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This paper is devoted to the analysis of a fluid queue with a buffer content that
varies linearly during periods that are governed by a three-state semi-Markov pro-
cess+ Two cases are being distinguished: ~i! two upward slopes and one downward
slope, and~ii ! one upward slope and two downward slopes+ In both cases, at least
one of the period distributions is allowed to be completely general+We obtain exact
results for the buffer content distribution, the busy period distribution, and the dis-
tribution of the maximal buffer content during a busy period+ The results are ob-
tained by establishing relations between the fluid queues and ordinary queues with
instantaneous input and by using level crossing theory+

1. INTRODUCTION

In classic queueing literature, the workload is almost invariably assumed to increase
instantaneously upon the arrival of a customer, and to decrease linearly while a
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server is working+ In the related literature of dam and storage processes, there are
some studies where the buffer content alternately decreases and increases linearly
~see, e+g+, Gaver and Miller@12# and Miller @21# !+ In the beginning of the 1970s,
queueing models with gradual, noninstantaneous input emerged in the pioneering
papers of Kosten@16,17# ,Kosten and Vrieze@19# ,Cohen@9# ,Rubinovitch@25#, and
Kaspi and Rubinovitch@14# + These concerned models of infinite buffers in which
fluid was fed by a number of independent on0off sources, namely, sources that
alternate between active~on! and silent~off ! periods+The motivation for these “fluid
queues” was provided by data communication networks+ Kosten@16,17#, Kosten
and Vrieze@19# successively studied the buffer content for the cases of exponential,
Erlang, and hyperexponential on-period distributions+Cohen@9# considered the case
of identical sources, with generalon-period distribution+ Rubinovitch@25# ~N iden-
tical sources! and Kaspi and Rubinovitch@14# ~N nonidentical sources! were mainly
concerned with the busy period distribution+

The interest in fluid queues was renewed by the fundamental paper of Anick,
Mitra, and Sondhi@2# + It considersN on0off sources with exponentially distributed
on and off periods+Similar to Kosten’s work, the joint equilibrium distribution of the
buffer content and the number of busy sources in@2# is described by a set of differ-
ential equations+All the eigenvalues are obtained explicitly, and simple expressions
are presented for moments of the distribution and the asymptotic behavior of the
buffer content+ This paper, along with a new paper of Kosten@18# , has stimulated
further research and has contributed much toward establishing the fluid queue fed by
on0off sources as a key model for representing traffic behavior in modern commu-
nication networks+ In particular,bursts of cells in asynchronous transfer mode~ATM !-
based communication networks naturally give rise to fluid queues+ We refer the
reader to the survey of Kulkarni@20# + In addition, we would like to mention the
methodologically important contribution of Rogers@24# ,who applies Wiener–Hopf
factorization of finite Markov chains to fluid queues+

Most fluid queues studied so far have a Markovian structure+ In the last few
years, the observation of long-range dependence and nonexponential tail behavior
of modern communication traffic~like Internet traffic, but also Ethernet traffic,VBR
video, and Wide Area Network traffic! has spurred an interest in non-Markovian
fluid queues+ The obtained results are mainly qualitatively oriented, proving a par-
ticular type of workload tail behavior under assumptions on the tail behavior of the
on- and0or off-period distributions~see the survey of Boxma and Dumas@5# !+

The papers of Chen and Yao@7# and Kella and Whitt@15# study a broad class of
non-Markovian fluid queues and establish relations between such fluid queues and
ordinary queues with instantaneous input+ Our paper also aims to link fluid queues
and queues with instantaneous input+We restrict ourselves to the case of an infinite
buffer, with a buffer content that varies linearly during periods that are governed by
a three-state semi-Markov process~the survey of Kulkarni@20# already mentions the
possibility of allowing a semi-Markov structure, but suggests that the analysis is
going to be rather hard!+We relate the buffer content to the workload of an ordinary
single-server queue and to the workload of a single-server queue with additional
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negative customers that instantaneously remove a random amount of work+ A key
step in our establishment of such relations is the use of level crossing theory+

Our contribution is twofold+ First, the combination of level crossing theory
and the establishment of relations between fluid queues and queues with instanta-
neous input seems to be both novel and promising+ Second, we obtain several new
results that are quite explicit and that should be useful in various application areas:
communication networks, but also, for example, production systems+ Indeed, fluid
queues may also represent the content of a finite buffer in multistage production
processes that are subject to interruptions of various kinds+ Buffers can prevent
installations downward in the production process from starvation when an upstream
installation is not producing, but they also may prevent upstream machines from
blocking when a downward installation is temporarily unavailable+ There are vari-
ous questions of interest here+ In flexible manufacturing systems, where the same
machines are used for a variety of products, a relevant question is how much of the
intermediate products should be locally stored in order to guarantee a desired level
of throughput+ In the oil industry optimal physical sizes of intermediate buffers have
to be determined+ In this situation not only the throughput is of interest but also the
probability of buffer overflow+Hence, a key quantity of interest is the distribution of
the maximum of the buffer content during a busy period~“top of the mountain”!+
This suggested the terminology “mountain process” used in the title as an alternative
to fluid queues+

The remainder of the paper is organized in the following way+ The model under
consideration is described in Section 2+Two cases are distinguished+ In Case~i! there
are two upward slopes~the periods having an exponential and a general distribution,
respectively! and one downward slope~the period having an exponential distribu-
tion!+ In Case~ii ! there is one upward slope~the period having a general distribution!
and two downward slopes~the periods having an exponential and a general distri-
bution, respectively!+ In Section 3,we present an exact analysis of the buffer content
for Case~i!, and in Section 4 for Case~ii !+ The busy period distribution, for a class
of fluid queues containing Case~i!, is determined in Section 5,while the distribution
of the “top of the mountain” is studied in Sections 6 and 7 for Case~i! and Case~ii !,
respectively+

2. MODEL FORMULATION

Let EJ5 $ EJ~t!, t $ 0% be a semi-Markov process with state spaceEE5 $0,1,2%, and let
Tn, n5 0,1, + + + , be the transition times~with T05 0!+We define the fluid processFX5
$ FX~t!, t $ 0% by FX~0! 5 0 and

FX~t! 5 FX~Tn! 1 ~ Ia EJ~t! 2 Db!~t 2 Tn!, Tn # t , Tn11, n 5 0,1, + + + ,

where Ia and Db are known constants+ By applying the reflection map

X~t! :5 FX~t! 2 min
0#s#t

FX~s!,
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and by definingJ~t! :5 Ia EJ~t!2 Db,we obtain the so-calledmountain process~X,J!5
$~X~t!,J~t!!, t $ 0%+We assume that the conditions for stability hold, and that~X,J!
is a regenerative process+ X can be interpreted as the content level of an infinite
buffer that has net inflow rateJ~t! when it is not empty, viz+, that receives fluid input
at rate Iaj when EJ~t! 5 j and which has outflow rateDb as long as there is fluid in the
buffer+The stability conditions, in fact,amount to the assumption that the total amount
of fluid offered per time unit is less thanDb+

Our model is related to that of Anick et al+ @2# + They do not restrict themselves
to the case in which the state space ofJ has only three states; on the other hand, in
their model the times between transitions are all exponential, so that~X,J! is a
Markov process+WhenJ is a Markov process, one can relate this model to that of
two machines that are subject to breakdown and repair, each with production rateIa
when working and with total demand rateDb+ A similar ~but more general! interpre-
tation holds when~X,J! is a Markov renewal process+ Then, still, X is the content
andJ is the slope, respectively+ The underlying model, however, no longer is that of
two machines that are subject to breakdown, as the lack-of-memory property does
not hold+

We distinguish in the following between two cases:

Case (i): Ia . Db+ The mountain process now has one negative slopeb 5 Db and
two positive slopesa1 5 Ia 2 Db anda2 5 2 Ia 2 Db ~in fact, for the analysis in
this paper it is sufficient to assume that there are two positive slopesa2 . a1

and one negative slopeb!+ The time intervals in whichJ stays in stateb, a1,
anda2 are respectively calledb-intervals, a1-intervals, anda2-intervals.Case
~i! is characterized by Figure 1+ The b-intervals are assumed to be exponen-
tially distributed with rateµb; the a1-intervals are exponentially distributed
with ratel1 1 µ1; but we allow thea2-intervals to be generally distributed,
with distributionGa2

~{! and Laplace–Stieltjes transform~LST! Ga2

* ~v!+

Motivated by the concept of producing machines, it is assumed that transitions
from statesb anda2 can only be to statea1; see Figure 1+

Case (ii): Db02 , Ia , Db+ The mountain process now has two negative slopesb15
Db andb0 5 Db 2 Ia, and one positive slopea 5 2 Ia 2 Db ~again, for the analysis in

this paper it is sufficient to assume that there are two negative slopesb0 andb1

and one positive slopea!+ We now speak ofb1-intervals, b0-intervals, and

Figure 1. State-transition diagram for Case~i!+
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a-intervals.Theb0-intervals are assumed to be exponentially distributed with
ratel0 1 µ0; however, we allow theb1-intervals and thea-intervals to be gen-
erally distributed, with distribution Gb1

~{! and Ga~{!, respectively+ Their re-
spective LSTs are denoted byGb1

* ~v! andGa
*~v!+As above, transitions only take

place to neighboring states; see Figure 2+

In Section 3 we discuss the buffer content process for Case~i!, and in Section 4
for Case~ii !+

3. THE BUFFER CONTENT AND ITS RELATED JUMP
PROCESSES—CASE (i)

In this section we derive the steady-state distribution of the buffer contentX for
Case~i!, that is, the case with two positive slopes and one negative slope+ Key
elements of our approach are the Level Crossing Theory~LCT! and the establish-
ment of a relation between buffer contents of fluid queues and of queues with
instantaneous input and0or work removal+ We observe that the mountain process
~X,J! is regenerative+ Each cycle is generated by an alternating renewal process
of activity and silence periods+ The first activity period starts at~X~0!,J~0!! 5
~0,a1! and terminates atP 5 inf $t . 0 :X~t! 5 0%+ Since there is only one nega-
tive slope in Case~i!, ~X~P!,J~P!! 5 ~0,b!+ Clearly, by the lack-of-memory prop-
erty, the silence periods are exp~µb!+ These are the periods during a cycle in which
the buffer is empty+

As announced above, we now establish a relation between buffer contents of
fluid queues and of queues with instantaneous input and0or work removal+Observe
the unreflected fluid process~ FX, EJ! with FX~0! 5 0 and EJ~0! 5 1, and construct two
compound Poisson processes with an additional drift component, in the following
way:

1+Delete thea1-intervals and thea2-intervals, and glue together the consecutive
b-intervals+ The result is a compound Poisson process with a negative slopeb and
with upward jumps that have a phase-type distribution+ Since~X~0!,J~0!! 5 ~0,a1!,
the first jump, S0, occurs at 0+We call this processS0 1 LF~t!, whereS0 is indepen-
dent ofLF~t!+

LF ~t! :5 S1 1 {{{ 1 SN1~t! 2 bt,

Figure 2. State-transition diagram for Case~ii !+
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whereN1~t! is a Poisson process with rateµb and theSi are i+i+d+ random variables
with distribution H~t! and LSTH *~v!+ TheseSi , i 5 0,1, + + + , represent the total
increments accumulated during a sequence ofa12,a22, + + + ,a1-intervals in between
two consecutiveb-intervals+ It is easy to show that

H *~v! 5

la1

la1
1 µa1

1 v

12
µa1

la1
1 µa1

1 v
Ga2

* ~a2v!

, Rev $ 0, (3.1)

wherela1
:5 l10a1 andµa1

:5 µ10a1+
By applying the reflection map

VF ~t! :5 LF ~t! 2 min0#s#t LF ~s!,

we obtain thatVF~t! is also a regenerative process and by scaling time such that
µ :5 µb0b, VF~t! can be interpreted as the work process of theM0G01 queue with
arrival ratem and service times having LSTH *~v! as given in Eq+ ~3+1!+ The sub-
scriptF for LF~t! andVF~t! designates that the work processVF~t! proceeds “for-
ward” in time+

2+ Delete thea2-intervals and theb-intervals, and glue together the consecutive
a1-intervals+ The resulting processLB~t! is a compound Poisson process with pos-
itive slopea1 and with upward and downward jumps+ The positive jumps occur
according to a Poisson process with rateµ1, and the jump size distribution has LST
G*~a2v!; the negative jumps occur according to a Poisson process with ratel1, and
the jump sizes are exponentially distributed of rateµ5µb0b+As before,we apply the
reflection map

VB~t! :5 LB~t! 2 min0#s#t LB~s!+

The subscriptB for LB~t! andVB~t! designates thatVB~t! is a process that proceeds
“backward” in time+ Typical sample paths of~X,J! and their constructed reflected
processesVF~t! andVB~t! are given in Figure 3+

Note thatVF~t! as defined above should not start with a jump at the origin; but
we have drawn it with such a jump to enable a comparison between the laws ofVF

andVB in the next lemma+HereVF andVB denote random variables with distribution,
the limiting distribution ofVF~t! andVB~t!, respectively+

Lemma 3.1: Denote by~VF 6VF . 0! the randomvariable generated by conditioning
the law of VF on the event ~VF . 0!+ Let S and Se be randomvariables having LST
H *~v! and ~1 2 H *~v!!0vES, respectively; that is, Se is the equilibrium random
variable of S+ Then

S1 ~VF 6VF . 0! . Se 1 VB, (3.2)

where. denotes equality in distribution and where thevarious terms are independent+
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Figure 3. Case~i!: X~t!, VF~t!, andVB~t!+
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Proof: VF ~t ! and VB~t ! are Lévy processes starting at the origin+ Thus, we
can identify the law ofS0 1 sup0#t,`LF ~t ! with S 1 VF , and the law of
sup0#t,`LB~t! with that ofVB+ By construction ofLF~t! andLB~t!, it follows that
S0 1 sup0#t,`LF~t! 5 sup0#t,`LB~t! with probability 1, so thatS 1 VF . VB+
This implies that

S1 VF 1 Se . VB 1 Se, (3.3)

whereSe is independent ofS1 VF and ofVB+ Now remark that the sum ofVF andSe

in theGI0G01 queue has the conditional steady-state distribution of~VF 6VF . 0! ~cf+
Cohen@11, p+ 296#!+ The lemma is proven+ n

In terms of LSTs, Lemma 3+1 says simply that ifcF~v! andcB~v! are the LSTs ofVF

andVB, respectively, then we have the following corollary+

Corollary 3.2:

cB~v! 5
vESH*~v!

12 H *~v!

cF ~v! 2 FF ~0!

12 FF ~0!
, Rev $ 0, (3.4)

where12 FF~0! is the probability of the event~Vf . 0!+

The next theorem relates the steady-state law ofX to that ofVF ~or VB!+ First
some definitions+ LetFX~{! denote the steady-state distribution ofX,with LSTcX~v!,
Pb :5 lim tr`P~J~t! 5 b!, Pa1

:5 lim tr`P~J~t! 5 a1!, andPa2
:5 lim tr`P~J~t! 5

a2!+ In addition, FF~x! 5 lim tr`P~X~t! # x6J~t! 5 b!, FB~x! 5 lim tr`P~X~t! #
x6J~t! 5 a1!, F *~x! 5 lim tr`P~X~t! # x6J~t! 5 a2!+

Theorem 3.3:

cX~v! 2 FX~0! 5 K *~v!@cF ~v! 2 FF ~0!# , Rev $ 0, (3.5)

where

K *~v! :5 S11
b

a2
DPb 1 S12

a1

a2
DPa1

vESH*~v!

12 H *~v!

1

12 FF ~0!
, Rev $ 0+

Proof: The state space ofJ~t! isE5 $a1,a2,b% and according to the construction of
LF~t! andLB~t! we have

FX~x! 5 lim
tr` (

j[E
P~X~t! # x6J~t! 5 j !P~J~t! 5 j !

5 FF ~x!Pb 1 FB~x!Pa1
1 F *~x!Pa2

+

By LCT, FB~{! andF *~{! are absolutely continuous distributions for allx $ 0 and
FF~{! is an absolutely continuous distribution for allx . 0, so thatFX~x! 5 FX~0! 1
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*0
x p~ y! dy, wherep~{! is the steady-state density ofX+ Clearly, FX~0! 5 FF~0!Pb .

0+ In terms of densities we have

p~x! 5 fF ~x!Pb 1 fB~x!Pa1
1 f *~x!Pa2

, x . 0,

where fF~{!, fB~{!, and f *~{! are the densities associated withFF~{!, FB~{!, and
F *~{! for all x . 0+ However, by LCT, bfF~x!Pb is the long-run average number of
downcrossings of levelx . 0 by ~X,J! anda1 fB~x!Pa1

1 a2 f *~x!Pa2
is the long-run

average number of upcrossings of that level~cf+Cohen@10# !+Therefore, since~X,J!
is a regenerative process, we obtain

p~x! 5 S11
b

a2
D fF ~x!Pb 1 S12

a1

a2
D fB~x!Pa1

, x . 0+ (3.6)

Taking Laplace transforms and invoking Corollary 3+2, the theorem is proven+ n

Remark 3.1:

i+ The probabilitiesPb, Pa1
, andPa2

are the limiting probabilities of a~three-
state! semi-Markov process+ Therefore, they can easily be computed~for
more details see Cinlar@8, Ch+ 10# !+ UsingFX~0! 5 FF~0!Pb, one can sub-
sequently eliminateFF~0!; finally, FX~0! is obtained via the normalization
conditioncX~0! 5 1+

ii + Naturally, a2 . a1, but Theorem 3+3 is valid for any positive constantsa1

anda2+Even if the second term ofK *~v! is negative forv $ 0, it follows by
LCT thatK *~v! $ 0+

iii + The special casea1 5 a2 implies thatK *~v! is a constant~independent of
v!+ Therefore, by substitutingv 5 0 in Theorem 3+3, we obtain that this
constant must be 1+ For this special case it has already been shown by Kella
and Whitt@15# that

FX~x! 2 FX~0!

12 FX~0!
5

FF ~x! 2 FF ~0!

12 FF ~0!
+

iv+ In fact, the very general model of Kella and Whitt@15# also contains the
model of Case~i!+ They obtain an expression for the workload distribution
P~X . z! in their Corollary 1+ This expression is a weighted sum of two
terms+One of them can be seen to reduce toP~VF . z! in Case~i!+The other
one isP~VF 1 R~Dres! . z!, whereDres indicates the overshoot of a suc-
cession ofa1- anda2-intervals between twob-intervals, andR~x! indicates
the increment of the buffer content during the firstx time units of a succes-
sion of sucha1- and a2-intervals+ The distribution ofR~Dres! is usually
difficult to determine in fluid queues+ This determination is possible in the
present case, though, and we believe it is also possible in the case where
both a1- anda2-intervals are generally distributed+ In the latter case, the
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method developed in the present section can also be adapted to obtain
P~X . z!+ This, along with some further generalizations, is the topic of a
future study+

4. THE BUFFER CONTENT AND ITS RELATED COMPOUND POISSON
PROCESSES—CASE (ii)

In this section we derive the steady-state distribution of the buffer contentX for Case
~ii !, that is, the case with one positive slope and two negative slopes+ The state space
of J~t! now isE5 $a,b0,b1%+We assume that thea-intervals and theb1-intervals are
generally distributed, while theb0-intervals are exponentially distributed+ By delet-
ing thea-intervals and theb1-intervals and glueing together theb0-intervals, we
obtain a compound Poisson process with a negative slope and with positive and
negative jumps+ By subsequently applying the reflection map, we obtain the work-
load process of a certain queueing model which we call theM0GU 0GD01 queue+GU

andGD, respectively, refer to upward and downward jumps+ This queueing model
has been analyzed in Boucherie and Boxma@4# + It is anM0G01-type queue with the
extra feature that, according to a Poisson process, stochastic amounts of work are
removed from the system+

Let VNF~t ! be the workload of thisM0GU 0GD01 queue, and let VNF :5
lim tr`VNF~t! in the sense of weak convergence+ More specifically, we let

LNF~t! :5 ZS1 1 {{{ 1 ZS ZN1~t! 2 ~ ZZ1 1 {{{ 1 ZZ ZN2~t! ! 2 b0 t,

where ZN1~t! and ZN2~t! are independent Poisson processes with ratesµ0 andl0, re-
spectively+ The ZSi are i+i+d+ random variables having distributionGa~x0a! and the
ZZj are i+i+d+ random variables, also independent of theZSi , having distribution

Gb1
~x0b1!+ Also assume with no loss of generality thatb0 51+ VNF~t! is obtained by

applying the reflection

VNF~t! 5 LNF~t! 2 min0#s#t LNF~s!+

The subscriptNF designates “negative-forward+”
Next, by deleting the~exponentially distributed! b0-intervals and the~generally

distributed! b1-intervals, we obtain a process with positive slope+ Formally, this
process can be written in the following way:

LE~t! :5 at 2 ~ PS1 1 {{{ 1 PS PN~t! !+

Here the PSi are i+i+d+ positive random variables; PN~t! :5 inf $n $ 1 : OZ1 1 {{{ 1 OZn $
t% 21,with the OZj i+i+d+ positive random variables,which are also independent of the
PSi + The PSi represent jumps composed of decrements during a succession ofb0- and
b1-periods in between two successivea-periods+ The OZj represent the lengths of
successivea-periods+ By applying the reflection map

VE~t! 5 LE~t! 2 min0#s#t LE~s!,
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we obtain thatVE~t! is the so-calledelapsed waiting timeprocess~EWT! of a certain
GI0G01 queue~cf+ Perry and Levikson@22# !+ The subscriptE designates “elapsed+”
The EWT is the time elapsed since the arrival of the customer in service+ Note that
under this interpretation the system is with probability 1 never empty, since the idle
periods are deleted+ The PSi are the interarrival times and theOZj are the interdeparture
times of customers within the busy period; the time to departure of the first customer
in the busy period is truncated to its service requirement+ Now reverse time—
departures and arrivals are reversed so that interarrival times become interdeparture
times and vice versa+ This technique is used to construct the EWT from the work
process+ Generally, the duality existing between theM0G01-type and theG0M01-
type dam models is shown by time reversal~see Perry and Levikson@22# and Kaspi
and Perry@13# !+ Typical realizations ofX~t !, VNF~t !, and VE~t ! are shown in
Figure 4+

Again,VNF~t! as defined above should not start with a jump at the origin, but we
have drawn it with such a jump to enable a comparison of the laws ofVNF andVE ~cf+
Remark 4+1 below!+ Here VNF and VE are random variables with distribution the
limiting distribution ofVNF~t! andVE~t!, respectively+ SinceLNF~t! is a Lévy pro-
cess, one can identify the law of sup0#t,`LNF~t! with that ofVNF ~Asmussen and
Perry@3# ! +

In @4# it is shown that the limiting distribution ofVNF~t! is equal to the steady-
state distribution of the actual waiting time of a certainGI0G01 queue+ ThisGI0G01
queue is obtained from theM0GU 0GD01 queue by replacing the downward jumps by
elongations of the interarrival times, in such a way that the workload at arrival
epochs of ordinary customers~upward jumps! is the same in theM0GU 0GD01 queue
and theGI0G01 queue+ In thatGI0G01 queue, the interarrival times are exactly thePSi

and the service times thea OZj + This is theGI0G01 queue whose EWT isVE~t!+ In the
next lemma we introduce the formal relations between the laws ofVNF andVE+

Lemma 4.1:

VE . Se 1 VNF + (4.1)

Proof: Let Wn
GI0G01 andV GI0G01~t! be, respectively, the actual waiting time of the

nth customer and the workload at timet of a certainGI0G01 queue in which the ser-
vice requirements are thePSi and the interarrival times are theOZj + Also letWGI0G01 5
limnr`Wn

GI0G01 andV GI0G01 5 lim tr`V GI0G01~t!, both in the sense of weak conver-
gence+ LetSebe a random variable that is independent ofVNF,with as distribution the
equilibrium distribution ofS+ Then

VNF 1 Se . WGI0G01 1 Se

. ~V GI0G01 6V GI0G01 . 0!

. VE +
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Figure 4. Case~ii !: X~t!, VNF~t!, andVE~t!+
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Here the first equality follows from@4# , the second from p+ 296 of@11# , and the third
by time reversal+ n

Remark 4.1:Below we sketch a different proof of Lemma 4+1+ It follows from
renewal theory thatVE . R1 Se, whereR is a stochastic variable with distribution
the steady-state distribution of the$VE~t!, t $ 0% process just after downward jumps+
But note that there is a 12 1 correspondence between the values ofVE~t! just after
downward jumps and the values ofVNF~t! just before upward jumps+Finally,PASTA
implies thatVNF has the same distribution asR+

Remark 4.2:Having obtained a relation between the distributions ofVNF andVE, the
densityp~x! of the buffer content for Case~ii ! can be obtained similarly as in Theo-
rem 3+3+ Introducing the densitiesfNF~x! and fE~x! of VNF andVE for x . 0, LCT
leads as in~3+6! to

p~x! 5 S12
b0

b1
D fNF~x!Pb0

1 S11
a

b1
D fE~x!Pa, x . 0+ (4.2)

Finally, p~x! follows from known results forfNF~x! in @4# and Lemma 4+1+

5. BUSY PERIOD ANALYSIS

In this section we present a method for determining the busy period distribution for
a class of fluid queueswith one negative slope.We then apply that method to the
model of Case~i!+ The problem of obtaining the busy period distribution for fluid
queues in which more than one negative slope can occur~like the fluid queue of Case
~ii !! is still open+

Consider a fluid queue with i+i+d+ activity periodsA1,A2, + + + that are alternated
by i+i+d+ silence periodsI1, I2, + + + + All activity and silence periods are independent+
The activity period distribution remains unspecified; the silence periods are expo-
nentially distributed with rateµb+ During an activity periodAi , the buffer content
monotonously increases; the total increment isBi ~Ai !+ During a silence period, the
buffer content decreases at constant rateb+ So, in the framework of Case~i!, the
b-periods are the silence periods, while the activity periods are compositions ofa1-
anda2-periods+

A busy period is a period during which the buffer is never empty+ Consider a
busy periodP that starts with activity periodA1+ Its length will be at least equal to
A11B1~A1!0b+Adapting Takács’argument for the busy period of the ordinaryM0G01
queue, we can write:

P . A1 1
B1~A1!

b
1 P1 1 {{{ 1 PK~~B1~A1!!0b! , (5.1)

whereK~t! is the counting function of a Poisson process of intensityµb, that is
independent of the sequenceP1,P2, + + + + To understand~5+1!, first observe that a busy
period does not change when the order of handling the fluid is changed~as long as
there is an outflow at constant rateb whenever the buffer is not empty!+Now assume
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that the fluidB1~A1!, which remains in the buffer afterA1, flows out of the buffer
until the start of the second activity period, A2+ The outflow of what is left ofB1~A1!
is then assumed to be delayed until all the fluid generated inA2, plus all the fluid that
was generated during its handling, has left the buffer+ Note that this delay can be
viewed as a busy period that was started byA2; because of the independence as-
sumption and the memoryless property of the exponential silence distribution, this
busy period has the same distribution asP+ The outflow of what is left ofB1~A1! is
now resumed; there may be other interruptions, according to a Poisson~µb! process+
This reasoning results in~5+1!+

Taking LST in~5+1!,we readily obtain the following functional equation for the
LST of the busy period distribution+ For Rev $ 0,

E@e2vP # 5 E@e2v~A11@~B1~A1!!0b#1P11{{{1PK~~B1~A1!!0b!! #

5 E@e2v~A11@~B1~A1!!0b# !2µb~12E@e2vP # !@~B1~A1!!0b# # + (5.2)

Note thatBi ~Ai ! 5 Bi andAi 5 0 would yield Takács’ functional equation for the
busy period LST in an ordinaryM0G01 queue with service timesBi and service
speed~slope! b+ Similar to the ordinaryM0G01 queue, one can prove that E@e2vP#
is, for Rev $ 0, the unique solution of the functional equation

x 5 E@e2v~A11@~B1~A1!!0b# !2µb~12x!@~B1~A1!!0b# # ,

with an absolute value of at most one+
Let us now turn to Case~i!, cf+ Sections 2 and 3+ In this case, the activity period

A1 consists of a succession ofa1-intervalsR11,R12, + + + anda2-intervalsR21,R22, + + +
that are all independent:

A1 5 R11 1 R21 1 R12 1 {{{ 1 R2,M21 1 R1M + (5.3)

TheR1i are exponentially distributed with ratel11 µ1, and theR2i have distribution
Ga2

~{!+ The random variableM is geometrically distributed:

P~M 5 k! 5
µ1

l1 1 µ1
S l1

l1 1 µ1
Dk21

, k 5 1,2, + + + + (5.4)

Observing that

B1~A1! 5 a1~R11 1 {{{ 1 R1M ! 1 a2~R21 1 {{{ 1 R2,M21!, (5.5)

we have

E@e2vA12zB1~A1! # 5 (
k51

`

P~M 5 k!Ek @e2~v1za1!R11 # Ek21 @e2~v1za2!R21 #

5
µ1

l1 1 µ1 1 v 1 za1 2 l1Ga2

* ~v 1 za2!
+ (5.6)
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Combination of Eqs+ ~5+2! and~5+6! yields a functional equation for the busy period
LST in the model of Case~i!+ E@e2vP# satisfies

x 5
µ1

l1 1 µ1 1 v~11 a10b! 1 a1µb~12 x!0b 2 l1Ga2

* ~v~11 a20b! 1 a2 µb~12 x!0b!
+

(5.7)
Remark 5.1:It is possible to generalize Eq+ ~5+6! to the case of generally distributed
a1-intervals, and even to the case in which an activity period consists of a succession
of intervals that is determined by an underlying semi-Markov process+ The expres-
sions, however, become very cumbersome, and these generalizations do not fit well
into the present paper+

Remark 5.2:In the special casea2 5 a1, one hasB1~A1! 5 a1A1+ Then the busy
period LST satisfies the functional equation

x 5 E@e2$~11a10b!v1µba1~12x!0b%A1 # + (5.8)

Comparison with the functional equation for the LST of the busy periodPM0G01

of an ordinaryM0G01 queue with arrival rateµb, service speed one, and service
timesA1,A2, + + + , reveals that, for this special case,P . ~11a10b!PM0G01+ This result
could also have been obtained via a more direct reasoning+

Remark 5.3:Boxma and Dumas@6# ~see also Aalto@1# ! have derived the busy
period LST in a fluid queue fed byN independent on0off sources, with general
on-period distributions and exponential off-period distributions+ Note that, in the
case ofN52 sources, this model is a special case of the one considered in the present
section+

6. THE TOP OF THE MOUNTAIN—CASE (i)

In this section and the next one,we study the distribution ofXmax :5 max$X~t!, 0 ,
t # P%, the “top of the mountain,” namely, the maximum of the workload level
during one busy periodP+ The present section is devoted to Case~i!; Case~ii ! is
discussed in the next section+

In Section 3 we have related the workload process for Case~i! to the work-load
process$VF~t!, t $ 0% of an M0G01 queue with arrival rateµb and service times
S1,S2, + + + with LST given by~3+1!+ In the sequel, S denotes a generic service time
with this LST+ ThisM0G01 queue was obtained from the fluid queue by deleting the
a1- anda2-intervals and glueing together theb-intervals+ For simplicity we assume
that the slope in theb-intervals equalsb 5 1; this is just a matter of scaling+

Obviously,

P~Xmax # x! 5 P~VF
max # x!, x $ 0, (6.1)

whereVF
max is the maximum of the workload during one busy period of the process

$VF~t!, t $ 0%+ The distribution ofVF
max for theM0G01 queue has been extensively

discussed@3,11# +We are thus able to prove the following+
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Theorem 6.1: In Case~i !, the steady-state distribution of the top of the mountain
is given by:

P~Xmax # x! 5
P~VF 1 S# x!

P~VF # x!
5 1 2

1

µ

d

dx
log P~VF # x!, x $ 0+

(6.2)

Proof: The first equality in~6+2! follows from ~6+1! and@3# +Agreement of the first
and last term follows from~6+1! and@11, p+ 618# + Agreement of the two represen-
tations is also easily shown by@11, Form+ II +5+110, p+ 297# + n

Remark 6.1:The above results remain valid when Case~i! is generalized to the fluid
queue introduced at the beginning of the previous section+ That is a queue in which
activity periodsA1,A2, + + + are alternated by exponentially distributed silence peri-
ods+During the silence periods, the buffer content decreases at constant rateb ~when
nonempty!, and during an activity period, the buffer content increases monoto-
nously~but not necessarily linearly!+Glue the silence periods together,with upward
jumps in between that are equal to theBi ~Ai !+ Then the maximum buffer content
Xmax during a busy period coincides with the maximum levelVF

max of the corre-
spondingM0G01 queue with arrival rateµ, slopeb ~for simplicity assumed to equal
one!, and service timesB1~A1!,B2~A2!, + + + + In the special Case~i!, it is easy to obtain
the distribution of those service times, hence that ofVF

max; but it is also possible to
obtain those distributions in, for example, the semi-Markov case that was mentioned
in Remark 5+1+

In Section 3 we have related the workload process for Case~i! not only to the
process$VF~t!, t $ 0% but also to the process$VB~t!, t $ 0%+ The latter process was
obtained by glueing together successivea1-intervals+We now show how this leads
to yet another expression for the distribution of the top of the mountain+

The reflected processVB~t! of LB~t! is the EWT of the queueing systemM0GU 0
MD01+ This is anM0G01-type queue with the additional feature that at exponentially
distributed intervals, an exponentially distributed amount of work is removed from
the system~such anM0G01-type queue with work removal has already been dis-
cussed in the beginning of Section 4!+ We identify the law ofVB with that of
sup0#t,`LB~t!+We then have the following theorem+

Theorem 6.2:

P~Xmax # x! 5
P~VB # x!

P~VB # x 1 U !
, x $ 0, (6.3)

where U is exponentially distributed with rate µ5 µb0b and independent of VB+

Proof: Let T be the busy period of the aboveM0GU 0MD01 queue+ Then

P~VB # x! 5 P~sup0#t,` LB~t! # x!

5 P~sup0#t,T LB~t! # x!P~supT#t,` LB~t! # x!

5 P~VB
max # x!P~sup0#t,` LB~t! # x 1 U !+
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HereVB
maxdenotes the maximum of the workload process in theM0GU 0MD01 queue

during a busy periodT+ The second equality follows from the strong Markov prop-
erty and the third from the lack-of-memory property ofU+ The theorem is proved
sinceVB

max andXmax have the same law+ n

Remark 6.2:In the proof of Lemma 3+1 it was observed thatS1 VF . VB+ In com-
bination with the first equality in~6+2!, this relation easily leads to Theorem 6+2+
Indeed, it then suffices to prove that

P~VF # x! 5 P~S1 VF # x 1 U !, x $ 0+ (6.4)

But sinceVF is the workload in anM0G01 queue with service timeSand interarrival
timeU, it has the same distribution as the waiting time in thatM0G01 queue; and the
steady-state waiting timeW in thatM0G01 queue satisfies the relation

W . max@0,W1 S2 U # +

7. THE TOP OF THE MOUNTAIN—CASE (ii)

In this section we study the distribution ofXmax, the top of the mountain, for the
model of Case~ii !+ In Section 4 we have related the workload process of Case~ii ! to
the workload process$VNF~t!, t $ 0% of anM0GU 0GD01 queue+ Recall thatLNF~t! is
the Lévy process generated by deleting thea-intervals and theb1-intervals, and
assume without loss of generality that the slopeb0 5 1+ VNF~t! is the reflected pro-
cess+ In the sequel,we assume that theb1-intervals areexponentiallydistributed; this
leads to more explicit results+ VNF~t! is the workload process in anM0GU 0MD01
queue—that is, anM0G01-type queue with arrival rateµ0 and service time distribu-
tion Ga~x0a!, in which downward jumps occur according to a Poisson process with
ratel0, the downward jumps being exponentially distributed with mean 10n+ As
before, the upward jumps~service times! are indicated by ZS, and the downward
jumps are denoted byZZ+ The busy periodT 5 inf $t . 0 : ZS1 LNF~t! # 0% is termi-
nated in one of two ways+ With probability p one has ZS1 LNF~T ! 5 0, and with
probabilityq512pone has ZS1LNF~T ! , 0 ~the busy period ends with a downward
jump!+The probabilitiespandqare easily determined+ Furthermore, the distribution
of VNF is known ~compare@4# where the case of generally distributed downward
jumps is treated!+ Obviously,

P~Xmax # x! 5 P~VNF
max # x!, x $ 0, (7.1)

whereVNF
max is the maximum of the workload during one busy period of the process

$VNF~t!, t $ 0%+

Theorem 7.1: In Case~ii !, the steady-state distribution of the top of the mountain
is given by:

P~Xmax # x! 5
P~VNF 1 ZS# x!

pP~VNF # x! 1 qP~VNF # x 1 ZZ!
, x $ 0+ (7.2)
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Proof: We identify the law ofVNF with that of sup0#t,`LNF~t!+ Then,

P~ ZS1 VNF # x! 5 P~ sup
0#t,`

~ ZS1 LNF~t!! # x!

5 P~ sup
0#t#T

~ ZS1 LNF~t!! # x!P~ sup
T#t,`

~ ZS1 LNF~t!! # x!

5 P~VNF
max # x!@ pP~VNF # x! 1 qP~VNF # x 1 ZZ!# ,

where the second equality follows by the strong Markov property and the third
equality follows since the cycle maximum of the “sojourn” time is the maximum
achieved during the busy period+ n

Let us now also assume that thea-intervals are exponentially distributed, with
rate, say, µ+ For the moment, theb1-intervals are assumed to be generally distributed+
Recall thatLE~t! is the Lévy process generated by deleting theb0-intervals and the
b1-intervals+ Assume without loss of generality that the slopea 5 1+ The reflected
processVE~t! can then be interpreted as the EWT in theGI0M01 queue with exp~µ!
service times and with interarrival times that are generated as a geometric sum of
buffer increments during successive phases composed ofb0-intervals andb1-intervals+
More precisely, the LST of these interarrival times is given by

E@e2vY# 5

µ0

l0 1 µ0 1 v

12
l0

l0 1 µ0 1 v
Gb1

* ~b1v!

, Rev $ 0+

Let I denote a random variable with distribution the steady-state distribution of the
idle period in thisG0M01 queue; its distribution can be found in Prabhu@23, p+ 36# +

Theorem 7.2:

P~Xmax # x! 5
P~VE # x!

P~VE # x 1 I !
, x $ 0+ (7.3)

Proof: Let VE
max be the cycle maximum of the EWT process in theGI0M01 queue+

We can identify the law of sup0#t,`LE~t! with that ofVE, the steady-state law of
VE~t!+ Therefore,

P~VE # x! 5 P~sup0#t,` LE~t! # x!

5 P~sup0#t,T LE~t! # x!P~supT#t,` LE~t! # x!

5 P~VE
max # x!P~VE # x 1 I !+

The theorem is proved sinceVE
max andXmax have the same law+ n

Remark 7.1:Theorem 7+2 remains valid when theb0-intervals have a general
distribution+
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In case all intervals are exponentially distributed,Theorems 7+1 and 7+2 result in
relatively simple expressions+We end the paper by giving another derivation of the
distribution of the top of the mountain in this exponential case+Apart from present-
ing the simple expression, our goal also is to demonstrate the elegance and power of
the martingale approach+

We assume that the upward jump process is a Poisson process with rateµ0, the
downward jump process is a Poisson process with ratel0, the upward jumps are
exponentially distributed with rateµ, and the downward jumps are exponentially
distributed with raten+ Fix x . 0 and assume that the first upward jump occurs at 0;
it is denoted by ZS+We define four stopping times+

Tx~s! :5 inf $t : s1 LF ~t! $ x%,

T0~s! :5 inf $t : s1 LF ~t! 5 0%,

T2~s! :5 inf $t : s1 LF ~t! , 0%,

and

T :5 min~Tx~s!,T0~s!,T_~s!!+ (7.4)

Also, define the conditional probabilitiesfx~s! :5 P~T 5 Tx~s!6 ZS5 s!, f0~s! :5
P~T 5 T0~s!6 ZS 5 s!, and f2~s! :5 P~T 5 T2~s!6 ZS 5 s!+ Notice that T 5
min~T0~s!,T2~s!! is the busy period generated byVNF, and write VNF

max 5
max0#t,T VNF~t!+ Since ZS. exp~µ! we have

P~VNF
max # x! 5E

0

x

µe2µs~f0~s! 1 f2~s!! ds5E
0

x

µe2µs~12 fx~s!! ds+

(7.5)

Equation~7+5! follows since the event$VNF
max # x% occurs if and only if level 0 is

reached or downcrossed before levelx is reached or upcrossed+We are now left with
the problem of determiningfx~s!+ This is accomplished by applying Wald’s mar-
tingale to the Lévy processLNF~t!+ Note that, for this Lévy process,

E~e2vLNF~t! ! 5 ef~v!t, (7.6)

where

f~v! :5 v 2 µ0

v

µ1 v
1 l0

v

n 2 v
+ (7.7)

Wald’s martingale of the Lévy processLNF~t! is

M~t! :5 e2v~s1LNF~t!!0E~e2v~s1LNF~T !! !+ (7.8)

Application of the martingale stopping theorem w+r+t+ T yields

e2vs 5 E~e2v~s1LNF~T !!2f~v!T !+ (7.9)

Now considers1 LNF~T ! for the three disjoint eventsT5 Tx~s!, T5 T0~s!, andT5
T2~s!+ In the first event, s1 LNF~T ! 2 x is exponentially distributed with rateµ; in
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the second event, it is zero; and in the third event, 2~s1 LNF~T !! is exponentially
distributed with raten+ Therefore, it follows from ~7+9! that ~with I+ denoting an
indicator function!

e2vs 5
µ

µ1 v
e2vxE~e2f~v!TIs1LNF~T !.x! 1 E~e2f~v!TIs1LNF~T !50!

1
n

n 2 v
E~e2f~v!TIs1LNF~T !,0!+ (7.10)

Let us now choosev such thatf~v! 5 0+ This happens for three, real, values: for
v0 5 0 and for

v1,2 :5 2
12@µ0 1 n 1 l0 2 µ6 % ~µ0 1 n 1 l0 2 µ!2 1 4~µn 1 l0 µ2 µ0n!# +

The stability conditionµ00µ , 11 l00n ~cf+ @4# ! guarantees thatv1 andv2 are real+
Substitution ofv 5 v0,v1,v2 in ~7+10! yields three equations which just suffice to
determine the three unknownsfx~s!, f0~s!, andf2~s!+ The rootv0 5 0 gives the
obvious relationfx~s! 1 f0~s! 1 f2~s! 5 1+ After some calculations we get:

fx~s! 5
v2~n 2 v1!~12 e2v1s! 2 v1~n 2 v2!~12 e2v2s!

v2~n 2 v1!S12
µ

µ1 v1

e2v1xD2 v1~n 2 v2!S12
µ

µ1 v2

e2v2xD +
(7.11)

Finally, substituting Eq+ ~7+11! in ~7+5!, we obtain:

P~VNF
max # x! 5 S12

k1 2 k2

k3
D~12 e2µx! 2

µk1

k3~µ1 v1!
~12 e2~v11µ!x !

1
µk2

k3~µ1 v2!
~12 e2~v21µ!x !, (7.12)

where

k1 5 v2~n 2 v1!, k2 5 v1~n 2 v2!,

and

k3 5 k1S12
µ

µ1 v1

e2v1xD2 k2S12
µ

µ1 v2

e2v2xD+
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