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ABSTRACT

Let K/k be a finite Galois extension of global function fields. Let E be a Drinfeld
module over k. We state and prove an equivariant refinement of Taelman’s analogue
of the analytic class number formula for (E, K/k), and derive explicit consequences
for the Galois structure of the Taelman class group of E over K.
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1. Introduction

In the seminal article [Tael2], Taelman proved an analogue of the analytic class number formula
for Drinfeld modules. He stated that ‘it should be possible to formulate and prove an equivariant
version’ of this formula (cf. Remark 10 in [Tael2]).

Let £ be a prime number and let ¢ be a power of £. Let k be a finite separable extension of the
rational function field Fy(¢). Let K be a finite Galois extension of k£ with group G := Gal(K/k).

Let E be a Drinfeld F,[t]-module defined over the ring of integers O, of k. We may then also
regard E as being defined over Ok, and G obviously acts on the Fy[t]-modules Ox and E(Ok).
The exponential map of F is Galois-equivariant and this fact implies that G acts naturally on
the Fy[t]-modules U(E/Ok) and H(E/Ok) that are studied by Taelman [Tael0] as respective
analogues for F/Ok of the unit group and of the ideal class group of the ring of integers of a
global field.

An equivariant, or ‘refined’, version of Taelman’s class number formula for (E, K/k) should
encode the action of G on these arithmetic F,[t]-modules. In the main result of this article,
Theorem 2.17, we prove such a formula, which specialises to recover Taelman’s for K =k.

In the case that the Galois group G of K/k is abelian, a refined class number formula has
recently been obtained by Ferrara, Green, Higgins and Popescu [FGHT22], who refer to it as
an ‘equivariant Tamagawa number formula’. Our formula also specialises to recover it for such
abelian extensions.

In the following, we set A:=TF,[t], F:=F,(t) and Fo :=F,(¢"1)), the completion of F at
the place at infinity (i.e. of uniformiser t~1). We interpret our given Drinfeld A-module E/O
as a functor that assigns O[G]-modules M a new A-action, thus a new A[G]-module structure

1.1 The refined trace formula

1.1.1 Characteristic classes. Taelman interprets the special L-value of E/O as an Euler
product whose factors compare the characteristic polynomials of the finite A-modules O /p and
E(Ok/p), as p runs through the maximal ideals of Of.

At the moment there is, however, no suitable notion of ‘reduced determinant’ or ‘reduced
norm’ over general group rings in positive characteristic (but see also §1.3 below for a more
detailed discussion of this issue).

As a key component of our approach and a generalisation of the notion of characteristic
polynomial we are led to define, for suitable finite A[G]-modules M, the ‘characteristic class’
ca(M) of M to be the class of the automorphism

(t®1)—(1at)

of Foo|G] ®p,(g) M, regarded as an element of the Whitehead group Ki(Fuo[G]) of the group
ring F[G] (see Definition 2.4 for details).

We observe that if G is abelian, then the determinant of the characteristic class of M is
simply a generator of the Fitting ideal of M in A[G] while, if ¢ does not divide |G|, then its
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reduced norm is a generator of the non-commutative Fitting invariant of M, as defined by Nickel
[Nic10] or by Burns and Sano [BS25] (see Lemma 3.10).

In the general case, characteristic classes allow us to define equivariant special L-values for
(E, K/k) as Euler products in the abelian group K;(Fx[G]).

1.1.2 Convergence and the trace formula. As an essential intermediate result towards
the proof of his main theorem, Taelman proves a ‘trace formula’ in FZ for the Euler prod-
ucts that arise from global ‘nuclear’ automorphisms (see [Tael2, Theorem 3]). This result is a
generalisation of the trace formula of Anderson [And00].

As a special case, Taelman deduces the convergence in FZ of the special L-value of F to the
(infinite-dimensional) determinant of a certain global action defined by E.

We endow K1 (F[G]) with the quotient topology of the natural group topology in Foo[G]*
and prove a refined trace formula in this topological group (see Theorem 5.5). As far as we are
aware, the idea of studying the convergence of Euler products directly in an algebraic K-group
is completely new.

In Corollary 5.6 we then deduce a convergence formula for the special L-values for (E, K/k).
For K =k, this result corresponds to Taelman’s via the determinant map K (Foo) = FX. More
generally, if G is abelian, then it corresponds via the determinant Ki(F[G]) = Fo[G]* to
[FGH'22, Corollary 3.0.3]. One should thus think of the refined trace formula as a direct relation
between the relevant A[G]-actions.

As a key step towards the refined trace formula, we prove a topological extension of the
structural result [FKO06, Proposition 1.5.1] of Fukaya and Kato for Whitehead groups of adic
rings (see Proposition 4.4).

1.2 The refined class number formula

1.2.1 The lattice of units and the class group. In [Tael(], Taelman studies the kernel
U(F/Ok) and the cokernel H(E/Ok) of the exponential map

Koo — E(Kwo)/E(OK) (1.1)

of E. Here we have set Ko :=Foo ®r K. He proves that U(E/Ok) is a finitely generated A-
submodule of K, while H(E/Ok) is a finite A-module.

As an equivariant version of these results, we prove in Theorem 6.19 that appropriate modi-
fications of (1.1), which we refer to as ‘complexes of units’ for (F, K/k), are perfect complexes
of A[G]-modules; that is, isomorphic in the derived category to a bounded complex of finitely
generated, projective modules.

1.2.2 The refined Euler characteristic of the complexr of units. Taelman’s class number
formula for F/Ok in [Tael2] states that the ratio of co-volumes in FX of the A-lattices Ok and
U(FE/Ok), multiplied by the characteristic polynomial of H(E/Of), coincides with the special
L-value of E/Ok. To be more precise, this first term is defined through the determinant that
measures the relative positions of Ox and U(E/Ok) in K, but see also Remarks 8 and 14 in
[Tael2].

Our main result, the refined class number formula for (E, K/k) (see Theorem A, and
Theorem 2.17 for a precise version thereof), compares the special L-value for (F, K/k) to the
refined Euler characteristic of the complex of units for (F, K/k). Specifically, we consider the
image of the special L-value for (F, K/k) under the canonical homomorphism

K1(FolG]) — Ko(A[G], FoolG)
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to the relative algebraic Ky-group of the ring inclusion A[G] C Foo[G] (see Remark 2.19 for the
explicit definition of this homomorphism).

Relative Kg-groups of inclusions of group rings are by now regarded as the natural environ-
ment for equivariant special L-value formulas (see e.g. [Burll, Burl5, BF01, BK25, CFK'05,
Kak13, RW11]). In particular, Ko(A[G], Fx[G]) is the natural environment for the refined Euler
characteristic of a pair (C, u) comprising a perfect complex C' of A[G]-modules (that satisfies
an additional condition as in Definition 2.8) and an F-trivialisation p of C' (in the sense of
[BMC14, §2.3.2]). The adjective ‘refined’ refers here to the fact that the refined Euler char-
acteristic of (C, ) maps to the classical Euler characteristic of C' in the Grothendiek group
Ko(A[G]).

Such refined Euler characteristics can be defined by mimicking the use of Deligne’s deter-
minant functor (with values in the category of virtual objects) that is made by Breuning and
Burns in [BB05] (see Remark 2.11). They provide a conceptual and general interpretation of the
ratios of co-volumes that occur in [Tael2, FGH'22].

For simplicity, we use instead a completely explicit definition in the special case of interest
for this article (see Definition 2.9). In particular, other than to state Theorem A, we do not use
the term ‘trivialisation’ in the rest of this article.

Our refined class number formula (Theorems A and 2.17) specialises to recover the equivariant
Tamagawa number formula of Ferrara et al. [FGH'22] for abelian extensions, and thus also
Taelman’s main result in [Tael2] for K = k (see Remark 2.19, and Remark 6.7 for further details).

1.2.3 Taming modules. In the above discussion we have referred to special L-values and to
complexes of units for (E, K/k), both in plural, so as to avoid mentioning a specific technical
issue, which we now address explicitly to state Theorem A.

By Noether’s theorem, O is projective as an Ok [G]-module if and only if the ring extension
Ok /O is tamely ramified. In fact, given a maximal ideal p of Oy, the quotient Ok /pOf is
F,[G]-projective if and only if p is tamely ramified in K /k, but the notion of characteristic class
only suits finite A[G]-modules that are F,[G]-projective.

In a similar way, it follows easily from Noether’s theorem that if O /Oy is not tamely
ramified, then the complex of A[G]-modules (1.1) cannot itself be perfect.

To get around these technical difficulties, we use the notion of ‘taming module’ introduced
by Ferrara et al. [FGH"22, Definition 1.3.2]. Although it is discussed in the abelian setting in
[FGH™22], taming modules M exist for general Galois extensions K/k (see Definition 2.13 and
Remark 2.14), with the following basic properties:

— M is a projective A[G]-submodule of O with finite index; and
— for each maximal ideal p of O, the F,[G]-module M /pM is free with

M/pM = Ok [pOx
whenever p is tamely ramified in K/k.

In fact, if Ok /Oy is tamely ramified, then the only taming module for K/k is M = Ok-.

For a given taming module M, one can thus define a K-theoretic Euler factor at a wildly
ramified prime p of Oy as the difference between the characteristic classes cg(M/pM) and
ca(E(M/pM)) of the A[G]-modules M /pM and E(M/pM). Regarding M as fixed, we are
thus led to define the ‘M-modified L-value’ @/g}K s of (E, K/k) as the corresponding Euler
product, which converges in K;(F[G]) (Corollary 5.6) as a consequence of our refined trace
formula (Theorem 5.5).
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In a similar way, for our fixed M, we define the ‘M-modified complex of units’ of (F, K/k)
to be the complex CngK/k of A[G]-modules

Koo 2229 (B(KL0)/B(M)) M,

with the first term in degree one and expy induced by the exponential map of E.
Our main result, Theorem 2.17, may then be roughly stated as follows.

THEOREM A. Let E be a Drinfeld module defined over Oj and let M be a taming module for
K /k. Then the following claims are valid.

(1) The infinite product

o= [ (ccM/PM)-ca(E(M/pM)T
pEMSpec(Oy)

converges to a unique element of K;(Fx|G]).

(2) The complex of A[G]-modules Cg:lK/k is perfect.

(3) The canonical image of @g‘K/k in Ko(A[G], Fx|G]) is equal to the inverse of the refined

Euler characteristic of the pair (C’g’K/k,,u), where p is the Foo-trivialisation of C’g’K/k
induced by the inclusions M C O C K.

See also Remark 2.18 and Corollary 5.6 for further details on claim (1), and Remark 2.21
and Theorem 6.19 for further details on claim (2).

Although both sides of the equality in claim (3) depend on the given choice of M, the equality
itself is a priori independent of the choice of taming module.

We also refer the reader to Remark 6.2.4 in [FGH™22] for a discussion of the analogy between
the above instances of M-modification and the T-modifications that have been commonplace in
the study of equivariant special Artin L-values for global fields since the work of Gross [Gro88]
and of Rubin [Rub96]. We simply recall that such T-modifications are necessary in order to
circumvent certain technical difficulties associated with the presence of roots of unity.

1.3 A construction of non-abelian Stickelberger elements

In this section we discuss some explicit consequences of our main result (Theorems A and 2.17).

By Maschke’s theorem, the group rings F[G] and F.[G] are semisimple if and only if the
characteristic ¢ does not divide the degree of the extension K/k. The theory of reduced norms
is often restricted to semisimple rings in the literature.

More generally, given a finite group G, it is also a classical result (see Proposition 3.1)
that group rings for G in characteristic £ decompose as finite direct sums of matrix rings over
commutative rings if and only if G has an abelian /-Sylow subgroup and a normal /-complement,
if and only if ¢ does not divide the order of the commutator subgroup of G. Over such group
rings, it is still possible to define a well-behaved notion of reduced determinant that recovers
semisimple reduced norms, as well as determinants in the abelian case (see Definition 3.5).

In the rest of § 1.3, we assume that ¢ does not divide the degree of K over the maximal abelian
subextension of k in K. For any Drinfeld module £/O, and any taming module M for K/k, we
then define the ‘M-modified Stickelberger element’ of (E, K/k) as the reduced determinant of
the M-modified L-value,

egfm = Nrd;m[g}((ag/fl(/k) € Z(Foo[G])*.
Here, Z(F[G])* denotes the unit group of the centre Z(Fu[G]) of Fuo|G].
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Reduced determinants also allow us to define non-commutative Fitting ideals over A[G], in a
manner that is compatible with the constructions of Nickel [Nic10], Johnston and Nickel [JN13]
and Burns and Sano [BS25] for orders in semisimple algebras (see Definition 3.5).

As a consequence of Theorem 2.17, we then derive in Theorem 3.15 that suitable normalisa-
tions of 92“/,[1( Ik belong to the non-commutative Fitting ideal of the ‘M-modified Taelman class
group’

H(E/M) = cok(Ko —% E(Kx)/E(M))
of (E, K/k). More precisely, we define a subset R of Z(F[G]) for which

Z(A[G)) - O sy, - R C Fit g (H(E/ M)
C Fit416)(H(E/Ok))
C Anny4q) (H(E/Ok))

as ideals in the centre Z(A[G]) of A[G]. Let us note that Hg’fK /i, 1s typically transcendental, and
that R is amenable to computation and always non-trivial (see Remark 3.18 and §3.2.2).

For any finite abelian extension K /k and any Drinfeld module E /Oy, Theorem 3.15 recovers
the ‘refined Brumer—Stark theorem for Drinfeld modules’ [FGH22, Theorem 1.5.5] of Ferrara
et al. (see Remark 3.16).

For any finite Galois extension K/k of degree not divisible by ¢ and any Drinfeld module
E /Oy, one necessarily has M = Ok (so we may drop the superscript M) and, as Corollary 3.21
to Theorem 3.15, we prove the equality of Z(A[G])-ideals

Z(A[G]) - 0p ki - R =Fityq(H(E/OK)).

This equality is a vast non-abelian generalisation of Theorem A of Angleés and Taelman in [AT15]
(see Remark 3.22).

The question of how to construct non-abelian Stickelberger elements in completely general
finite Galois extensions K/k remains open. We will return to it in future work.

1.4 Structure of the article

In §2 we introduce characteristic classes and refined Euler characteristics and we state
Theorem 2.17. In §3 we introduce reduced determinants and non-commutative Fitting ideals
and we state Theorem 3.15 and Corollary 3.21. In §4 we prove a topological extension of a
result of Fukaya and Kato for Whitehead groups and we use it to associate a suitable class
to nuclear automorphisms. In §5 we prove the refined trace formula and we apply it to derive
the convergence of the special L-values. In §6 we prove Theorem 2.17 and in §7 we prove
Theorem 3.15.

2. The refined class number formula

In this section we state our main result. We fix a prime number ¢ and a power g of £. We set
A:=TF,[t], F:=F,(t) and Foo :=F,(t ). For any field extension L/F and A-module M, we set
My :=L®s M and use identical notation for homomorphisms.

2.1 Characteristic classes

We first define the notion of characteristic classes in Whitehead groups.
857
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2.1.1.  Unless otherwise specified, we regard all rings R as unital and all R-modules as
left R-modules. We write Z(R) for their centre, R* for their unit group and K;(R) for their
Whitehead group.

We recall that, in addition to its interpretation as the abelianisation of GL(R), the latter
group is the Kj-group of the category of finitely generated, projective R-modules (cf. [SwaT8,
CR87]). We write [P, ¢], or simply [¢] when P is clear from the context, for the class of an
automorphism ¢ of a finitely generated projective R-module P. We always use multiplicative
notation for K;-groups.

A ring is said to be semilocal if the quotient by its Jacobson radical is a semisimple Artinian
ring. If R is semilocal, then Bass’s theorem implies that the canonical group homomorphism
R* — K;(R) is surjective (see [CR87, Vol. II, Theorem 40.31]).

If R is a semilocal topological ring, we endow R* with the group topology induced by the
injection

R*—RxR

that maps v € R* to (u,u~1). We then endow the quotient K1 (R) of R* with the corresponding
group topology. In general, this topology need not be Hausdorff, even if R is. In Proposition 4.4
below we prove that if R is an adic ring in the sense of [FK06], then K;(R) is in fact a profinite
abelian group.

LEMMA 2.1. Let 8: A — S be an injective, continuous and open homomorphism between semilo-
cal topological rings. Then the restriction ~v: A* — S* of 3, and the map §: Ky(A) — K1(S)
induced by (3, are both continuous and open. In particular, im(¢) is a clopen subgroup of K1(.S).

Proof. We write 11, to for the respective continuous injections A* — A x A and S* — S x S that
map u to (u,u'), note that to0y=(8x ) o and fix open subsets Uy, Us of A and V3, V4
of §. Then + is continuous because

Y (Vi x Vo) = (B x B)TH (Vi x Vo)) = o (B7H(VA) X B7H(Va))
is open. In addition, « is open because the following image is open:
V(e (UL x U2)) ={B(A) : A€ A, A€ U, A €U}
= {s€(S*NBUL)):sLe(S*NA(L))}
={se€8%:5cpB(U),s e p(lh)}
=15 (B(U) % B(U2)).

Here the second equality is valid because, if s = 8(u1) € S* with s~! = 8(u2) and with u; € U;,
then 1= f(ujug) so, since f is injective, u; belongs to A* with ul_l = Ug.

We next write 7y, mg for the respective surjections A* — K7 (A) and S* — K7 (S5), recall that
they are continuous and open, note that § o m; =m0y and fix open subsets U of K1(A) and V
of K;(S). Then § is continuous because

V) =m(y (m L (V)
is open, and 9 is open because the following image is also open:

3(U) = é(m(my 1 (U))) = me(y(n1 ' (U)))- )

2.1.2.  We next recall some useful facts concerning group rings. Let G be a finite group.
A G-module M is said to be G-cohomologically trivial, or G-c.t., if the Tate cohomology groups
of M vanish in all degrees and with respect to all subgroups of G.
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LEMMA 2.2.

(i) If S is a Dedekind domain (or a field), then an S|G]-module is projective if and only if it is
S-projective and G-c.t.

(ii) IfT/S is an extension of fields and M, N are finitely generated S|G|-modules, then M = N
if and only if T ®s M =T ®g N over T[G].

(iii) If S is a discrete valuation ring with quotient field T and M, N are finitely generated,
projective S[G]-modules, then M = N if and only if T ®¢ M =T ®g N over T[G].

Proof. To prove claim (i) we note that a free S[G]-module @;S[G]=D,;(S ®z Z|G]) =

(B, S) ®z Z|G] is G-induced. Now, a projective S[G]-module is clearly S-projective and, since

it is a direct summand in a free S[G]|-module, it is relatively projective as a G-module (cf. [Ser79,

Ch. VIII, §1]) and thus G-c.t. by [Ser79, Ch. IX, § 3, Examples].

For the converse implication, we follow the proof of [Chi94, Proposition 4.1.b] to reduce it to
the case [Chi94, Proposition 4.1.a] of fields. Alternatively, one could also deduce claim (i) from
[Chi94, Proposition 4.1.b].

We let N be an S[G]-module that is S-projective and G-c.t. By [Ser77, Example 14.2, p. 120],
it suffices to fix an arbitrary maximal ideal p of S and prove that the (S/p)[G]-module N/pN is
projective. We fix p and a uniformiser 7 such that pS(,) =mS(,) and set P:=S5(,) ®s N. Then
P is S(,)-projective (in fact, free) and, since Tate cohomology commutes with localisation, also
G-c.t. In addition,

N/pN = (S5/p) @5 N = (S(1)/pS(p)) ®s N = (S(p)/7S () @5, P = P/7P.

Thus, the exactness of 0 — P = P — P/nP — 0 implies that N/pN is G-c.t. Since S/p is a field,
N/pN is (S/p)|G]-projective by [Chi94, Proposition 4.1.a], as required.

Claim (ii) is the Noether-Deuring theorem (cf. [CR87, Vol. 1., §6, p. 139, Example 6] or
[Lam01, (19.25)]) and claim (iii) is Swan’s theorem (cf. [CR87, Vol. I, Theorem 32.1]). O

2.1.3. In this section we fix an arbitrary finite group G and associate a characteristic class
in the (topological) group K;(F[G]) to a natural family of A[G]-modules.
For a finite A[G]-module M, we consider the finitely generated A[G]-module

M= A[G] @, () M
with t(h ® m) =th®m for h € A[G] and m € M. We then define 7py € End 4¢(M’) by setting
mm(h®@m):=(th®m)—(h&t-m).
By [CR87, Vol. II, (43.4)], 7ar has the following useful property.
LEMMA 2.3. Let M be a finite A[G]-module. Then there is an exact sequence
0— M 25 M — M —0.

In particular, the scalar extension Ty 7 of Ty belongs to Aut riq)(MZ).

DEFINITION 2.4. Let G be a finite group. Let M be an A[G]-module that is both finite and
G-c.t. The characteristic class of M is the element

cq(M) = M, Tar,7]

of Ki(F[G]). By abuse of notation, we identify cg(M) with its image [M% ,7a7.] in
K1 (Fso[G)).
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Remarks 2.5.
(i) An Fy[G]-module that is G-c.t. is F4[G]-projective (by Lemma 2.2(i)). Thus, M7 is F[G]-
projective.
(ii) If G is abelian, then the determinant of 7a; € End 4g(M’) is a generator of the Fitting ideal
of M in A[G]. In fact, it is the ‘monic’ generator in the sense of [FGH22, Remark A.3.3].

(iii) See also Lemma 3.10 below for a similar explicit relationship between characteristic classes
and non-commutative Fitting ideals.

Characteristic classes are multiplicative, in the following sense.

LEMMA 2.6. If 0— L — M — N — 0 is a short exact sequence of A|G|-modules, two of which
are finite and G-c.t., then so is the third, and one has cq(M)=cg(L) - cq(N). In particular,
characteristic classes are well-defined on isomorphism classes of A|G|-modules (that are finite
and G-c.t.), and commute with finite direct products.

Proof. 1t is clear that the third module is finite and G-c.t. Since A[G] =T4[G][t] is a flat Fy[G]-
module, we obtain a short exact sequence 0 — L’ BN V=LA /N 0, where we have denoted
by «, 8 the given A[G]-homomorphisms.
Now, for any h € A[G] and [ € L, one has

1@a)(rp(hel)=(thoa(l))— (hoalt-1)=(thea(l) = (het-a(l)=mm(1®@a)(h®1))
and, similarly, for any m € M, one has (1® 8)(tar(h®@m)) =7n((1 ® B)(h® m)). The equality
ca(M)=cq(L) - ca(N) thus follows directly from the definition of K1 (F[G]) (cf. [CR87, Vol. II,
Definition 38.28] or [Swa78, Chapter 13]). O

Characteristic classes also satisfy the following base-change property.

LEMMA 2.7. Let H be a subgroup of G and let N be an A[H]-module that is both finite and
H-c.t. Let M be the A[G]-module Fy[G]®p, ) N, with tg(x ® n) =gx®t-n for each g€ G,
re€F,[G] and ne N.

Then M is both finite and G-c.t. and in K1(F[G]) one has tg(cg(N)) =cq(M), where vy is
the canonical homomorphism K (F[H]) — K1(F[G]).

Proof. 1t is clear that M is finite and, applying Lemma 2.2(i) twice, we find that N is F,[H]-
projective, so M is Fy[G]-projective and M is G-c.t.
We now consider the following commutative diagram of A[G]-modules.

AlG) ® o) (A[H] g, N) 22 A[G) ® o (A[H] @, 11y N)

‘| ‘|

AlG] ®g, 15 N e AlG] ®g, 15 N
ﬁ Tw
AlG] ®p,jq) M — AlG] ®p,jq) M

Here, ¢ and 9 are the canonical isomorphisms and, for x € A[G] and n € N, we set
o(z®@n):=({tz®@n)—(x®t-n).
The commutativity of the diagram is straightforward to verify, and implies that
v (ca(N)) = (INF, 7v.7]) = [(A[G] @ apm N') 7, (1 @ 7 ) 7]

= [(AlG] @, N) 7, 07 = M, Tar, 7] = ca(M). O
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2.2 Refined Euler characteristics

Let G be a finite group. In this section we define refined Euler characteristics in the relative
algebraic Ky-group Ko(A[G], F[G]) of the ring inclusion A[G] C F[G] (cf. [Swa78, CR87]).
Elements of this group are equivalence classes [P, ¢, Q] of triples comprising finitely generated
projective A[G]-modules P, Q) and an isomorphism of F[G]-modules ¢ : Pr_ = Qr._. We always
use additive notation for Ky-groups.

We write DP(A[G]) for the full triangulated subcategory of the derived category D(A[G])
comprising complexes that are perfect. We recall that an object of D(A[G]) is said to be perfect
if it is isomorphic (in D(A[G])) to a bounded complex of finitely generated, projective modules.

DEFINITION 2.8. We write DP°(A[G], Fx) for the full subcategory of DP(A[G]) comprising
complexes C with the property that H"(C)£_ is a (finitely generated) projective Foo[G]-module
for every n € Z. (Here, ‘¢’ stands for cohomology.)

DEFINITION 2.9. Let C' be an object of DP(A[G], Fx) that is isomorphic (in D(A[G])) to a
complex of the form

P-4 p? (2.1)
with the first term in degree one, where both P! and P? are finitely generated, projective
A[G]-modules. Assume also given an isomorphism of Fu, [G]-modules

N H*(O)r. — HY(O)£.
The refined Euler characteristic of the pair (C, \) is the element
XG(C, ) i= ~[PY, 5, P
of Ko(A[G], Fx|G]), where 7 is the composite isomorphism of F[G]-modules

PL_im(dr.)® H'(C)r 5 im(dr_ ) @ HX(O)r. 2 P2,

for an arbitrary choice of splittings ¢; and t5 of the respective short exact sequences

0— HY(C)r. — PE_ =5 im(dr_) —0,
0—im(dr ) — Pz_— H*(C)£_ —0.
We note that Definition 2.8 ensures that the second sequence splits and combines with
Lemma 2.2(i) to imply that im(dx_) is projective, so the first sequence splits. In addition, strictly
speaking, we have denoted ¢; : P}w —im(dr.)® HY(C)r, and 1z : P%OC —im(dz_)® H*(C) .,
the isomorphisms induced by arbitrary choices of such splittings.

Remark 2.10. Tt is straightforward to prove directly (or to deduce from general arguments due
to Burns [Bur04]) that x¢(C, A) does not depend on the choice of representative of C' of the
form (2.1) or on the choice of splittings ¢1, ¢2.

Remark 2.11. After restricting consideration to the subcategory DP(A[G], Foo) of DP(A[G]),
one may mimic the use of Deligne’s universal determinant functors [Del87] that is made by
Breuning and Burns in [BB05, Definition 5.5] (even though F[G] is not, in general, a regular
ring).

In this way, to any pair (C, \), with C' in DP°(A[G], F) and with

A HY(O)r, = HYC)x

oo

an isomorphism of Fu[G]-modules, one associates a refined FEuler -characteristic in
Ko(A[G], Fx[G]). Here we have written H®(C) and H°Y(C) for the direct sum of the even
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and of the odd degree cohomology of C', respectively. This more general construction specialises
to recover Definition 2.9.

2.3 Statement of the refined class number formula

In this section we state our main result. Let k£ be a finite separable extension of F =F,(¢) and
let K be a finite Galois extension of k£ with group G := Gal(K/k).

We endow Fu, with the ¢~!-adic absolute value, and Foo[G] = [],cq(Foog) With the supre-
mum norm. Using the ring isomorphism Foo[G] 2 F,[G](t™1) to define a function V : (Foo[G] \
{0}) = Z by V(X ;s n mit ) :=N for r; € F[G] with r # 0, one finds that the norm of 0# f =
> gec 199 € Foo [G] with f, € Fso is computed as

maxgea{|fy|} = maxgeq{q "=V} = g~ Mmoot} = =V,

One easily verifies that this is a (sub-multiplicative) ring norm. The ring topology it induces is,
in fact, the unique topology making F,[G] a Hausdorff F..-vector space.

We set Koo :=Foo @7 K, a free topological Foo[G]-module of rank [k:F]. We say that a
finitely generated A[G]-submodule M of K is an ‘A[G]-lattice in K’ if the canonical map
Mgz — K is bijective. An A[G]-submodule of K, that is A-free of finite rank is an A[G]-lattice
if and only if it is discrete and co-compact in K (cf. [Deb16, Proposition 1.6]).

Remark 2.12. Claims (ii) and (iii) of Lemma 2.2 combine to imply that any projective A[G]-
lattice M in K is locally free of constant local rank n := [k : ], i.e. that Apy ®a M = Ap)[G]"
for every prime P of A.

2.3.1. For any commutative [Fs-algebra O, we denote by 7 the gth-power Frobenius of O,
that is, the endomorphism of O given by 7(z)=z9. The twisted polynomial ring O{7}, with
commutation relation 7-x =x?- 7, acts on any commutative O-algebra.

Let E be a Drinfeld module defined over the integral closure O of A in k. We interpret F
as a functor, from the category of Oy {7}[G]-modules to the category of A[G]-modules, induced
by a given [ -algebra morphism ¢ : A — Or{7}. (In this article, we only ever consider Drinfeld
A-modules for A :=F,[t] and defined over Oy.)

The exponential power series of E defines a homomorphism of A[G]-modules

expp : Koo = E(Koo).
The main result of Taelman in [Tael0] implies both that exp,'(F(Ok)) is an A[G]-lattice in
Ko and that the A[G]-module

H(E/Ok) = E(Ko)

(Ok) +expp(Koo)
is finite. The former assertion is an analogue of Dirichlet’s theorem for the preimage under the

archimedean exponential of the units of a number field. The analogy between H(E/Of) and
class groups is more elaborate, but see Remark 6 in [Tael0].

2.3.2. 'We now use the notion of ‘taming module’, introduced by Ferrara et al. in [FGH"22,
Definition 1.3.2].

DEFINITION 2.13. A taming module for K/k is an O{7}[G]-submodule M of O that is Ox[G]-
projective and such that the quotient O /M is finite and only supported at prime ideals of Oy,
which are wildly ramified in K/k.
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Remark 2.14. Taming modules M for K /k exist and, in fact, are Ok[G] locally free, of constant
local rank 1. These claims follow from Proposition A.2.4 in [FGH"22], upon replacing the use
of Corollary A.1.7(3) by Swan’s theorem, as stated in Lemma 2.2(iii). Indeed, set R := O, and
S :=Ok. Then, if v € MSpec(R) is tamely ramified in K/k, the fact that S(,) = R,[G], used
in [FGH*22], follows by Swan’s theorem from the isomorphism of k[G]-modules k ®r,,, S =
K> Ek[G] =k R R(U) [G].

In particular, for any taming module M for K/k and for every p € MSpec(Oy), the finite
F,[G)-module M /pM is free, thus also G-c.t. (by Lemma 2.2(i)), and the characteristic classes
cag(M/pM) and cq(E(M/pM)) are well-defined.

DEFINITION 2.15. We fix a taming module M for K/k.

(i) The M-modified complex of units of (E, K/k) is the complex C’g’fK/k of A[G]-modules
Koo 2220 (B(KL)/BM)) & M

with the first term placed in degree one.

(ii) The M-modified Taelman class group of (E, K/k) is the A[G]-module

E(Kx)

HBIMY= B0) + expp(Kao)

Remark 2.16. The term ‘complex of units’ is taken from [Morl8]. It is clear that
| expp (B(M),  j=1,
H(CElxp) = HE/M) &M, j=2,
0, 1712,

that exp,!(E(M)) is an A[G]-lattice in Ko, and that H(E/M) is finite. We denote by /\g”K/,C
the isomorphism

HY(Cilg 1) Fo =expp (B(M) 5. = Koo = (Ok) 5. = My, = H*(C5lg 1) Foe

and by )\/;K_/lk its inverse (which is thus induced by the inclusions M C O C K C Ko, as claimed
in Theorem A(3)).

2.3.3.  We may now state the main result of this article. We recall that, since F[G] is
naturally a semilocal topological ring, Kj(F.[G]) is a topological abelian group, and we also
use the canonical connecting homomorphism

Oa : K1 (Fx|G]) = Ko(A[G], Fx[G)).

THEOREM 2.17. Let K be a finite Galois extension of k and let E be a Drinfeld module over
Oy. Let M be a taming module for K /k.
Then the complex Cg/tK Ik belongs to the category DP°(A[G], Fx ), the infinite product

orkm=JI  (caM/pM)-ca(EM/pM)™
pEMSpec(Oy)

converges to a unique element of K (Fx[G]) and, in Ko(A[G], Fso[G]), one has

aG(Gg,IK/k) = _XG’(Cé/,lK/k’ )\gf}(_/lk) (2.2)

The proof of Theorem 2.17 is given in §6.
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Remark 2.18. By convergence of a countable, ordered infinite product in the topological abelian
group K;(Fx[G]), we mean that the sequence of partial products converges. In Corollary 5.6
(see also Corollary 4.9(ii)) we prove that, for any given order on the countable set MSpec(Oy),
the infinite product in Theorem 2.17 converges to a unique element @g‘K s of K1 (Fx[G]) and,

moreover, that this limit element @g{K Ik is independent of the given order on MSpec(Oy).
Remark 2.19. The map J¢ is defined by the equality 0g([Fx|G]", ¢]) := [A[G]", ¢, A[G]"] for
any n > 1 and any automorphism ¢ of F,[G]", and fits in the exact localisation sequence
Oa
K1(A[G]) — K1(Fo|G]) = Ko(A[G], Fool G))-
Although dg need not be surjective, the equality (2.2) takes place in the subgroup
im(0g) = K1 (Foo[G]) /im(K1(A[G])).
Now, if G is abelian, then taking determinants over Fo, |G| induces an isomorphism
im(9g) = Foo[G]* /AG]
and [FGH'22, Proposition A.3.4] shows that there is a decomposition
Fool G =2 Foo[G]T x A[G]*.

Here, Foo|G]T is the subgroup of ‘monic elements’ of Fo[G]* in which their ‘equivariant
Tamagawa number formula for Drinfeld modules’ (Theorem 1.5.1 in [FGH'22]) takes place.

Our proof of Theorem 2.17 makes clear that, for abelian extensions K/k and under this
identification of im(dg) with Foo|G]T, the equality (2.2) specialises to recover the equivariant

Tamagawa number formula of [FGHT22]; see Remark 6.7 below for details. In particular, (2.2)
also specialises to recover Taelman’s class number formula [Tae12, Theorem 1] in the case K = k.

X

Remark 2.20. It is straightforward to show that the validity of the equality (2.2) is a priori
independent of the choice of taming module M. As further discussed in [FGH'22, Remark
6.2.4], one should think of the above M-modifications as analogous to the usual T-modifications
in the study of equivariant special Artin L-values for global fields.

Remark 2.21. We actually prove that the complex CQAK Ik belongs to the category
DP<(A[G], Fs) and has a representative of the form (2.1). For K =k, this fact specialises to
recover the main result of [Tael0].

Remark 2.22. The statement of Theorem 2.17 generalises in the obvious manner to abelian
t-modules E defined over O, and our proof may be extended to this general setting. To avoid
obscuring the main ideas of the present article, the details of this generalisation of Theorem 2.17
will be presented in a separate note. For now we recall that, under the assumption that the Galois
group G is abelian, Green and Popescu have recently proved an equivariant Tamagawa number
formula for abelian t-modules [GP25, Theorem 1.32] and Beaumont has proved an equivariant
class formula for z-deformations of t-modules [Bea23, Theorem 1.2].

Ezample 2.23. We consider the Carlitz module E = C, defined by the morphism ¢¢ : A — Or{7}
given by ¢¢(t) :=t+ 7. Given a prime p € MSpec(Oy) that is tamely ramified in K/k, we show
that the Euler factor

ca(M/pM) - ca(C(M/[pM)) ™ = ca(Ok /pOk) - ca(C(Ok /pOk)) "
of OM

Coic /e b P is equal in K1 (F[G]) to [1— (Np)~'Fry-er,]"'. Here, I, and Fr, denote the
restriction to G of an inertia group and Frobenius automorphism for p, respectively; we use
the idempotent ej, := |I,|* >_ger, 9 of A[G]; and the monic element Np of A is defined by the

864

https://doi.org/10.1017/S0010437X26103108 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103108

THE REFINED CLASS NUMBER FORMULA

equality p/» = Np - A, where p denotes the restriction of p and f, := [Ox/p: A/p]. A correspond-
ing interpretation of Euler factors of @g}K Ik for general Drinfeld modules £ will be proved in
forthcoming work.

We regard the tamely ramified prime p as fixed and first claim that

ca(Ok /pOk) = [Np]. (2.3)

We set k5 := A/p and write P for the monic generator of p. We fix a prime q of K above p, with
completion Ky D O, and decomposition subgroup G, in G. Then

Ok [pOk ZTF[G] ®@p,(6,) Ok, /POK, ZF[G] @5, 1c,1 (Or/p)[Gy]
2 F,y[G] ®F,(c,) (ng)[Gp} =2F,[G] ®F,(q,) (s [Gp])fp = (Fy[G] @,y K [Gp]>f"-

Thus, Lemmas 2.6 and 2.7 imply that (2.3) is valid if cq, (k5[Gp]) = [P] in K1(F[Gy)).

By definition, the left-hand side of the latter equality is the class of the action of (t®1) —
(1®t) on F[Gp] ®F,(q,] kp[Gp]- To compute this action we write d for the degree of P = Zﬁzgaiti
and use the A[Gy]-basis {1®t':0<i<d—1} of A[Gy]®p,(g,) kp[Gp]- Then the matrix of
(t®1)—(1®t) is given by

[+ -1 0 0 0 0 ]
0 t —1 0 0 0
0 t —1 0 0
M, =10 0 0 t 0 0
0 0 0 0 t -1
lao a1 a2 az -+ ag2 (ag-1+1)]

But it is straightforward to verify that M, is equal, up to multiplication by elementary matrices
in My(F), to the diagonal matrix Dp :=diag(1,1,...,1, P). Thus, cg, (k5(Gp]) = [M;] = [Dp] =
[P], as required to prove (2.3).

We next claim that

Cg(C(OK/pOK)): [Np—Frp -ij]. (2.4)
We assume, as we may, that I, C G, and Frp, € Gy, and we set e:=|I,|, M =K% L:= KG»,
Jo:=Gp/1y, qu:=qNOpn, qr:=qNOf and e’Ip =1—-er,. We note that Og, =Or, [Gy] is
Gy-c.t. by Lemma 2.2(i), that q*Of, = O, for any a >0, and thus that q%/qb = q“OKq/quKq
is Gp-c.t. for any b>a > 0.
Since C(Ok /pOk) =F,[G] ®F,[G,] C(Ok/q°) and
Np —Fry - ey, = (er, (Np — Frp) + €7 ) - (er, + €7 Np),
to deduce (2.4) from Lemmas 2.6 and 2.7, it is enough to show that
G, (C(Ok/q)) = [er,(Np —Fry) + ¢ ] and cg,(C(q/q°)) =ler, +e, Npl.  (2.5)

To consider the first equality, we note that J, is abelian (in fact, cyclic) and apply
[FGH'22, Proposition A.5.1(3)] to the extension M/L and the unramified prime qy.
Together with Proposition A.4.1 in [FGH'22] (or with Lemma 3.10 below), this gives
det z7,1(cs, (C(Onm/aLOnm))) = Np — Fry Iy in F[Jp]*. We abbreviate 7js for M = C(Ok /q) to 7.
Then, since I, acts trivially on

Or/a=O0n/am =0m/9.0wm,
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it follows that cg, (C(Ok/q)) = [C(Ok/q)'s, TF] is mapped to
vl

(detf[JP]([ [ ®F[Gy] (OK/CI)/]-‘71®T}'])?1)
= (detf[(]p](l:f[&]p} ®Fq[Jp] C(OM/qLOM)v 7—]:])7 1) = (Np o Frplpv 1)
under the composite isomorphism

K1(F[Gy)) = Ki(er, FIGy]) x Ki(e], F[Gp]) = K1(F[Jy]) x Ki(el, F[Gy))

det
= FlJp]* % Kl(ellp]:[GpU
Since the same is true of [er, (Np — Frp) + e’Ip], the first equality in (2.5) is valid.

To consider the second equality in (2.5), we note that for all n>1, z€q" and a€ A,
(¢c(a))(x) is congruent to ax modulo q¢". In particular, C(q"/q"+!) = q"/ q”+1 so, by induction
on e, one can deduce from Lemma 2.6 that cq, (C(q/9°)) = cq, (4/9°).

To compute cg,(q/9°) we note that Of/q°=Ok/qrOxr =(0r/qr)[Gp] and that
er, (Ox/q%) = (Or/ar)[Jp] surjects onto ez, (O /q) = Ox /q. Since the latter two (Or/qr)-spaces
have dimension |J,|, in fact we have

Ok /a2 e1,(01/a1)[Gy] = €1, (Ok/p)[Gy] = (ex, 55 [Gy]) .
Now, (2.3) applied to the extension K/L gives cg,(Ok/q°) =cq,(Ok/qLOx) = [Np]. Set
k:=rKp|Gp] and f:= f,. Writing I; for the identity matrix, the argument used to prove (2.3)
shows that
ca, (er, k) = [(er, K)F, ey 7] = [(€1,6) 7, Ter, 7] - (€], 5) 5, 1]

= [K{;—, €1, Tk, F D e']p idK}] =S [e]p M, + e/Ip Id],

and ey, M; + e’Ip I, is equal, up to multiplication by elementary matrices in My(F[Gy]), to the
diagonal matrix D :=diag(1,1,...,1,e5, P+ e’Ip). Using Lemma 2.6, we have

cg,(Ok/a) =cq, (e[p/@)f = [er, M; + e’[pld]f = [ng]f =ler, P+ e}p]f =[er,Np + e'IP].
The second equality in (2.5) now follows from Lemma 2.6 as

ca, (C(a/a%) = cc, (/%) = cc, (Ox /a%) - c, (Ox /a) ™" = [Np] - [er, Np + ¢, ]
= ler, +¢7, Np].
Finally, (2.3) and (2.4) combine to give our claim

cc(Ok /pOk) - ca(C(Ok /pOk)) " =[Np] - [Np — Fry e, ] =[1— (Np) " 'Fry - ef,] 7!

3. A construction of non-abelian Stickelberger elements

In this section, we restrict attention to finite Galois extensions K /k with the property that the
corresponding group rings decompose as finite direct sums of matrix rings over commutative
rings. In this setting, we will construct non-abelian Stickelberger elements for Drinfeld modules
and state their relations to the Galois module structure of Taelman class groups, that are encoded
within Theorem 2.17.

In particular, we obtain generalisations of the ‘refined Brumer—Stark theorem for Drinfeld
modules’ [FGH'22, Theorem 1.5.5] of Ferrara et al. and of Theorem A of Angles and Taelman
in [AT15].

In the general case, even defining suitable notions of reduced determinants and of non-
commutative Fitting ideals will require new and rather involved algebraic techniques. We will
return to these problems in future work.
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3.1 Reduced determinants and non-commutative Fitting ideals

We fix a finite group G with the property that ¢ does not divide the order of the commutator
subgroup G’ of G. Equivalently, G has an abelian /-Sylow subgroup L and a normal /-complement
N, and thus admits a semidirect product decomposition

G=NxL. (3.1)

(Indeed, if £1|G’|, then any ¢-Sylow subgroup L is isomorphic to the direct factor LG’ /G’ of the
abelian group G/G’, and the ¢-complement ker(G — G/G' — LG’ /G'") is normal. Conversely, G’
must be contained in N, so ¢1|G’|.)

3.1.1. If F is an algebraically closed field of characteristic ¢, then the proof of [Pas77, Part 2,
§6, Lemma 1.10, pp. 231-233] gives a canonical decomposition of F[G] as a finite direct sum of
matrix rings over commutative F-algebras. DeMeyer and Janusz [DJ83, Theorem 3.1] then use
this fact to prove that for any field F' of characteristic ¢, F'[G] is an Azumaya algebra. However,
their proof is non-constructive, in that it does not provide information on how to decompose
F[G] as a sum of matrix rings.

In this section, we explain how to extend the argument of [Pas77, Part 2, §6, Lemma 1.10,
pp. 231-233] to give a corresponding canonical decomposition of F/[G].

We fix a decomposition (3.1) of G. Then G acts on the set of central primitive idempotents
of Fy[N] by conjugation. Let {O;:1<i<m} be the set of orbits of this action. For each i, fix
an element e; € O;. Then the Wedderburn decomposition of e;Fy[N] is of the form

e:F[N] = My, (Fo(3) (3.2)
for some m; € N and some finite field extension Fy(i)/F, (note that Fy(i) is indeed a field by
Wedderburn’s little theorem). We also define an abelian ¢-group

Li:={N€L:le;\™ —el}
the centraliser of e¢; in L.

ProOPOSITION 3.1. There is a canonical isomorphism

@ mi s (Fe (@) [Li])-

Remark 3.2. Given an index 1 <i<m, different choices of idempotent e; € O; give rise to
canonically isomorphic summands Mmi,‘oi‘(Fg(i)[Li]). The summand corresponding to the
orbit {en} for ey :=|N|71 Y oy v is My(F¢[L]) =F,[L]. If £1|G|, Proposition 3.1 recovers the
Wedderburn decomposition F[G] = F¢[N] = @'=]" My, (F(i)). If G is abelian, it simply gives
F[G] = F,[N][L] = @27 Fe(i)[L].

In the rest of § 3.1.1, we prove Proposition 3.1. For each 1 <i <m weset f; == o e €F[N]
and observe that this idempotent is central in Fy[G]. Since ZZ 1 fi=1, we have

— @ sFC) (33)
=1

We next fix ¢ and let
Gii={9€G:geig ' =¢;} ON

be the centraliser of e; in G. We then apply [Pas77, Part 2, §6, Lemma 1.7, pp. 228-229] to G,
with H taken to be N, K taken to be Fy, e; taken to be e; and e taken to be f;, to obtain the
following result.
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LEMMA 3.3. There is a canonical isomorphism
Mo, |(eilf[Gi]) = fiF([G]

that maps a matrix (skj)i<k,j<j0,| t0 X 1<k j<|0,| skj(gk_leigj), where the elements g, € G are
chosen so that g1 =1 and
Oi={g; ‘eig: 1 <1 <04}

The proof of Proposition 3.1 is now completed upon combining (3.3) with Lemma 3.3 and
with the following result.

LEMMA 3.4. The isomorphism (3.2) induces a canonical isomorphism (see (3.4))
€ilf¢|Gi] = M, (Fo(i)[Li]).-

Proof. Because ¢; is a central idempotent of Fy[G;], R :=¢;F/[G;] is a ring with identity element

e; and with
(3.2)
RO eFy[N] = My, (F(i)).

Let Ej; be the matrix with 1 in position (k,j) and zeros elsewhere, and let {ey;}i<k j<m, C

e;F¢[N] be their preimages through (3.2). We note that ej1e; =11, and hence that e;; Rej; =
ell(eiFg[Gi])en = eHFg[Gi]en. Because

0, Jj#a,
€Lj€ab =

€kb, J=a,
and e; =ej1 + -+ + €m,m,, [PasT7, Part 2, §6, Lemma 1.5, p. 227] shows that the map
Mm (ean[Gi]en) = Mm (611R€11) =2 R= eiIFg[G,'], (3.4)

Sk s F E SkiCLi
( k])lélwgml 1<k j<ms kj€kj

is a ring isomorphism. Therefore, it suffices to show that e11F¢[G;le11 = Fy(4)[L;].

Next we observe that the map L; =G; N L— G; — G;/N is bijective. Then, the argument
used to prove [Pas77, Part 2, §6, Lemma 1.8, pp. 229-230], with G taken to be G;, H taken
to be N and e taken to be e;, shows that e;1Fy[G;]e1; is a twisted group ring, in the sense of
[Pas77, Part 1, §2], of the group L; over the field

(3.2)
e11F¢[Nlenr = er1(e;Fe[N])err = B (M, (Fe(i)))Err = Fe(i).
Indeed, although, for a given group G, normal subgroup H, field K and idempotent e € K[H]
central in K[G], the statement of this result assumes that e K[H] = M, (K) for some m, and the
relevant argument then shows that e11 K[Gleq; is a twisted group ring of G/H over ey K[H]ej1 =
e11(eK[H])e11 = E11(M,,(K))E11 =2 K, every step works in an identical manner upon using the
isomorphism (3.2) instead.

To finally complete the proof of the lemma, we now recall that L; is an ¢-group and Fy(7) is
a perfect field. Thus, [Pas77, Part 1, § 2, Lemma 2.10, p. 20] implies that any twisted group ring
of L; over Fy(7) is necessarily equal to the group ring Fy(:)[L;]. O

3.1.2.  We now fix a commutative (and associative) Fs-algebra B and, in the notation of

Proposition 3.1, for each index 1 <i<m, we define a commutative B-algebra
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We note that R; is finitely generated as a B-module. Setting also n;:=m;-|O;|, from
Proposition 3.1 we then derive a canonical decomposition

Gl= P M, (R). (3.5)
=1

From this we derive a decomposition Z(B[G]) = ;" R; and, for any a,b>1, also

a><b @Mna an)

For any element x of either of the above rings, let us write x; for the i-component of its image on
the right-hand side. We denote by ei; € M,,,(R;) the matrix with 1 in position (1, 1) and zeros
elsewhere, and regard it as an element of B[G] through (3.5).

We may now provide definitions of reduced determinants and of non-commutative Fitting
ideals, for the latter of which we follow [JN13, Definition 1].

DEFINITION 3.5.
(i) Let H be a square matrix over B[G|. The reduced determinant of H is
Nrd i (H) i= (det, (H))1iem € Z(BIG]).

(ii) Let M be a finitely presented B[G]-module. The non-commutative Fitting ideal of M is the
ideal of Z(B[G]) given by

FltB[G} @FItR ellM)
1=1

Remark 3.6. If each n; is equal to 1, these recover the usual definitions of determinants and of
Fitting ideals over @;”, R; = B[G]. We have chosen the notation Nrdp(g) to emphasise the fact
that, if B is a field and £1 |G|, so that G = N, then reduced determinants also coincide with the
usual reduced norms over the semisimple ring B[N]. We also refer the reader to [JN13, Theorem
2.2, Propositions 2.4 and 3.4] for the basic properties of non-commutative Fitting ideals.

Remark 3.7. Let P be a finitely generated, projective B[G]-module, and let ® be a B[G]-
endomorphism of P. Then the reduced determinant

NrdB[G} (®) = NI‘dB[G] (H(q) ® idQ)) S Z(B[G])

of ® is easily seen to be independent of the choice of B[G]-module ) with the property that
P®Q is free of finite rank, as well as of the choice of B[G]-basis with respect to which the
matrix H(® @idg) of the endomorphism ® @idg of P& @ is computed.

Given B’ D B, the compatibility of the respective decompositions of the form (3.5) implies
that Nrd g/ (B’ ® p ®) = Nrd | (®). Non-commutative Fitting ideals satisfy an analogous base-
change property (cf. [JN13, Theorem 2.2(vii)]).

In the next result, we set SK;(R;) :={r € K1(R;) | detg,(z) =1}.

LEMMA 3.8. Taking reduced determinants induces a split short exact sequence of abelian groups
Nrd
1—>@SK1 ) — K1(B[G]) —< Z(B[G])* — 1.
If B is a (commutative) local ring, then the first term vanishes and Nrdpg) is an isomorphism.
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Proof. 1t suffices to prove the case m =1. In this case, the first claim follows from the Morita
equivalence between B[G| = M, (R;) and R; and the second claim from Proposition 5.28 in
Volume I and Proposition 45.12 in Volume II of [CR&7]. O

LEMMA 3.9. Let Z(Fx|G])* C Fx|G]* have the subspace topology. Then the isomorphism
Nrdr_q): K1(F|G]) = Z(Feo[G])* is continuous.

Proof. Each R;:= Fy ®p, Fo(i)[L;] is a finite-dimensional F-space, and so is the right-hand
side of (3.5). We endow it with the supremum ring norm, which defines the unique Hausdorff
Foo-space topology. Since F[G] is also a Hausdorff F-space, the ring isomorphism (3.5) is an
isomorphism of topological rings. The same claim is true of the restriction Z(F[G]) = @;~, R;
of (3.5). The respective induced maps Fuoo[G]* =@." | GL,,(R;) and Z(Fo|G])* =P;~, R*
are isomorphisms of topological groups.

Now, for each i, detg, : GL,,(R;) — R, is continuous, since it may be computed through
sums and products on the topological ring R;. Thus, @;", detr, : Foo[G]* = Z(Foo|G])™ is con-
tinuous. Since the latter map factors as the composition of Nrdr_ (g with the open quotient
map Foo|G]* = K1(Fo|G]), Nrdr_(g is continuous, as claimed. O

We make explicit the relationship between non-commutative Fitting ideals and characteristic
classes.

LEMMA 3.10. Let M be an A|G|-module that is both finite and G-c.t. Then
Fit gjq) (M) = Z(A[G]) - Nrdzig) (ca (M)
In particular, Nrd z(g(cq(M)) belongs to Z(A[G]) and Fit 4j)(M) is principal.
Proof. The A[G]-module M’ is finitely generated and projective (by Lemma 2.2(i)), so we may
and do fix an A[G]-module @ with the property that M’ @ @ is free of finite rank, say n. By

Lemma 2.3, there is then a short exact sequence

0sMoQ ™ \rag— M 0.

Writing (737 @ id); for the endomorphism of M, (R;)"™ induced by the restriction of 75; & id
and an arbitrary choice of A[G]-basis of M’ @® @, we then find that

m

Fit 41 (M) = @ (R; - detg, (e}, (i ®1id)))
1

<.
I

(R; - detpr, ((Tar ©1d);))

D

1

A[G]) - Nrdpie)([(M' ® Q) 7, (Tm @ id) 7))

A[G]) - Nrdz(g)(ca(M)).

Here, the second equality holds by [JN13, Lemma 2.3]. O

<.
I

NN

One may finally deduce the following explicit relationship between non-commutative Fitting
ideals and refined Euler characteristics. Since we do not use it in the following, we omit the
proof.

COROLLARY 3.11. Let M be an A[G]-module that is both finite and G-c.t. Then an element x
of Z(Fx|G])* satisties
8g(Nrd}jo ] (x)) = —xa(M[-2],0)

in Ko(A[G], FoolG]) if and only if it belongs to Z(A[G]) and generates Fit g (M).
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3.2 Galois structure of Taelman class groups

In this section we consider finite Galois extensions K /k that satisfy the following.

AsSsuMPTION 3.12. The prime number ¢ does not divide the degree of K over the maximal
abelian subextension of k in K.

The Galois group G:= Gal(K/k) then admits a decomposition of the form (3.1), which
induces (compatible) decompositions (3.5) for the group rings A[G] and F[G].

Ezample 3.13. Let { =g =2 and k =F(t), and let D/F3[t] be the Drinfeld module defined by the
morphism ¢p : Fa[t] — Fo[t]{r} given by ¢p(t) :=t + 7+ 72. Then the extension Kp;:= k(D]t])
generated by the t-torsion points on D is Galois with Gal(Kp/k) =2 S3, so Kp; has degree 3
over the maximal abelian subextension of k in Kp; (cf. [Pap23, Example 3.5.6]).

3.2.1.  We now fix a Drinfeld module £/Oj, and a taming module M for K/k.
DEFINITION 3.14. The M-modified Stickelberger element of (E, K/k) is

egfm = Nrd]:oo[g}(@g}K/k) € Z(Fuo[G]) .
We set Ug}K = expy (E(M)).

THEOREM 3.15. Let M! be any projective A[G]-lattice in K., that contains U%K and fits into
an exact commutative diagram as in claim (i) of Theorem 6.4 below.
Then the set

{05k n - Nrdz_ (g (Vr.. 0 N5 p) | ¥ € Hom gy (M, M)} (3.6)

is contained in Z(A[G]) and moreover is contained in the Z(A[G])-ideal Fit ojq)(H (E/M)).
In particular, the set (3.6) is also contained in the ideals Anngqq)(H(E/M)),
Fitgi)(H(E/Ok)) and Anngaq))(H(E/Ok)) of Z(A[G]).

Remark 3.16. Fix any finite abelian extension K of k, any Drinfeld module E/O) and any
taming module M for K/k. Then, by construction, any ‘E(K)/E(M)-admissible’ A[G]-lattice
as in the ‘refined Brumer—Stark theorem for Drinfeld modules’ of [FGHT 22, Theorem 1.5.5] fits
into an exact commutative diagram as in claim (i) of Theorem 6.4 below. See Lemma 6.6 for the
details.

For any such abelian extension, Theorem 3.15 therefore specialises to recover the refined
Brumer-Stark theorem of [FGH"22]. Indeed, Nrdz_|q): K1(Fuo|G]) = Z(Fuo[G])* is given by
taking determinants if G is abelian and, as explained in Remark 6.7 below, 9%}( Ik coincides

with the element ©57(0) defined in [FGH*22, p. 2221].

Meanwhile, M! may be taken to be a free A[G]-lattice (of rank n:= [k: F]) by Theorem 6.4.
In this case, the factor [M: Ml]él (as in Definition 4.1.4 of [FGH'22]) is given by det(Y) -
Nrd rig)(ca(N/M)), where N is an arbitrary free A[G]-lattice in K that contains M
and Y € GL,(Fx[G]) is the transition matrix between arbitrary A[G]-bases (e;)1<i<n of M*

and (ej)1<i<n of N. To express this factor in the form Nrdz_q(¢z. o)\gfk_/lk), one can

define ¢ : M' — M as mapping a basis element e; to Nrdzg(ca(N/M))-e}; indeed, by
Lemma 3.10, Nrd z(g)(cq(N/M)) is a generator of the (classical) Fitting ideal Fit 4;q(N /M) C
Ann (g (N/M), so the latter term belongs to M.
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Remark 3.17. Fix M! as in Theorem 3.15 and abbreviate the Z(A[G])-ideal generated by (3.6)
to I(M?"). Then, in fact, we prove that

Fit o161 (M /U3 - Fit apey (H(E/M)) C I(M") C Fit iy (H(E/ M)). (3.7)

Remark 3.18. By Remark 2.12, any A[G]-modules M' and M in Theorem 3.15 are locally free
of rank equal to [k : F|. For every injective 1), the reduced determinant in (3.6) is invertible in
Z(F|G]). Moreover, the set (3.6) is amenable to explicit computation in examples.

The proof of Theorem 3.15 (and Remark 3.17) is given in §7.

3.2.2. In this section we make the result of Theorem 3.15 explicit in some special cases.

Remark 3.19. To construct an element of the set (3.6), we assume that K /k satisfies Assumption
3.12 and also, for simplicity, is tamely ramified at all maximal ideals of O. We set n:= [k : F],
omit M = Ok from all notation and fix the following data.

— A free A[G]-lattice L in K, containing Ug x and a basis b= {b;}1<j<n of L.

— An element a € A\ {0} that annihilates H(F/Ok).

— An n-tuple o = (o;)1<i<pn in Ok.

We set ¢j:=a"t-bj€ Ly and ¢:={cj}1<j<n. We then set RE, := (rij)1<ij<n in My(FsolG)),
where 7; ; € Fo[G] is the unique element defined by the equahty

1®Oéi: E T’iJ"Cj
j=1

in (Ok)F. 2 Koo = Ly, = @) FoolGl - bj = D=} FuolCl - ;.

By the argument of [FGH 22, Proposition 4.2.3], the free A[G]-lattice M1 := @j:” G]-¢
contains Ug g and fits into an exact commutative diagram as in claim (i) of Theorem 6.4 below
We define ¢ € HomA[G}(M Ok) by setting ¥(¢;) := «; for each i. Then

(EK/kow]: )(ci) = EK/k Z ij  Cj

SO
Nrdr, 61 (¥7. © gl /) = Nrdr_ o) (A i 0 U7 ) = Nid g ) (Bea)-

By Theorem 3.15, the product 0 /i, - Nrdr_ [G](R ) belongs to Fit yiq(H (E/Ok)).

Ezxample 3.20. We assume the notation and hypotheses of Remark 3.19 and also the notation
of Example 2.23. In particular, we consider the Carlitz module F = C, defined by the morphism
oo+ A— Op{7} with ¢¢(t) :=t + 7. Then the computation of Euler factors given in Example 2.23
combines with Lemma 3.9 to give the equality

Oc. i/ = Nrdx_jq < II  ccOx/p0k)- CG(C(OK/POK))1>
pEMSpec(Oy)

= I Nrdrg(t—(Np) "Fryep,) !
pEMSpec(Oy)
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in Z(Fuo[G])*. Therefore, by Theorem 3.15,

( 11 NrdF[G](l—(Np)_lFrp-elp)_1>~Nrdfw[G}(Rga)eFitA[G](H(C/OK)).
pEMSpec(Ox)

3.2.3. In the special case of finite Galois extensions K of k of degree not divisible by ¢,
one has M = O and may also take M! = U%}( = exp;;l(E(OK)). For such extensions, we thus
immediately derive from (3.7) the following explicit equality.

COROLLARY 3.21. Let K/k be a finite Galois extension of degree not divisible by ¢ and let
E /Oy, be a Drinfeld module. Then

Z(A[G]) - ngfmk ‘Nrdr_g)(¢F.. © AS’}JQ) | ¢ € Homyg)(expy' (E(Ok)), Ok)}
is equal to Fityq(H(E/Ok)).

Remark 3.22. Corollary 3.21 constitutes a non-abelian generalisation of Theorem A of Angles
and Taelman in [AT15], who considered the case where k =F,(t), E = C' is the Carlitz module
and K =T, (t)(C[P]) is the extension generated by the P-torsion points on the Carlitz module,
for some prime P of A. Note that this extension is abelian and of degree congruent to —1
modulo q.

Indeed, in the setting of [AT15] it is straightforward to deduce from Corollary 3.21 the
equality of A[G]-lattices

925(/1@ (- O = Fitajg)(H(C/Ok)) - expg' (C(Ok)).

4. Nuclear automorphisms

In [Tael2, §2], Taelman adapted Anderson’s ‘trace calculus’ from [And00, §2] to develop a
theory of determinants for ‘nuclear endomorphisms’ of infinite-dimensional I, vector spaces.
Later, given a finite abelian group A, Ferrara et al. [FGH'22, §2] extended Taelman’s theory
to consider A-equivariant determinants for nuclear endomorphisms of topological, projective
F4[A]-modules.

Since we do not have an appropriate notion of reduced determinant over the general group
rings we wish to work with, we instead associate appropriate classes in Whitehead groups to
nuclear automorphisms.

4.1 Whitehead groups of adic rings
4.1.1.  We follow Fukaya and Kato [FKO06, §1.4] in defining a notion of adic ring.

DEFINITION 4.1. Fix a prime £. A ring A is adic if there is a two-sided ideal I of A such that
A/I™ is finite of ¢-power order for each n > 1, and the map

3 n
A— @nz A /I
is bijective.
Remark 4.2. Every adic ring A is semilocal, and we regard it as a topological ring, endowed
with the profinite topology. Then Kj(A) is a topological group, as in §2.1.1. This topology on

A (and thus on Kj(A)) is independent of the choice of I; for example, fundamental systems
of neighbourhoods of zero are given by the powers of the Jacobson radical (by the proof of

873

https://doi.org/10.1017/S0010437X26103108 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103108

M. DE FRUTOS-FERNANDEZ, D. MACiAS CASTILLO AND D. MARTINEZ MARQUES

[FK06, Lemma 1.4.4(1)]), by the left ideals of finite index (by [RZ13, Lemma 5.1.1(b)] for
M = A) or by the two-sided ideals of finite index (by [FKO06, §1.4.5]).

Ezample 4.3. For any finite ring R of ¢-power order, the power series ring R[Z] in a formal
variable Z is adic (one can take I to be generated by Z). Another example of an adic ring is the
completed group ring O[G] for the valuation ring O of a finite extension of QQ; and a profinite
group G that has a topologically finitely generated pro-¢ open normal subgroup (see [FKO06,
§1.4.2)).

In this section we prove the following extension of [FK06, Proposition 1.5.1].

PROPOSITION 4.4. Let A be an adic ring and let I be any ideal as in Definition 4.1. Then the
canonical homomorphism

lim _ Ky (A/T7) (4.1)

is an isomorphism of topological groups.

Remark 4.5. We recall again that for a semilocal ring R, the map R* — K;(R) is surjective. In
particular, for any finite ring R, the abelian group Ki(R) is finite, so we regard the right-hand
side of (4.1) as a profinite group. Proposition 4.4 thus implies that K;(A) is a profinite abelian
group, and in particular is a Hausdorff space.

Remark 4.6. The proof of Proposition 4.4 relies crucially on the special case, proved by Fukaya
and Kato, in which [ is taken to be the Jacobson radical of A and the corresponding map of the
form (4.1) is shown to be an isomorphism of abelian groups.

4.1.2. This section is devoted to the proof of Proposition 4.4. We fix an ideal I as in
Definition 4.1 and write J for the Jacobson radical of A. Note that we have inclusions I C J
and 1+ 71C1+JCA* and that, in addition, the finiteness of A/I implies that J” C I for some
m > 1. In the following, we fix such an m.

LEMMA 4.7. For each k > 1, the maps
Ki(A)J™) = Ki(A/T%) and Ki(A/I%) — Ky (A/)JF)
are both surjective.

Proof. The result follows readily from the definition of Whitehead groups after we ensure that,
for every n > 1, the maps

GL,(A/J™) = GL,(A/I*) and GL,(A/I%) = GL,(A/J")

are both surjective.

A two-sided ideal H in a ring R is radical if 1 + H C R*. Since both I* and J* are radical
in A, the ideal I*/J™* is radical in A/J™ and the ideal J*/I* is radical in A/I*. The required
surjectivities follow from these facts as in [Weil3, Exercise 1.1.12]. O

Noting that the quotient rings occurring in Lemma 4.7 are finite, and thus so are their
K-groups (by Remark 4.5), we deduce that the induced limit maps
o @k21K1 (A/Jmk) — @k21K1(A/Ik), B @kZlKl(A/Ik) - @klel (A/Jk)

are both surjective. Since the composition S o « is itself bijective, we then deduce that so are
both « and S.
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We may finally apply the result [FK06, Proposition 1.5.1] of Fukaya and Kato, which states
that the map

Ki(A) — lim _ K1(A/J")

is bijective. Noting that this map is the composition of the map (4.1) with 3, we have now shown
that the map (4.1) is an isomorphism of abelian groups.

It remains to show that (4.1) is, in fact, an isomorphism of topological groups. In order to
do so, we require the following fact, which is straightforward to prove.

LEMMA 4.8. The map A* — @nzl(A/In)X is an isomorphism of topological groups.

We now denote by p, each map (A/I")* — K1(A/I"), write p for their limit and consider
the following commutative square, in which the horizontal arrows are bijective and the vertical
arrows are surjective.

A ——— Jim (AT

l lp (4.2)

Kl(A) —_— @n21K1<A/1n)

The vertical arrow on the left is both continuous and open, by definition of the topological
group Ki(A). As for p, it coincides with the composite map

lim _ (A/I) — (lm_ (A/T"))/(lim, _ ker(p,)) =lim _ K\ (A/I").

Here, the isomorphism is of topological groups by [Bou71, I11.59, Corollary 3]. Therefore, p is
also continuous and open.

These facts, together with Lemma 4.8 and the commutativity of (4.2), imply that the map
(4.1) is an isomorphism of topological groups, as claimed in Proposition 4.4.

4.1.3. The following consequence of Proposition 4.4 will be useful in our study of infinite
products. In claim (i), given an adic ring A, an ideal I as in Definition 4.1 and n € N, we write
7y~ for the map Ki(A) — K (A/I™).

COROLLARY 4.9. Let A be an adic ring. Let (x;);en be a sequence in K (A).

(i) The sequence (sz x;)jen converges in K1 (A) if and only if, for any I as in Definition 4.1,
and every n € N, m(x;) =1 for all but finitely many indices i € N.

(ii) Let B: A — S be an injective, continuous and open homomorphism into a semilocal topolog-
ical ring S. Let 0 : K1(A) — K1(S) be the map induced by 3. Assume that ker(d) is closed

If the sequence ([[;Z} zi)jen converges in Ki(A), then the sequence ([]—] 8(x;))jen

converges in K1(S), and:
(a) it converges to a unique element [ [, \ 6(z;) of K1(S);
(b) for any bijection o : N — N, one has [[;cy 6(%o@)) = [ ;e 0(xi); and
() TLien 0(zi) = 0(I Lien i)

Proof. We first prove claim (i), and also claim (ii) in the special case that g is the identity A — A.
We fix I. Given n€N, since K{(A/I") is a (finite) discrete space, the sequence
(IT:=} 71 (2:))jen converges if and only if - (z;) = 1 forall but finitely many indices ¢ € N. Thus,
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the latter condition is valid for every n € N if and only if the sequence ((sz1 T (Z5)) jeN)neN
converges in [[,cy K1(A/I"), in which case it converges to a family of finite products
(]_[Zjlg " e () )nen, for some B, € N. Such a family of finite products is obviously unique,
belongs to lim K1 (A/I") and is invariant under reordering of the indices 7 (as in claim (ii)(b)).
By Proposition 4.4, both claim (i), and also claim (ii) in the special case 5 =1idp, are valid (with
claim (ii)(c) being trivial).

In the general case, 0 is continuous and open by Lemma 2.1 so, by [Bou71, II1.16, Proposition
24], it induces an isomorphism of topological groups Kj(A)/ ker(d) =2 im(4). If ker(¢) is assumed
to be closed in the profinite abelian group K;(A), then it would follow that im(d) is a Hausdorff
subspace of K1(S). o

Even without this assumption, the continuity of § implies that if the sequence ([];Z} ;) en
converges to [ [,y #; in K1(A), then the sequence

(Ttse), - (6(11-),

converges to ([ [,y #4) in im(0). It therefore also converges to 0(] ;o ) in K1(S).

Assuming now that ker(d) is closed, im(d) is closed in K7(S) by Lemma 2.1 and im(d) is
Hausdorff, so the limit [ [,y d(2;) := 6([ [;ey #i) is indeed unique in K1(S5).

It only remains to prove claim (ii)(b), which now follows from the case 6 =id, since

[Tien 6(4(:)) = 6(ITien Tos)) = 6(ILien i) =t I Lien 6(24). [

4.2 Nuclear automorphisms in Whitehead groups

Let G be a finite group. The power series ring
A =F,[G][Z]

over R:=IF,[G] is adic, with respect to ¢ and to the ideal I generated by Z.
In this section we use Proposition 4.4 to associate a class in Kj(A) to ‘nuclear
A-automorphisms’ of R-modules.

4.2.1. 1In order to define a suitable notion of nuclear A-automorphism, we first follow
[FGH'22, Definition 2.1.1] in fixing the following data (V,U):

— a compact topological R-projective module V;

— a decreasing sequence U = {U; }i>1 of R-projective submodules of V' that forms a basis of
open neighbourhoods of 0 in V.

Remark 4.10. By Lemma 2.2(i), an R-module is projective if and only if it is G-c.t. In particular,
any quotient of projective R-modules is projective.

DEFINITION 4.11. A continuous R-endomorphism ¢ of V' is locally contracting if there is M > 1
such that ¢(U;) C U4 for all ¢ > M. Then Uy is a nucleus for .

Remarks 4.12.

(i) Any finite family of locally contracting endomorphisms of V' has a common nucleus.

(ii) If ¢ and 1 are locally contracting then so are the sum ¢ + ¢ and composition .

Remark 4.13. If V is a finitely generated, projective R-module, then we always take U; =0 for
i > 1, so that every continuous endomorphism of V is locally contracting.

876

https://doi.org/10.1017/S0010437X26103108 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103108

THE REFINED CLASS NUMBER FORMULA

In applications of the general theory to Drinfeld module actions in §5, we are interested in
the following type of example.

Ezample 4.14. If V is also a topological R[Z]-module, with respect to the Z-adic topology on
R[Z], and W is an open submodule of V' that is R-projective and has no Z-torsion, one may
take U; = Z' - W. In this case, the action on V of any polynomial without constant term in R[Z]
is locally contracting.

If, in this setting, V' is also an R[Z]{7}-module and W is a submodule, then the action of 7
is locally contracting, since 7-U; =7Z"- W = Z47 - W C Z- W = Uy,

4.2.2.  We may now define nuclear A-automorphism, with respect to our fixed (V,U).

DEFINITION 4.15. A nuclear A-automorphism of (V,U) is a sequence ® = (¢;);>1 of continuous,
locally contracting R-endomorphisms of V. We write

_ iy ifj=0,
e {@j if j #0,
and then denote by 1+ ® the sequence (@;);>0.

For any R-module M and any N > 1, we set My := (A/ZN)®r M.

LEMMA 4.16. Fix a nuclear A-automorphism ® = (¢;);j>1 of (V,U), an integer N >1 and a

common nucleus U €U for ¢1,...,pn_1. Then the A/ZN—endomorphjsm
j=N—1
(1+®)v:= Y (Z@@): (V/UN— (V/U)N
§=0

is bijective and its class [1+ ®|x in K1(A/ZN) is independent of the choice of U €U.

Proof. We can write the inverse of (1 + @)y explicitly using the standard recursive formulae for
inverses of power series. For any R-endomorphisms )y, ..., %¥n_1 of V/U, one has the following
equality of A/Z"-endomorphisms of (V/U)y:

j=N-1 . k=N-1 j=k
Lt B)vo 3 (2 @)= (Z’f® (Zwk-j»-
=0 k=0 =0

For vo =idy )y and vy, = —Zgzlfgéjwk_j for k > 0, one indeed has ijg Qip—j =0.
Now assume given common nuclei U, W for ¢1,...,on_1 in U and assume without loss of
generality that U C W, so there is a descending chain

W=U;2Uj;1D---DUpy=U.

Consider the short exact sequences of finitely generated, projective A/Z"-modules

0— W/U)y —— (V/U)y ———— (V/W)y —— 0,

0 — Uss1/U)n — W/U)n —— (W/Ujs1)n — 0,

0 — (Uy-1/U)n — (Up—2/U)n — (Upr—2/Upi—1)n — 0.
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Since (14 ®)y defines automorphisms of each of these modules, in K1(A/Z™) one has
i=M—1
[(V/U)n, 1+ )] = [(V/W)n, A+ @)n] - [ [T/ Uiga)w, (1 + @)l
i=J
However, (14 ®)y is the identity map on each of the modules (U;/U;+1)n, so the class of
(14 ®)x does not depend on whether it is computed with respect to U or W. O

Remark 4.17. In the notation of Lemma 4.16, if N > 2, then [1 + ®|y_; = [(V/U)n-1,
NI T2 @ @) € Ki(A/ZNY) is the image of [1+ @]y € K1(A/ZV).

DEFINITION 4.18. For a nuclear A-automorphism & of (V,U), we use Proposition 4.4,
Lemma 4.16 and Remark 4.17 to define the power series class of ® in K;(A) to be

1+@]=1+®|V]:=(1+®|n)n>1-

Remark 4.19. Definitions 4.11 and 4.15 only make sense with respect to a fixed V and U, and
the same is true for Definition 4.18. Even though the notation [1 + ®] omits the choice of both
V and U and the notation [1 + ® | V]| omits the choice of U, we always specify the R-module V'
on which the components of ® act, and the sequence U with respect to which (they are locally
contracting and) the power series class of ® is taken to be computed (via choices of common
nuclei U €/ in Lemma 4.16).

Remark 4.20. If V' is a finitely generated, projective R-module, then since U; = 0 for each i by
Remark 4.13, [1 4+ @ | V] is simply the class in K;(A) of the A-automorphism Z;:go(Zj ® pj) of
the finitely generated, projective A-module A ®pV = 1&1 N1 Vn.

Remark 4.21. Let V! be a closed R-projective submodule of V. Set V2 =V/V! Yyl = {U}} with
Ul:=U;N V! and U? = {U?}, where U? denotes the image of U; in V2. Let {a, b} ={1,2}.

If each R-module U is projective and ® is a nuclear A-automorphism of (V, ) that induces a
well-defined nuclear A-automorphism of (V¢ U%), then ® also induces a nuclear A-automorphism
of (V®, ") and, computing the respective power series classes with respect to U, U' and U?, one
has

1+®|V]=[1+ |V -1+®|V?.

Remark 4.22. Given nuclear A-automorphisms ® = (¢;);>1 and ¥ =(3););>1 of (V,U), the
sequence

i=j—1
(1+P)(1+¥)—-1:= (goj + v + Z (,Oil/ij_i>
Jj>1

i=1
is a nuclear A-automorphism of (V,U), and one has

1+ (1+@)(1+T)—1]=[1+3] [1+T].

4.2.3. Nuclear automorphisms comprising a single non-trivial term play an important role
in the following.

DEFINITION 4.23. For a continuous, locally contracting R-endomorphism ¢ of V and m > 1, we
set [1 —pm]n =[14+ @]n for N >1 and [1 — ¢p,] = [1 + @], for ® = (¢p;) with

I if j=m,
Y0 itj£m
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The following result extends [Tael2, Theorem 2| to our setting.

PROPOSITION 4.24. Assume we are given continuous R-endomorphisms «,p of V with the
following properties.

(a) The continuous R-endomorphism « is surjective.

(b) Both of the compositions g and ap are locally contracting, and there is a common nucleus
U, €U for them with

o(Ua) CUars and  a(Uass) € Us
for some b>1.
Then, for every m > 1, one has
(1= (pa)m] =1 = (a)m].
Proof. We first note that, since V and U, are R-projective, the exact sequences
0—ker(a) =V 5V -0 and 0—ker(a) = a1 (U,) S U, —0

imply that the R-module a~!(U,) = ker(a) @ U, is projective. Remark 4.10 then implies that
the quotients a~!(Uy,)/Uq4p and V/a~1(U,) are R-projective.
For each m, N > 1, one then has
[1 = (pa)mln =[(V/Uass)n, 1 = (27 @ pa)]
[(V/Uasp)n: 1= (Z™ @ )] - [(@7H(Ua) [Uasp) o 1 = (27 @ )]
[(V/a ™ (Ua))n, 1 = (27 @ pa)).

The claimed equality now follows from the commutativity of the following square of A/Z™N-
modules with bijective horizontal arrows.

(V/a ' (Ua))n —225 (V/Ua)n
1—(Zm®<pa)l J{l—(Zm@acp)

(V/a Y (Ua))y —225 (V/Ua)n O

5. The refined trace formula

Taelman’s trace formula [Tael2, Theorem 3| provides an interpretation of Euler products asso-
ciated to nuclear automorphisms, as a single determinant for their action on a compact (but not
finitely generated) module over the formal power series ring F,[Z].

In this section we fix notation and setting as in Theorem 2.17 and prove a refined trace
formula in the Whitehead group K;(F,[G][Z]). This formula provides an interpretation of
K-theoretic Euler products as a single power series class of nuclear automorphisms, as introduced
in Definition 4.18.

In particular, our trace formula will imply that the Fuler product @g‘K/k occurring in
Theorem 2.17 converges to the element of K (Fo[G]) obtained as the evaluation

evir: K1(A) — K1 (R(2) 2255 K1 (R(t7Y) = K1 (Foo|G))

of a given power series class in K;(A). Here, and in the following, we continue to abbreviate
F,[G][Z] to A and F,[G] to R.
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Before proceeding, we note that A is the closed unit ball in the ultrametric space R((Z)) and is
thus an open subspace. By Lemma 2.1, evy-1 is continuous and open. To apply Corollary 4.9(ii)
to the inclusion A C R((Z)) = F|G], we use the following result, which is proved in § 6.2 below.

PROPOSITION 5.1. The map evy-1 is injective.

In particular, ker(evy-1) = {1} is closed in the profinite group K (A).

5.1 The compact module

In this section we review the construction of an arithmetic family of pairs (V& 1) as in §4.2.1
given in [FGHT22]. The refined trace formula of § 5.2 applies to a class of nuclear automorphisms
of such pairs.

We fix a finite set S of places of £ containing the set S;° of places above the place at infinity
of F, as well as a taming module M for K/k.

For each v € § we define a G-module K, := wa K, with w running over the places of K
that divide v. We endow K, with the supremum of the norms on each K. If v € 57, respectively
ve S\ S, we assume that t~1, respectively a uniformiser of k,, has norm ¢~! in K,. We then
define Oy, g[G]{7}-modules

Kg:= H K, and Mg:= Ok,S ®p, M,
veS
where Oy, 5 is the ring of S-integers in k. We endow Kg with the supremum norm. Embedding
Mg into Kg diagonally, we obtain an Oy, g[G]{7}-module
VSM =Kg/Mg.

We note that Mg is discrete in Kg, because Oy s ®p, Ok is. We write @ for the projection
KS — Vé{w

Remark 5.2. For each v e S\ S;°, we fix a uniformiser m, of k,. For each v € S, we endow K,
with the following action of R[Z]:

t7lz, veSX,
Z-x =
mx, v¢ S,

Then Mg is an R[Z]-submodule of Kg and V¢! becomes a topological R[Z]-module.

Let {W, }ves be a family of open, R-projective Oy, [G]{7}-submodules of K, with the prop-
erty that for each v, {Z i Wy }i>o is a basis of open neighbourhoods of zero in K. Then, since Mg
is discrete, there is B € N with the property that ([],cq Z7 - Wy) N Mg = {0} in Kg. Rescaling
to W,:=ZP.W,, we may define an open R[Z]-submodule that is R-projective and has no
Z-torsion by setting

W-w(HWU> cvM. (5.1)

veS
Any such choice of family {W,},cs thus defines data U; := Z - W as in Example 4.14.

DEFINITION 5.3. We write Oy, {7} for the subset of Oy {7} comprising polynomials in 7 with
constant term 0. We then denote the set of sequences in Oy s{7}7 by (1) :=][;51 O s{7}7. In

the following, we interpret any element of Oy ¢{7}7 as a continuous R-endomorphism of Vg\/‘
via its own left-action.

The next result is essentially proved by Ferrara et al. [FGHT22].
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PROPOSITION 5.4. The R-module VSM is compact and projective, and there is a (non-empty)
family ’7'SM of sequences of R-submodules of VSM with the following properties.

(i) Each sequence in Tg' is of the form {Z'-W};>1 for some R-projective submodule W of
VSM as in (5.1). In addition, there exists ay € N with the property that

ZWH . w(Bg,)C Z"-W C Z' w(Bg,)
for large enough i, where By, denotes the closed unit ball in Kg.
(ii) Any element of Oy s{7}7 is locally contracting with respect to any pair (VSM, U) withU in
T
(iif) If @ is a sequence in (1), the power series class [L + ® | V] of @ in K;(A) is independent
of the sequence in 7th with respect to which it is computed.
(iv) Let po be a place of k that is not in S and set S":=SU{po}. Then, for any ® in (1),

computing the power series classes on the left-hand side with respect to sequences in 7§M
and in 7:gM, respectively (and the right-hand side as in Remark 4.13), one has

1+ | Ve 1+ | VM =1+ | M/poM].

Proof. Since all the above claims follow in a straightforward manner from arguments in
[FGH'22], we limit ourselves to providing a sketch of the proof.

The fact that Kg is a projective R-module follows upon combining the normal basis theorem
with Shapiro’s lemma. The fact that the R-module Vé\/‘ is compact and projective then follows
directly from the properties of taming modules.

We then let 7th comprise any sequences U constructed as in [FGH"22, §2.3.2]. Any such
sequences satisfy the first statement of claim (i) by construction, the second statement of claim
(i) by the argument in Corollary A.2.5 (see also (5.1.1)) of [FGH"22], and then also claim (ii)
by the argument in Lemma 2.3.3 of [FGH"22] (or of Example 4.14).

To prove claim (iii), we fix ® =(p;);>1 in (1), as well as sequences U = {U;};>1 and
U ={U/}i>1 in T, and an integer N > 1. It is enough to show that, in K7(A/ZY), one has

(V" /U N, (L4 @)n] = (VS /UL, (1+ @) ]

for some common nuclei U; and Uj, for ¢1,...,on—1. But the argument of Lemma 2.3.10 of
[FGH™22] shows that there exist common nuclei U; and U, with

U; DU, and ¢j(U;) CU;, for every j < N.
Using this choice of nuclei, we find the required equality
(VUL N, (1+ @)n] = (VI /Ui, (14 @)n] - [(Us/Up)n, (14 @) ]
=[(V&"/Ui)n, (14 @)x].

To prove claim (iv), we write Oy, for the valuation ring of the completion of k at pg and
M, = Oy, @0, M for the po-adic completion of M. Then the proof of Lemma 3.0.1 of [FGH22]
gives a short exact sequence of compact Oy, s[G]{T}-modules

Y

0 M,, y Vgt s yM 0,

and a sequence U’ ={U!};>1 in T&' with the property that ¥ ~1(U/)=pi - M,, and that

{n(U!)}i>1 belongs to TM.
By Remark 4.21, one then finds that

L+ V] L+ @ VS =1+ @[ My,
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computing the power series class on the right-hand side with respect to the sequence {pé-
My, ti>1. The claimed equality is thus valid because pg- My, is a common nucleus for the
action of all ¢; € Oy g{7}7 on My, by the argument of Example 4.14. O

5.2 The trace formula and convergence of the L-value

We may now state our refined trace formula for nuclear A-automorphisms in () (see
Definition 5.3). This result constitutes a non-abelian generalisation of [FGH*22, Theorem 3.0.2].

THEOREM 5.5. Let S be a finite set of places of k containing S;° and let M be a taming module
for K/k. Then for each nuclear A-automorphism ® of V' in the set (7), the S-truncated Euler
product

[T+ |Mm/pM]

pES

converges in K1 (A) to the inverse of the power series class [1 + P | VbM], computed with respect
to any sequence in 7§M. This limit is unique in K;(A) and, moreover, is independent of the order
of the Euler factors.

Before proving Theorem 5.5, we state its consequence for @/E\/"K Ik Set VM .= VS?.

COROLLARY 5.6. Let M be a taming module for K /k. Then the Euler product @g"K/k converges
in K1(Fso[G]) to
evi-1 ([1+ @5 | VL),

where @ = (p;E)j>1 with ¢;p=(t — ¢p(t))t"1. This limit is unique in Ki(Fuo[G]) and,
moreover, is independent of the order of the Euler factors.

Proof. We recall that MSpec(Oy) is a countable set. We fix an order and, for each i € N, write
x; € Ki(A) for [1+ ®|M/p;M]. Theorem 5.5 implies that the sequence of partial products
(IT;=5 i) jen converges in K1(A) to (a unique limit) [];cy zi = [1+ @ | VA!] (independent of the
chosen order).

By Proposition 5.1 and Corollary 4.9(ii), it follows that the sequence of partial products
(ITi=] eve-1(z4))jen converges in Ki(Fu[G]) to a unique limit that is independent of the chosen
order, and is moreover equal to ev;—1([1 4+ ® | V2]). Given these facts, it is enough to show that,
for any p ¢ S¢°, one has

evii ([L+ @ | M/pM]) = ca(M/pM) ™" - cq(E(M/pM)) (5.2)

in K;(Fso[G]). We fix such a place p.
Now, a direct computation (as in the proof of Lemma 4.16) gives, for each N > 2, the following
equality of continuous A/ZN-automorphisms of (M /pM)y

]:N 1
(id— (Z®t) to(id— (Z @ ¢p(t) Z (Z7 @ ¢; ). (5.3)
We set (M /pM)p:=A @z M/pM. Writing
ap:=id — (Z®t) and g, =id - (Z @ ¢g(t))

for the respective A-automorphisms of the finitely generated, projective module (M /pM)y, we
thus find that

[L+@p | M/pM] = [(M/pM)s, @] - [(M/pM)a, ag, )
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in K1(A). Using the notation of Lemma 2.3, this equality implies that
evi-i([1 4+ ®p | M/pM))
[(M/pM)F_id = @t [(M/pM)5_, id = (1 @ dp(1))]
[(M/pM)F_, (t@id) = (i[d@ )] [(M/pM)F_, (t@id) - (1d® ép(1))]
= ca(M/pPM) ™" - cq(E(M/pM))
in K1(Fso[G]). We have now verified the required equality (5.2). O

In the rest of this section we prove Theorem 5.5, by adapting the proofs of [Tael2, Theorem 3]
and [FGH'22, Theorem 3.0.2]. We recall again that MSpec(Oy) is a countable set.
We fix N > 1. By (the proof of) Corollary 4.9(i), it is enough to prove that

[T1Q+2)n | (M/pM)N]
pES
converges in K1(A/Z) to the inverse of [1 + @ | VSM} N, computed with respect to any sequence
in 7M.
We write ® = (¢;);>1 and fix D > N - max;.n{deg,(¢;)}. We then also set

T:=SU{pcMSpec(Oxs) | [Or,s/p:Fy] < D}.
We note that the set T is finite. By Proposition 5.4(iv), it hence suffices to prove that

[TI+®)n [ (M/pM)N) (5.4)
p¢T

converges in K1 (A/ZN) to the inverse of [1+ ® | V] x, computed with respect to any sequence
in 771, In fact, we claim that every factor in the product (5.4) is trivial, and so is [1 + ® | VM| v.

Now the argument of [Tael2, Theorem 3] (which relies on a trick due to Anderson [And00,
Proposition 9]), together with the multiplicativity property in Remark 4.22, reduces these claims
to showing that

1= ((s7)a)m | M/pM] = [1 = (a(s7)))in | M/pM] (5.5)
and
1= ((s7D)a)m | V] = [1 = (a(s7%))m | V] (5.6)

for p ¢ T, any o, s € Op 1 and any d, m > 1.
To prove (5.5), we recall from Remark 2.14 that M is a locally free O[G]-module of constant
local rank 1. Therefore,

M o My L OrwlGl ( Ok, (p) ) ale ( Ok ) al

PM T pMyyy 9O »)[G] ~ \ POy () PO,

Thus, if @ belongs to pOy.r, then both of the endomorphisms (s7¢)a and a(s7?) of M/pM
are trivial, so that both sides of (5.5) are trivial. On the other hand, if o ¢ pOy 7, then its
action defines an automorphism of M/pM, so (5.5) follows from Proposition 4.24 applied to
V=M/pM, a =« and ¢ = s7%.

To deduce (5.6) from Proposition 4.24, we must fix U = {Z!W};>1 in T/ and, after not-
ing that (s7%)a and a(s7?) are both locally contracting with respect to any such choice (by
Proposition 5.4(ii)), show that they have a common nucleus Z*W which satisfies

(st (ZW) C ZPW  and  a(Z°TPW) C Z°W (5.7)
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for some b. We abuse notation to write v for the normalised valuation at a place v € T, and set

o(t™h), ve S,
€y i —
T, veT\ S

We then fix a common nucleus Z*W for (s7%)a and a(s7¢), with a large enough that

b:=min {a + v(s) } > max {1, maXyer {_v(a) }} .
veT €y €y
We recall from (5.1) that we may fix a decomposition W =]

O, [G]{7}-module. For any = = (x,) € W, one then has

st4(Z%) = (st 207" 207 (1)) e e, (5729700 7297 (2,)) e\ 5 )-

Since we have inequalities
v(st™2) =v(s) + 2av(t™) > (a +b)o(t™h), w(sm2®)=u(s) +2a>a+b

u
and aq? > 2a, the first inclusion of (5.7) is valid.
For x = (z,) € W one also has

ver Wo, where each W, is an

a(Za+b$) — Za<(04t_b$v)v65;’°7 (aﬂgwu)ueT\S,’jC).

Since v(at™®) =v(a) +bv(t™1) >0 and u(ar’) =wu(a)+b>0, the second inclusion of (5.7) is
also valid.

We finally note that by Corollary 4.9(ii), applied to the identity map A — A, the limit [1 + @ |
V] is unique in K;(A) and independent of the order of the Euler factors. This completes the
proof of Theorem 5.5.

6. The proof of Theorem 2.17

Before proceeding to prove Theorem 2.17, we find it convenient to introduce the following general
notion of K-theoretic Fitting classes.

DEFINITION 6.1. Let G be a finite group. Let M be an A[G]-module that is both finite and
G-c.t. The K-theoretic Fitting class of M in Ko(A[G], Feo[G]) is

KFitg(M) := 0g(cq(M)).

Remark 6.2. In fact, KFitg(M) can also be regarded as the image of cq(M) in Ko(A[G], F[G]).
We note that dg factors through the injective map Ko(A[G], F|G]) — Ko(A[G], Fo[G)).

The following result justifies our terminology.

LEMMA 6.3. Let M be an A[G|-module that is both finite and G-c.t. Let
0P5HQ—M—0 (6.1)

be a short exact sequence of A[G]-modules, in which both P and ) are finitely generated and
projective. Then, in Ko(A[G], F[G]), one has
[P, ar, Q] = KFitg(M).

Proof. As observed in Remark 6.2, throughout this proof we may, and do, regard KFitg (M)
as an element of Ky(A[G], F[G]). We also abuse notation and write dg for the canonical map
K1(F[G]) = Ko(A[G], FIG)).

Let C be the category of finite A[G]-modules that admit a projective presentation of the
form (6.1). There is an isomorphism from the Grothendieck group K¢ (C) of C to Ko(A[|G], F|G])
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that maps [M] to [P, ar, Q] (cf. [CR87, Vol. II, Remark 40.19, Lemma 40.10]). In particular,
[P, ar, Q] depends only on the isomorphism class of M.
Since Lemma 2.3 gives a projective presentation of the form (6.1), we find that

[P, ar, Q)= [M', a7, M'] = 0c([MF, Tar.7]) = Oc(cq(M)) = KFitg(M). O

6.1 Computation through an auxiliary lattice
To deduce Theorem 2.17 from Corollary 5.6, for a fixed taming module M for K/k, we must
compute [1 + @ | VM in K1 (F,[G][Z]). Here, g = (¢;.r)j>1, With p; g = (t — ¢p(t))t' ! and
the power series class is computed with respect to an arbitrary choice of sequence in 7;%2‘

We set R:=TF,[G], A := R[Z], Vi := E(Kx)/E(M), U:=expp (E(M)) and H := H(E/M).
By abuse of notation, we denote by expy the map

KOO/U — VE

induced by the exponential of E. In this section we prove the next intermediate result.

THEOREM 6.4. The following claims are valid.

(i) There exists a free A[G]-lattice M' in K. that contains U, and an exact commutative
diagram of A[G]-modules of the following form, in which the first row and second column
are canonical.

0 0
(ii) For any A[G]-modules M*, M? as in claim (i), in Ko(A[G], Fx[G]) one has

0 (O3 1) = [M*, \, M] + KFitq(M?).

Here we identify A = )\gAK/k with the isomorphism M}m =Ur, 2 Mz, and M? is G-c.t.
by the exactness of the second row of the diagram.

Remark 6.5. In fact, claim (ii) of Theorem 6.4 remains valid for any projective A[G]-lattice M1
as in claim (i) (even if it is not free) and associated A[G]-module M?2.

To prove Theorem 6.4, we first note that the A-module K, /U is divisible, and we fix an
A-module section s: H — Vg to the tautological surjection.

The construction of A[G]-modules M*, M? as in claim (i) of Theorem 6.4 then follows directly
from the following adaptation of the result [FGH"22, Proposition 4.2.3], applied to the exact
sequence

0— Koo /U 222 Vig — H — 0.
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LEMMA 6.6. Fix an exact sequence of topological A[G]-modules of the form
0= Ko/L5V —-H—0,

where L is an A|G]-lattice in K, V is compact and R-projective and H is finite. Fix an A-module
section s:H <V to this sequence. Then the following claims are valid.

(i) There exists a free A[G]-lattice M' in K, that contains L and with the property that
M?:=(M*/L) @ s(H) is an A[G]-submodule of V.

(ii) For M! as in claim (i), there is an exact commutative diagram of A[G]-modules.

0 0
(iii) Set Lo:= L and let {L;}1<i<m be a finite set of A[G]-lattices in K, with the property that
the union | J;Zy' L; is contained in a common A[G]-lattice in K. Then, in claim (i), M*
may be chosen so that | Ji—g' L; C M*.

Proof. Claims (i) and (iii) follow directly from the approach of [FGH"22, Proposition 4.2.3,
Remark 4.2.4]. For later use, we note that the G-action on V =1(K /L) & s(H) is

g+ (L(A), s(h)) = (t(gA) + agn, bg,n) = (t(gA) + ag,n, s(gh)) (6.2)

for any A€ K/L, he€H and g € G, where (agp,byp) :=g-(0,s(h)) and we have also used the
fact that by 5, is necessarily equal to s(gh).

Now, from the explicit definition of M2, we derive an exact commutative diagram of A[G]-
modules.

0 0
0 —— M'/L — Ko/L —— Koo/M' —— 0

2 sV — V/M? —— 0

H H
0 0
886
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Since the first two columns of this diagram induce the identity map on H, the arrow in the third
column must be bijective by the snake lemma, and it is therefore straightforward to modify the
second row to obtain the diagram in claim (ii). O

Remark 6.7. If K/k is abelian, then the main result [FGH™22, Theorem 1.5.1] of Ferrara et al.
follows directly from Theorem 6.4.

Indeed, as in Remark 2.19 and since G is abelian, taking determinants over F[G] induces
an isomorphism

im(0g) = K1 (Foo[G]) /im(K1 (A[G])) = Foo [G1* JA[G]* = Fuo[G] T,

with the last map as in [FGH"22, Definition A.3.2, Proposition A.3.4, Corollary A.3.6]. In
addition, by Proposition A.4.1 in [FGH"22] (or by Lemma 3.10 in this special abelian case), the
determinant of the characteristic class c¢q(M ) of any suitable module M is equal to its ‘A[G]-size’
|M|¢, as in Definition 1.2.4 or Definition A.4.2 of [FGH"22]. Therefore, using also that taking
determinants is continuous (as a special case of Lemma 3.9), 6@(@%’&{/]{) maps to

[T detrcy(ca(M/pM) - ca(BM/pM)) )

peMSpec(Oy)
= I MipMie-1BM/pMG,
peMSpec(Ox)
which recovers the definition of ©£7/1(0) € Fao[G]* from [FGHT22, p. 2221].

K/k
It thus suffices to observe that tgking determinants maps the sum [M*, \, M| + KFitg(M?)
to the ‘ratio of volumes’ Vol(Vg)/Vol(Kw /M) of [FGH'22, Theorem 1.5.1]. On the one hand,
for any free A[G]-lattice N in K, that contains M, the former sum is the image under d¢ of
the product
ca(M?) - [X] - cq(V /M),

where X € GL,(Fx|[G]) is the transition matrix between arbitrary A[G]-bases of N and of M1,
respectively. The claimed observation is now clear because, on the other hand, taking Ag to be
M in Definition 4.2.6 of [FGH'22], Vol(K, /M) =1, while Vol(Vg) is computed (taking A’ to
be M', so that A’/A x s(H) = M?) as
M2l MY MG = (M2 - det (X171 N/ MIGE = (M2 - det(X) - N/ MU,
with the factor [M?!: M| and the first equality given by Definition 4.1.4 in [FGHT22].
In the rest of §6.1 we prove Theorem 6.4(ii). We fix A[G]-modules M and
M? :=expp(M'/U) @ s(H)
as in claim (i), and proceed to compute the class [1 + ®x | V2M]. To do so we first construct, for
each natural number N, approximations M le and MJZV of M! and M? that are related to the
taming module M.

We set n:= [k: F|, recall that Ko, = Fo[G]™ and fix an Fi[G]-basis be of K. We use this
basis to interpret any o € GL, (Fx[G]) as an automorphism of K.

We fix a free A[G]-lattice N in K, containing M and A[G]-bases e and €’ of N and of M*
and write X € GL,,(F[G]) for the transition matrix between €' and e.

Endowing M,,(Fx|[G]) = M,,(R((t~1))) with its ¢~ !-adic topology, GLy (Fxo[G]) is an open sub-
set and ({Id,, + ¢tV M,(R[t7'])})n>0 is a basis of open neighbourhoods of Id,, in GL,(Fu[G]).
It is also straightforward to see that M, (F|[G])= M,(R(t)) is dense in M, (Fx[G]) and
that GL,,(F[G]) = M, (F[G]) N GL,(Feo|G]). These facts imply that GL,(F[G]) is dense in
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GL,(Fx[G]) and, in particular, that the intersection
GL,(F[G) n{(Id, + t "M, (R[t7'])) - X'}
is non-empty for every natural number N. We thus may and do fix a matrix
on € {Id, +t VM, (R[]}

such that X - o' belongs to GL,(F[G]). This property then implies that the free A[G]-lattices
on(M?') and NV are contained in a common A[G]-lattice in K.

For each N we also fix a push-out (7 : Vg — Iy, in : Koo /on(U) — 1) of (expg : Koo /U —
Ve, on 1 Koo /U — Ko /on(U)). Then 7y is bijective and ¢y is injective (because oy is bijective
and expp is injective), so we derive the following exact commutative diagram with bijective
vertical arrows.

0 — Ko/U —5 Vg H 0
O.NJ/ J/T(N H (63)
0 —— Koo/on(U) —2— TIy H 0

We write sy for the composition
T~
H<S Vg = 1y,

which is then an A-module section to the lower row of (6.3).

Applying Lemma 6.6 to sy, to the lower row of the diagram (6.3) and to the finite set of
free A[G]-lattices {on (M), N'} we deduce, for each natural number N, the existence of a free
A[G]-lattice M}, with

on(U)UM Con(MY)YUN C MY

and with the property that
M5 = un(My/on(U)) ® sy (H)

is an A[G]-submodule of Il that fits in an exact commutative diagram.
0 0 0

l

0 —— My/on(U) —— Ky/on(U) —— Koo/Mp — 0

0 — M3 —_— Iy —— Ke/MYy —— 0 (6.4)
H H 0
0 0

Regarding this data as fixed, we now obtain the following intermediate computation of the
class [1 + &g | VM.

LEMMA 6.8. For every large enough natural number N, in K{(A/ZN) one has
1+ B |V = (MY /M)y, 1— (Z@ 6] [(ME)y, 1~ (Z@ 1))
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Proof. We first recall that any quotient of projective R-modules is also R-projective (see
Remark 4.10). We fix an open, projective R-submodule @ of K, as in Lemma 6.9 below. In
particular, Ko = M} & Q. We also fix, as we may, an R-splitting @ : Iy & M% & (Ko /M};) of
the second row of the diagram (6.4).

Then 7y : Vg £ 1l induces an isomorphism of R-modules

T (My/ M) Q=VL" =V =Ty = My @ (Keo/My) = M} © Q.
We now write Bi_ for the closed unit ball in K. Then our choice of oy combines with
[FGH'22, Proposition 5.1.3] to imply that for every large enough natural number j, one has
#(t7'Bg_)=t7Bg_ and (7 '=1)(t7Bg_)Ct UNBy | (6.5)
In particular, if j is also large enough that ¢t/ By _ C Q, the R-isomorphism 7 induces an
R-isomorphism
(My/M) & (Q/t 7 Br.) = My & (Q/t /Bk..).
Thus, by the cancellation theorem [LamO01, 20.12] (and Lemma 6.9), there exists a (non-
canonical) R-isomorphism /3 : M 11\/ /M= MJQV We then consider the R-isomorphism
§:=B@idg: (My/M)SQ= My Q.
We next recall that the power series class [1 + ®g | VM] is computed with respect to the
sequence {t~'W};>; in TS/;.LI, for some R-projective, open, torsion-free- R[t~!]-submodule W of

VM of the form (5.1), which we now regard as fixed.
We first use the factorisation (5.3) to compute that

1 - (Z®@wtw™!)
1—(Z@rtn1)

[1+<1>E\voﬁﬂ]v=[ \M?vee@] |

N

with the right-hand side computed with respect to a common nucleus in {7(t7'W)};>1.
On the other hand, one has

1—(Z@wtw™?) MJQV@Q]N:[ 1-(Z®t) )’M}’V]N.[m‘@h

1—(Z®dto—1) 1—(Zeptp~! 1—
_ 1—(Z®t) 9
- [1—(Z®Bt6—1) ‘MN]N

=[(My/M)n, 1= (Zot) - [(MR)n, 1 - (Z®1)).

It therefore only remains to prove that the element
Voﬁq
N

1—(Z®t5 1) 1- (Zer loto~1x)
1—(Zeatr—1) 1-(Zot)
of K1(A/ZN) is trivial or equivalently, in the notation of Definition 4.23 (m = 1), that
[1— (70t 17) | VM N =[1—t1 | VN,
We set ¢:=(7718) -1 and «:=#(6"'%). Then, by Taelman’s argument in [Tael2,
Corollary 1], it suffices to show that

e |
N

[1 = (pa)iln =[1 = (a)i]w,
where ¢ is a composition of, say, n < N endomorphisms in the set {c, 1}, with ¢ occurring at
least once. In order to do so, we proceed to show that such an o and ¢ satisfy the hypotheses
of Proposition 4.24.
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The map « is surjective, since both § and 7 are bijective while VO/;/‘ is A-divisible.

To consider hypothesis (b) of Proposition 4.24, we use the integer ay in Proposition 5.4(i),
which we recall is independent of N. We thus may and do assume that N > 2ay, and we also fix
a natural number i large enough that for every j >i— N, (6.5) is valid and also t /By C Q,
so ¢ restricts to the identity map on t =/ By _.

In this case, one has

gpa(t_iW) C @a(t_iBKQC) _ (p(t—(i—l)BKm) C t—(i—n-‘rQN)BKoo C t—(i+aw+1)BK C t—(z’+1)W

oo

and, similarly,
ap(t™'W) Cap(t 'Bi_) Ct= 02N g cy=lrawtl g =Gy,

Thus, both pa and ayp are locally contracting, with common nucleus t—*W. In fact, the same
arguments as above also show that

a(tf(i+aw+1)W) C a(tf(i+aw+1)BKoc) C tf(iJraw)‘BKsC C tfiW
and

Hypothesis (b) of Proposition 4.24 is thus satisfied with b= ay + 1. This completes the proof of
the lemma. O

LEMMA 6.9. Let M be a free A[G]-lattice in K. There is an open, projective R-submodule @
of K+, with the property that Ko, = M @ Q. In addition, if j € N is such that t 7 Bx__ C Q (with
By the closed unit ball in K,), then Q/t~/ By __ is finite.

Proof. We recall that Fo, decomposes as an F,-space as A ® t‘qu [t~1], with the second sum-
mand open in Fo. Let b={by,...,b,} be a basis of M. Then Q=@ t 'F, [t ][G]b; =
@D, t'R[t7']b; is open in K, because each summand gives the R-decomposition
Ko=M & Q, and is R-projective by Remark 4.10.

To prove the second claim it suffices to observe that there is a > 0 with t7*Q C Bk _, since
then t~(“*)Q Ct7Bg_CQ and Q/t~(“t)Q is finite. Indeed, since the norm of ¢t~ is nor-
malised to be ¢!, this is true whenever ¢® is greater than the norms of all elements in the given
basis b. O

Returning to the proof of claim (ii) of Theorem 6.4, for each N € N, we write
on € {Id, + 22N M, (A)}

for the image of on. Then, in order to relate the right-hand side of the equality in claim (ii)
of Theorem 6.4 to the right-hand side of the equality in Lemma 6.8, we require the following
intermediate result.

LEMMA 6.10. Fix Ny € N. Then, in Ko(A[G], Fx|G]), one has

[A@r M, 1—(Z®t)]
[A®Rr My, /M, 1—(Z®t)]>'

[M17 A, M] + KFit(;(MQ) = (80 o th71) <[&NO]—1 .

Proof. To compute the right-hand side of the claimed equality we recall from the proof of
Lemma 6.8 that there is an isomorphism of R-modules §: M 11\70 JM = M]2\70' Thus,
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[A@r M}, 1—(Z®1)]
([A @r MY, /M, 1-(Z @t)})
B [A@r MZ,,1—(Z®t)]
S ([A ®rMZ ,1-(Z® ﬁtﬁl>]>
[}_oo[G] ®RM12V07t®1] [FOO[G] ®RMI%[071_(t_1®t)]
[FoolGl @R M3, ,t® 1] [Fu[Gl@r M3, 1~ (t1 © t3~1)]
[Fo[Gl @r MF,, (t® 1) — (1®1)]
[FoolGl@r ME, , (t®1) — (1® Bt1)]

[Fool Gl @r ME,, (t® 1) — (1 1)) cq(Mg,)

- [FlGl@r My, /M, (t@1) = (1a 1) ca(My, /M)’

Since also
(g 0 evi-1)([on,)) = 0c([Koo, o, ]) = 0 ([Foo |G @ a1y M, o)) = [M*, o, M)

by definition of dg (or by [Swa78, Lemma 15.7], but note that there is a typo in this result,
where [(P, f, P)] should read [(P, g, P)]), we find that the right-hand side of the claimed equality
is equal to

—[M', on,, M'] + KFitg(My, ) — KFitg(My, /M).
Applying Lemma 6.3 to the exact sequences
0— M — My, — My, /M—0
and
0— M" 7% My, — MY, Jon, (M) =0,
we also find that

MY\ M)+ MY, on,, MY+ KFitg(My, /M) =[M'" X\, M5 |+ MY, on,, M*
0 Ny No 0
:[M170NoaM11\70]

=KFitg(My, /on, (M)).
It therefore suffices to prove that
KFitG(My, /on, (M")) = KFitg(My, ) — KFitg(M?). (6.6)

In order to do so, we define a map
piM?=expp(M'/U) @ s(H) — uy, (M, /on, (U)) @ (v, 0 5)(H) = MR,

by setting

plexpp(m), s(h)) = (e, (o8, (M), T, (5(h)))

for m € M' and h € H. Here, 1y,, Ty, are as in the push-out diagram (6.3).
Using the commutativity of (6.3) and (6.4) and the explicit G-action (6.2) on the modules
M? and MJZVO, it is straightforward to verify that p is a well-defined, injective A[G]-module
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homomorphism that makes the following exact diagram commute.

0 0 0 0
0 —— U —— M? — s M? H 0
INg ONo Iz H
0 —— on,(U) —— My, — M}, H 0
0 MY, /o, (M) cok(n) 0
0 0

By the snake lemma, we find that M Jl\fo Jon,(M?') is isomorphic to cok(u) and therefore (by
Lemma 2.6) also that

KFitg(My, /on, (M")) = KFitg(cok(u)) = KFitq(My, ) — KFitq(M?).
We have now proved the equality (6.6) and thus completed the proof. O
In order to complete the proof of Theorem 6.4, we now require certain K-theoretical results.

LEMMA 6.11. The canonical map Ki(A)— Ko(R,A) is surjective, and the isomorphism in
Proposition 4.4 induces an isomorphism of abelian groups

Ko(R,A) =lim _ Ko(R,A/Z").

Proof. The composite map R C A — A/Z is an isomorphism of rings. From this fact, it is straight-
forward to verify that the group Ko(R,A/Z) is trivial. Since the canonical map Ko(R,A)—
Ko(R) factors through Ko(R,A/Z), it must be the zero map. The exactness of the localisation
sequence [Swa78, Theorem 15.5] then proves the first claim.

For each N € N, the canonical map Ko(R, A/Z"N) — Ko(R) also factors through Ko(R, A/Z),
so the same argument proves that the canonical map Ki(A/Z) — Ko(R, A/ZN) is surjective.
We therefore have an exact sequence

Ki(R)— Ki(A) = Ko(R,A) —0
and, for each N, setting
Ki(R)y :=im(K1(R) = K1(A/ZN)),
also an exact sequence of finite abelian groups
0— Ki(R)y — K1(A/ZN) = Ko(R,A/ZN) = 0.

Now, the map K;(R) —lim K1(R)n is surjective. Therefore, the result follows from
applying the snake lemma to the following exact commutative diagram.

| | !

0 — lim  _ Ki(R)y — @NENKl(A/ZN) — lim_ Ko(R, AZNY — 0 O

We also require the next K-theoretic result, which will be proved in §6.2 below.
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PROPOSITION 6.12. The canonical map

Zrst—1

evi_y : Ko(R, A\) = Ko(R[Z™Y], R(Z)) =~ Ko(A[G], Fao|G])
is injective.
We next observe that there is a canonical commutative square as follows.

e

Kl (A) e K() (R, A)
ev,—1 J{ J,eV(tLl (67>
K1 (FoolG)) =2 Ko(A[G], FuolG))

For each V € N, we set

poon e o1 A®rME, 1-(Z®t)]
Y/(N)=lon]™" [A®RM}V;VM, 1—(Z®t)] € Ki(h).

By Lemma 6.10 and the commutativity of (6.7),
ev?  (Da(Y'(N))) = (8 o evy—1 ) (Y'(N)) = [M", A, M] + KFit(M?).

In particular, Proposition 6.12 implies that the preimage Y :=8g(Y’(N)) € Ko(R, A) of the
right-hand side under evg_1 is independent of N € N.

Now, Corollary 5.6 combines with the commutativity of (6.7) to reduce the proof of the
equality in claim (ii) of Theorem 6.4 to proving that

a1+ 5| VM) =Y. (6.8)

In turn, by Lemma 6.11, the equality (6.8) will be valid if and only if its projection to
Ko(R,A/ZN) is valid for every N € N, if and only if its projection to Ko(R, A/Z") is valid for
every large enough N € N. We may thus fix Ng € N, large enough that Lemma 6.8 applies to
N = Ny, and proceed to verify that the projection to Ko(R, A/Z™°) of the equality (6.8) is valid.

Using now the equality Y = 5@(}/’ (Np)) and the commutativity of the following square, it
suffices to show that the image of Y’(Ng) in K1(A/ZN0) is equal to [1 + ®x | VM, .

Ki(d)  —%4 Ky(R,A)

! |

Ki(A/ZNo) —— Ko(R, A/ZN)
But, by choice of oy, the image in K1(A/ZN°) of [Gy,] is trivial, and hence the image of
Y'(Ng) in K1(A/ZNe) is equal to
(MR )nos 1= (Z®1))]
(M, /M)n,, 1= (Z@t)]

The proof of Theorem 6.4 is now completed by simply applying Lemma 6.8 to N = Nj.

6.2 The proofs of Propositions 5.1 and 6.12

We are grateful to Oliver Braunling for his advice regarding the argument that we present in
this section.

893

https://doi.org/10.1017/S0010437X26103108 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103108

M. DE FRUTOS-FERNANDEZ, D. MACiAS CASTILLO AND D. MARTINEZ MARQUES

We set R:=F,[G], A:=R[Z], I1:= R[Z™!] and £:= R(Z)). By [SwaT78, Theorem 15.5] and
Lemma 6.11, we have the following exact commutative diagram of abelian groups.

Ki(R) —*— K;j(A) _9, Ko(R,A) —— 0

d | I
Ki(I) —2— Ki(£) —2— Ko(IL, £)
The claims of Propositions 5.1 and 6.12 are then equivalent to the following.

PROPOSITION 6.13. The maps § and ¢ are both injective.

In the rest of this section, we prove Proposition 6.13. At the outset, we fix notation for the
following canonical maps:

B :Ki(R)— Ki(R[Z]), 0:K\(R[Z])— K\(R[Z,Z7Y]), .:Ki(R[Z])— Ki(A),
0 :K\(l) = K1(R[Z,Z7")), X\:Ki(R[Z,Z7']) — K1(L).
We then observe the following relations:

a=10f, y=Xol, for=Aob. (6.9)

6.2.1. Before proving Proposition 6.13, we adapt several useful results from [Weil3].

The set S:={Z7|j >0} is a central, multiplicatively closed subset of non-zero divisors in
both of the rings R[Z] and A.

We write H(R[Z]), respectively H(A), for the category of R[Z]-modules, respectively
A-modules, that admit a finite resolution by finitely generated projective R[Z]-modules, respec-
tively A-modules. We then write Hg(R[Z]) and Hg(A) for their respective exact subcategories
comprising S-torsion modules. The following result extends the commutative square §or= Ao
from (6.9) to the Kop-groups of these categories.

PROPOSITION 6.14. There is a commutative diagram of abelian groups as follows, with exact
rows in which (g is bijective.

1 —— Ki(R]Z]) —— Ki(R[Z7Y, 7)) —“— Ko(Hs(R[Z)))

| b I

I —— K —— KL —%  Ko(Hs(A)

In particular, ¢ is injective, as claimed in Proposition 6.13.

Proof. We first claim that there is the following exact commutative diagram of abelian groups in
which {p and (; are induced by the scalar extension functor, which is exact by Proposition 6.15
below.

Ki(Hs(R[Z])) —— Ki(R[Z]) —%— Ki(R[Z7Y,2)) —— Ko(Hs(R[Z]))

cll Ll P lco
Ki(Hs(A) —"—= Ki(A) ——  Ki(£) —“  Ko(Hs(A)

After noting that the localisations S~'R[Z] and S™!A identify with R[Z~!, Z] and with L,
respectively, [Weil3, Theorem V.7.1] gives the exactness of both rows. The naturality of these
exact localisation sequences with respect to the scalar extension from R[Z] to A is implicitly
stated in [Weil3, Proposition V.7.5(2)], but we proceed to give a direct argument instead.
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To first consider the right-hand square, we use the explicit description of the connecting
homomorphisms p, v from [Weil3, Corollary I11.3.1.1]. Every element of K1(R[Z~!, Z]) may be
represented by a pair [R[Z 7!, Z]", s71 ®R[z) ¢, where s is an element of S and « is an injective
endomorphism of R[Z]" with the property that R[Z~!, Z] ® gz cok(c) vanishes. One then has

(Coom)([R[Z™, 2", 7! @iz a]) = Co([cok(a)] - [R[Z]/sR[Z]] ")
= [A ®Rz) cok(a)] - [A ®r(z (R[Z]/sR[Z])] "
= [cok(A ®@R(z] a)] - [A/sA]T"
=v([L" s ' @a (A @Rz @)])
= (o N([R[Z ™, Z]",s™! @piz al).

To next consider the left-hand square, we write P(R[Z]), respectively P(A), for the category
of finitely generated, projective R[Z]-modules, respectively A-modules. Then the canonical maps
n and k decompose as 17 =1, Loy and k= Iil_l o kg, where 11, 12, K1, k2 are respectively induced
by the inclusions of categories P(R[Z]) — H(R[Z]), Hs(R[Z]) — H(R[Z]), P(A) — H(A) and
Hg(A) — H(A) (see the proof of [Weil3, Lemma V.7.4]). In these decompositions we have also
used the fact that 7 and k; are bijective, by [Weil3, Theorem V.3.2]. Using also the fact that the
scalar extension functor H(R[Z]) — H(A) is exact by Lemma 6.16, and thus induces a map ¢’
on Ki-groups, the definition of the maps 71, 12, K1, k2 implies the commutativity of the following
diagram.

K1(Hs(R[Z])) —"— Ki(H(R[Z])) +—— Ki(R[Z])

(| le |

Ki(Hs(A)) —2— Kij(H(A) +2— Ki(A)

The commutativity ko (3 = 51_1 okgo(1= /@1_1 of'omy=1o0 771_1 ong=tomn of the left-hand
square thus follows from that of the last displayed diagram.

We next observe that (y and (; are bijective, by Proposition 6.15 below.

We finally observe that 6 is injective by [Weil3, Corollary 111.3.5.5]. It only remains to show
that 0 is also injective. But n must be the trivial map and k =ctono g“l_l, so k must also be the
trivial map, hence ker(d) =im(x) =1, as required. O

ProproSITION 6.15. The scalar extension functor is an exact equivalence of categories
Hs(R[Z]) — Hs(A), whose inverse is the forgetful functor.

Proof. Exactness follows from Lemma 6.16 below. Equivalence is a special case of the general
result [Weil3, Proposition V.7.5(1)] but, for the sake of clarity and simplicity, we sketch here a
more direct and explicit proof instead. We implicitly use Lemma 2.2(i) for both S =1IF,[Z] and
S=F,[Z].

Since we only consider S-torsion modules, the inverse of the scalar extension functor is the
forgetful functor, provided that it is a well-defined functor Hg(A) — Hs(R[Z]). We fix an object
M of Hg(A) and show that M also belongs to Hg(R|[Z]).

Now, M is necessarily finitely generated over R[Z]. The existence of a finite resolution by
finitely generated projective A-modules also implies that M is G-c.t.

We now fix a short exact sequence of finitely generated R[Z]-modules

O—-KK—-P—M-—=0

in which P is projective. Since both M and P are G-c.t., so must be K.
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Since Fy[Z] is a principal ideal domain, K is also [F,[Z]-projective, so K must be R[Z]-
projective. This proves that M belongs to Hg(R[Z]), as required. (In fact, picking the projective
resolution of Lemma 2.3, with Z for ¢, gives a direct proof.) O

LEMMA 6.16. A is a flat R[Z]-module.

Proof. By the equivalence of parts (i) and (iv) in [GR71, Exposé IV, §5, p. 98, Theorem 5.6], it
suffices to fix n € N and show that A ®g(z) (R[Z]/Z"R[Z]) is a flat R[Z]/Z" R[Z]-module.
We consider the following commutative diagram of R[Z]-modules with exact rows.

0 — Z"R[Z] —> R[Z] —> R[Z]/(Z™R|Z]) — 0
5| | s
0 — AN — A — AN/ (Z"A) — 0

3 3 I

A®piz) (Z"R[Z]) — A©piz RIZ] — A®giz (R[Z]/(Z"R[Z])) — 0

We claim that both f3 and g3 are bijective, which implies that A ®g(z) (R[Z]/Z"R[Z]) is a free
R[Z]/Z" R|Z]-module of rank one, and in particular flat.

Our claim follows from the snake lemma after observing that g is surjective, that go is
bijective, that fo is injective and that the map

cok(f1) = (2"A)/(Z2" R[Z]) — A/ R[Z] = cok(f2)
induced by Z"A C A is bijective. O

We finally state [Weil3, Theorem III.3.6], translated to our multiplicative notation.
PRrOPOSITION 6.17. The following sequence is exact:

1— Ki(R) MIQ(H) © K1(R[Z])

Here, (8//0)(y, w) :=0'(y) - O(w)~ L.

U0, g (R[Z7Y, 7).

6.2.2.  To complete the proof of Proposition 6.13, we finally prove that € is injective. We
fix p € ker(e) and, using Lemma 6.11, we fix x € K1(A) such that 9(x) =p. Then 0=¢(p) =
g(0(z)) =0(d(x)), and we also fix y € K;(II) such that v(y) = (z).

LEMMA 6.18.
(i) In the notation of Proposition 6.17, there is w € K1 (R[Z]) with (y, w) € ker(6'/0).
(ii) For w as in claim (i), one has ((w) = x.
Proof. By Proposition 6.14, we have
(0 (1)) = G ' (Go(u(®'))) = G (WA (W) = ¢ (v (v()) = Co_i(l/(5($)))
=¢o (0)=0.

In the third equality, we have used the second equality from (6.9). Thus, using Proposition 6.14
again, there is w € K;(R[Z]) such that 0(w) =60'(y), i.e. (y, w) € ker(6'/6).

For w as in claim (i), we compute

§(z - 1(w) ™) =d(x) - 8(u(w) ™ =(y) - AO(w) T =7(y) - A () T =(y) ()T =1
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In the second, respectively fourth, equality, we have used the third, respectively second, equality
n (6.9). Since ¢ is injective by Proposition 6.14, we now deduce that ((w) = z. O

We are ready to combine Lemma 6.18 with Proposition 6.17 in order to finally show that p
is trivial. Indeed, there is z € K7 (R) such that 8'(z) = w with «(w) =2 (and S(z) =y). But then

p=0(x) =0(1(w)) = A(u(F'(2)) = Da(2)) = 0.
In the fourth equality we have used the first equality from (6.9).

6.3 A finitely generated representative of the complex of units
In this section we prove that the complex ng’K/k belongs to the category DP(A[G], Fx), as
claimed in Theorem 2.17. To do so we assume given a fixed taming module M for K /k.

In the process we obtain a representative of C’é/"K Ik that is more amenable to the computation,

in §6.4, of the refined Euler characteristic of (Cyyt. e )\g/(fg/lk)

THEOREM 6.19. Fix A[G]-modules M' and M? as in Theorem 6.4(i). Fix a pull-back square
of A|G]-modules as follows, in which P? is finitely generated and free, 3 is surjective and exp}E
denotes the restriction of expy to M*.

pt —4, p?
al lg (6.10)
M? Cx—p}% M?
Then P! is locally free of finite rank and the complex
Pt p2g g,

with the first term in degree one, is isomorphic in D(A[G]) to C¥Y s+ In particular, cxte Ik
belongs to DP°(A[G], Fx), as claimed in Theorem 2.17.

Proof. We first observe that the sequence

0 Pt %, p2g gt P70, 2 g (6.11)

is exact. Indeed, it is exact at the first two terms by [HS97, Lemma II1.1.1], and exact at M?
because 3 is assumed to be surjective, and 8(7) = (8 — expL)(r, 0) for all 7 € P2

We next recall that M, P? (by Lemma 2.2(i)) and M? (by exactness of the second row of the
diagram in Theorem 6.4) are G-c.t. By the exactness of (6.11), P! is G-c.t., and also A-free of
finite rank. Thus, P! is finitely generated over A[G], and A[G]-projective by Lemma 2.2(i).

In fact, P! is locally free by Swan’s theorem (Lemma 2.2(iii)) because (6.11) induces an
isomorphism Px2 (P2 & M)z, and P? and M" are locally free.

We next set U:=expy'(E(M)) and H:= H(E/M) and we note that the fixed pull-back

square (6.10) induces an exact commutative diagram of the following form.
d

0 U P! P? H 0
—_— [ (612)
0 U Mt EPEy 2 H 0

We write D*® for the complex of A[G]-modules
Koo =2 E(Koo) [ E(M),
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M* for the complex M!' —=5 M? and P* for the complex P! 4, P2, in all cases with the first
term placed in degree one.
Then, since

U7 ]:17
H/(D*)=(H, j=2,
0, Jj#1,2

these three complexes give rise to respective classes vpe, yase and yp. in the Yoneda Ext-group
Ext% g (H, U), with yare = ype via (6.12).

To complete the proof of the theorem, after recalling Remark 2.16, it only remains to show
that D®*= P® in D(A[G]). But, in order to prove that, in fact, D®* = M*® = P*, it is enough to
prove that vpe =ypre = ype or, equivalently, that ype = yase.

For this we use the following canonical commutative triangle of abelian groups and denote
by €, respectively €, the class in Exti[G} (H, M'/U), respectively Extz[G] (H, K+ /U), of the first,
respectively second, column of the diagram in Theorem 6.4.

Ext? o (H, U)

Ext . (H, M'/U) L Bxty o (H, Koo /U)

Then, the left-hand square of the diagram in Theorem 6.4 is a push-out diagram by
Lemma 6.21 below, which implies that t(e) = €. It follows that

Yoo = 08'(€) = &'(u(€)) = 6(e) = e,

where the first and last equalities follow, for example, from the general description of connecting
homomorphisms given in [BF98, Lemma 3]. O

Remark 6.20. The proof of Theorem 6.19 uses that M! is locally free, but does not require
it to be free. Thus, by Remark 2.12, it remains valid for any projective A[G]-lattice M! as in
Theorem 6.4(i) and associated A[G]-module M?.

LEMMA 6.21. The left-hand square of the diagram in Theorem 6.4 is a push-out.

Proof. This follows from the dual statement to [HS97, Lemma II1.1.3], which is left as Exercise
I11.1.3 and used throughout [HS97], but not stated explicitly. To give a more direct argument, we
write 11 : MY /U — Koo/U, to: MY /U — M?, 13: M? = Vg, m1: Koo /U = Koo /M and 73: Vg —
Koo /M?" for the corresponding arrows in the diagram. Then, by the dual statement to [HS97,
Lemma III.1.1}, or by Exercise 11.9.2.(ii) in [HS97], the relevant square is a push-out diagram if
and only if the sequence

(MUY 2 (g Uy e M2 EPET R Y, g

is exact. We proceed to prove this exactness claim.

Clearly, im((¢1,t2)) Cker(expp — t3). For the converse, assume that expp (k) =t3(m). Then
71(k) =m3(13(m)) =0, so there is € M /U with ¢1(u) = k. Since then t3(12(p)) = expp(k) =
t3(m) and ¢3 is injective, we also have 1o(p) =m, as required.

It remains to show that expy — 3 is surjective. Let v € Vg and fix k € K /U such that m (k) =
73(v). Then 73(expg (k) — v) =m1 (k) — 71 (k) =0, so there is m € M? with 13(m) = expg(k) — v,
which means that v =expg(k) — t3(m), as required. O
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6.4 Completion of the proof of Theorem 2.17

We fix a pull-back square (6.10) as in Theorem 6.19. By this result and Definition 2.9,
Xg(CéVfK e )‘/E\41;/11c) is equal to —[P!,~, P? ® M], where v denotes the composite isomorphism
of Foo|GJ-modules

P]l-"oo (d,0) 7o P_%m @M}-‘m idepA P}-‘m @M]-'m~

By Theorem 6.4(ii), it is therefore enough to show that
[P',~, P2 & M| = [M*, X\, M] + KFite(M?)

or, equivalently, that
[P, (d,a)r_, P> ® M"'] = KFitg(M?). (6.13)

The latter equality is, in turn, a direct consequence of Lemma 6.3, applied to the short exact
sequence of A[G]-modules (6.11). This completes the proof of Theorem 2.17.

7. The proof of Theorem 3.15

In this section we fix a finite Galois extension K /k with the property that G = Gal(K/k) admits
a decomposition of the form (3.1) (i.e. £ does not divide the order of the commutator subgroup
of G).

We then fix a Drinfeld module E/Oj and a taming module M for K/k. We set U:=
expy' (E(M)) and H := H(E/M).

Since H naturally surjects onto H(E/Of), the final claim of Theorem 3.15 follows directly
upon combining the first claim with [JN13, Theorem 2.2(ii) and (iii)].

We now fix a projective A[G]-lattice M as in Theorem 6.4(i), as well as a corresponding
A[G]-module M? and, by abuse of notation, we again identify A = )\g’}K /i, With the isomorphism

ML =Uz, 25 Mx_.
Now, since M? surjects onto H, and by applying [JN13, Theorem 2.2(iii)], the proof of the
first claim of Theorem 3.15 is reduced to showing that
Z(A[G)) {05k, - R(w) | ¢ € Hom qi (M, M)} = Fit g5 (M), (7.1)

where the left-hand side denotes the Z(A[G])-submodule of Z(F[G]) generated by the given
subset, and we have put
R(¢) :=Nrdz_g) (Y7, 0 A™). (7.2)

We also note in passing that the equality (7.1), in combination with [JN13, Theorem 2.2(v)],
justifies the claim made in Remark 3.17.

In order to now verify the equality (7.1), since non-commutative Fitting ideals commute with
localisation (by [JN13, Theorem 2.2(vii)]), it is enough to show that, for every maximal ideal P
of A, one has

Z(Ap)|G]) - {eg/,tK/k - R(y) | € Homy . (61 (A(py @4 M, A(py @4 M)}
:FitA(P)[G](A(p) XA M2), (7.3)

where the left-hand side denotes the Z(Ap)[G])-submodule of Z(F[G]) generated by the given
subset, and with R(v) defined exactly as in (7.2).

We thus fix a maximal ideal P of A, set Bp := A(p)[G] and, for every A[G]-module M, also
Mp := A(py®a M. We now proceed to verify the equality (7.3).
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By Remark 2.12, the A[G]-modules M and M are both locally free of rank equal to [k : F].
We thus may and do fix an isomorphism ¢: M} = Mp and observe that for any 1 as in (7.3),
the difference

R(¥) - R(¢)™" =Nrdz_a)((¥ 0 ¢™")£.) =Nrds, (Y067
belongs to Z(Bp). To verify (7.3), it therefore suffices to prove that
Z(Bp) - 05 p - R(9) = Fitss . (MB). (7.4)

We fix a pull-back square (6.10) as in Theorem 6.19 and abbreviate the map (d, «) in the
sequence (6.11) to h. We use the following canonical commutative triangle of abelian groups.

K1(F[G]) - Ko(Bp, FolG))
Then Theorem 2.17, via Theorem 6.4(ii) and the equality (6.13), implies that
3G7p([h]:w]) = LP(KFit(;(MQ))
= 96,p(O%' /i) — [Mp, A, Mp]
= 0a,P(O5' /1) + [Mp, X1, Mp] + [Mp, éx.., Mp]
= 0a.p(O% ki) + [Mp, b 0 A1, Mp]
= aG,P(@g}K/k [Br. 0 )\_1])-
Now, since
Nrdz_(q(ker(dg,p)) = Nrdzr_(g(im(K1(Bp))) = Nrds, (K1(Bp)) = Z(Bp)”~,
with the last equality by Lemma 3.8, we deduce the required equality (7.4) because
Z(Bp) Oy R(6)=Z2(Bp) - Nedr_(g)([hz.]) =Fites, (Mp).

Here, the last equality holds by [JN13, Proposition 3.4].
This completes the proof of Theorem 3.15.
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