
PROBLEMS AND SOLUTIONS

PROBLEMS

98+2+1+Consistency of OLS in the Presence of Lagged Dependent Variable and
Serially Correlated Errors, proposed by Jeffrey M+ Wooldridge+ Let $yt : t 5
+ + + ,21,0,1,2, + + + % be a strictly stationary and ergodic stochastic process+Assume
thatE~yt

2! , ` andE~yt ! 5 0+

(i) Defineb [ Cov~yt21, yt !0Var~yt ! andut [ yt 2 byt21, t 5 1,2, + + + , so that we can
write

yt 5 byt21 1 ut , t 5 1,2, + + + +

Show that the errorut satisfies

E~ut ! 5 0, Cov~yt21,ut ! 5 0+

(ii) Show that the OLS estimatorZb from the regression

yt on yt21, t 5 1, + + + ,n,

is consistent forb+
(iii) Show that, without further assumptions, $ut % is serially correlated+
(iv) A 1994 paper in theJournal of Econometricsleads with the statement “(i)t is well

known that in linear regression models with lagged dependent variables, ordinary
least squares (OLS) estimators are inconsistent if the errors are autocorrelated+”
(This statement, or a slight variation on it, appears in virtually all econometrics
textbooks+) Reconcile this statement with your findings from parts (ii) and (iii),
using the assumption that$yt % is asymptotically uncorrelated: E~yt yt2j ! r 0 as
j r `+ (Hint: Show that$ut % cannot follow an AR(1) process+)

98+2+2+ Upper Bounds for Eigenvalues of Nonnegative Definite Matrices, pro-
posed by Eric Iksoon Im+ Let A~T 3 T ! be any n+n+d+ matrix+ Show that

li ~A! # Tai ~A! ~i 5 1,2, + + + ,T ! (1)

whereli ~{! and ai ~{! denote, respectively, the eigenvalues and diagonal ele-
ments in descending orders+

98+2+3+ Partial Observability in a Bivariate Logit Model, proposed by S+K+
Sapra+ Poirier (1980) discussed a bivariate probit model with partial observabil-
ity+Consider the following bivariate logit model with partial observability (model
P, henceforth):

y1i
* 5 b1

'xi 1 u1i , (1)

y2i
* 5 b2

' xi 1 u2i , (2)
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where theyji
* are unobservable, xi is a~k 3 1! vector of known constants, andb1

and b2 are ~k 3 1! vectors of unknown parameters+ Define binary dependent
variablesyji as

yji 5 1 if yji
* . 0+

5 0 if yji
* # 0, j 5 1,2, i 5 1,2, + + ,n+ (3)

The errors~u1i ,u2i !
' are i+i+d+ with cumulative distribution functionF~z1,z2! 5

P~u1i # z1, u2i # z2! 5 10~1 1 e2z1 1 e2z2!+
Suppose that instead of observingxi , y1i , andy2i , i 5 1,2, + + + ,n, we observe

only xi andwi , wherewi 5 y1i y2i , i 5 1,2, + + + ,n+ That is,

wi 5 1 if y1i 5 1 and y2i 5 1,

5 0 otherwise+ (4)

Show that model P (equations (1)–(4)) is not locally identified under each of
the following configurations: (i) b1 5 b2, (ii) all components ofb1 andb2 except
the intercepts are zero, and (iii) for k 5 2, xi 5 ~x1i ,x2i !

', x1i 5 1, andx2i is a
dummy variable that takes values 1 or 0, i 5 1,2, + + + ,n+

REFERENCE

Poirier, D+ (1980) Partial observability in bivariate probit model+ Journal of Econometrics12, 209–
217+

SOLUTIONS

97+2+1+A Simple Linear Trend Model with Error Components—Solution,1 pro-
posed by Seuck Heun Song and Byoung Cheol Jung+ In vector form, equation (1)
can be written as

y 5 Zd 1 u, (3)

wherey is NT 3 1, Z 5 @iNT, iN J lT#, d ' 5 ~a,b! andiNT is a vector of ones of
dimensionNT andlT

' 5 ~1,2, + + + ,T !+ Also, equation (2) can be written as

u 5 ~IN J iT !m 1 n, (4)

wherem ' 5 ~m1, + + + ,mN! andn ' 5 ~n11, + + + ,n1T , + + + ,nN1, + + + ,nNT!+ The variance-
covariance matrix ofu is

V 5 sm
2~IN J JT ! 1 sn

2~IN J IT !, (5)

whereJT is a matrix of ones of dimensionT+
Solution a.In the context of the simple model (3), we will show that the OLS,

GLS, and FE estimators ofb are identical+

(1) It is well known (see, e+g+, Milliken and Albohali, 1984) that ZdOLS is BLUE if and
only if

Z'V21 OPZ 5 0, (6)
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where OPZ 5 ~INT 2 Z~Z'Z!21Z'!+ The variance-covariance matrix given in (5) can
be rearranged as

V 5 s1
2~IN J NJT ! 1 sn

2~IN J ET !, (7)

wheres1
2 5 Tsm

2 1 sn
2, NJT 5 JT0T, andET 5 IT 2 NJT + This is also the spectral

decomposition ofV (see Wansbeek and Kapteyn, 1982, 1983)+ This means that

V21 5
1

sn
2 ~IN J IT 2 ~1 2 u!~IN J NJT !! with u 5 sn

20s1
2+ (8)

Hence,

Z'V21 5
1

sn
2S iNT

'

iN
' J lT

'D~IN J IT 2 ~1 2 u!~IN J NJT !!

5
1

sn
2S iNT

' 2 ~1 2 u!iN
' J iT

'

iN
' J lT

' 2 ~1 2 u!~iN
' J lT

' NJT !
D

5
1

sn
2 1

uiNT
'

iN
' J SlT

' 2
~1 2 u!~T 1 1!

2
iT
' D 2 +

Similarly,

Z'V21Z 5
1

sn
2 1 NTu

NT~T 1 1!

2
u

NT~T 1 1!

2
u

NT~T 1 1!~T 2 1!

12
1

NT~T 1 1!2

4
u2 , (9)

~Z'Z!21 5
1

NT~T 2 1!~T 1 1! S2~T 1 1!~2T 1 1! 26~T 1 1!

26~T 1 1! 12 D,
and so

Z'V21Z~Z'Z!21Z' 5
1

sn
2 1

u 0

2
~T 1 1!~1 2 u!

2
12S iNT

'

iN
' J lT

'D
5

1

sn
2 1

uiNT
'

iN
' J SlT

' 2
~1 2 u!~T 1 1!

2
iT
' D2 +

Therefore, Z'V21 2 Z'V21Z~Z'Z!21Z' 5 0+
(2) If the m i ’s are fixed effects in model (1), we can obtain the FE estimator by pre-

multiplying the model (3) byQ 5 IN J ET and performing OLS on the resulting
transformed model:

y* 5 X*b 1 n *, (10)

wherey* 5 Qy, X* 5 Q~iN J lT!, andn * 5 Qn+ This uses the fact thatQiNT 5
Q~IN J iT! 5 0+ Note that thisQ is symmetric, idempotent, and of rankN~T 2 1!+
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Hence Cov~n *! 5 sn
2Q is positive semidefinite and not positive definite as the NSC

of Milliken andAlbohali requires+However, a generalized inverse ofQ isQ, and the
NSC is applied withQ0sn

2+ In fact, condition (6) applied to (10) reduces to

X*'~Q0sn
2! OPX* 5 ~~iN J lT !Q OPX* !0sn

2 5 ~X*' OPX* !0sn
2 5 0+

Therefore, the FE estimator ofb is also BLUE in this model+

Solution b.

(1) The variance of the OLS, GLS, and FE estimator ofb is presented in the southeast
corner of the inverse matrix of (9)+

Var~ DbGLS! 5 Var~ DbFE! 5 Var~ ZbOLS! 5
12sn

2

NT~T 1 1!~T 2 1!
+ (11)

(2) Let

D 5 3
21 1 0 + J + 0

0 21 1 + J + 0

+ + + + J + +

I I I I L I I

0 0 0 + J 21 1

4
be the~T 2 1! 3 T difference matrix+

We can obtain the FD estimator from (3) by premultiplying the model by~IN J
D! and performing OLS on the resulting transformed model:

y1 5 X1b 1 u1, (12)

wherey1 5 ~IN J D!y, X1 5 ~IN J D!~iN J lT!, andu1 5 ~IN J D!u+ The FD
estimator is given by

DbFD 5 ~X1'X1!21X1'y1

5 ~~iN
' J lT

' !~IN J D ' !~IN J D!~iN J lT !!21~iN
' J lT

' !~IN J D ' !~IN J D!y

5
1

N~T 2 1!
~iN
' J iT21

' !~IN J D!y, becauseDlT 5 iT21,

5
1

N~T 2 1!
~iN
' J iT21

' D!y,

whereiT21
' D 5 ~21,0, + + + ,0,1!+ Therefore,

DbFD 5
1

N~T 2 1! (
i51

N

~ yiT 2 yi1!+ (13)
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The variance of the FD estimator ofb is

Var~ DbFD! 5 ~X*'X* !21X*'~sn
2IN J DD ' !X*~X*'X* !21

5
sn

2

N2~T 2 1!2 ~iN
' J iT21

' !~IN J DD ' !~IN J iT !

5
sn

2

N2~T 2 1!2 ~iN
' iN J iT21

' DD 'iT21!

5
2sn

2

N~T 2 1!2 + (14)

It is seen from the preceding variance formulas that Var~ DbFD! 5 O~N21T 22!,
whereas the variance of the remaining estimators isO~N21T 23!+ Thus it is ver-
ified that asymptotic relative efficiency of FD with respect to the other estimator
of b,Var~ DbFD!0Var~ Db*!,where* denotes OLS, FE, or GLS, respectively, tends to
` asT r `+

NOTE

1+ Excellent solutions have been proposed independently by C+ Kao and J+ Emerson, and by B+H+
Baltagi and W+ Krämer, the posers of the problem+

REFERENCES

Milliken , G+A+ & M + Albohali (1984) On the necessary and sufficient conditions for ordinary least-
squares estimators to be best linear unbiased estimators+ American Statistician38, 298–299+

Wansbeek, T+ & A + Kapteyn (1982) A simple way to obtain the spectral decomposition of variance
components models for balanced data+ Communications in Statistics—Theory and Method11,
2105–2111+

Wansbeek, T+ & A + Kapteyn (1983) A note on spectral decomposition and maximum likelihood esti-
mation in ANOVA models with balanced data+ Statistics and Probability Letters1, 213–215+

97+2+2+ Estimation of a Triangular, Seemingly Unrelated, Regression System
by OLS—Solution,1 proposed by Enrique Sentana+ Let y1t , y2t , y3t denote the
three left-hand-side variables andx1t ,x2t ,x3t the three sets of regressors+ For sim-
plicity of notation, let us partitionx2t

' 5 ~x1t
' ,x2t

* ' ! and x3t
' 5 ~x2t

' ,x3t
* ' ! 5

~x1t
' ,x2t

* ',x3t
* ' !+ The system can then be written as

1
y1t

y2t

y3t
2 5 1

p11 0 0

p21 p22 0

p31 p32 p33
2 1

x1t

x2t
*

x3t
* 2 1 1

u1t

u2t

u3t
2 +

The proof is obtained by combining two existing results+ First, Schmidt (1978)
showed that in this framework,SUR applied to the first two equations is the same
(for those equations) as SUR applied to all three equations+ Furthermore, SUR
applied to the first equation only is the same (for the first equation) as SUR
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applied to the first two equations+ But SUR applied to the first equation only is
just OLS applied to that equation, which proves (a)+

Let us now consider the first two equations+Telser (1964) showed that iterative
SUR applied to any two seemingly unrelated equations is equivalent to the fol-
lowing iterative procedure+ Regressy1t onx1t and save the residuals, [u1t

~1 5 y1t 2
[p11
~1 x1t +Add these residuals to the regression ofy2t onx2t +The resulting estimated

disturbances[u2t
~1 5 y2t 2 [p2

~1x2t (wherep2 5 ~p21,p22!! are then added to the
regression ofy1t onx1t to obtain new residuals[u1t

~2 5 y1t 2 [p11
~2 x1t ,which are again

added to the regression ofy2t on x2t , and so on+ But because in our case OLS
applied to the first equation is already SUR, it cannot be improved upon, and
Telser procedure converges after one iteration, which proves (b)+

Finally, Telser procedure applied to three equations involves adding the esti-
mated disturbances from the other equations as regressors in an iterative manner+
But because in our case, SUR applied to the first two equations is the same as
SUR applied to all three equations, a similar argument shows that Telser proce-
dure converges again in one iteration+ Furthermore, by standard OLS properties,
we can use in (c) either the estimated disturbances from the first two equations or
the OLS residuals from (a) and (b)+

NOTE

1+ The Editor is grateful to W+M+ Mikhail for pointing out that an alternative solution to this
problem can be found in Srivastava and Giles (1987, pp+ 25–26)+

REFERENCES

Schmidt, P+ (1978) A note on the estimation of seemingly unrelated regression systems+ Journal of
Econometrics7, 259–261+

Srivastava, S+ & D + Giles (1987)Seemingly Unrelated Regression Equations Models.New York:
Marcel Dekker+

Telser, L+G+ (1964) Iterative estimation of a set of linear regression equations+ Journal of the Amer-
ican Statistical Association59, 845–862+

97+2+3+ Two Matrix Inequalities Involving the Moore–Penrose Inverse—
Solution,1 proposed by Heinz Neudecker and Michel van de Velden+We use the
Schur decompositionC 5 TLT ' with T 'T 5 I and nonsingular diagonal matrix
L containing the nontrivial eigenvalues ofC+ HenceC1 5 TL21T '+

The two subproblems can be rewritten as

a~TT ' 2 TLT ' !2 1 b~TT ' 2 TL21T ' !2 $ ~TT ' 2 aTLT ' 2 bTL21T ' !2

or, equivalently,

a~I 2 L!2 1 b~I 2 L21!2 $ ~I 2 aL 2 bL21!2 (1)

and

a~TT ' 1 TLT ' !1 1 b~TT ' 1 TL21T ' !1 $ ~TT ' 1 aTLT ' 1 bTL21T ' !1
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or, equivalently,

a~I 1 L!21 1 b~I 1 L21!21 $ ~I 1 aL 1 bL21!21+ (2)

Consider the corresponding scalar inequalities

a~1 2 l!2 1 b~1 2 l21!2 $ ~1 2 al 2 bl21!2 (19)

and

a~1 1 l!21 1 b~1 1 l21!21 $ ~1 1 al 1 bl21!21, (29)

wherel is an arbitrary element on the diagonal ofL, hence an arbitrary nontrivial
eigenvalue ofC+

In (1') l can take any value, and in (2') l can take any positive value+Using the
relationa 1 b 5 1, where 0, a, b , 1, and rewriting the two equations (1') and
(2') as

a~1 2 l!2 1 b~1 2 l21!2 $ ~a~1 2 l! 1 b~1 2 l21!!2

and

a~1 1 l!21 1 b~1 1 l21!21 $ ~a~1 1 l! 1 b~1 1 l21!!21

leads to the observation that proving the inequalities is equivalent to realizing that
the functionsf ~x! 5 x2 andf ~ y! 5 y21, for y . 0, are convex+

Both scalar inequalities become equalities whenl 5 l21; hencel 5 61 in
(1') andl 5 1 in (2')+ The two matrix inequalities become equalities when the
nontrivial eigenvalues ofC are 1 or21 in the first case and 1 in the second case+
Thus, in the second caseC is (symmetric) idempotent+

NOTE

1+ An excellent solution has been proposed independently by S+ Liu and W+ Polasek, the posers of
the problem+

97+2+4+ An Inequality Concerning the Hadamard Matrix Product—Solution,
proposed by Heinz Neudecker+Write A + B 5 J '~A J B!J, whereJ is an appro-
priate semiorthogonal selection matrix andJ denotes the Kronecker matrix prod-
uct+ (See Kollo and Neudecker, 1993+) Then,

~A + B!2 5 J '~A J B!JJ'~A J B!J,

A2 + B2 5 J '~A2 J B2!J 5 J '~A J B!~A J B!J+

Further,

A2 + B2 2 ~A + B!2 5 J '~A J B!~I 2 JJ' !~A J B!J $ 0+

The reason is thatI 2 JJ' 5 ~I 2 JJ'!2 $ 0+ Note that also~A + B!2 andA2 + B2

are positive semidefinite, althoughA andB are not+ For a proof of (1) with pos-
itive semidefiniteA andB see Horn (1989)+
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REFERENCES

Horn, R+A+ (1989) The Hadamard product+ In C+R+ Johnson (ed+), Matrix Theory and Applications,
Proceedings of Symposium in Applied Mathematics, vol+ 40, pp+ 87–169+

Kollo, T+ & H +Neudecker (1993) Asymptotics of eigenvalues and unit-length eigenvectors of sample
variance and correlation matrices+ Journal of Multivariate Analysis47, 283–300+

97+2+5+ Equivariance of an Instrumental Variable (IV) Estimator in the Linear
Regression Model—Solution,1 proposed by Benoit Perron+

(a) The IV estimator is

Zb~ y! 5 ~X 'PzX!21X 'Pzy+

Becausey* 5 dy 1 Xc, the IV estimator for the transformed data is

Zb~ y* ! 5 ~X 'PzX!21X 'Pzy*

5 ~X 'PzX!21X 'Pz~dy 1 Xc!

5 d Zb~ y! 1 c

after cancellation+ Therefore Zb~ y! is equivariant+
(b) The estimator of the variance is

[s2~ y! 5
1

n
@ y 2 X Zb~ y!# ' @ y 2 X Zb~ y!#,

so that

[s2~ y* ! 5
1

n
@ y* 2 X Zb~ y* !# ' @ y* 2 X Zb~ y* !#+

Using the preceding result and the definition ofy*, we obtain that

[s2~ y* ! 5
1

n
@dy 1 Xc 2 X~d Zb~ y! 1 c!# ' @dy 1 Xc 2 X~d Zb~ y! 1 c!#

5
1

n
@dy 2 dX Zb~ y!# ' @dy 2 dX Zb~ y!#

5
d2

n
@ y 2 X Zb~ y!# ' @ y 2 X Zb~ y!#

5 d2 [s2~ y!

as required+

NOTE

1+ Excellent solutions have been proposed independently by B+H+ Baltagi and by S+K+ Sapra, the
poser of the problem+
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