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Minimal flows with a closed proximal cell
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Abstract It is shown that regional proximality is an equivalence relation in a minimal flow
which contains a closed proximal cell. Also, a certain group theoretic condition is shown
to be equivalent to a ‘local Bronstein’ condition.

A flow (X, T) is a (right) topological actiorix, r) — xt of the discrete grouf on the
compact Hausdorff spaceé. The flow isminimalif every orbit is densex7 = X for all
x € X.

If (X,T) and (Y, T) are flows, ahomomorphisnis a continuous equivariant map
7:X —> Y, n(xt) = a(x)t (x € X,t € T). If 7 is surjective (which is always the
case whenY, T) is minimal) (Y, T) is said to be a factor afx, T).

We recall the definitions of proximal and regionally proximal(Xf, ') is a flow,x and
y in X are said to bg@roximalif for every neighborhoodV of the diagonalA in X x X
thereis & € T such thatxt, yt) € W. The pointst andy areregionally proximalif for
every neighborhood of x, V of y andW of A there arex’ € U, y’ € V andr € T such
that(x't, y't) e W.

Let P = P(X) and Q = Q(X) denote, respectively, the proximal and regionally
proximal relations. Clearly andQ are reflexive, symmetric arildinvariant, withP c Q.

Itis also easy to see thétis closed. In general, neith@rnor Q is an equivalence relation.

It is immediate that a flow is equicontinuous if and onlydf= A. Moreover, wherp
is an equivalence relation, it coincides with the equicontinuous structure relation. That is,
the flow(X/Q, T) is equicontinuous, and every equicontinuous fact@ofT’) is a factor
of (X/0,T).

If (X,T) is a minimal flow, a number of sufficient conditions for(X) to be an
equivalence relation are knowA,[AEE]. An example due to McMahorM] shows that
Q is not always an equivalence relation in minimal flows.

In this paper, we give another sufficient condition for regionally proximal to be
an equivalence relation in a minimal flow, namely that some proximal cell be closed
(Theorem 1). (Ifx € X the proximal cell ofx is the setP(x) = [y € X | (x, y) € P].)
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The proof of our theorem depends on the Galois theory of minimal flows, as developed
by Ellis, which we briefly review. General references akgdnd [E].

Let BT denote the Ston&ech compactification df . T acts on8T, and the action of
T on X extends to an action g7 on X. Moreover, the group structure dhgives rise to
a semigroup structure g#7’, for which the mapg — ¢p are continuous. The minimal
right ideals inBT coincide with the minimal sets in the flog8 7, 7).

Fix a minimal setM in BT (all are isomorphic). The flowM, T) is the universal
minimal flow—every minimal flow(X, T) is a factor. LetG be the group of flow
automorphisms of M, T). The groupG is equipped with ary (but not Hausdorff)
topology. (Convergence i will be described below.) If: is an idempotent inM, the
groupG may be identified withMu. (Mu acts onM by left translations.)

If (X, T)is aminimal flow, andr : M — X is a homomorphism, then the Ellis group
of (X, T) is the subgroup o5 defined byG(X) = [« € G | ma = 7]. (A different
homomorphism fromVf to X gives rise to a conjugate subgroup.) The Ellis groups are
closed subgroups @ and for every closed subgroupof G there is a minimal flow with
Ellis groupA [A, Chapter 10].

The universal minimal flow isegular—all almost periodic pointéx, y) of the product
flow (M x M, T) are on graphs of automorphisms. That js,= ¢(x) for some
¢ € G. (Thus a regular minimal flow is characterized by having a maximal supply of
automorphisms.)

The proof of Theorem 1 is preceded by several lemmas.

LEMMA 1. Let(X, T) be aregular minimal flow, letx’, y') € P(X) and letx € X. Then
there is a minimal right ideal in 87, idempotents andw in I and an automorphism
of (X, T) such thate’ = n(xv) andy’ = n(xw).

Proof. Let I be a minimal right ideal irBT such thatv’p = y’'p for p € 1. Let J(I)
denote the idempotents ih Letv, w € J(I) such thatx’v = x’ andy’'w = y’. Let
u € J(I) such thattvu = x. By regularity, there are automorphismandyr of (X, T)
such thatp(xv) = x" andy(xw) = y’. Nowif p € I, x'p = n(xvp) = n(xp) and
similarly y'p = ¥ (xp). Sincex’p = y’p we haven(xp) = ¥ (xp) SOy = 1. O

LEMMA 2. Letr : X — Y be ahomomorphism of minimal flows. et y’) € P(Y) and
let (x,x") € X x X withz(x, x") = (y, y"). Thenthere is anj € X with (x, x) € P(X)
such thatr (x() = y" and(x’, x;) almost periodic.

Proof. Let I be a minimal right ideal in8T such thatyp = y'p forall p € I. Let
u, v € J(I) such thatxu = x andx’v = x’. Note thatyu = y andy’v = y/, so
yv = y'. Letxy = xv. Clearly (x,x)) € P(X) and(x’, xp) is almost periodic. Also,
T(xp) = w(xv) = yv =y =

Now we define convergence Gi. Let{«;} be a netinG, and letw € G. Theno; — «
if there is a netm ;} in M andm € M such that (ilM) m; — m anda;(m ;) — a(m).

Note that convergence ifi is defined in terms of convergence in the topologyafin
order to avoid confusion we will use lower case Greek letters for elemenig@tcept for
id, the identity ofG).
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Let G’ be the intersection of closed neighborhoods of id. NoteshatG’ if and only
if there is a ne{B,} in G such thaiB, — n andB, — id. G’ is a closed normal subgroup
of G.

We note that itx € G’, then gta), the graph of, is contained iQ(M). If «; — «, id,
then(mj, aj(m;)) — (m,a(m)) and(m’j, O{j(m/j)) — (m’, m’) for some net$m;} and
{m/j}, andm,m’ € M. Now we may approximaten’j,ozj(m;)) by (mt, aj(mj)t;)
for some neft;} in T, so(m, a(m)) € Q. This also shows that the net which affects the
regional proximality ofm, «(m)) may be chosen to consist of almost periodic points. This
property will be used in the proof of Theorem 2.

LEMMA 3.
(i) Supposé&m;, a;(m;)) — (m,n)and(m’, £ (m")) € (m,n)T, wherea;, ¢ € G. Then
ai —> .

(i) Leta, n € G, and suppose there are nef&;} in M and {»;} in G such that
(m;, ni(m;)) = (a(m), n(n)) where(m, n) € P(M). Thenn;a — n.

Proof. (i) If s € T, (m;,a;(m;))s — (ms,ns), so there is a nets;} in T such that
(mi, aj(mi))si — (m', £ (m')).

(i) It follows from (i) that if (m;, o; (m;)) — (m, 6(n)) where(m, n) € P, theno; — 6.
Now (m;, n;(m;)) = (a(m), n(n)) so(a~t(m;), nia(a~t(m;))) — (m,n(n)). Therefore
niae — 1. 0O

LEMMA 4. Let A be a closed subgroup d@f, and letn € G. Let{n;} be a netinG such
that, for somex, a € A, nia — n andn;a — id. Theny € AG'.

Proof. By continuity of right multiplication, nja — na~ta. Also n;a — id, so

na~ta € G'andny € G’A = AG’, by normality ofG’. ]

Let D and E be the groups, respectively, of the universal distal and universal
equicontinuous minimal flows. Since an equicontinuous flow is digtat; E, and since
grie) C Q(M) fora € G’ we haveG’ C E. In [AEE, Lemma 1.14] it is proved that
E = DG’. A generalization will be proved below (Theorem 2).

The main result in AEE] is a sufficient condition for regional proximality to be an
equivalence relation in the minimal flogX, 7), namely thatt ¢ G(X)G’. This is the
condition which we will verify in Theorem 1.

LEMMA 5. Let A be a closed subgroup @f. LetD1 = [8 € G|gr(B) C P(M)]. Then
the conditiontE ¢ AG’ is equivalenttaD; C AG'.

Proof. It is easy to see thdb is the closed subgroup df generated byD;. (For a proof,
see PG, Corollary 4.3].) Supposé®1 C AG’. SinceAG’ is a group,D C AG/,
and sinceE = DG’, E ¢ AG'G’ = AG’. The converse follows from the inclusions
DiCcDCE. |

THEOREM1. Let(X, T') be minimal, and suppose that for some X the proximal cell
P(x) is closed. Them(X) is an equivalence relation.

Proof. Let A = G(X). We show thatt ¢ AG’. By Lemma 5 it is sufficient to show that
D1 C AG'.
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Letn € D;. Letw : M — X be a homomorphism, and let € M such thatr (m) = x.
Then(m, n(m)) € P(M). Let(m;, n;) € P(M) such thatim;, n;) — (m, n(m)).

By Lemma 1 there are minimal idempotentsandw; andn; € G such thatn; =
ni(mv;) andn; = n; (mw;). Let (subnets ofjnv; — m’ andmw; — n’. Thenm’' € P(m)
andn’ € P(m). Letx’ = n(m’) andy = n(n'), sox’ € P(x) = P(x) and, similarly,
y' € P(x). Nown(m,m') = (x,x") € P(X), so by Lemma 2 there is an € M with
(m,mgp) € P(M), (m', mg) almost periodic, and (m, m) = (x,x’). Thenm' = a(mg)
for somea € A. Now (mv;, n;(mv;)) = (mv;,m;) — (m',m) = (a(mg), m), SO by
Lemma 3»;e — id, and a similar argument (using(mw;) = n; — n(m)) shows that for
somea € A, n;a — n. It now follows from Lemma 4 thap € AG’. ]

The converse of Theorem 1 is not valid. For example, in any weakly mixing minimal
flow (X, T) with T abelian,0 = X x X but every proximal cell is dense .

A natural question is whetha® is an equivalence relation wheh is an equivalence
relation.

Now, as promised, we show thBt= DG’. In fact, this will follow from a more general
result, namely a dynamical condition which is equivalent to our group theoretic condition
E C G(X)G’'. The minimal flow(X, T) is said to satisfy théocal Bronstein condition
or to belocally Bronsteinif, whenever(x, y) is an almost periodic point iD, there is
a net{(x,, y,)} in X x X with (x,, y,) almost periodic, and a nét,} in 7, such that
(Xn, yn) — (x,y) and(x,t,, yuty,) — Ax. If the flow satisfies the ‘Bronstein condition’
(the almost periodic points are denseXinx X) it is certainly locally Bronstein. Since a
flow (X, T) is distal if and only if(X x X, T) is pointwise almost periodic, a distal flow is
locally Bronstein.

THEOREM2. Let (X, T) be a minimal flow. TheX, T) is locally Bronstein if and only
if EC G(X)G'.

We first require alemma. Lé¥ = [« € G | gr(e) C Q]. H is a closed subset @f but
is not in general a subgroup.

LEMMA 6. E is the closed subgroup @f generated byH.

Proof. Denote this subgroup b¥. Clearly F c E. Now let(X, 7)) be a minimal flow
with groupF, and letr : M — X. In order to show that' = E it is sufficient to show
that (X, T) is a proximal extension of an equicontinuous flow. For this it is sufficient in
turn to show that there are no non-trivial almost periodic point3(X) (since in that case
Q0(X) = P(X) and thereforeP(X) is closed and, hence, an equivalence relatid}). [
Supposegx, x’) € Q with (x, x") almost periodic and # x’. Let (m, m’) be an almost
periodic point ofQ (M) with 7 (m, m’) = (x, x’). Thenm’ = a(m) witha € H C F, so
x=x'. O

Proof of Theorem 2Let # : M — X be a homomorphism and lt = G(X).
SupposeE C AG'. Let (x,y) be an almost periodic point of(X) and let (m, n)
be an almost periodic point i@ (M) with 7w (m,n) = (x,y). Thenn = 6(m) where
9 € H C E C AG'. Thereforer(n) = n(¢(m)) wherep € G’. Moreover, as we
observed in the discussion preceding Lemmam,¢(m)) € Q and there is a net of
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almost periodic points approachitng, ¢ (m)) for which some translates by elementgof
approach the diagonal. Cleanly, y) = 7w (m, ¢(m)) has the same property. Therefore,
(X, T) is locally Bronstein.

Conversely, suppos&, T) is locally Bronstein. By Lemma 6, it is sufficient to show
that H ¢ AG’. Leta € H and letmg € M. Letu be a minimal idempotent such that
mou = mo. Then(mo, a(mg)) € QM) so (x,x") = m(mo, x(mg)) € Q(X). Since
(X, T) is locally Bronstein there are nefié;, x/)} in X x X with (x;, x/) almost periodic
and{r;} in T such thai(x;, x/) — (x,x") and(x;, x))t; — (x, x). Let (m;, m}) be almost
periodic points ofM x M such thatr (m;, m}) = (x;, x]). Let (subnets of{m;, m}) —
(m,m’), (m;, m))t; — (n,n’). Thenmg(m, m') = (x, x") andn (n, n') = (x, x).

We may suppose:, m’, n,n’ € Mu (see below). Then there afg 6, v/, B € G such
thatm; = 6;(m;), m" = 6(m), n' = ¥ (n) andB(m) = mo. Note thatg, € A. Also,
sincerr (9 (m)) = n(m') = x’ = w(aB(m)), it follows thatepd 1 € A.

We have(m,-,é?i(mi)) — (m,0(m)) and (mit;, 6; (m;t;)) — (n, I//(n)) Therefore
0; — 0,y anddy ! € G'. Thena = a8~ € AG'YyB~1 = AYyB~1G = AG.

Finally, we show that we may assumem’, n,n’ € Mu. Let W be a neighborhood of
win BT andlets € T N W. Then(m;s, m;s) — (ms, m’s) which is neatmu, m'u) and
(miss~Lts, m:-ss*lt,'s) — (ns, n’s) which is nearnu, n'u). a
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