5

n 2n
2 Gi+3X| > +4d =
;qz-i- X > 3 +dx) > =,
and so
> n
D Gi+2X > 5.
i=1

This means that the number of the vertices adjacent to (at least) two vertices of C is at
most 2n/3. However, this is impossible, since the number of the vertices adjacent to two
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vertices of C is at least
5
S5n 2n
dla;)) —n>— —n=—.
; (a;)—n 3 n 3

Case 4: r=0.

This means that no vertex in N(x) is adjacent to two vertices of C. Therefore the number
of the vertices adjacent to two vertices of C is at most n—d(x)—1 and at least 21-5:1 d(a;)—n,
that is,

5
2
n—d(x))Zd(ai)—n>%n—n=?n.
i=1

It follows that

n
d(x) < =,
() <%
a contradiction.

This completes the proof of our theorem. L]

3. The main theorem

In this section, we shall prove the main result of the paper.

Theorem 3.1. Let G be a maximal M-free and Ks-free graph of order n with 6(G) > n/3.
Then, for every d = 1, either G is of F;-type or G contains Fy.1 as a subgraph.

To prove Theorem 3.1, we shall apply induction on d. But, the proofs of the theorem
for d = 2 and for d > 3 are different. We shall state and prove Theorem 3.1 for d = 1,2
separately, namely, Theorem 3.3 for d = 1; Theorem 3.4 for d = 2. In fact, Theorems 3.3
and 3.4 serve as the first step in the inductive proof of Theorem 3.1. After going through
the proof of Theorem 3.4, readers may find that of Theorem 3.1 easier to understand
since the methods employed are similar.

Before we state and prove our Theorem 3.3, we need the following lemma, which is
taken from [1] and [4].

Lemma 3.2. Every nonbipartite graph G of order n with 6(G) > |2n/(2k +1)| contains an
odd cycle of length at most 2k — 1, where k = 2. ]

As an immediate consequence of Lemma 3.2, we have the following result.

Theorem 3.3. Let G be a Ks-free and M-free graph of order n with 6(G) > n/3. Then,
either G is bipartite or G contains a 5-cycle.

Proof. Assume that G is not bipartite. Since 6(G) > n/3 = 2n/7 and G is Kj-free,
Lemma 3.2 implies that G contains a 5-cycle. L]
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Theorem 3.4. Let G be a maximal M-free and Kj-free graph of order n with 6(G) > n/3.
Then, either G is of Fa-type or G contains the Mobius ladder Fs shown in Figure 1.

Proof. Assume that G is not of F,-type so, in particular, G is not bipartite. Thus,
Theorem 3.3 implies that G contains a 5-cycle C = ajaraszasasa;. Let T be the set of
vertices in G adjacent to exactly two vertices of C. For 1 < i < 5, define T; by putting

T: = N(ai—1) N N(ait1),

with indices counted modulo 5. Clearly, {T}, T»,..., Ts} is a partition of T and the induced
subgraph G[T] is of F,-type, since G is Kj-free. If T = V(G), then G is of F»-type, a
contradiction. Thus R = V(G) — T is not empty.

Call a vertex y € R a T;j-vertex if N(y) € RU T;. By Theorem 2.2, every T;-vertex y is
adjacent to every vertex in T;. Therefore the neighbours of a Tj-vertex are not adjacent
to any vertex in Tj, since G is Ks-free. Let x be a vertex in R. By Theorem 2.2, the vertex
x is adjacent to exactly one vertex of C, say to a;. So x is adjacent to every vertex in T
and it is not adjacent to any vertex in T, U Ts. We now consider the following four cases.
Our aim is either to find a F3 or to obtain a contradiction in each case.

Case 1: x is a Tj-vertex, but there is a neighbour x; € R of x such that x; is not a
T;-vertex for any i.

Without loss of generality, we may assume that x; is adjacent to T, and T,. By Lemma 2.1,
x and a3 have a common neighbour x,. Clearly, x; is in R and x; # x;. Let y, €
T> N N(x1) and ys € T4 N N(x;). Since as is adjacent to a; and y4, and G is Kj-free,
(N(ar) U N(ys)) N N(as) = 0. So {x,y2,a3,x1} N N(as) = 0. Since y,x;xxpazy, is a 5-cycle
and 6(G) > n/3, Theorem 2.2 implies that as is adjacent to x,. Hence G contains F3 with
vertex set

{as, ai, y2,as, X2, X, X1, y4}

and edge set

{asal, ayys, y2ds, dzX, X2 X, XX1, X1Y4, Y4ds, A5X2, A1 X, Y2X1, 013)’4}-

Case 2: x is a Tj-vertex; every neighbour of a Tj-vertex in R is a T;j-vertex for some j.
First, we claim that if x; is a neighbour of x, then x and x; are not adjacent to consecutive
T;s. Indeed, if x and x; are adjacent to consecutive T;s, then x; is adjacent to either T, or
Ts, since x is a Ty-vertex. Without loss of generality, we may assume that x; is adjacent
to T,. Since x is a Tj-vertex, Lemma 2.1 implies that a3 and x have a common neighbour
X, € R. Then x; and x; are T;-vertices. Theorem 2.2 implies that as is adjacent to at
least one vertex of the 5-cycle xxjaraszxyx. Since G is Kj-free, as is not adjacent to any of
X, ay, as. Therefore, as is adjacent to at least one of x; and x;. This contradicts the fact
that x; and x, are T;-vertices, establishing our claim.

Thus, no Tj-vertex and its neighbour are adjacent to consecutive T;s. Lemma 2.1 implies
that x and a3 have a common neighbour x; € R, and x and a4 have a common neighbour
x4 € R. Then x3 and x4 are T;-vertices. Therefore, Lemma 2.1 implies that x3 and as have
a common neighbour x5 € R, and x4 and a, have a common neighbour x, € R. Clearly
X, X2, X3, X4, X5 are Tj-vertices. We notice that xaja;x;x4x is a 5-cycle. By Theorem 2.2, the
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vertex x5 must be adjacent to one vertex of this cycle. Since G is K3-free and no T;-vertex
and its neighbour are adjacent to consecutive T;s, the vertex xs is adjacent to x. It can
now be checked that the subgraph induced by the set P = {ay, a2, a3, aa, as, X, X2, X3, X4, X5 }
is the Petersen graph.

Note that every vertex in T U {x, X2, X3, X4, X5} is adjacent to at most three vertices
of P. Since G is Ks-free, every vertex y in R — {x, X2, X3, X4, X5} is adjacent to at most
two vertices in {aj, aa, as, as, as} and two vertices in {x, x2, X3, X4, Xs}. Furthermore, if y is
adjacent to a vertex in {x,x»,x3, X4, Xs}, then y is a Tj-vertex for some j. So y is adjacent
to at most one vertex in {aj, s, as, das,as}. Therefore, every vertex in G is adjacent to at
most three vertices of P and we have

3n=) dv) > 1;" > 3n,

veP

a contradiction.
Case 3: the vertex x is adjacent to at least three T;s.
Since x is adjacent to ay, the vertex x is not adjacent to T, and Ts. Then x is adjacent to
a vertex y3 € Tz and a vertex y4 € T4. Therefore G contains F3 with vertex set
(a1, as,a4,y3, %, y4, 03,02}
and edge set

{alas, asdy, days, Y3X, Xya, y4asz, dszdy, drai, d1 X, dsy4, d4ds, Y3a2}-

Case 4: every vertex in R is adjacent to exactly two Tjs.

Since every vertex in R is adjacent to at least one vertex of C, no vertex in R is adjacent
to consecutive T;s. Furthermore, if a vertex x € R is adjacent to g;, then x is adjacent to
all vertices in T;, by Theorem 2.2. In this case, if

Ri={xeR: Nx)NTi_;1 #0 and N(x)N Tiys # 0}

for 1 <i< 5, then {Ry,Ry,...,Rs} is a partition of R. Since G is K;3-free and every vertex
in R; is adjacent either to every vertex of T;_; or to every vertex of T;.i, the vertices of R;
are independent by the definition of R;. Since G is not of F-type and G[T] is of F,-type,
for some i, there is an edge xy between R; and Riyo U Tiis.

Without loss of generality, we may assume that the edge xy is between R; and R3; U T3,
with x € R; and y € R3U Ts. Let x, € N(x) N T, and y, € N(y) N T». Since G is Kj-free,
we have x; # y». Then G contains F3 with vertex set

{x,as,a4,a3,x3,a1,y2,y}

and edge set
{xas, asas, azaz, azxy, x2a1, a1y, Y2y, yX, asdi, a4y, a3y, XaX .

This completes the proof of our theorem. L]

Note that Theorem 3.4 extends the result of Haggkvist [4]. Based on Theorems 3.3
and 3.4, our main aim now is to prove Theorem 3.1. Although the proof of Theorem 3.1
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is quite similar to that of Theorem 3.4, it is much more complicated. Note that the vertex
a; of F; is adjacent to the vertices a; 143/, 0 < j <d — 1.

Proof of Theorem 3.1. We shall prove this theorem by induction on d. Theorems 3.3
and 3.4 imply that the result holds for d = 1,2. Suppose that d > 2 and the result holds
for values less than d. Then, either G is of F;_{-type or G contains F; as a subgraph.

Suppose that the graph G is not of Fy-type. Then G is not of F;_i-type either. So it
contains the graph F; with vertex set

{ar,a2,a3,. .., 0301}
and edge set
{afai+1,afai+4, Aiig 75 - - -5 Ailig 3141 - i€ Z3d—1}-
For 1 <i<3d—1,let
d
0i= ﬂ N (aiy3j-2)
j=1

Clearly, a; € Q; for 1 <i<3d—1. Let

3d—1

o= o
pt

We claim that G[Q] is an F;-type graph. Indeed, it suffices to check that there is no edge
between Q; and Q;, where 3 < i < 3|d/2| and i # 5,8,11,...,3[d/2] — 1. Suppose then
that x; € 0; and x; € Q; are adjacent. Since x; is adjacent to ay, as, as,...,3[d/2] — 1,
and x; is adjacent to a;; and a1, the vertex x; is adjacent to one of a;_ and a1, say
a;i—1. Then x1x;a;_; is a triangle of G, contradicting the fact that G is K;3-free. Thus G(Q)
is of Fy-type, as claimed.

Since G is not of F;-type and G[Q] is of F;-type, R = V(G) — Q is not empty. In the
following three lemmas, we shall study the relation between the graph F; and the vertices
in R.

Lemma 3.5. No vertex x of R is adjacent to both a; and a;y».

Proof. Suppose that a vertex x € R is adjacent to a; and a;;, for some i. Without loss of
generality, we may assume that x is adjacent to the vertices a; and as.

For 1 < i < d—2, the vertex x is not adjacent to aji3, dz43i, d443 and asys;
(since G is Kj-free, a; is adjacent to ap;3 and asys, and aj is adjacent to ajy3 and
dg+3;). Thus Theorem 2.2 implies that x is adjacent to the vertex as;3 of the 5-cycle
a143i02+310343104+31054-31d1+-3;. However, the vertex x is adjacent to each of the vertices

as, as, ay, ..., az(= ar).

Thus, x € Q,, contradicting the fact that x € R. L]
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Lemma 3.6. For every vertex x in R, there is an index i € Z34_1 such that x is adjacent to
a; and a;ys, but not adjacent to any of a;i11, aiv2, div3 and a;yq.

Proof. Let x be a vertex in R, and let a;,,...,a;, where iy < i, < --- < i, be all the
neighbours of x in F;. Since F,; contains a 5-cycle, Theorem 2.2 implies that x is adjacent
to at least one vertex of Fy, say a;. Since 3d — 1 > 8, Theorem 2.2 implies that x is
adjacent to at least one vertex of the 5-cycle ayazaqasaga,. So k = 2. Since a; is adjacent
to a4 and a;a;y1a;120ai3ai14a; 1s a S5-cycle, Lemma 3.6 and Theorem 2.2 imply that, for

I<j<k-—1,
ij—ij1=3 or 5,
and
it+3d—1—i =3 or 5.
Therefore, as 3/3d — 1, we have either i; —i;_; = 5 for some 1 < j < k—1, or
it+3d—1—i, =5 L]

Lemma 3.7. For each vertex x of R, there is an index i € Z3,4_1 such that all the neighbours
of x in Fy are the vertices aj13j, 0 < j < d — 2. Furthermore, U?;é Qiy3j S N(x).

Proof. Let x be a vertex in R. By Lemma 3.6, we may assume that x is adjacent to a;
and ag, and not to a,, as, ag and as. For 1 <i < d— 3, x is not adjacent to a413;, ds.3i,
arv3; and agys; (since G is Ks-free, a; is adjacent to asi3 and ag.s;, and ag is adjacent
to the vertex asy3 and a7y3;). Therefore x is adjacent to the vertex agy3; of the 5-cycle
A413i0543i0643i07+3i08+3id4+3. Now, note that the graph G is Ks-free; a; is adjacent to

each of ag, ayy, ais,...,a34—1; ae¢ is adjacent to each of ay, ajg, ajs,...,d3—2; and x is not
adjacent to any of ay, as, a4 and as. Therefore the neighbours of x in F; are precisely ag,
ag, dy,...,d3;(= ay). By a similar argument, we find that x is adjacent to every vertex of

d—2 D
U_j=0 Q6+3j-

Let us extend the notation of a T;-vertex used in Theorem 3.4. Call a vertex x € R a
(d — 1)-set vertex with classes Qi, Qiy3, Qites- .., Qit3d—2), or simply a (d — 1)-set vertex, if
N(x) € RUUjZ Qivsy

We now return to the proof of Theorem 3.1. Let x be a vertex in R. By Lemma 2.1, we
may assume that chl;g O¢+3j = N(x). Consider the following three cases.

Case 1: the vertex x is a (d — 1)-set vertex.

Since a3 or a4 is not adjacent to any vertex in U?;g O643j, Lemma 2.1 implies that x and
asz have a common neighbour x3 in R, and that x and a4 have a common neighbour x4
in R. Since G is K;-free, we have x3 # x4.

The vertex x is adjacent to ag. So Lemma 3.7 implies that x3 is adjacent to exactly as,
ay, a4, ..., as4—1,a3 in F4. As x is adjacent to a;, Lemma 3.7 implies that x4 is adjacent to
exactly aq, az, aj,...,a3— in Fy. Since x3 is not adjacent to a4, as, ag and a;, Theorem 2.2
implies that x3 is adjacent to x4 of the 5-cycle asasagarxgas. Therefore x3x4xx3 is a triangle
of G, a contradiction.
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Case 2: the vertex x is adjacent to at least d 4+ 1 of the Q;s.

Since G is Kj-free and x is adjacent to the vertices ag, ayg aia,...,a3(= ap), the vertex x
must be adjacent to one vertex y; in Q3 and one vertex ys in Q4. Clearly, y3 # a3 and
V4 # a4. Then G contains the graph F; with vertex set

{01,02,03,)/4,X, V3, dy, as,---,awfl}
and edge set
E(Fd) UuXuYsuYsu {y4X,Xy3},

where

X = {xa¢13 : 0<i<<d—2},
Yi = {wmasiy 1 0<i<d—1},

and
Y4 = {y3a4+3i : 0 <i d— 1}

Case 3: every vertex in R is adjacent to exactly d of the Q;s.
For 1 <i<35, let

Wi={x€R:INX)NQii+3 #0, 0<j<d—1}.

Then, by Lemma 3.7, {W,, Wa,..., Ws} is a partition of R.

We claim that, for i +3 < j <i+3|d/2| —1 and 3/(j —i— 1), the set W; U W; U Q; is
independent. We may assume that i = 1, i.e. we shall show that, for 4 < j < 3|d/2] and
3/j —2, the set W U W; U Q; is independent.

Assume first that 3 | (j — 1). Then every vertex in W; U Q; is adjacent to a vertex in
Qj+1 and a vertex in Q34—i, and every vertex in W is adjacent to a vertex in Q4 and a
vertex in Q34—1. Therefore, Lemma 3.7 and the definition of Q; imply that every vertex in
W1 and every vertex in W; have a common neighbour in Q11 UQ34—;. Since G is K3-free,
the set W; U W; U Q; is independent.

Assume now that 3 | j. Every vertex in W; U Q; is adjacent to a vertex in O, and
a vertex in Q;_i, and every vertex in W, is adjacent to a vertex in 0, and a vertex in
Qj—1. Therefore, Lemma 3.7 and the definition of Q; imply that every vertex in W; and
every vertex in W; have a common neighbour in Q> U Q;_;. Since G is Ks-free, the set
Wi U W;UQ; is independent, completing the proof of our claim.

Now, we return to the proof for Case 3. Since G is not of F;-type, the claim above
implies that, for some i € Z3,_1, there is an edge between W; and Wi, U Q;1,. We may
assume that a vertex x € W is adjacent to a vertex y € W3 U Q3. Let x, € N(x) N Q, and
y2 € N(y) N Q,. Then y, # x; since G is K3-free and, by Lemma 3.7, the vertex x has to
be adjacent to apy3;, 1 <i<3(d—1), and y has to be adjacent to a3, 1 <i<3(d—1).
Then the graph G contains F;,; with vertex set

{641,}’2, ¥, X, X2, a3, dq, . . ~,a3d—1}
and edge set
E(F)UY,UY UX UX,U{xy, xxa, y¥2},
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Figure 3 An extremal graph M’

where
Y, = {nay : 1<i<d—1},
Y = {yajs3 @ 1<i<d—1},
X = {xap3 ' 1<i<d—1}
and
Xo={xa3 @ 1<i<d—1}.
This completes the inductive step and thus the proof of Theorem 3.1. L]

Note that Theorem 3.1 is essentially best possible. Indeed, consider the graph M’ as
shown in Figure 3. It is easy to see that M’ is maximal M-free and Kj-free and that
[V(M')] =n =12, 6(M') = 4 = %. However, M’ is not of Fy-type since y(M') = 4. Thus,
M’ is an extremal graph for the problem when n = 12. In fact, by considering graphs of
M'’-type, we may obtain extremal graphs for all n which are not congruent to 3, 6 or 9
modulo 12.

The following two results, as stated in the abstract, follow from Theorem 3.1.

Theorem 3.8. Let G be a Ks-free graph of order n with y(G) < 3 and 6(G) > n/3. Then
G is of Fy-type for some d = 1.

Proof. Letd = |(n+1)/3] and G; be a maximal K3-free and M-free graph obtained from
G by adding edges to G. Since 3(d + 1) — 1 > n, G; does not contain F,y; as subgraph.
Therefore, Theorem 3.1 implies Gy is of Fy-type, so G is of F;-type. ]

Theorem 3.9. Let G be a Ks-free graph of order n with y(G) = 4 and 6(G) > n/3. Then
G contains M as a subgraph.

Proof. Suppose that, contrary to the assertion, G does not contain M as a subgraph.
Let Gy be a maximal K3-free and M-free graph obtained from G by adding edges to G.
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Then, Theorem 3.1 implies that Gy is of Fy-type for some d > 1. Therefore, we get a
contradiction that 4 < y(G) < x(Gy) < y(Fq) < 3. L]

Finally, we have the following theorem.

Theorem 3.10. Let d = 1 and let G be a K;-free graph of order n with y(G) < 3 and
o(G) > V‘”U"J. Then G is of F;-type. Moreover, some Fy,1-type graphs are not of Fy-type

3d+2
(d+1)n
3d+2 |°

with minimum degree L

Proof. Suppose that 6(G) > (‘iji)z" and G is not of F;-type. Without loss of generality,

we may assume that G is maximal Kj-free. Since d > 1, we have (‘;jii)z” > n/3. Then
Theorem 3.1 implies that G contains the graph F,;,. Since the independence number of
Fyi1 18 d+ 1 and G is K3-free, every vertex of G is adjacent to at most d + 1 vertices of

F;.q. Thus
d+1)n= Z dr,,, (x) = Z d(x) > 3d+2)(d+ )n/(3d — 1)) = (d + 1)n,

xeV(G) XEFu11

a contradiction.

Clearly, the complete F;.i-type graph Fy1(n/(3d + 2)) is a (d + 1)n/(3d + 2)-regular
K;-free graph. Since Fyi1(n/(3d + 2)) contains F,;y; as a subgraph for n > 3d + 2, the
graph F;.1(n/(3d +2)) is not of F;-type. Therefore, if (3d +2) | n, then Fy1(n/(3d +2)) is
a Kj-free, non-F;-type graph of order n with minimum degree (d + 1)n/(3d 4 2). In fact,
for a given d with 1 <d <9 and n > 3d + 1, we can find a complete F,.;-type graph of

order n which is a K3-free, non-F;-type graph with minimum degree V‘;ﬁ)ﬂ ]

For 3-chromatic graphs we have the sequence {F;}*,. But we do not know whether
there is similar sequence for 4-chromatic graphs. By applying a result of this paper, Jin [7]
very recently showed that every Ks-free graph G of order n with 6(G) > 11n/32 is either
of F;-type for some i < 10, or of M-type with M as a subgraph.

Is there any graph G with chromatic number at least 5 and minimum degree greater
than |G|/3? Erdés and Simonovits [3] (also see [2, page 366]) conjectured that it is
unlikely.
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