Probability in the Engineering and Informational Scienc&3 1999 407-427 Printed in the US.A.

FLUID QUEUES AND MOUNTAIN
PROCESSES

0. J. Boxma

Department of Mathematics and Computing Science
Eindhoven University of Technology
PO. Box 513, 5600 MB Eindhoven, The Netherlands
and
CWI, PO. Box 94079, 1090 GB Amsterdam, The Netherlands

D. PERRY

Department of Statistics
University of Haifa
31999 Haifa, Israel

F. A. VAN DER DUYN SCHOUTEN
CentER for Economic Research, Tilburg University
PO. Box 90153, 5000 LE Tilburg, The Netherlands

and
CWI, PO. Box 94079, 1090 GB Amsterdam, The Netherlands

This paper is devoted to the analysis of a fluid queue with a buffer content that
varies linearly during periods that are governed by a three-state semi-Markov pro-
cess Two cases are being distinguishéid two upward slopes and one downward
slope and(ii) one upward slope and two downward slogesboth casesat least

one of the period distributions is allowed to be completely gen@falobtain exact
results for the buffer content distributipie busy period distributiqrand the dis-
tribution of the maximal buffer content during a busy peridte results are ob-
tained by establishing relations between the fluid queues and ordinary queues with
instantaneous input and by using level crossing theory

1. INTRODUCTION

In classic queueing literaturthe workload is almost invariably assumed to increase
instantaneously upon the arrival of a custoyraard to decrease linearly while a
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server is workinglIn the related literature of dam and storage procedbese are
some studies where the buffer content alternately decreases and increases linearly
(see e.g., Gaver and Mille{12] and Miller [21]). In the beginning of the 1970s
queueing models with gradyaloninstantaneous input emerged in the pioneering
papers of Kostefl6,17], Kosten and Vriezg19], Cohen 9], Rubinovitch[25], and
Kaspi and Rubinovitcfi14]. These concerned models of infinite buffers in which
fluid was fed by a number of independent/off sources namely sources that
alternate between actiyen) and silentoff ) periods The motivation for these “fluid
queues” was provided by data communication netwokiasten[16,17], Kosten

and Vriezg 19] successively studied the buffer content for the cases of exponential
Erlang and hyperexponential on-period distributioB®hern 9] considered the case

of identical sourceswvith generalon-period distributionRubinovitch[25] (N iden-

tical sourcesand Kaspi and Rubinovitdi4] (N nonidentical sourcesvere mainly
concerned with the busy period distribution

The interest in fluid queues was renewed by the fundamental paper of,Anick
Mitra, and Sondhj2]. It considersN on/off sources with exponentially distributed
on and off periodsSimilar to Kosten’s workthe joint equilibrium distribution of the
buffer content and the number of busy sourceiris described by a set of differ-
ential equationsAll the eigenvalues are obtained explicjthnd simple expressions
are presented for moments of the distribution and the asymptotic behavior of the
buffer contentThis paperalong with a new paper of Kostdd 8], has stimulated
further research and has contributed much toward establishing the fluid queue fed by
on/off sources as a key model for representing traffic behavior in modern commu-
nication networksn particularbursts of cells in asynchronous transfer mo&EeMm )-
based communication networks naturally give rise to fluid queWssrefer the
reader to the survey of Kulkarfi20]. In addition we would like to mention the
methodologically important contribution of Rog€gs!], who applies Wiener—Hopf
factorization of finite Markov chains to fluid queues

Most fluid queues studied so far have a Markovian structurehe last few
years the observation of long-range dependence and nonexponential tail behavior
of modern communication traffidike Internet traffig but also Ethernet traffi¢/BR
videq and Wide Area Network traffichas spurred an interest in non-Markovian
fluid queuesThe obtained results are mainly qualitatively orienteving a par-
ticular type of workload tail behavior under assumptions on the tail behavior of the
on- and’or off-period distributiongsee the survey of Boxma and Dunj&$).

The papers of Chen and Y&0] and Kella and Whitf15] study a broad class of
non-Markovian fluid queues and establish relations between such fluid queues and
ordinary queues with instantaneous inpditr paper also aims to link fluid queues
and queues with instantaneous inplfe restrict ourselves to the case of an infinite
buffer, with a buffer content that varies linearly during periods that are governed by
athree-state semi-Markov procétee survey of Kulkarnji20] already mentions the
possibility of allowing a semi-Markov structurbut suggests that the analysis is
going to be rather haydWe relate the buffer content to the workload of an ordinary
single-server queue and to the workload of a single-server queue with additional
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negative customers that instantaneously remove a random amount ofAnari
step in our establishment of such relations is the use of level crossing theory

Our contribution is twofold First, the combination of level crossing theory
and the establishment of relations between fluid queues and queues with instanta-
neous input seems to be both novel and promisBegondwe obtain several new
results that are quite explicit and that should be useful in various application areas
communication networksut alsg for example production systemdndeed fluid
queues may also represent the content of a finite buffer in multistage production
processes that are subject to interruptions of various kiBdffers can prevent
installations downward in the production process from starvation when an upstream
installation is not producindout they also may prevent upstream machines from
blocking when a downward installation is temporarily unavailaibleere are vari-
ous questions of interest hela flexible manufacturing systemwhere the same
machines are used for a variety of produetselevant question is how much of the
intermediate products should be locally stored in order to guarantee a desired level
of throughputlin the oil industry optimal physical sizes of intermediate buffers have
to be determinedn this situation not only the throughput is of interest but also the
probability of buffer overflowHence a key quantity of interest is the distribution of
the maximum of the buffer content during a busy peritidp of the mountain}.
This suggested the terminology “mountain process” used in the title as an alternative
to fluid queues

The remainder of the paper is organized in the following Wane model under
consideration is described in SectiaM&/o cases are distinguishdd Casq(i) there
are two upward slopgshe periods having an exponential and a general distribution
respectively and one downward slopghe period having an exponential distribu-
tion). In Casdlii) there is one upward slofthe period having a general distributjon
and two downward slopeshe periods having an exponential and a general distri-
bution respectively. In Section 3we present an exact analysis of the buffer content
for Case(i), and in Section 4 for Cadd ). The busy period distributigrior a class
of fluid queues containing Case, is determined in Section @hile the distribution
of the “top of the mountain” is studied in Sections 6 and 7 for Gasand Cas¢ii),
respectively

2. MODEL FORMULATION

LetJ={J(t),t = 0} be a semi-Markov process with state spdce{0,1,2}, and let
T, n=0,1,..., be the transition time@vith T, = 0). We define the fluid proces§=
{X(t),t = 0} by X(0) = 0 and

X(t) = X(T) + @O =Dt -T), T=t<Ty,n=01...,
wherea andb are known constant8y applying the reflection map

X(t) := X(t) — Orgsigt X(s),
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and by definingl (t) := aJ(t) — b, we obtain the so-callegiountain proceseX,J) =
{(X(t),J(t)),t = 0}. We assume that the conditions for stability ha@dd that( X, J)
is a regenerative proces® can be interpreted as the content level of an infinite
buffer that has net inflow rat&(t) when itis not emptyviz., that receives fluid input
at ratedj whenJ(t) = j and which has outflow rate as long as there is fluid in the
buffer. The stability conditiongn fact, amount to the assumption that the total amount
of fluid offered per time unit is less tham

Our model is related to that of Anick et §2]. They do not restrict themselves
to the case in which the state spaceltifas only three statesn the other handn
their model the times between transitions are all exponerg@that(X,J) is a
Markov processWhenJ is a Markov procesone can relate this model to that of
two machines that are subject to breakdown and regaah with production raté
when working and with total demand rdieA similar (but more generalinterpre-
tation holds wher{X,J) is a Markov renewal processhen still, X is the content
andJis the sloperespectivelyThe underlying modehoweveyno longer is that of
two machines that are subject to breakdoasmthe lack-of-memory property does
not hold

We distinguish in the following between two cases

Case (i):a > b. The mountain process now has one negative shopeb and
two positive slopes, = a — b anda, = 2a — b (in fact, for the analysis in
this paper it is sufficient to assume that there are two positive slapesa,
and one negative slofg®. The time intervals in whicld stays in statd, a;,
anda, are respectively called-intervals a;-intervals anday-intervals.Case

(i) is characterized by Figure The b-intervals are assumed to be exponen-
tially distributed with ratey,; the a;-intervals are exponentially distributed
with rate A, + pg; but we allow thea,-intervals to be generally distributed
with distributionG,,(-) and Laplace—Stieltjes transforthST) G, (w).

Motivated by the concept of producing machiniés assumed that transitions
from stated anda, can only be to state;; see Figure 1

Case (ii):b/2 < a < b. The mountain process now has two negative sldpes
b andb, = b — &, and one positive slopa= 2a — b (again for the analysis in
this paper it is sufficient to assume that there are two negative shp@axib,
and one positive slopa). We now speak ob,-intervals bg-intervals and

w.t -t
1e 1e "
OuiinOmEn0
G, () 1-e

FIGURE 1. State-transition diagram for Cage.
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FIGURE 2. State-transition diagram for Cagé).

a-intervals.The by-intervals are assumed to be exponentially distributed with
rateAq + Ho; howeverwe allow theb;-intervals and the-intervals to be gen-
erally distributed with distribution G, (-) and G4(-), respectively Their re-
spective LSTs are denoted B (w) andG;(w). As abovetransitions only take
place to neighboring statesee Figure 2

In Section 3 we discuss the buffer content process for Gasand in Section 4
for Case(ii).

3. THE BUFFER CONTENT AND ITS RELATED JUMP
PROCESSES—CASE (i)

In this section we derive the steady-state distribution of the buffer contdot
Case(i), that is the case with two positive slopes and one negative slEpg
elements of our approach are the Level Crossing Th&o@ ) and the establish-
ment of a relation between buffer contents of fluid queues and of queues with
instantaneous input apdr work removal We observe that the mountain process
(X,J) is regenerativeEach cycle is generated by an alternating renewal process
of activity and silence periodsThe first activity period starts &tX(0),J(0)) =
(0,a;) and terminates & = inf{t > 0:X(t) = 0}. Since there is only one nega-
tive slope in Caséi), (X(P),J(P)) = (0,b). Clearly by the lack-of-memory prop-
erty, the silence periods are efp,). These are the periods during a cycle in which
the buffer is empty

As announced aboy&e now establish a relation between buffer contents of
fluid queues and of queues with instantaneous inpufandork removal Observe
the unreflected fluid processK, J) with X(0) = 0 andJ(0) = 1, and construct two
compound Poisson processes with an additional drift compoiretite following
way:

1. Delete thea,-intervals and the,-intervals and glue together the consecutive
b-intervals The result is a compound Poisson process with a negative blapd
with upward jumps that have a phase-type distributince(X(0),J(0)) = (0,a,),
the first jump S, occurs at OWe call this proces§, + Lg(t), whereS, is indepen-
dent ofLg(t).

Le(t):=S+ -+ + Sy, — bt,
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whereNy(t) is a Poisson process with rgig and theS are ii.d. random variables
with distributionH(t) and LSTH*(w). TheseS, i = 0,1,..., represent the total
increments accumulated during a sequence,ofa,,...,a;-intervals in between
two consecutivé-intervals It is easy to show that

A
Ag, T Ha, T @

Ha, ’
1-—— G (a
Ag, T Ha, T @ az( 2)

H*(w) = Rew =0, (3.1)

wherei, = A;/a; andy,, = Wp/a;.
By applying the reflection map

Ve (1) i= Le(t) — ming=s=; L£(S),

we obtain thatV:(t) is also a regenerative process and by scaling time such that
M= W,/b, VE(t) can be interpreted as the work process of h&/1 queue with
arrival ratep and service times having LS*(w) as given in Eq(3.1). The sub-
scriptF for Le(t) andVe(t) designates that the work procegst) proceeds “for-
ward” in time

2. Delete thea,-intervals and thé-intervals and glue together the consecutive
a,-intervals The resulting procedsg(t) is a compound Poisson process with pos-
itive slopea; and with upward and downward jumpEhe positive jumps occur
according to a Poisson process with rateand the jump size distribution has LST
G*(a,w); the negative jumps occur according to a Poisson process with rzed
the jump sizes are exponentially distributed of jatep,/b. As beforewe apply the
reflection map

Vg (t) := Lg(t) — ming=s=; Lg(S).

The subscripB for Lg(t) andVg(t) designates thatz(t) is a process that proceeds
“backward” in time Typical sample paths diX,J) and their constructed reflected
processe¥k(t) andVg(t) are given in Figure 3

Note thatVe(t) as defined above should not start with a jump at the origiri
we have drawn it with such a jump to enable a comparison between the laws of
andVgin the next lemmaHereV: andVg denote random variables with distribution
the limiting distribution ofV:(t) andVg(t), respectively

LemMA 3.1: Denote by(Vi| Ve > 0) the randonvariable generated by conditioning
the law of { on the @ent(Vr > 0). Let S and $be randonvariables haing LST
H*(w) and (1 — H*(w))/wES respectiely, that is S is the equilibrium random
variable of SThen

S+ (Ve|Ve > 0) = S+ Ve, (3.2)

where= denotes equality in distribution and where tlagious terms are independent
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FiGure 3. Case(i): X(t), Ve (t), andVg(t).
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Proor: VE(t) and V(1) are Lévy processes starting at the origithus we

can identify the law ofS + Sup=i<,Lp(t) with S + Vg, and the law of
SUp=t<- Le(t) with that of V5. By construction oL (t) andLg(t), it follows that
S + SUR=t< L (1) = SUp=t< Le(t) with probability 1 so thatS + Vg = V.

This implies that

S+Ve+S=Vs+S, (3.3)

whereS, is independent 05+ Vi and ofVz. Now remark that the sum &f- andS,
in theGl/G/1 queue has the conditional steady-state distributidgivoV: > 0) (cf.
Cohen[11, p. 296]). The lemma is proven |

Interms of LSTsLemma 31 says simply that i (w) andys(w) are the LSTs oY/
andVj, respectivelythen we have the following corollary

COROLLARY 3.2:

wESH"(0) Yr(w) — Fe(0)
1-H*(w) 1—-F:(0

Ye(w) = Rew =0, (3.4)

wherel — F¢(0) is the probability of the gent(V; > 0).

The next theorem relates the steady-state lav td that of V= (or V). First
some definitionsLet Fx(-) denote the steady-state distributionXofvith LST iy (),
Po:=lim,,P(J(t) = b), P, := lim_,,P(J(t) = a;), andP,, := lim_,,P(J(t) =
a,). In addition Fe(x) = lim_,.,P(X(t) = x|J(t) = b), Fg(x) = lim_,,P(X(t) =
x| J(t) = ay), F*(X) = lim_,P(X(t) = x|J(t) = a,).

THEOREM 3.3:

Px(w) — Fx(0) = K* (o) [/ (@) — Fe(0)], Rew =0, (3.5)
where
() e 1+£ b 1_11 b wESH(w) 1 Rew = 0
(“’)'_( a2> b ( a2> “1-H(w) 1-F©Q’ 77

Proor: The state space df(t) is £ ={a;,a,, b} and according to the construction of
Le(t) andLg(t) we have

im > P(X() = x]3(1) =))PA(1) =)

I
teoojeg

Fx(x)

= Fe(X)Py + Fg(X)P,, + F*(X)P,,.

By LCT, Fg(-) andF *(-) are absolutely continuous distributions foral= 0 and
F=(-) is an absolutely continuous distribution for &l 0, so thatFy(x) = Fx(0) +
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Jom(y) dy, wherer () is the steady-state density XfClearly Fx(0) = F=(0)P, >
0. In terms of densities we have

m(X) = fe(X)P, + fg(X) Py, + T (X) P, x> 0,

wherefe(-), fg(-), andf*(-) are the densities associated wip(-), Fg(-), and
F*(-) for all x > 0. However by LCT, bf:(x) P, is the long-run average number of
downcrossings of leved > 0 by (X, J) anda, fg(X) P, + a, f *(x)P,, is the long-run
average number of upcrossings of that Ige&lCohen{ 10]). Thereforesince(X,J)

is a regenerative procgsge obtain

m(x) = <1+ 3) f(X)Py + (1— Z—l>fB(x)Pal, x>0, (3.6)

a; 2
Taking Laplace transforms and invoking Corollarg,3he theorem is proven ®
Remark 3.1:

i. The probabilitiesP,, P, , andP,, are the limiting probabilities of &hree-
statg semi-Markov processTherefore they can easily be computétbr
more details see Cinlg8, Ch. 10]). Using Fx(0) = F(0)P,, one can sub-
sequently eliminat&(0); finally, Fx(0) is obtained via the normalization
conditionyx(0) = 1.

ii. Naturally a, > a;, but Theorem 3 is valid for any positive constangs
anda,. Even if the second term &*(w) is negative fow = 0, it follows by
LCT thatK*(w) = 0.

iii. The special casa; = a, implies thatk *(w) is a constantindependent of
w). Therefore by substitutingw = 0 in Theorem 3B, we obtain that this
constant must be. For this special case it has already been shown by Kella
and Whitt[15] that

Fx(X) — Fx(0) -~ Fe(x) — F=(0)
1-Fx(0 — 1-F:(0

iv. In fact the very general model of Kella and Whitt5] also contains the
model of Casei). They obtain an expression for the workload distribution
P(X > z) in their Corollary 1 This expression is a weighted sum of two
terms One of them can be seen to reduc®{®: > z) in Case(i). The other
one isP(Vr + R(D'™®) > z), whereD"* indicates the overshoot of a suc-
cession of;- anda,-intervals between twb-intervals andR(x) indicates
the increment of the buffer content during the fixsime units of a succes-
sion of sucha;- and a,-intervals The distribution ofR(D"®) is usually
difficult to determine in fluid queue§ his determination is possible in the
present casehough and we believe it is also possible in the case where
both a- anda,-intervals are generally distributeth the latter casethe
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method developed in the present section can also be adapted to obtain
P(X > z). This, along with some further generalizatigns the topic of a
future study

4. THE BUFFER CONTENT AND ITS RELATED COMPOUND POISSON
PROCESSES—CASE (ii)

In this section we derive the steady-state distribution of the buffer coXtiemiCase
(i), that is the case with one positive slope and two negative sloffesstate space
of J(t) now is€& = {a, by, b;}. We assume that theintervals and thé, -intervals are
generally distributedwvhile theby-intervals are exponentially distributeBly delet-
ing the a-intervals and thé,-intervals and glueing together tlog-intervals we
obtain a compound Poisson process with a negative slope and with positive and
negative jumpsBy subsequently applying the reflection maye obtain the work-
load process of a certain queueing model which we calMf@,/Gp/1 queueGy
andGp, respectivelyrefer to upward and downward jumpghis queueing model
has been analyzed in Boucherie and Box#alt is anM/G/1-type queue with the
extra feature thaiaccording to a Poisson processochastic amounts of work are
removed from the system

Let Vye(t) be the workload of thisM/Gy/Gp/1 queue and let Vg =
lim_,.. Vae(t) in the sense of weak convergenbiore specificallywe let

Lue(@ =S+ - + gﬁlm) —(Zy+ - ZNZ(I)) — byt

whereN;(t) and Nz(t) are independent Poisson processes with nagesd A, re-

spectlverTheS are ii.d. random variables having dlstnbutlc@a(x/a) and the
Z are ii.d. random variablesalso independent of th&§, having distribution
Gbl(x/bl) Also assume with no loss of generality thgt= 1. V(t) is obtained by
applying the reflection

Wi (1) = Lye(t) — ming—s— Lye(S).

The subscripNF designates “negative-forwatd

Next, by deleting théexponentially distributeldo,-intervals and thégenerally
distributed b;-intervals we obtain a process with positive slogeormally, this
process can be written in the following way

Le():=at— (S + - + 3\1’(0)-

Here the§ are ii.d. positive random variable®(t) := inf{n=1:Z,+ - + Z, =

t} —1, with theZ,— i.i.d. positive random variables/hich are also independent of the
S. TheS represent jumps composed of decrements during a succesdignanid
b;-periods in between two successiageriods The Z; represent the lengths of
successiva-periods By applying the reflection map

Ve(t) = Le(t) — ming=s= Le(s),
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we obtain thaVg(t) is the so-calle@lapsed waiting timproces§ EWT) of a certain
GI1/G/1 queudct. Perry and Leviksof22]). The subscripE designates “elapsed
The EWT is the time elapsed since the arrival of the customer in seiNate that
under this interpretation the system is with probability 1 never ensptge the idle
periods are delete@he§ are the interarrival times and t@eare the interdeparture
times of customers within the busy periale time to departure of the first customer
in the busy period is truncated to its service requiremdiow reverse time—
departures and arrivals are reversed so that interarrival times become interdeparture
times and vice versd his technique is used to construct the EWT from the work
processGenerally the duality existing between thd/G/1-type and thes/M/1-
type dam models is shown by time rever&ade Perry and Leviksdi22] and Kaspi
and Perry[13]). Typical realizations ofX(t), V\e(t), and Ve(t) are shown in
Figure 4

Again, Vye(t) as defined above should not start with a jump at the orlyitwe
have drawn it with such a jump to enable a comparison of the laWg:cdndVg (cf.
Remark 41 below. Here Vr and Vg are random variables with distribution the
limiting distribution of Viye(t) andVE(t), respectivelySincelLye(t) is a Lévy pro-
cess one can identify the law of sgp;—., Lne(t) with that of Ve (Asmussen and
Perry[3]).

In [4] it is shown that the limiting distribution dfyx(t) is equal to the steady-
state distribution of the actual waiting time of a cert&hG/1 queueThisGI/G/1
queue is obtained from thid/G, /Gp /1 queue by replacing the downward jumps by
elongations of the interarrival times such a way that the workload at arrival
epochs of ordinary customegpward jumpgis the same in th/G /Gp /1 queue
and theGl/G/1 queueln thatGl/G/1 queugthe interarrival times are exactly tige
and the service times tta;. This is theGl/G/1 queue whose EWT i (t). In the
next lemma we introduce the formal relations between the lawgoand V.

LEMMA 4.1:
Ve =S+ Ve (4.2)

Proor: Let WES/TandV €C/1(t) be respectivelythe actual waiting time of the
nth customer and the workload at tirhef a certainGl/G/1 queue in which the ser-
vice requirements are tf®and the interarrival times are tZe. Also letW¢"/¢/* =
lim,_., We/®*andV ¢/¢/1 = |lim_,, VC/%(t), both in the sense of weak conver-
genceletS,be arandom variable that is independentgf, with as distribution the
equilibrium distribution ofS Then

Vi + S = WO+ 5,
~ (VGI/G/llvGI/G/l > O)

= VE.
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Here the first equality follows frorf¥], the second from [296 of[ 11], and the third
by time reversal u

Remark 4.1:Below we sketch a different proof of Lemmal4 |t follows from
renewal theory thatg; = R+ S,, whereR is a stochastic variable with distribution
the steady-state distribution of thié-(t), t = O} process just after downward jumps
But note that there is a-1 1 correspondence between the valueSt) just after
downward jumps and the values\gf:(t) just before upward jumpginally, PASTA
implies thatVyr has the same distribution &

Remark 4.2:Having obtained a relation between the distributionggfandVg, the
densityzr (x) of the buffer content for Cag@) can be obtained similarly as in Theo-
rem 33. Introducing the densitiefr(x) andfg(x) of Ve andVg for x > 0, LCT
leads as in3.6) to

b a
7(X) = (1- = |fue(OPy + [ 1+ — |fe(xP,,  x>0. (4.2)
b, ° b,
Finally, 7 (x) follows from known results fofyr(x) in [4] and Lemma 41.

5. BUSY PERIOD ANALYSIS

In this section we present a method for determining the busy period distribution for
a class of fluid queuewith one negative slop&Ve then apply that method to the
model of Casdi). The problem of obtaining the busy period distribution for fluid
gueues in which more than one negative slope can dtikarthe fluid queue of Case
(ii)) is still open

Consider a fluid queue withiid. activity periodsA,, A,, ... that are alternated
by i.i.d. silence periods$, I,,.... All activity and silence periods are independent
The activity period distribution remains unspecifi¢lde silence periods are expo-
nentially distributed with ratgy,. During an activity periody;, the buffer content
monotonously increasgthe total increment i8; (A;). During a silence periadhe
buffer content decreases at constant f@at€q in the framework of Casé), the
b-periods are the silence periqdghile the activity periods are compositionsayf
anda,-periods

A busy period is a period during which the buffer is never em@iynsider a
busy periodP that starts with activity period;. Its length will be at least equal to
A; + By (A;)/b. Adapting Také&cs’argument for the busy period of the ordil&f/1
queuegwe can write

Bi(A1)

P = Al + + Pl + ...+ PK((Bl(Al))/b)’ (51)
whereK(t) is the counting function of a Poisson process of intengifythat is
independent of the sequerleg P,, . ... To understan¢b.1), first observe that a busy
period does not change when the order of handling the fluid is cha@gddng as
there is an outflow at constant rdiehenever the buffer is not emptyNow assume
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that the fluidB;(A;), which remains in the buffer afteX;, flows out of the buffer
until the start of the second activity period,. The outflow of what is left oB;(A;)
is then assumed to be delayed until all the fluid generatéd,iplus all the fluid that
was generated during its handlirttas left the bufferNote that this delay can be
viewed as a busy period that was started™y because of the independence as-
sumption and the memoryless property of the exponential silence distribtitisn
busy period has the same distributionPag he outflow of what is left oB,(A;) is
now resumegthere may be other interruptioreccording to a Poissdny,) process
This reasoning results ifb.1).

Taking LST in(5.1), we readily obtain the following functional equation for the
LST of the busy period distributiofror Rew = 0,

E[e—wP] — E[e*w(AlJr[(Bl(Al))/b]JrPl*“'+PK((Bl(A1))/b))]
= E[e—w(A1+[(Bl(A1))/b])—ub(l—E[e’“’P])[(Bl(Al))/b]]' (5.2)

Note thatB;(A;) = B; andA; = 0 would yield Takacs’ functional equation for the
busy period LST in an ordinari/G/1 queue with service timeB; and service
speedslopse b. Similar to the ordinarfM/G/1 queugone can prove that[e~ "]

is, for Rew = 0, the unique solution of the functional equation

X = E[e*w(A1+[(Bl(Al))/b])*le(l*X) [(B1(A1))/b] ] R

with an absolute value of at most ane

Let us now turn to Casg), cf. Sections 2 and.3n this casethe activity period
A; consists of a succession @f-intervalsR; 1, R», ... andas-intervalsR,,, Ry, . ..
that are all independent

Al - R11+ R21+ R12+ et RZ,M—l + RlM' (53)

TheR,; are exponentially distributed with rag + 1,, and theR,; have distribution
G,,(+). The random variabl# is geometrically distributed

P(M = k) = —2 ANl (5.4)
At Ha \ A+ g ’ T .

Observing that
Bi(A1) = ay(Rys + -+ + Ryw) T @ (Rog + -+ + Ry 1), (5.5)

we have
E[e—ﬂ""\l—(B:l(Al)] = 2 P(M = k)Ek[e—(ﬂ)+§al)R11]Ek—l[e—(w‘*'{az)Rzl]
k=1

Ha
= . 5-6
A+t o+ {a— 1 G (o + {ay) (56)
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Combination of Eqs(5.2) and(5.6) yields a functional equation for the busy period
LST in the model of Casé). E[e”“F] satisfies

M1
X = .
At + o1+ a,/b) + aip,(1— Xx)/b— 1,6 (w(1+ az/b) + az (1 — x)/b)

(5.7)
Remark 5.1:Itis possible to generalize E(.6) to the case of generally distributed
a;-intervals and even to the case in which an activity period consists of a succession
of intervals that is determined by an underlying semi-Markov praddss expres-
sions howeveybecome very cumbersonend these generalizations do not fit well
into the present paper

Remark 5.2:In the special casa, = a;, one hasB;(A;) = a;A;. Then the busy
period LST satisfies the functional equation

X = E[ef{(lJral/b)erubal(lfx)/b}Al]‘ (58)

Comparison with the functional equation for the LST of the busy pefipd,1
of an ordinaryM/G/1 queue with arrival ratg,, service speed on@and service
timesAy, A,, ..., reveals thatfor this special cas® = (1+ a;/b)Py,g,1. This result
could also have been obtained via a more direct reasoning

Remark 5.3:Boxma and Dumag$6] (see also Aaltd1]) have derived the busy
period LST in a fluid queue fed biX independent ofoff sources with general
on-period distributions and exponential off-period distributiodete thaf in the

case oN = 2 sourcesthis model is a special case of the one considered in the present
section

6. THE TOP OF THE MOUNTAIN—CASE (i)

In this section and the next onee study the distribution o™ := max{X(t), 0 <
t = P}, the “top of the mountaifi namely the maximum of the workload level
during one busy perio®. The present section is devoted to CégeCase(ii) is
discussed in the next section
In Section 3 we have related the workload process for Qasethe work-load
process{Vi(t), t = 0} of anM/G/1 queue with arrival ratgy, and service times
S, S, ... with LST given by(3.1). In the sequelS denotes a generic service time
with this LST ThisM/G/1 queue was obtained from the fluid queue by deleting the
a,- anda,-intervals and glueing together theintervals For simplicity we assume
that the slope in the-intervals equal® = 1; this is just a matter of scaling
Obviously

P(Xmax = X) = P(VFmaX§ x), X=0, (61)

whereV"®is the maximum of the workload during one busy period of the process
{Ve(1),t = 0}. The distribution ofv{"®*for the M/G/1 queue has been extensively
discussed3,11]. We are thus able to prove the following
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THEOREM 6.1: In Case(i), the steadystate distribution of the top of the mountain
is given by

PVe+S=x) _ 1d

PO =X = o =0 1 1 dx

log P(V: = x), x=0.
(6.2)

Proor: The first equality in(6.2) follows from (6.1) and[3]. Agreement of the first
and last term follows fron6.1) and[11, p. 618]. Agreement of the two represen-
tations is also easily shown g1, Form 11.5.110, p. 297]. u

Remark 6.1: The above results remain valid when Cé$és generalized to the fluid
queue introduced at the beginning of the previous seclibat is a queue in which
activity periodsA,, A,, ... are alternated by exponentially distributed silence peri-
ods During the silence periodthe buffer content decreases at constantiséenen
nonempty, and during an activity perigdhe buffer content increases monoto-
nously(but not necessarily linearlyGlue the silence periods togetheith upward
jumps in between that are equal to BB€A;). Then the maximum buffer content
XM during a busy period coincides with the maximum levegl® of the corre-
spondingM/G/1 queue with arrival ratg, slopeb (for simplicity assumed to equal
one, and service timeB,(A;), Bo(A,), .... Inthe special Cas), itis easy to obtain
the distribution of those service timdsence that oV but it is also possible to
obtain those distributions jifior examplethe semi-Markov case that was mentioned
in Remark 51.

In Section 3 we have related the workload process for Qas®t only to the
procesgVk(t),t = 0} but also to the proced¥g(t),t = 0}. The latter process was
obtained by glueing together successiyeintervals We now show how this leads
to yet another expression for the distribution of the top of the mountain

The reflected proces&(t) of Lg(t) is the EWT of the queueing systadtyGy /

Mp /1. This is anM/G/1-type queue with the additional feature that at exponentially
distributed intervalsan exponentially distributed amount of work is removed from
the system(such anM/G/1-type queue with work removal has already been dis-
cussed in the beginning of Section. Ve identify the law ofVg with that of
SUp=t<- Le(t). We then have the following theorem

THEOREM 6.2:

P(Vg = X)

P(XMX < x) = ————
( ) P(Ve=x+U)’

Xx=0, (6.3)

where U is exponentially distributed with ratesuu,/b and independent ofgV
Proor: Let T be the busy period of the abo¥/Gy /Mp/1 queueThen
P(Vz = X) = P(SURy=t<s Lg(t) = X)
= P(SUp=t~T Lg(t) = X)P(SUPr=(=c Lg(t) = X)
= P(W§"* = X)P(SUR=t<c Le(t) = x+ U).
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HereVg"®denotes the maximum of the workload process ilti&, /Mp /1 queue
during a busy period. The second equality follows from the strong Markov prop-
erty and the third from the lack-of-memory propertyldf The theorem is proved
sinceVg"® andX™® have the same law u

Remark 6.2:In the proof of Lemma 3 it was observed th&+ V- = V. In com-
bination with the first equality ir(6.2), this relation easily leads to Theoren26
Indeed it then suffices to prove that

P(Ve =X)=P(S+ Ve =x+U), x=0. (6.4)

But sinceVr is the workload in atM/G/1 queue with service tim8and interarrival
timeU, it has the same distribution as the waiting time in t#G/1 queueand the
steady-state waiting timé/ in thatM/G/1 queue satisfies the relation

W= maq{0,W+ S—U].

7. THE TOP OF THE MOUNTAIN—CASE (ii)

In this section we study the distribution ™% the top of the mountairfor the
model of Caséii). In Section 4 we have related the workload process of Qas®e

the workload procesd/ye(t), t = 0} of anM/Gy /Gp /1 queueRecall thatyx(t) is

the Lévy process generated by deleting &gmtervals and theb;-intervals and
assume without loss of generality that the slbpe= 1. Vye(t) is the reflected pro-
cessln the sequelwve assume that thg -intervals arexponentialliydistributed this
leads to more explicit result¥\(t) is the workload process in a/Gy/Mp/1
queue—that isanM/G/1-type queue with arrival raie, and service time distribu-
tion G,(x/a), in which downward jumps occur according to a Poisson process with
rate Ao, the downward jumps being exponentially distributed with mean As
before the upward jumpgservice timesare indicated byS and the downward
jumps are denoted b¥. The busy period = inf{t > 0: S+ Ly(t) = 0} is termi-
nated in one of two way3Nith probability p one hasS + Lye(T) = 0, and with
probabilityq=1— pone hass+ Lys(T) < 0(the busy period ends with a downward
jump). The probabilitiep andg are easily determine&urthermorethe distribution

of Ve is known (compare[4] where the case of generally distributed downward
jumps is treated Obviously

P(XM* < x) = P(VJ* < ), x=0, (7.1)

whereV{#*is the maximum of the workload during one busy period of the process
Ve (t), t =0}
THEOREM 7.1: In Case(ii ), the steadystate distribution of the top of the mountain
is given by
P(Var + S=X)
PP(Vie = X) + qP (Ve = X + 2)’

P(XM = x) = x=0. (7.2)
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Proor: We identify the law ofVye with that of SUR=(., Lne(t). Then
P(S+ Ve = X) = P(OgtLLp (S+ Lye(1) =x)

= P( sup (S+ Lne(t) = x)P(_sup (S+ Lyg(t) =x)

= P(VWE* = ) [ pPP(Vne = X) + gP (Ve = X+ 2)],

where the second equality follows by the strong Markov property and the third
equality follows since the cycle maximum of the “sojourn” time is the maximum
achieved during the busy period |

Let us now also assume that thentervals are exponentially distributedith
rate say W For the momentheb;-intervals are assumed to be generally distributed
Recall thatLg(t) is the Lévy process generated by deletinglthéntervals and the
b,-intervals Assume without loss of generality that the slape 1. The reflected
process/e(t) can then be interpreted as the EWT in GgM/1 queue with expp)
service times and with interarrival times that are generated as a geometric sum of
bufferincrements during successive phases compodgditervals andb, -intervals
More preciselythe LST of these interarrival times is given by

S
/\0 + HO + w
E[e «Y]= , Rew = 0.

1 Ao Gt (byw)
Ag+ o+ @ by P2

Let| denote a random variable with distribution the steady-state distribution of the
idle period in thisG/M/1 queueits distribution can be found in Prabh23, p. 36].

THEOREM 7.2:

P(xmax<x): M X>O (7 3)
- PVe=x+1) T '

Proor: Let Vf"® be the cycle maximum of the EWT process in GgM/1 queue
We can identify the law of syp., Le(t) with that of Vg, the steady-state law of
Ve(t). Therefore

P(VE = X) = P(SURy=t=o Le(t) =X)
= P(sUp=t<1 Le(t) = X)P(SUPr=t<c;, Le(t) = X)
= P(VM> < x)P(Ve = X+ |).
The theorem is proved sindg">andX™® have the same law u

Remark 7.1:Theorem 72 remains valid when théy-intervals have a general
distribution
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In case all intervals are exponentially distribut€édeorems 71 and 72 resultin
relatively simple expressiong/e end the paper by giving another derivation of the
distribution of the top of the mountain in this exponential cag®rt from present-
ing the simple expressigour goal also is to demonstrate the elegance and power of
the martingale approach

We assume that the upward jump process is a Poisson process witl, ridte
downward jump process is a Poisson process with xgtéhe upward jumps are
exponentially distributed with ratg, and the downward jumps are exponentially
distributed with rater. Fix x > 0 and assume that the first upward jump occurs at 0
itis denoted by& We define four stopping times

T(s) ;= inf{t:s+ Le(t) = x},

To(s) = inf{t: s+ Lg(t) = O},
T_(s) = inf{t:s+ Lg(t) <0},
and
T := min(T(s),To(s),T_(9)). (7.4)

Also, define the conditional probabilities,(s) := P(T = T(s)|S=s), ¢o(s) :=
P(T = To(s)|S = s), and ¢_(s) := P(T = T_(s)|S = s). Notice thatT =
min(Ty(s),T_(s)) is the busy period generated byyr, and write V{P* =
MaXy=—1 Vne(t). SinceS = exp() we have

X X

He M(go(s) + ¢_(s)) ds= f He M(1— ¢y (s)) ds

0

POV = X) = f
° (7.5)
Equation(7.5) follows since the evenfV{i#* = x} occurs if and only if level 0 is
reached or downcrossed before lexed reached or upcrossétfe are now left with
the problem of determining,(s). This is accomplished by applying Wald’'s mar-
tingale to the Lévy procedsyr(t). Note thaj for this Lévy process

E(e “tne) = gel@)t (7.6)
where
w w
= — + . .
$(w) = o “O[,H—w /\Ov—a) (7.7)

Wald’s martingale of the Lévy proce&ge(t) is

M(t) := e @(StLne®)/E (gme(stLae(T)), (7.8)
Application of the martingale stopping theorenr.tvT yields
e*ws — E(e*w(SJrLNF(T))*(b(w)T)‘ (79)

Now consides + Lyg(T) for the three disjoint eventB= T,(s), T = Ty(s), andT =
T_(s). In the first events + Ly(T) — x is exponentially distributed with rajg in
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the second evenit is zerg and in the third event-(s+ Lye(T)) is exponentially
distributed with ratev. Therefore it follows from (7.9) that (with |. denoting an
indicator function

s M
UL+ w

e_wxE(e_¢(w>T|s+LN|:(T)>x) + E(e_d)(w)TIS‘H—NF(T):O)

v
+ —— E(@ g (m)<0)- (7.10)
V—w

Let us now choose such thatp(w) = 0. This happens for threeeal values for
wo = 0 and for

®127= Yo+ v+ Ao~ =N (Ho+ v+ Ao — W2+ 4(Ww + Aot — Pov)].

The stability conditionuy/u < 1+ Ao/v (cf. [4]) guarantees thai; andw, are real
Substitution ofw = wg, w1, w, I (7.10) yields three equations which just suffice to
determine the three unknowig(s), ¢o(s), and¢_(s). The rootwy = 0 gives the
obvious relationp,(s) + ¢o(s) + ¢_(s) = 1. After some calculations we get

w(v — w)(1— e %) —w (v — w) (1 — e “2%)

T o)
wz(v—a)l)<l— LH‘wle wlx) —a)l(v—a)z)(l— LH‘wze w2x>

(7.11)

du(s) =

Finally, substituting Eq(7.11) in (7.5), we obtain

kl - k2 ukl
PV =x) = 1- (1—ew)— ——1— (1— e (@tnx)
. ( s ) Ka(H+ @1)
Hko
+—(1- e_<“’2+“)x), 7.12
Ks(H+ wy) ( )
where
Ky = w2(v — wy), Ko = w(v — ),
and
H H
ks=ki[1— X ) — k| 1— T@2X ),
) 1< T ) 2< T )
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