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1 Introduction

The main motivation for the multiscale coupling method is that the macroscale model
is sufficiently accurate except the isolated regions in which the microscale model is re-
quired to resolve the details of the local events take place in these regions. The quasicon-
tinuum (QC) method [31] is one of the earliest multiscale coupling method for modeling
the mechanical deformation of crystalline solids. There are two class methods in QC: the
energy-based method and the force-based method. In this paper we focus on the energy-
based method, and refer to [16] and [14, 15] for a review on the force-based method and
its recent progress. We list several representatives of the energy-based QC method: the
dead load force correction method [29]; the quasinonlocal method (QNL) [30] and the
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generalized QNL [12,27,28]; the geometrically consistent scheme (GCS) [6] and its gen-
eralization [24,25]; and the blended QC [1,26,32]. The essential difference among these
methods are the strategies to deal with the energy of the atoms inside the atomistic-to-
continuum (a/c) interface. It is worthwhile to mention that there are also some other a/c
energy-based coupling methods such as the optimization-based coupling method [19].

In this study we shall focus on GCS proposed by E. Lu and Yang. This scheme de-
pends only on the lattice structure of the system and works for all existing empirical
potentials with an arbitrary interaction range. It generalizes QNL proposed in [30]. New
variants of GCS have recently been proposed in [24, 25], which have been proven to be
first-order consistent. A reflection method in the spirit of GCS was constructed in [21].
Though there seems no straightforward extension of this method to 2d/3d, the authors
proved the first-order accuracy of the reflection method in 1d under sharp stability con-
dition. A set of coefficients has to be precomputed in the implementation of GCS. Such
coefficients (we call GCS coefficients) for various lattice structures with different interac-
tion ranges have been charted in [6], while its existence for problems with arbitrary in-
teraction range interaction remains unproved. Progress in this direction has been made
in [24] in 2d. We prove the existence of GCS coefficients in 1d, and hope it may provide
certain insights for 2d /3d.

Ming and Yang [17] analyzed GCS for an atomic chain with second neighboring in-
teraction. Uniformly first-order accuracy has been proved in the discrete W' norm.
However, the stability condition is suboptimal, and their analysis is confined to second
neighboring interaction. This motivates our study on GCS for finite range interaction,
which is particularly important when van der Waals type interactions play an essential
role. For example, we are interested in modeling the mechanical interaction between
atom clusters. We firstly prove that the GCS coefficients indeed exist for 1d chain with
finite range interaction, while it is not unique. Next we derive a special symmetric solu-
tion, which essentially coincides with that in [6] for the interaction range less than five.
Motivated by [24,25], we propose a minimizing algorithm to obtain new sets of GCS coef-
ficients. Numerical evidence suggests that GCS with such coefficients may have smaller
error. We establish an identity for GCS coefficients, upon which we prove the first-order
consistency of GCS in a negative Sobolev norm. Using this identity, a discrete Wirtinger
inequality and a generalized polarization identity, we prove that GCS with finite range in-
teraction is stable under the sharp stability condition for Dirichlet boundary value prob-
lem. The stability condition is sharp in the sense that the difference between the stability
condition of GCS and that of the atomic model is of O(&?), where ¢ is the lattice spacing.
We test the accuracy of GCS by a set of numerical examples, which show that GCS has
optimal convergence rate in the discrete W* norm for 2 < p < oc. The analysis is carried
out for the pairwise potential for brevity, which can be extended for many-body potential
by combining the techniques from [7] and [11, 16].

The paper is organized as follows. In Section 1, we introduce the setup of the prob-
lem and the geometrical consistent scheme. In Section 2, we propose a condition under
which GCS coefficients exist. A special set of GCS coefficients is explicitly derived, and
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a constrained minimizing algorithm is introduced to determine the GCS coefficients. In
Section 3 and Section 4, we estimate the consistency error and prove the sharp stabil-
ity of GCS. In Section 5, several numerical examples are reported, which confirms the
optimal convergence rate of GCS with different ranges of interaction and different GCS
coefficients.

1.1 Preliminary

Let e=1/N be the lattice spacing and we consider a chain that occupies O, =[—1,1]NeZ.
The reference state is denoted by x=ie fori=—N,---,N, while the deformed state y(x) =
x+u(x) with displacement u that belongs to

Us={u:eZ—R|u(x)=0, xceZ\ Qe }.
For any k€ Z, we define
U p={u:eZ—R|u(x)=0, x€eZ\Qex},

where Q, y={—(N+k)e,--- ,Ne} and Q, _y={—Ne,---,(N+k)e}. The translation operator
T is defined as (Tu)(x) =u(x+¢). We define the discrete gradient operator as

Di:Ue— Uy with Dy=¢ (T ~1),
where [ is the identity operator. We shall use the shorthand Du=Diu and D_u=D_qu.
The average operator is defined as

k-1 k-1
Ar=YT" and A=) T, kel
=0 =0

The /?-inner product is defined for any u,v €U, as

(u,0):=Y_ eu(x)o(x),

xeQe
the corresponding discrete weighted ¢f-norm is defined as

1/
(Cicaelo@l?) ", 1<p<e,

Ol|pp =
Il max|v(x)], p=oco.
xeQe

We shall use the following relations for any u,v € U:
(u,Dyv) =(A_ju,Dv) and (u,D_jv)=(Au,D_1v), (1.1)

and
(u,Dv) =— < T‘lu,D,v> and (u,D_v)=—(Tu,Dv), (1.2)

which may be easily verified by summation by parts.
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1.2 Atomistic model and Cauchy-Born model

For any 7oyt €N, we assume that an atom interacting with at most .+ neighboring atoms,
and ¢ is a potential function satisfying [20]

1. p€C3((0,00);R);
2. there exists r*, such that ¢ is convex in (0,7*) and concave in (r*,4o0).

It is clear that the Lennard-Jones potential [10] satisfies the above assumptions. We fur-
ther assume that
Dy(x)>r*/2 forall xeQ,. (1.3)
The site energy of the atom x is
€ Tcut
Sa(x)=75 ) (9(Dy(x)) +¢(~Dy(x))). (1.4)

k=1

The total energy is defined for any y—x €U, as

EX'(y)=Ea(y)—(f.y) with Ea(y)= Y Sa(x).

xeQ,

The atomistic model problem is: Find vy, —x € U, such that
Ya €Eargmin EP(y), (1.5)

where the argmin denotes the set of the local minima of E'(y). The Euler-Lagrange
equation associated with (1.5) is

(0Ealyal v)=(f,0), Vvell,

where 0E,[y] is the Fréchet derivative of E,.
The total energy of the Cauchy-Born (CB) [2] elastic model can be written as
Teut
E'(y)= ) e} o(kDy(x)) = (fy).

xeQe k=1

We aim to find y. —x €U, such that
yc €argminEL ().

The site energy of the atom x can be defined as
Tcut

Se(x)=5 Y (¢(kDy(x)) +¢(—kD_1y(x)). (16)

k=1
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1.3 Geometrically consistent schemes

In QC method, the atomistic model is coupled with the CB elastic model. It is well-known
that a straightforward coupling method suffers from ghost forces [29], which may cause
O(1) error in strain. We refer to [5, §8] for a nice summary on the influence of ghost forces
and refer to [4,17] for more details.

To remove the ghost force, a buffer layer (), /. between the atomistic region (), and the
continuum region (). is introduced in both QNL (quasinonlocal) and GCS (geometrically
consistent scheme), and the site energies for the atoms inside the buffer layer have to be
carefully defined. The site energy of atom x depends on the relative distance between x
and atoms inside the interaction range, i.e., both Dyy(x) and kDyy(x) are used to recon-
struct the relative distance between atom x and atom x+ke. It is natural to introduce a
general discrete gradient operator

Dk . Z/{g — Z/{glk
for any ke {+1, - ,£rqy}. Similar to the representations (1.4) and (1.6), the site energy is

defined as

Tcut

Sare(x) =3 Y [9(Dey(x)) +$(=D_y(x))].

k=1

For QNL, and for any x€Q),,

Diwy(x), xxkeeQy,
kDiqy(x), otherwise.

Diky(x)iz{

QNL uses the positions of the nearest neighbor atoms to reconstruct the relative positions
of other atoms. Therefore, QNL is limited to the case that the interaction only involves
the second nearest neighbors.

The operator Dy in GCS is defined as a linear combination of Dy and kD :

Dky(x): =Cak(x) Dy (x) + (1= Care(x) )kD 1y (x), (17)

where the coefficient C.(x) varies for different k and atom site x. It is convenient to
require that Coi(x) =0 for x € Q),, and Cyi(x) =1 for x € ). We shall use the shorthand
Dy for Doy [y](x) when there is no confusion occurs.

The total energy is defined as

Eé%;(y):Egcs(y)_<f/y> with Egcs(y): Z Sa/c(x)' (1.8)

xeQ,

Now we find yges —x €U, such that

Yges € argminEfg%ts (y)- (1.9)
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To remove the influence of ghost force, we need to impose
Eges[y]ly=y: =0, (1.10)
where yr =Fx for any F >0. A direct calculation yields
Ay(w (D )+ =Dy )], =0 k=1 1, VxeQe. (1.11)

This condition is equivalent to [6, Definition 3], which depends only on the lattice struc-
ture of the crystal, while is independent of the interaction potentials. For the system with
many-body interaction, the same condition (1.11) can be deduced from (1.10).

Remark 1.1. GCS has been extended to high dimension problem in [6]. One may derive
identities similar to (1.7) and (1.10), which are expected to play essential role in the anal-
ysis and implementation of GCS as we shall shown later on for 1d chain. However, a
rigorous study of GCS for high dimension problem is largely an open problem.

2 Existence of the GCS coefficients

In this part, we seek conditions under which (1.11) is valid, and find practical ways to
determine the coefficients.
Substituting (1.7) into (1.11), we obtain, for any 1 <k <rqyt,

Cr(x—ke) —kCi(x—e)+(k—1)Cy(x) = (k—1)C_g(x) —kC_i(x+¢€)+C_i(x+ke). (2.1)

This condition is trivial for k=1. For any 2 <k <r,, we assume that the thickness of the
buffer layer is My, and we write

O,={x=ie|i=—N,---,0},
Que={x=ie|i=1,---, My},

and
Q.={x=ie|i=M;+1,---,N}.
It is clear that for any 2 <k <7y,
Cik(x)=1, x<e and Cu(x)=0, x>M;e. (2.2)

Let x=(Mj+k)e in (2.1), we obtain Ci(x)=0 for x=Mje. Next, letting x=(Mj+k—1)e
in (2.1), and using the above fact, we obtain Cy(x) =0 for x = (Mj—1)e. By the principle
of induction, we have Cy(x) =0 for x > (My—k+1)e. Applying the same procedure to
x={(—k+1)¢,---,—¢}, we obtain C_(x) =1 for x <ke. Therefore,

0, x>(Mig—ke, 0, x>M;e,
Ck(x):{ 1 x<£ = and Ck(x):{ 1 x<(kl—{|—1)e. 23)
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It remains to determine Ci(x) for x=¢,---,(My—k)e and C_¢(x) for x=(k+1)e,---, Mie.
By the above condition, we get My >k, i.e., the thickness of (), . is at least k. When
k =2, the thickness My =2 is just the one used in QNL [30]. When k > 3, ghost forces
cannot be removed if M =k.
By (2.3), the condition (2.1) is valid for x € (), UQ).. Denote

n=1[Cr(e), -+, Ce( (Mg —k)e),C_((k+1)e),---,C_p(Mye)]".

We write
An=(, (2.4)
where A=[A;,— Ay with Ay, Ay € RM* (M=) and

k-1, i—j=0, 1, i—j=0,
)~k i—j=1, ) =k i—j=k—1,
Aq(i,j) = 1 i—j—k, and Ay(i,j)= k-1, i—j=k (2.5)
0, otherwise, 0, otherwise,
and 7 € RMr with
k
{=[k—2,-2,---,—2,k—2,0,---,0]%.
Our main result in this section is
Theorem 2.1. For 2<k<r.y, Problem (2.4) is solvable when M >2k—2.
If My =2k—2, Problem (2.4) has a unique solution
x(x+e)
Ce(x)=1— —F—%, e<x<(k—2)g,
ke(k—1)e 2.6)
(x —2ke) (x+e—2ke) '
= <x< —
C_x(x) ke(k—T)e , (k+1)e<x<(2k—2)e

Proof. First, we prove (2.4) has a solution (2.6) when M =2k—2.
By the kth equation of (2.4), we find #;,_1 =1—2/k, this proves the second equation
of (2.6) with x = (k+1)e. Next we solve the first equation of (2.4) to obtain

m=1-2/k(k—1)],
which verifies the first equation of (2.6) with x=e. Now we assume that the first equation
of (2.6) is true for x <ie, and the second equation of (2.6) is true for x < (k+i)e, then we

solve the (k+i)th equation of (2.4)

i+ =k)iti2+kifirio1 =0,
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and obtain

1<(k—z’)(k—i—1)_1 i(i—|—1)> (k—i—1)(k—i—2)

Tei-1= ¢ k -0 )T k-1

which verifies the second equation of (2.6) with x = (k+i+1)e.
Next we solve the (i+1)th equation of (2.4)
—kni+ (k=1)1i1 —erin =—2,
and obtain
i1 =1=(+1)(+2)/[k(k=1)],

which verifies the first equation of (2.6) with x = (i+1)e. By the principle of induction,
we prove identity (2.6) for all x.

Second, we prove (2.4) has a unique solution when M;=2k—2. Selecting the 2,- - -, (2k—
3)th row vectors of A, we get a submatrix A € Rk=4)x(2k=4) ith

G [k (=1)P P
- pT kI—(k—1)PT|’

where I is the k—2 by k—2 identity matrix, and P € R*~2)*(k=2) jg a Toeplitz matrix
defined by P = (a;_ ])1‘]’:21 with a; =1 and a; =0 otherwise. Since

i I (k—1)I I 0
0 I —k1PT 1
_ [=kI+(k—1)(P+PY)—(k—2)PPT k[(k—2)P—(k—1)I]
N 0 kI ’
then
detA=det(kI)det(—kI+ (k—1)(P+PT)— (k—2)PPT).
A straightforward calculation gives
det(—kI+ (k—1)(P+PT)— (k—2)PPT) = (—1)F2(k—1)F3(2k—3).
This implies
detA=(—k)*2(k—1)k3(2k—3) #0.
We conclude that rank(A)=2k—4. Therefore, the linear system (2.4) has a unique solution
of the form (2.6).

If My <2k—2, we have the kth row vector of A is a zero vector, while the right-hand
side equals to k—2 by (2.4). This is absurd. Therefore, we conclude that the ghost forces
cannot be removed when M <2k—2.

Denote the ith column of A as b;. If My > 2k—2, then we obtain {by,---,bx_»}U

{bm,—k+1, - /bm,—2}U{C} are linearly dependent by (2.6). Therefore, rank (A)=rank(A,7).
This proves that Problem (2.4) is solvable. O
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Remark 2.1. If we switch the role of (), and (), then the coefficients change to

Ck(x):%, e<x<(k—2)g,
x —2ke) (x —2ke+e)

ke(k—1)e ’

2.7)

C_k(x)zl—( (k+1)e<x<(2k—2)e.

When M > 2k—2, we may elongate the solution for My =2k —2 by setting the remaining
components by zeroes. Although the thickness of the buffer layer M are defined sep-
arately for different interaction range k, we shall use a common thickness of the buffer
layer M = M, ,, in practice.

Teut

Remark 2.2. The authors in [6] pointed out that GCS reconstruction coefficient equa-
tions (1.11) are solvable for 1d chain and the solution is not unique. They listed the
solution for 7.y =1, --,5, which coincides with (2.6).

Due to the non-uniqueness of the reconstruction coefficients, we find a solution by
solving the following ¢/P-minimization problem as

*=argmin||n|,» subjectto Ay=(, (2.8)

where p =1 and 2 in this work. It is natural to seek for the /-minimizer, because it
corresponds to the most sparse solution of the system, which may reduce the cost in the
implementation. The /2-minimizer is used for comparison’s sake. The numerical effect of
such reconstruction coefficients will be reported in the last section. We note that similar
ideas have been used in [24, 25] to determine the coefficients of the coupling method.
Their motivation comes from the special structure of the consistency error.

As an example, we set k=5 and M5 =9, the 1 -minimizer and /2-minimizer are re-
ported in Table 1. Additional information for the coefficients can be found in Table 4 to
Table 7 in the Appendix.

It is clear that some coefficients in Table 1 are negative, which may lead to unde-
sirable numerical instability. To avoid such instability, we impose an extra positiveness
constraint on the minimization problem (2.8) as

n* =argmin||y||;» subjectto Ap=¢, 0<y<1. (2.9)

The positive /-minimizer can be found in Table 2 and Table 3, which is almost the same
with (2.6) provided that we set the coefficients with the same magnitude of O(107Y) as

Table 1: The ¢! and ¢2 optimal GCS coefficients.

Cs(e) Cs(2¢) Cs5(3e) Cs(4e) Co5(6e) C_5(7e) C_s5(8¢) C_5(%)
107847 04694 0.0541 -04612 0.1388  -0.0459 -0.1306 -0.1153
?2 | 0.7833 0.4667 0.0500 -0.4667 0.1333 -0.0500 -0.1333 -0.1167
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Table 2: The positive ¢! optimal GCS coefficients Cy(x).

€ 2e 3e 4e be 6g 7¢ 8¢ 9¢
Co(x) 0 0 0 O 0o O O 0 o0
Cs(x) | 0.6667 0 0 O 0o o0 O 0 o0
Cy(x) | 0.8333  0.5000 0 O 0o O O 0 o0
Cs(x) | 0.9000 0.7000 04000 0O O O O 0 O

Table 3: The positive ¢! optimal GCS coefficients C_j(x).

e 2 3¢ 4e 5e 6¢ 7¢ 8¢ 9¢
Cor(x)|1T 1 0 0 0 0 0 0 0
Cs(x)|1 1 1 0.3333 0 0 0 0 0
Cyux)|1 1 1 1 0.5000 0.1667 0 0 0
Cs(x)|1 1 1 1 1 0.6000 0.3000 0.1000 O

zero. We move the results for the positive /2-minimizer to Table 8 and Table 9 in the
Appendix.

The next lemma concerns an identity for the reconstruction coefficients.
Lemma 2.1. Forany k=1,---,rcy and x € Q), there holds
(kI—A_)Ci(x)+T(kI—Ag)C_i(x)=0. (2.10)
The above identity can be written into

k(Cr(x)+C_g(x+¢)) Zk: x—ie+e)+C_g(x+ie)).
i=1

Let k=2 in the above equation, we obtain

Co(x)+C_a(x+€) =Co(x—e) +Cn(x+2¢),
which can be rewritten into

Co(x)—C_p(x+2¢e) =Cy(x—e) —C_a(x+e),

which immediately implies Cp(x) =C_(x+2¢). This is just [17, Lemma 5.7], which has
been extensively exploited in [17] to analyze GCS with k=2. Lemma 2.1 is a natural exten-
sion of this result to finite range interaction, which shall play a key role in the subsequent
analysis.

Proof. For any x € (), we denote

F(x): = (kI—A_k)Ck(x)—|—T(kI—Ak)C_k(x).
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It is clear that F(x) =0 for either x € Q, or x € Q).
For any fixed integer k € IN, we sum identity (2.1) to obtain

kil (Cx(x—ie—ke) —kCy(x—ie—e)+ (k—1)Cy(x—ie))
i=0

:kil (C_i(x—ie+ke) —kC_y(x—ie+e)+ (k—1)C_g(x—ie)). (2.11)
i=0

By telescope sum trick, the left-hand side of the above identity can be written into

k-1

Y (Cr(x—ie—ke) —kCi (x —ie—g)+ (k—1)Cy (x —ie))
i=0
k— k—
:ki (Cr(x—ie) —Cr(x—ic—¢)) — i(Ck(x—is)—Ck(x—ks—is))
i=0 i=0

:@;—A_@(Cux)—cdx—k@)

Using telescope sum trick again, we rewrite the right-hand side of (2.11) as

E((k_l)c—k(x_is)_kc—k(x_i€+€)+C—k(X—i€+kS))
i=0
_kz x—ig) —C_g(x—ie+e) +Z _i(x+ (k—i)e) —C_y(x—ke+ (k—i)e))

=

=k(C_i(x—ke+e) —C_g(x+e) —I—Z _k(x+e+ie) —C_g(x—ke+e+ie))
i=0
:T(kl—Ak) ((C_k(x—ks) —C_k(x)) .
Combining the above two identities, we rewrite (2.11) as

F(x)=F(x—ke).

By iteration, there exists i € IN such that F(x) =F(x—ike) =0 with x —ike € Q),. O

3 Consistency error estimate

In this part, we prove that the consistency error of GCS is first-order in an appropriate
negative Sobolev norm. Let y be the solution of (1.5), the truncation error functional

Flyl=6EX"[y] —6Eges ]

https://doi.org/10.4208/cicp.OA-2017-0013 Published online by Cambridge University Press


https://doi.org/10.4208/cicp.OA-2017-0013

1344 H.L.Liand P. B. Ming / Commun. Comput. Phys., 22 (2017), pp. 1333-1361

can be decomposed according to the interaction ranges as

Tcut

}—[y]:szk(y) with Fily] =0E,k(y) —0Eecs k(V),
=

where E, i (v) =Y vcn,€P(Dxy(x)). We start with the following representation of Fi[y].
Lemma 3.1. Let y be the solution of (1.5). Then for any k=1,---,rq, and v €U,

(Fil o) = (A1 (D) kg (kDy),Dv)_ +3 (A 19! (Duy) —k' (Duy), Do)

+% (A9 (Dxy) —kT¢'(—D_yy), Do),

+%<(k1—A_k) [Ce'(Diy)| +T(kI— Ar) [Cx¢'(=D—y)],Dv), . (31)

/c

The first term in the right-hand side of (3.1) is the so-called “model error”, i.e., to what
degree the atomistic model is approximated by the CB elastic model. The remaining three
terms are the error committed by the GCS reconstruction, which are localized inside the
a/c interface.

Proof. By (1.1), we have

(3Eqkly],0) = (¢/(Dyy), Div) = ( A [#'(Diy) | Do) (32)
Using (1.1) and (1.2), we obtain

(¢ (D) Do) = ¥ ¢'(Dy(x)) ((Celx) Dio(x) +k(1— Ce(x)) Do(x))

X€Q0 &
:<A,k [ck¢’(2>ky)} ,Dv> +(k(1—Cy)¢'(Dyy), Do),
and

—(¢'(=D_4y), D)
= <Ak [c,k¢’(—D,ky)},D,v> —(k(1=C_p)¢/(=D_gy),D_0)
=<T[Ak [C—ldl’/(—p—ky)}}/Dv>+<T[k(1—c—k)4’/(—p—ky)]/Dv>-
Combining the above two identities, we obtain

($Egeni(y),0) =3 (A_[Cutf (Dyy)], Do) + 3 (k(1 - Co)gf (Dey), Do)

A(rh-ca o .00

o {T[A]cg (~D)]] Do), (3.3)
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Itis clear that (0Egek(y),v), reduces to (0E,k(y),v)q, , and (SEgesk(y),v), changes
to (6Eck(v),0)q, - A combination of (3.2) and (3.3) yields (3.1). O

We denote the terms in the right-hand side of (3.1) by I, -+, 14, respectively. It is by
now well-known that the model error I; is of second-order (see e.g., [7] and [22]). I, and
I3 are of first-order because GCS is essentially a linear reconstruction scheme. I; may be
bounded with the aid of the identity (2.10), which is also of first-order.

Lemma 3.2. Let y be the solution of (1.5), then for any v e U,

(Pl oba,| <CRueIDly o IDolgc
5 2 2112 3
0t (D21 ) #1000 1000y B9

where (A)a/C:Qﬂ/Cj:rcutg, p'=p/(p—1), and C depends on ||¢? || and ||¢©®||cc.
If we assume that ||D'y || is bounded for j=2,3, then

1-1/ _
(Flyloda| < Crl (M PP Dol ) +2uID0] g ) - (35)

a/c)
According to [3], the above consistency result is essentially optimal.
Proof. By Taylor’s expansion,
A (Dyy(x)) — k¢! (KDy (x))

k-1
= Z(:)‘P/,(Cj,x) (Dy(x—je) —kDy(x))
=

k—1 k=1
=¢"(Zo,x) g(Dky(x—jE) —kDy(x)) + ZO (9"(Zj)—¢" (Zox)) (Dry(x—je) —kDy(x))
j= j=
k—1 k—1 k—1
=¢"(%o,x) ;)(Dky(x—]é) —kDy(x)) +e Z(:)¢/,/(9j,x)(éj,x —Gox) zZoDl_ij(x)'
= = =

where ¢; . € conv (Dyy(x—je),kDy(x)) and 0;, € conv({; x,8o,x). Here convA denote the
convex hull of a set A €R.
Next we write

k—1
;)(Dky(x—]'s)—kDy(X))
]k—l k-1
=¢ 'ZODi,ij(x) =¢ 1 (k—i)(D;+D_;)Dy(x)
i,j= =
:—szkil(k—i)DiD_iDy(x),
i=1
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and for certain s;,s0 € (0,1), we write

Cjx = Gox =5 (Diy(x —je) —=kDy(x)) —so (Diy(x) —kDy(x))
=¢ <sjkiDiij(x) —sokiDiDy(x)> .
i=0 i=0

Combining all the above equations and using Hoder’s inequality, we obtain

nl <k (1012 o +ID%Vly o) ) 1920y
For any 1<i <k, using
Dyy(x—ie) —Dyy(x) =Dy (y(x—ie) —y(x)) + (1 - Ci(x)) (Dry(x) —kDy(x))

k—
=eDD_jy(x)+¢€(1—Ci(x)) iDij(x),
=0

we obtain

2 2
LI <CEDYl o 1D?gq,,.;

a/c

Estimate I3 is essentially the same with that of I;. Using

k1
Dyy(x—ie)+D_yy(x+e) =eDg Dy 1y(x) +e(1—Cg(x+e)) Y Djp1-xDy(x),
=0

we obtain

2 2
|I3’ SCk 8||D y”/fl(ﬁ /C)HDUHlf(Qa/C)

a

Using (2.10), we obtain
(kI—A_i) [Cd'(Diy) ] + T (kI = Ax) [C_1' (= D—xy)]
(KI—A_)|Ce(¢/(Diy) —¢/ (kDy)) | + T(I = Ay) [C_i(¢/(~D_sy) —¢' (kDy)) |.

Note 1
Dyy(x) —kDy(x) =eC(x) ) DDiy(x),
i=0
we obtain
Ll <CReIDYIly o, ID%llirq,, - (3.6)
Summing up all the above estimates, we obtain (3.4).
By
. i 1/ ! . .
1Dl S CE T M ID Y, =23,
and (3.4), we obtain (3.5). O
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4 Stability and convergence

In this part, we study the stability of GCS at the uniform state. There are a lot of work
discussed the stability of 1d atomistic model as well as its QC approximation, we refer
to [16, Section 7] for a review. Most of these results are restricted to second nearest neigh-
borhood interaction except the following works. Li and Luskin [12] employed discrete
Fourier transform to prove the sharp stability result for 1d atomistic model and its gen-
eralized QNL approximation with periodic boundary condition. Ortner, Shapeev and
Zhang [21] proved the stability of an infinite chain, in particular, they proved the sharp
stability of the reflection method. Discussions on the stability for atomic models with
general interaction potentials and finite range interactions can be found in [7,9, 11, 14]
and the references therein, which are usually confined to periodic system.

Compared to the previous work, we study the stability of GCS for 1d atomic chain
with Dirichlet boundary condition. Our analysis is in the same vein with [17]. The main
ingredients are a generalized polarisation identity and a Wirtinger’s type inequality. The
new point is the key identity (2.10) for the reconstruction coefficients. We note that the
suboptimal stability condition for GCS with second neighboring interaction in [17] is
mainly due to a rough estimate of the “strain gradient” term |D,u|?.

4.1 Stability of atomistic and continuum model
A direct calculation gives

Tcut

(6Ea(yr)v,0) o, = 3 ¢" (kF)[IDivl| B0y, - (4.1)
k=1

By the hypothesis (1.3), we have
¢"(kF)<0, k>2. (4.2)
We firstly recall a discrete analogue of Wirtinger’s inequality.
Lemma 4.1 (see [13]). Suppose v €Uy, there holds
Aks_szHfg(Qs) < HDkaﬁg(Q&k) §Ak£_2]|vl|§%(ns), keN, (4.3)
where

Ay =4sin? 5 and A, =4cos?

T L
IN/k|+4 2|N/k|+4’

and | x| denotes the greatest integer not exceeding x.
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Lemma 4.2. Under the assumption (4.2), for any v € U, there holds
(8Ealyr]o,0) > Aut[| Dol (4.4)
with
Teut k—1

A=) (kz ~Y(k—i)A; ) 9" (KF).
i=1
We may write A, as

Tcut et [k—1

= $0 )~ (S Jorer)
k=1 k=2 \i=1

The first part of A, is the standard stability condition that has appeared in the previous
work such as [12] and [8], while the second term represents the finite size effect, which
disappears when one considers an infinite chain.

Proof. By Lagrange’s identity, for k > 2, we obtain

k-1
|Dyo(x)|*=k Y |Do(x+ie) P — Y (Do (x+ie) — Do(x+je))
i=0 0<i<j<k—1
k-
—kZ|Dv x+ie)| 22 Z |D;Dv(x+je) |2

i= i=1 j=0

Since Dv(x) =0 for x € OO, 1\ 1, we obtain

Y elDo(x+ie)|*= Do} q, ) =0, k-1.

XEQS,k

Fori=1,---)k—1and j=0,--- ,k—i—1, there holds
Y IDiDv(x+je)[*= Y |D;Dv(x)[*.

XGQS,]( XGQS,,'_H

Combining the above identities, we obtain

k—1
1Dkl =k Dol — ) (k—i)e*|DiDol 3 .

i=1

which together with the Wirtinger’s inequality (4.3) yields
2 » v 2
IDkvl|7 < (K2 = )_(k=i)A; | [|Dol[ -
i=1

A combination of (4.1), (4.2) and the above inequality gives (4.4). O
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Remark 4.1. Let

[ e(—14cos(N+i+1)0), i=—N,---,N,
w(ze)—{ 0, others,

where 0=71/(N+1), and it is clear that w € U. A direct calculation yields

2N+1 k
Dyw||% =4esin?(k6/2 cos?i0+2¢
. ]
j=1

(1—cosjf)(1—cos(j—k)0).
j=1
In particular,
2N+1
\\Dw[|%%:4ssin2(9/2) Y cos?(j6).
j=1

By the above identities, we obtain

ke ;. 6\?
HDkaé > <sm?/sm§> HDwH%g
By (4.1), (4.2) and the above inequality, we conclude
(0*Ealyrlw,w) < Aatl| Dw |7

with
A= Z (sin(kf)/sin®)*¢" (kF).
k=1
The difference between Ay and Ay is of 0(82). Therefore, the stability condition of the
atomistic model is sharp.
4.2 Stability of the geometrically consistent scheme

The stability of GCS with finite range interaction is as follows.

Theorem 4.1. If we assume 0 < Cy(x) <1 for x € Q) and (4.2) is valid, then
<<52Ea/c [yr]v,0) > Ages|| Dvag forany veEU,, (4.5)
where Ages =3 k*¢" (KF).

This theorem extends the stability result in [17] to system with finite range interaction.
The stability condition is sharper than that in [17] when 7yt =2. This stability condition
is sharp in the sense that the difference between Ages and Aq is of O(€?).
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Proof. For any v €U, a direct calculation gives
7cut

(6®Egeslyro,0) Z(,b” (kF) ({Dyv, Dyv)+(D_v,D_iv)). (4.6)

By Lagrange’s identity, we obtain

k-1
Z Cz(x)| Dyo(x)|* =k Z C,%(x)Z]DU(JH—iE)]z

XEQS,k XEQS,k i=0
- Y CGkx) Y (Dv(x+is)—Dv(x+]'£))2.
X€Q0 & 0<i<j<k-1

Noting that Dyv(x) = Zf;& Du(x+ie) and using the basic identity 2ab = a?+b*— (a—b)?
for a,b € R, we obtain

2k Y Cr(x)(1—Ci(x))Dgv(x) Do(x)

x€Q0e k
=K Y Cu(x)(1-Ci(x)|Do(x)?
X€QN k
k=1
+k % Ck(x)(l—Ck(x));)(|Dv(x+ie)|2—|Dv(x+ie)—Dv(x)]2).

By the above two identities and note

k-1
Z Ck(x)Z]DU(JH—iS)]Z: Z |Du(x)[2A_xCi(x),

XEQS,k i=0 XGQSJ

we obtain

(Do, Do) =k* Y |Do(x)]*+k Y |Do(x)|*(A_x—kI)C(x)

XGQSJ ere,l

- Y Ci(x) Y |Du(x+ie)—Do(x+je)|*
x€Qe 0<i<j<k-1

—k Y Ce(x)(1—Cr(x Z|Dv x+ie) —Do(x)[*, (4.7)
XEQS,k i=

Proceeding the same line that leads to (4.7), and using the fact that

I1Dv]l 20,y = ID-9ll 202, )
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we obtain

(D_xo,D_yv)=k* Y |Do(x)|*+k Y |Do(x)|*T(Ax—kI)C_i(x)

XEQSJ ere,l
Y. C(x) Y (Do(x—ie)—Do(x—je))*
x€Qy i 1<i<j<k
k
— Y C(x) x)))_ (Dov(x—ie) )—Do(x—¢)).
XGQS,,k i=1

Adding up (Dyv, Dyv) +(D_v,D_kv), and noting the second term vanishes by (2.10), we
obtain, for k>2,

(Dkv,Dkv>+(D_kv,D_kv>
=2k%(|Dol|7 — ) Ci(x) ) (Do(x+ie) — Do(x+je))

x€Q 0<i<j<k—1
—kXGZQ: ka(x)(l—Ck(x))I:_Z; (Do(x+ie)— Do(x))
—xeglkcz_k(@1<§<k(Dv(x—ie) —Do(x—je))
—kxeg kc_k(x)(1—c_k(x))zi(m( x—ig)—Do(x—e¢))?, (4.8)

which together with (4.6) immediately implies

(6*Egeslyro,0) <Zk2 ""(kF) ) |Dol|%,,

where we have used the assumption 0 < Cy(x) <1. O

Based on the consistency error estimate and stability result, following essentially the
same line of [17] with minor modification, we obtain the following convergence result
and error estimate for GCS with finite range interaction.

Theorem 4.2. Assume that the condition (4.2) and the geometrically consistent condition (1.11)
hold. There exists a constant xy such that if || f || wmr ) <x1 for p>1and m>4, then Problem (1.9)
has a locally unique solution ygcs such that

1D (Ya—Yges) [l v SC"E%utgz/p||Dzya||£f,(ﬁa/c)
5 J142/p 2. 112 3 ,
0k (D%l Dl ) @)
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where 2< p<oo,p' =p/(p—1) and C depends on ||¢p'?||c and ¢ | .
If D%y, is uniformly bounded for k=2,3, then

HD(ya—ngS)H&a§C51+1/Pl 2<p<oco. (4.10)

5 Numerical results

In this part, we report the performance of GCS through a set of representative numerical
examples. We consider a 1d chain interacted with the Morse potential [18]

(r) =exp(2a(r—1)) —2exp(a(r—1)),

where « is a parameter related to the decay behavior of the potential function. We test
both the smooth and the non-smooth external forces. The former is covered by our theo-
retical results, while the latter is escaped from our theoretical results.

In each example, we report the results for || D(ya —Yges) || » with p=2,4,8,c0 and rcut =
4,10. We shall also compare the accuracy of GCS with different reconstruction coeffi-
cients.

5.1 Smooth external force

We let ), =[1,1/4]U[3/4,1] and Q.= (1/4,3/4), and assume
f(x)=sin(2mx)
and
a=1.95.

We use GCS coefficients (2.6) in the simulation, and plot the error with different 7y in
Fig. 1 and Fig. 2. It is clear that the convergence rate is O (e!*1/?) as predicted by (4.10).

Next we test the influence of the GCS coefficients. We use the />-minimizer (2.8) as
GCS coefficients, and plot the error with different 7., in Fig. 3 and Fig. 4. The results with
¢'-minimizer as GCS coefficients were reported in Fig. 5 and Fig. 6.

By the results in Fig. 1 to Fig. 6, we found that both the error with ¢!-minimizer
GCS coefficient and ¢2-minimizer GCS coefficient are slightly smaller than those of (2.6)
and (2.7). We wonder this is due to the fact that the former has a smaller consistency
error. It is worthwhile to mention that we have not observed the numerical instability
caused by the />-minimizer GCS coefficient as reported in [25]. This may be due to the
fact that the minimizing problem for GCS has much smaller size compared to the method
in [25]. We shall pursue this issue in further study.
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Figure 1: Plots of HD(ya_ngS)Hgf with p=2,4,8,00, for the Morse potential with « =1.95 and r¢,t =4. GCS

coefficients are taken from (2.6).
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Figure 2: Plots of HD(ya_ngS)Hef with p=2,4,8,00, for the Morse potential with «=1.95 and rcyt =10. GCS

coefficients are taken from (2.6).

5.2 Non-smooth external forces

For many 2D/3D crystal materials, a vacancy or interstitial atom will cause a rapidly
decaying deformation. As [23], we impose on a discrete delta force

—128, n=N/2,
fn: 12/ n:N/2+1,
0, otherwise,
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Figure 3: Plots of HD(ya—ygcs)Hgg with p=2,4,8,00, for the Morse potential with &« =1.95 and rcut = 4.

£2-minimizer is used for GCS coefficients.
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Figure 4: Plots of ||D(ya—ygcs)ll,» with p=2,4,8,c0, for the Morse potential with a =1.95 and rcut = 10.

£2-minimizer is used for GCS coefficients.

where the number of the atoms is N =256. The above force draw apart the atoms n =128
and n =129, creating a non-smooth perturbation of displacement. By Fig. 7(a), it is clear
that the displacement gradient is large near the atom n =128, but decays rapidly to a very
small uniform deformation.

In the simulation we use the Morse potential with « =2.4. We let 7oyt =4, and 0, =
{108,---,149}, Q. ={1,---,101}U{156,---,256}, and Q,,. = {102,---,107}U{150,---,155}.
The GCS coefficients (2.6) and (2.7) are used in (),,.. We denote by yq. the solution of
the original QC method. Fig. 7, shows that D?u, decay rapidly to zeros from the center
atoms n =128 and n =129. We plot the error of displacement gradient in Fig. 8. The
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Figure 5: Plots of HD(ya—ygcs)H[f with p=2,4,8,00, for the Morse potential with &« =1.95 and rcyt =4.

L-minimizer is used for GCS coefficients.
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Figure 6: Plots of HD(ya—ygcs)H[f with p=2,4,8,00, for the Morse potential with « =1.95 and rcye = 10.

1 -minimizer is used for GCS coefficients.

QC method has a large error in the interfacial regions, while GCS achieves a machine

accuracy.

For many real defects in 2D /3D crystal materials, the decay of the strain is fairly slow
due to the presence of defect. Similar to [23], we define the external force as

2(n—1)m
0.2 <COST —1> ,
+_2)”+1>, (N+3)/2<n<N,

= 0.2 <cos (2n
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Figure 7: Plots of Du, and D?u, for the atomistic model
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Figure 8: Plots of pointwise error D (ua —tigc) and D (ua —tiges).

where the number of the atoms is N =257.

We assume a =2.4 and ¢yt =4, and Q,={67,---,187}, Q. ={1,--- ,60} U{194,--- ,257},
and ), ,.={61,---,66}U{188,---,193}. The GCS coefficients (2.6) and (2.7) are used in the
simulation. Fig. 9 shows that the displacement gradient Du, is nowhere locally uniform,
and D?u, decay slowly away from the center. We plot the displacement gradient error
for QC and GCS in Fig. 10. Both methods have relatively large error in the interfacial
region, while the error in GCS is much smaller than that of QC. Such error is caused by

the slow decay behavior of D?u,, and the term r2 /" HDZyangf@ 9 dominates in the

error estimate (4.9). Such error is negligible when D?u, is close to zero in the interfacial
regions; see Fig. 7.
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Figure 9: Plots of Du, and D2y, for atomistic model
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Figure 10: Plots of pointwise error D (i —1iqc) and D(ua —tges).

5.3 Tensile atomistic chain

Consider a finite chain, where the number of atoms is N =203 and the atoms are labeled
from x = —101 to x =101. The atoms x = —101 and x =101 are fixed, and other atoms
are free to deform. We consider the Morse interaction with &« =2 and 7.+ =4. We ten-
sile the atoms x = —101 and x =101 oppositely until the macroscopic strain reaches ¢ =
0.01. To resolve the relaxation near the boundary, we assume that Q, = {£100,---,485},
Q.={-78,---,78}, and Q,/. = {%£79,---,£84}, where the thickness of the buffer layer is
6. The GCS coefficients (2.6) and (2.7) are used in the simulation. Fig. 11 shows the point-
wise relative error of strain for the CB elastic model, the original QC method and GCS.
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Figure 11: Plots of pointwise relative error of strain.

Nearly fifty percent error around the boundary was observed for the CB elastic model,
while the relative error away from the boundary is rather small. The QC method resolves
relaxation, while it has nearly twenty percent error near the a/c interface. GCS almost
approaches to the machine precision. This example is consistent with our theoretical
prediction.

Appendix: Auxiliary results for the reconstruction coefficients

The following tables list certain auxiliary results for the GCS reconstruction coefficients
for the minimizing problems (2.8) and (2.9).

Table 4: The ¢! optimal GCS coefficient Ci(x).

€ 2¢ 3¢ 4e 5¢ 6¢ 7¢ 8¢ 9¢

Co(x) 0 0 0 0 0 0 0O 0 0

Cs(x) | 05202 -0.2292 0.1006 -0.0431 0.0177 -0.0070 0 0 O

Cy(x) | 0.6667 0.2222 -0.3889 0.1667 0 0 0 0 O

Cs(x) | 0.7847 0.4694 0.0541 -0.4612 0 0 0 0 O
Table 5: The £! optimal GCS coefficient C_i(x).

e 2 3¢ 4e 5¢ 6¢ 7€ 8¢ 9¢
Cor(x)|1T 1 0 0 0 0 0 0 0
Cs(x)|1 1 1 0.0404 -0.0190 0.0100 -0.0057 0.0036 -0.0035
Cy(x)|1 1 1 1 0 0 -0.0556  0.0556 0
Csx)|1 1 1 1 1 0.1388 -0.0459 -0.1306 -0.1153
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Table 6: The ¢2 optimal GCS coefficient Cj(x).
€ 2¢ 3¢ 4e S5¢e 6¢ 7e  8e e
Co(x) 0 0 0 0 0 0 0 0 O
Cs(x) | 05001 -0.2500 0.1250 -0.0625 0.0313 -0.0156 0 0 O
Cy(x) | 0.6697 0.2288 -0.3756 0.1742 0.0091 0 0 0 O
Cs(x) | 0.7833 0.4667 0.0500 -0.4667 0 0 0 0 O
Table 7: The ¢2 optimal GCS coefficient C_j(x).
e 2e 3¢ 4e 5¢e 6¢ 7€ 8e 9¢
Corx)|1 1 o0 0 0 0 0 0 0
Cs(x)|1 1 1 244e4 -488e4 9.77e-4 -0.0020 0.0039 -0.0078
Cy(x)|1 1 1 1 0.0091  0.0076 -0.0424 0.0621 0.0030
Cs(x)|1 1 1 1 1 0.1333 -0.0500 -0.133 -0.1167
Table 8: The £2 optimal GCS coefficient Cy(x) with positive constraint.
€ 2e 3¢ 4e 5¢ 6¢ 7€ 8e O¢
Cy(x) | 4.58e-4 4.58e-4 458e-4 4.58e-4 4.58e-4 4.58e-4 458¢-4 0 0
Cs(x) | 0.6251 3.77e-15 0.1563 1.51e-14 0.0391 1.15e-15 0 0 0
Cyq(x) | 0.7845  0.4689 3.75e-12 02264  0.0404 0 0 0 O
Cs(x) | 09000  0.7000 0.4000 2.55e-21 0 0 0 0 O

Table 9: The 2 optimal GCS coefficient C_k(x) with positive constraint.

e 2 3e 4¢ 5¢ 6¢ 7€ 8¢ 9¢
Co(x)|1 1 4.58e-4 4.58e-4 4.58e-4 4.58¢-4 4.58e-4 4.58e-4 4.58e-4
Csx)|1 1 1 0.2503 0.1245 0.0635 0.0293 0.0195 5.77e-16
Cuyu(x)|1 1 1 1 0.3535 0.2685 0.1246 0.0934  0.0135
Cs(x)|1 1 1 1 1 0.6000 0.3000 0.1000 1.21e-16
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