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Abstract. In this paper, a switch function-based gas-kinetic scheme (SF-GKS) is pre-
sented for the simulation of inviscid and viscous compressible flows. With the finite
volume discretization, Euler and Navier-Stokes equations are solved and the SF-GKS
is applied to evaluate the inviscid flux at cell interface. The viscous flux is obtained by
the conventional smooth function approximation. Unlike the traditional gas-kinetic
scheme in the calculation of inviscid flux such as Kinetic Flux Vector Splitting (KFVS),
the numerical dissipation is controlled with a switch function in the present scheme.
That is, the numerical dissipation is only introduced in the region around strong shock
waves. As a consequence, the present SF-GKS can well capture strong shock waves
and thin boundary layers simultaneously. The present SF-GKS is firstly validated by
its application to the inviscid flow problems, including 1-D Euler shock tube, regular
shock reflection and double Mach reflection. Then, SF-GKS is extended to solve vis-
cous transonic and hypersonic flow problems. Good agreement between the present
results and those in the literature verifies the accuracy and robustness of SF-GKS.

AMS subject classifications: 20B40
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1 Introduction

In the last few decades, the gas-kinetic scheme has been developed systematically and
applied in a wide range of flow problems. This approach enjoys a number of advan-
tages, such as robustness, positivity-preserving and satisfying the entropy condition. In
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addition, the ”carbuncle phenomenon” can also be avoided in the hypersonic flow sim-
ulation, which is quite attractive as compared with conventional Riemann solvers. The
gas-kinetic scheme is based on the Boltzmann equation, in which a single gas distribution
function is used to describe the entire fluid state. However, due to high dimensionality
and complicated collision term, it seems impractical to solve the Boltzmann equation di-
rectly except for the simplest problem [1]. On the other hand, the Euler and Navier-Stokes
equations are accurate enough in the continuum regime. In fact, the Euler and Navier-
Stokes equations can be derived from Boltzmann equation with the Chapman-Enskog
expansion analysis. It may be a good choice to combine the Euler/Navier-Stokes solver
with the gas-kinetic scheme. That is, with the finite volume discretization, the Euler and
Navier-Stokes equations are solved at cell centers and the gas-kinetic scheme is applied
to evaluate the numerical flux at cell interfaces.

An early example of gas-kinetic scheme can be referred to the equilibrium flux method
(EFM), which was proposed by Pullin [2] for inviscid flows. Mandal and Deshpande [3]
pioneered the work of kinetic flux-vector splitting (KFVS) to solve the Euler equations.
Furthermore, Chou and Baganoff [4] extended the KFVS scheme for the Navier-Stokes
equations. The KFVS has been demonstrated with good positivity property for sim-
ulation of flows with strong shock waves [5]. However, as these methods are based
on collisionless Boltzmann equation, they usually produce a large numerical viscosity
and heat conduction because the numerical dissipation of KFVS is proportional to the
mesh size [6]. As a way to reduce the numerical dissipation, Xu [7] proposed the Totally
Thermalized Transport (TTT) scheme, where particle collisions are introduced instanta-
neously in the evaluation of numerical flux at cell interface. The TTT scheme can resolve
a boundary layer accurately, but it suffers from oscillations in the region of discontinu-
ity due to insufficient numerical dissipation. It seems that all the above methods cannot
capture both the strong shock wave and thin boundary layer at the same time. One of the
significant developments in gas-kinetic schemes is the gas-kinetic BGK scheme, which
was proposed by Prendergast and Xu [8], Chae et al. [9], Xu [10] and other researchers.
In the gas-kinetic BGK scheme, the particle collision effect is taken into consideration in
the gas evolution stage and a BGK collision model [11] is applied in the flux evaluation.
As a consequence, the dissipation is controlled by the real collision time rather than by
the time step. In contrast to conventional upwind schemes, the gas-kinetic BGK scheme
computes the inviscid and viscous fluxes simultaneously from the solution of Boltzmann
equation with collision term. Numerical results show that this scheme can provide ac-
curate and stable solutions for both inviscid and viscous flow problems [12-20]. How-
ever, the gas-kinetic BGK scheme is not completely free from drawbacks. It is usually
more complicated and inefficient than conventional CFD schemes. The wish to develop
a simple and efficient gas-kinetic scheme to capture both the strong shock wave and thin
boundary layer simultaneously motivates the present work.

In the gas-kinetic scheme, the gas distribution function can be expressed as f = f*1+
"1, where f¢1 is the equilibrium distribution function and f"*7 is the non-equilibrium
distribution function. According to Chapman-Enskog analysis, it is known that the equi-
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librium part f*7 contributes to the inviscid flux and the non-equilibrium part "7 con-
tributes to the viscous flux. As a result, for the evaluation of inviscid flux, only the
equilibrium distribution function is needed. This kind of method can resolve a boundary
layer accurately, but it will become unstable in the region of discontinuity, such as around
the shock wave. Therefore, the non-equilibrium part of distribution function should be
added to introduce numerical dissipation, which is very helpful to capture the strong
shock wave. One of the examples is the KFVS scheme. However, owing to the large
numerical dissipation introduced in the KFVS scheme, the results might be polluted in
the smooth region. From this process, it can be concluded that the numerical dissipation
should only be introduced in the region around strong shock waves to get a stable and
accurate solution. In this work, the numerical dissipation is controlled by a switch func-
tion. That is, in the smooth region such as in the boundary layer, the switch function ap-
proaches to zero, implying that a little numerical dissipation is introduced. On the other
hand, in the region of discontinuity such as strong shock waves, it tends to one, indicating
that a large numerical dissipation is introduced. The above feature shows the major ad-
vantage of the present switch function-based gas-kinetic scheme (SF-GKS) as the strong
shock wave and thin boundary layer can be well captured simultaneously with the in-
troduction of the switch function. Another advantage is that the value of switch function
can be easily determined, which makes this method efficient and easy to be implemented.
To validate the present scheme, some inviscid flows such as 1-D Euler shock tube, regu-
lar shock reflection and double Mach reflection are simulated first. Then, the scheme is
extended to simulate viscous flows. To solve Navier-Stokes equations, the inviscid flux
is calculated by the SF-GKS and the viscous flux is computed by the smooth function
approximation. The viscous flow problems such as compressible turbulent flows around
RAE2822 airfoil and hypersonic flows over a half cylinder are simulated. Numerical re-
sults show that the SF-GKS can well capture both the thin boundary layer and strong
shock wave.

2 Methodology

2.1 Governing equations discretized by finite volume method

For an inviscid flow, Euler equations are commonly used in conventional computational
fluid dynamics. On the other hand, Navier-Stokes equations are usually used to simulate
viscous flows. Generally, with the finite volume discretization, the discretized form of
2-D Navier-Stokes equations can be written as

daw 1 Y
WvLﬁi:El(FC—FU)iSi—O, (2.1)

where, () and N are the volume and number of interfaces of the control volume and S;
is the length of interface i. The conservative variables W, convective flux F. and viscous
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flux F, are given by

0 pUy, 0

ol eUU,+nyp Ty Ty + 1y Ty

V" T [ pVUntnyp T T ma Tyt iy Ty 22)
pE (pE+p)U, 1Oy +1n,0,

In the above equation, p, U, V and p are the density, velocities and pressure of the mean
flow. E is the total energy defined as

po o p 1

(y=1p 2
where 7 is the specific heat ratio. (n x,ny) is the unit normal vector of the control surface
and U, is the normal velocity of the cell interface. In the viscous flux F,, Tij denotes
the components of viscous stress tensor and ©; is energy flux contributed by the viscous
stress and the heat transfer. The formulations and detailed implementation of 7;j and ©;
will be introduced in Subsection 2.3.

As shown in Eq. (2.1), with the conservative variables at cell center, we need to eval-
uate numerical fluxes at cell interfaces. For inviscid flow problems, the viscous flux F,
is abandoned and only the inviscid flux F, is to be evaluated. Therefore, the governing
equations become the Euler equations

(U*+Vv?), (2.3)

Aiw 1 X
—+ =Y (F,);S;=0. (2.4)
dt Q&=

1
While for the viscous flow problem, the viscous flux F, is usually approximated by a
smooth function, such as polynomial approximation. Therefore, for both inviscid and
viscous flows, the remaining problem is the evaluation of inviscid flux F. at cell inter-
face, which is computed by the gas-kinetic scheme in this work. As shown in Fig. 1,
the relationship between velocities in the normal and tangential directions (U,,U.) and
velocities in the Cartesian coordinate system (U, V) are

U,=U-ny+V-ny, Ur=V-ny—U-ny. (2.5)

In the application of gas-kinetic scheme, the flux F, at cell interface is calculated by the
local application of Boltzmann equation, which can be expressed as [17]

F.— / U a fAE, 2.6)

where u,, is the phase velocity in the normal direction of the interface, f is the particle
distribution function, 4= = dudvd( is the volume element in the phase space, ¢, is the
moment given as

:(1 U, v 1(u2+v2+§2))T 2.7)
(sz 7 7 Yy 2 7 .

https://doi.org/10.4208/aamm.2015.m1071 Published online by Cambridge University Press


https://doi.org/10.4208/aamm.2015.m1071

Y. Sun, C. Shu, L. M. Yang and C. J. Teo / Adv. Appl. Math. Mech., 8 (2016), pp. 703-721 707

Figure 1: Schematic of velocity transformation at cell interface.

in which (u,v) are the phase velocities of particle in the Cartesian coordinate system and
¢ is the internal energy.

Similar to Eq. (2.5), the relationship between the phase velocities in the normal and
tangential directions (u,,1-) and the phase velocities in the Cartesian coordinate system
(u,v) are

Up=UNx+0V Ny, Ur=0V-Ny—U-Ny, (2.8)
and
U=Up Ny—Ur-Ny, V=Ug Ny+Uy-Ny. (2.9)

Substituting Eq. (2.9) into Eq. (2.7), we have

T

Pu= (1,un Ty — U My, U T+ Uy -ny,% (u? -I-u%-l-cjz)) . (2.10)
With the definition of a new moment
gL (1,un,ur,;(u,21+u%+(32))T (211)
and its corresponding convective flux vector
Fi= [uagifd2=(F F B ED', (2.12)

the real convective flux vector F. can be obtained by substituting Eq. (2.10) into Eq. (2.6)
and using Eq. (2.12)

F.— / o fAS = (F}, Finy—Finy, Fing+Einy, i)', (2.13)
From Eq. (2.13), it is clear that the calculation of F, is equivalent to the evaluation of F;}
and the key issue is to obtain the gas distribution function f. In the next part, a switch

function-based gas-kinetic scheme (SF-GKS) will be introduced to evaluate the gas distri-
bution function f, which can capture both strong shock waves and thin boundary layers.
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2.2 Evaluation of inviscid flux by switch function-based gas-kinetic scheme

2.2.1 Boltzmann equation and 5 conservation forms of moments to recover Euler
equations

Without the external forcing term, The Boltzmann equation with Bhatnagar-Gross-Krook
(BGK) model can be written as
of , Of  of  f-¢g

where f is the particle distribution function and g is the equilibrium particle distribution
function. T is the collision time, which is determined by dynamic viscosity and pressure.
The right side of the equation is the collision term which alters the distribution function
from f to ¢ within a collision time scale 7. Both f and g are functions of space (x,y),
time (t), particle velocity (u,v) and internal energy ¢. The internal degree of freedom K
in ¢ is determined by the space dimension and the specific heat ratio with the relation
K+D=2/(y—1), where D is the abbreviation of the dimension. The equilibrium state g
of Maxwellian distribution function is

K+2

(M A eu) v
g—p(;) e~ M=) +(=V)"+¢5) (2.15)
Here A=m/2kT =1/2RT, where m is the molecular mass, k is the Boltzmann constant, R
is the gas constant and T is the temperature. In the equilibrium state, the internal energy
is 2 =343+

With the above Maxwellian distribution function, to recover Euler equations by
Eq. (2.14) through Chapman-Enskog expansion analysis, the following 5 conservation
forms of moments should be satisfied,

/ gd==p, (2.16a)

/ QuadE=pUL, (2.16b)
K

/ 8 (nata+ Y22 ) 42 =p(U U, +DRT), (2.160)
=1

/guaul;dE:puaUﬁ—i—péaﬁ, (2.16d)
K

/g(uau,x—kZC]z) uﬁdE:p[UaUaJr(b—kZ)RT] Ug, (2.16e)
=1

where u,, ug and U,, Uﬁ are the phase velocity and macroscopic flow velocity in «
and B direction. b= K+ D represents the total degree of freedom of molecules. 4= =
dudugdl1dgs---dlk is the volume element in the phase space. The integral domains in

https://doi.org/10.4208/aamm.2015.m1071 Published online by Cambridge University Press


https://doi.org/10.4208/aamm.2015.m1071

Y. Sun, C. Shu, L. M. Yang and C. J. Teo / Adv. Appl. Math. Mech., 8 (2016), pp. 703-721 709

all the above equations are from —oco to +-co. In the above 5 equations, Egs. (2.16a)-(2.16c)
are applied to recover fluid density, momentum and energy, respectively. On the other
hand, Egs. (2.16d) and (2.16e) are to recover the convective flux of momentum equations
and energy equation.

2.2.2 A switch function-based gas-kinetic scheme

In the above subsection, 5 conservation forms to recover the Euler equations are pre-
sented in the Cartesian coordinate system. As the convective flux is evaluated at the local
interface, a local coordinate system is used in the following derivation of distribution
function f. With Chapman-Enskog analysis, the non-equilibrium distribution function
can be approximated as

fﬂeqz—r<§t+u-v) 4, 2.17)
where the equilibrium distribution function is

fii=g. (2.18)

Therefore, the real distribution function in the local Boltzmann equation becomes

og 98, 98

_ feq neq _ 5 __ S e} hte)

f=f1+f"=g T<8t+u"8n+urar>' (2.19)
By applying the Taylor series expansion in time and physical space, the above equation
can be simplified to

£(0,0,t+6t) =g(0,0,t+6t) — % [2(0,0,t+6t) — g(—undt, —u<bt,1)], (2.20)
where f(0,0,t+0t) is the gas distribution function at the interface, and g(0,0,t+4t) and
Q(—undt,—u.dt,t) are the equilibrium distribution functions at cell interface and its sur-
rounding points, respectively. ¢t is the streaming time step. Here, 7/4t can be viewed
as the dimensionless collision time. For the evaluation of inviscid flux, g(—u,0t, —udt,t)
can be taken as a piecewise constant function around cell interface

Q(—undt,—udt,t)= {gl’ tn >0, (2.21)

grr Un <0,
where g; and g, stand for the equilibrium distribution functions at the left and right sides
of cell interface, respectively.

According to the Chapman-Enskog analysis, the equilibrium part /7 of the distribu-
tion function in Eq. (2.20) contributes to the inviscid flux. On the other hand, the non-
equilibrium part f*7 contributes to the viscous flux. As the SF-GKS is merely used to
evaluate the inviscid flux, only the equilibrium part is needed:

£(0,0,t+6t) =g(0,0,t+5t). (2.22)
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In Eq. (2.22), no numerical dissipation is introduced. Therefore, this scheme can cap-
ture the thin boundary layer accurately. However, in the region of discontinuity, such as
around strong shock waves, this scheme will be unstable and sometimes diverge because
of no numerical dissipation.

Another approach is to include the non-equilibrium part f"*7 in the distribution func-
tion to introduce the numerical dissipation. By setting 7/t =1, Eq. (2.20) becomes

£(0,0,t46t) = g(—undt,—u-dt,t). (2.23)

In fact, Eq. (2.23) is based on the collisionless Boltzmann equation and the numerical dis-
sipation is proportional to the mesh size [6]. It is known that a large numerical dissipation
is introduced in this scheme. Therefore, Eq. (2.23) performs stably and can well simulate
hypersonic inviscid flows. Nevertheless, owing to the large dissipation introduced, the
results will easily get smeared in the smooth region, such as in thin boundary layers.

In the conventional gas-kinetic scheme [6], the distribution function is

£(0,0,t46t)=g(0,0,t+6t) —1[g(0,0,t+6t) — g(—u, 0, —udt,t)]
=(1-7)-g(0,0,t+6t)+1-g(—u,ot,—udt,t), (2.24)

where 7 is a constant with 7 € [0,1]. Obviously, Eq. (2.24) is exactly the same as Eq. (2.20)
if we denote 7 =1/4t. In Eq. (2.24), the constant 77 controls the numerical dissipation.
To be more specific, when # =0, Eq. (2.24) is the same as Eq. (2.22), in which there is no
numerical dissipation. When # =1, the distribution function becomes Eq. (2.23), where
a large numerical dissipation is introduced. In the practical application, # is usually
taken as a constant in the whole domain, such as 7 =0.5. However, the introduction
of constant 7 in Eq. (2.24) means that the numerical dissipation is added uniformly in the
regions of strong shock waves and thin boundary layers, which is not reasonable. The
above problem motivates the current work by introducing a switch function to control the
numerical dissipation. To be specific, in the region of thin boundary layer, the numerical
dissipation should not be introduced and # should be close to 0, while in the region of
discontinuity, large dissipation should be introduced to ensure the stable solution with
7 =1. In order to distinguish it from the constant 7, the switch function is denoted as 7+
with the definition of

+ —tann (cPL=PRIY 225
" =tanh (¢ (2.25)

where tanh(x) is the hyperbolic tangent function; C is the amplification factor and C=10
is used in the present work; p; and pr are the pressure at the left and right side of cell
interface. Therefore, the distribution function becomes

£(0,0,t+6t)=(1—1")-g(0,0,t+6t)+n" - g(—u,dt,—udtt). (2.26)

From the characteristics of the hyperbolic tangent function, it can be seen that # ranges
from 0 to 1. In the smooth region, the switch function 7" is close to 0 due to the small

https://doi.org/10.4208/aamm.2015.m1071 Published online by Cambridge University Press


https://doi.org/10.4208/aamm.2015.m1071

Y. Sun, C. Shu, L. M. Yang and C. J. Teo / Adv. Appl. Math. Mech., 8 (2016), pp. 703-721 711

pressure difference at two sides of cell interface and Eq. (2.26) approaches Eq. (2.22). In
the region of discontinuity, there will be a large difference of pressure at the two sides of
interface and Eq. (2.26) approaches Eq. (2.23).

From the above distribution function in Eq. (2.26), the numerical fluxes for the mass,
momentum and energy across the cell interface can be calculated by

Fi= [ g fd2
:(1—17+)-/unqozg(0,0,t—f—(St)dE—l—ifr-/unqozg(—unét,—urét,t)di (2.27)

In the above equation, the convective flux F; can be separated into two parts: the
flux contributed by g(0,0,t+0t), which is denoted as Fo and the flux contributed by
Q(—undt,—u-dt,t), which is denoted as F::k,1~ As a result, the total inviscid flux across cell
interface can be written as

F;=(1—y"%)-Fig+y*-F,. (2.28)

In Eq. (2.1), the governing equations are solved by the finite volume method, and con-
servative flow variables are defined at cell centers. With the conservative variables at
cell center, the conservative variables at the left and right sides of cell interface can be
obtained by interpolation. Then, the velocities in the Cartesian coordinate system should
be transferred to the velocities in the normal and tangential directions of the interface by
Eg. (2.5). In order to evaluate the flux F contributed by ¢(0,0,f+4t), the conservative
variables at the cell interface should be computed at first. By applying the compatibility
condition [ (§—f)¢idZ=0, the conservative variables at cell interface can be computed
as

/(paf (0,0,+0t)dE = /%g (0,0,£+0t)dE, (2.29)

where W is the vector of conservative variables at cell interface.
By substituting Eq. (2.26) into Eq. (2.29), we have

wg:/q);f 0,0,t+6t)dE
—/goag 0,0,¢ +6t)dE— 1" /qoag (0,0,£-+5¢) /qoag 10,0t~ et 1)dE] . (2.30)
Using Eq. (2.29), we can find the relation in Eq. (2.30) that
/ 0:9(0,0,t +6t)dE = / 02 ¢ (—indt, — 116t 1) dE. 2.31)

By substituting Eq. (2.21) and Eq. (2.31) into Eq. (2.29), we have

Wi= [ gis(-ut—uwotnaz=[ | gigass [ [ gigdz @32
u, >0
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Eq. (2.32) shows that the conservative variables on the interface can be constructed by
the flow variables at its left and right sides. In the above equation, the integral domains
for normal velocity u, and tangential velocity u, are different with the consideration of
a discontinuity around the interface. In the tangential direction, the integral domain is
always from —oo to +o00. However, in the normal direction, the integral domain is from
—oo to 0 on the right side and 0 to +co on the left side. The explicit expressions of W can

be given as
=011+ 0rar, (2.33a)
pUn=p;-bi+pr-br, (2.33b)
pUr=p1Uz - a1 +p, Uz ar, (2.33¢)
1 1
PE=3piler+ Uz + (b=1)RTy)-a]+5p/[e+(Uz,+(b—=1)RT,) /], (2.33d)
where

alzéerfc(—\/xlun,l), ar:%erfc(\/)TrUn,r), (2.34a)

1 3_)\1 u”/lz 1 e_)‘run,rz
b — . _ — b = . g —— 2 4:b
S IN T R IV v (2.340)
1 1
Cl:unll‘b[‘i—zi)\]'a[, Cr:Un,r-br—i—ﬁ-ar, (234C)
T

and ”-;” and ”-,” (”-” stands for any variable) denote the variable at the left and right side
of interface, respectively.

Once W} is obtained, the equilibrium distribution function g(0,0,t+Jt) can be con-
structed by Eq. (2.15) and correspondingly, the flux F;, can be evaluated as

Pl{ln
* * = Pun + p
- / ungig(00 4+ondz= | £ P . (2.35)
(PE+p) U
After the evaluation of flux Ff,o/ the flux Fj,l contributed by g(—u,0t,—u-dt,t) is calcu-

lated as
F;l:/ungo;ig(—unét,—ufét,t)dE:// un(p§g1d3+// Up@r8rdZ. (2.36)
u,>0 u, <0

Similarly, the explicit formulations of F; ; can also be given as

F:1(1)=p;-by+p,-by, (2.37a)
c1(2)=pr-ci+pr-cr, (2.37b)
c*,l (3)=piUz;-bi+p Uz by, (2.37¢)
N 1 1
c1(4) =5 pildi+ (UZ,+(b—1)RT;)-b]] +50rldr+ (U2,+(—1)RT,)-b,],  (2.37d)
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where ay, a;, by, by, c;, ¢, have been defined in Egs. (2.34a)-(2.34c) and 4, d, are

1 1
dlzun,l-cﬂr—-bl, dr:Un/r'Cr—f—f-br. (2.38)
Al Ay
Note that in the expressions (2.37a)-(2.37d), Fc*ll(m) means the mth component of the
vector F{ ;.

2.3 Evaluation of viscous flux by smooth function approximation

The convective flux F. in Eq. (2.1) has been obtained by the above switch function-based
gas-kinetic scheme and the Euler equations can be solved correspondingly. Nevertheless,
when solving the viscous flow problem, the evaluation of viscous flux is also necessary.
As has been presented in Eq. (2.2), the viscous flux can be written as

_ 0 -
Ny Tyx +My Tay
F,= Ny Tyx +1y Ty - (2.39)
Ny (uTxX+UTxy+Ka—T) +ny (uryx +vay+Ka—T)
L ox oy / |

Here, Tjj is the stress
. Ju; ou j 2 duy
=4y * 3 330, )
and y is the dynamic viscosity. x = jic,/PrRe is the thermal conductivity, where c, is the
heat capacity, Pr and Re are the Prandtl and Reynolds numbers.

Owing to the elliptic nature of the viscous flux, the viscous flux F, can be approxi-
mated by a smooth function. In FVM, the derivatives V¢ (¢ stands for u, v and T) at the
cell interface (i+1/2,j) can be approximated by the finite volume method with applica-
tion of Gauss theorem

1
Oiv1/2

Vi~ f onds. (2.40)
00112

As all the flow variables are defined at the cell center, a simple interpolation can be made

to obtain the values of flow variables at nodes and cell interface in the evaluation of

viscous flux.

3 Numerical examples

To validate the proposed switch function-based gas-kinetic scheme (SF-GKS), several nu-
merical cases are considered. At first, the inviscid compressible flows are tested, includ-
ing 1-D Euler shock tube, regular shock reflection and double Mach reflection. Further-
more, the SF-GKS is extended to solve viscous compressible flow problems, such as the
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turbulent flow around RAE2822 airfoil and hypersonic flow around a half of cylinder.
In the reconstruction stage to calculate the conservative variables at the two sides of cell
interface, the Van Leer limiter [21] and the Venkatakrishnan’s limiter [22] are adopted in
the inviscid and viscous test cases, respectively.

1-D Euler shock tube

The one dimensional Euler shock tube is a standard Riemann problem. In the tube,
there are two different initial constant states in the left and right parts. Three waves
emerge from the initial discontinuity, which are rarefaction wave, contact discontinuity
and shock wave. Two different Riemann problems are selected to test the performance of
current SF-GKS. The initial conditions of first test case are

pLzl.O, MLZO.O, pLzl.O,
or =0.125, ug =0.0, pr=0.1.

This is a mild test and the solution consists of a left rarefaction, a contact discontinuity
and a right shock wave [23]. Fig. 2 shows the solution profiles at time t =0.25, in which
the results of density, velocity and pressure are presented and well compared with exact
solutions.

Pressure

(a) (b) ()

Figure 2: Comparison of density, velocity and pressure with the exact solution at time t=0.25 of Test Case 1.

The other test is

pLZl-O/ ML:—Z.O, ].’)L:O.4,
pRzl.O, URr :2.0, PR =0.4.

The solution from the above initial condition consists of two strong rarefactions and a
trivial stationary contact discontinuity [23]. Therefore, this test case can be used to access
the performance of this solver in the low density problem. Similar to the first test case,
the results of density, velocity and pressure at time =0.15 are shown in Fig. 3. The exact
solution is also included for comparison.

From the above two tests, the results of SF-GKS match well with the the exact solu-
tions and show stable performance for the one dimensional shock tube problem.
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Figure 3: Comparison of density, velocity and pressure with the exact solution at time t=0.15 of Test Case 2.

Case 2: Regular shock reflection

To further validate the present scheme, the 2D regular shock reflection is tested. The
compuational domain is a rectangle of length 4 and height 1. A uniform mesh of 120 x 40
is used. The Dirichlet conditions are imposed on the left and top boundaries, which are

pLzl.O, ML:2.9, Z)L:0.0, pL:1/1.4,
pr=1.69997, ur =2.61934, vr =—0.50633, pr=1.52819.

The right boundary condition is supersonic outflow where extrapolation is applied. A
reflecting condition is applied along the bottom boundary. Fig. 4 shows the pressure
contour in which the shock wave is captured well. Fig. 5 presents the density profile at
the position of y =0.5. The exact solution [24] and the result obtained by Kinetic Flux
Vector Splitting (KFVS) are also included for comparison and good agreeement can be
found in these results. Furthermore, it can be seen that the present result is slightly better
than KFVS results because of less numerical dissipation introduced.

>0.5

—_ T
@ 0.5 1 1.5

Figure 4: Pressure contour of the shock reflection.

Case 3: Double Mach reflection

The test case of double Mach reflection is a hypersonic flow problem with a pressure
ratio of 116.5. Initially, a strong normal shock wave with Mach number 10 passes through
a 30° wedge. The computational domain is chosen to be a rectangle of 4 x 1 with a uniform
mesh of 480 x120. The detailed information about the boundary conditions of this test
can be found in [25]. Fig. 6 and Fig. 7 show the density and pressure contours at t =0.2
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Figure 5: Comparison of density profile for the shock reflection along the line y=0.5.

by the present scheme. The complex flow structures such as the main shock, the oblique
wave and the three-shock intersection are all well captured. As seen from the figures, the
present results are in good agreement with those of Woodward and Colella [25].

Case 4: Compressible turbulent flow around RAE2822 airfoil

The above 3 test cases are all inviscid flow problems and only the convective flux is
evaluated. This test case is the transonic flow around RAE2822 airfoil and the viscous flux
should also be calculated via the smooth function approximation. For this case, the free-
stream conditions are set according to the experimental Case 9 in [26], with Mach number
Mo =0.73, Reynolds number Re=6.5x 10° and the angle of attack a=2.79°. A 369 x 65 C-

=05 - ~—— po— 50F

3 0.

(a) (b)

¥
=)
o
L s e B
|
|

05 1 1.5 2 25 3

(a) (b)

Figure 7: Pressure contours of the double Mach reflection. (a) Present; (b) Woodward and Colella [25].
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Figure 9: Comparison of pressure distribution on the RAE2822 airfoil surface.

type grid is adopted in this test case. To take turbulent effects [27-29] into consideration,
the Spalart-Allmaras turbulent model is applied. Fig. 8 shows the Mach number contour
obtained by present scheme and the switch function contour around airfoil. It can be
seen from the figure that the switch function supplies sufficient dissipation around the
strong shock waves and approaches to 0 in the smooth region, which matches well with
the theory. The pressure coefficient distribution along the airfoil surface obtained by
present scheme is compared with the experimental data [26] and numerical results of
Roe scheme [30] in Fig. 9. These two numerical results are close to each other and both of
them match well with the experimental data [26].

Case 5: Hypersonic flow around a half of cylinder

To investigate the capability of present scheme for simulation of hypersonic flows
with strong shock waves, the hypersonic flow around a half of cylinder is simulated. The
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Figure 10: Contours of original switch function (a) and modified switch function (b) for hypersonic flow around
a half of circular cylinder.

inflow condition of this case is [31]
Me=8.03, Re=1.835x10°, T, =124.94K, T, =29444K.

In the current simulation, the computational mesh is 160 x 160, in which the cell Reynolds
number is chosen as Re.j; = pooUsAr/ fieo =1.835, where Ar is the mesh spacing of the
first cell in the normal direction adjacent to the cylinder surface. To accelerate the con-
vergence, the LU-SGS scheme [32] is applied to solve the governing equations.

At first, when the switch function is chosen as the way in Eq. (2.25), the heat flux
exhibits oscillations in the vicinity of stagnation point. This is probably because the nu-
merical dissipation introduced by the switch function in Eq. (2.25) is not sufficient in
hypersonic flows. It can be verified with Fig. 10 that the switch function values did not
approach 1 in the region around strong shock waves. In fact, the maximum value of the
switch function is around 0.84. To overcome this deficiency, a minor revision is made to
Eq. (2.25) for this hypersonic case. The new values of switch function are defined as

=max{n;, nt}, (3.1)

where 77;” and 773 are the maximum values of the switch function in the left and right
control cells, respectively. Accordingly, the inviscid flux in Eq. (2.28) should be changed
to

gt

F;=(1—y"")-Fio+y""F,. (3.2)

The contour of modified switch function is also displayed in Fig. 10. It is clear that the
modified switch function values are larger than the original ones in the vicinity of strong
shock waves.

The current results of pressure and temperature contours around the cylinder are pre-
sented in Fig. 11. It is clear that the ”carbuncle phenomenon” and post-shock oscillations
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Figure 11: Pressure (a) and temperature (b) contours of hypersonic flow around a half of cylinder.
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Figure 12: Pressure (a) and heat flux (b) distribution along the cylinderical surface.

are not appeared in the present results. Fig. 12 presents the normalized pressure and heat
flux distribution along the half of cylinder surface, where the pressure pg is pg =0.9209
and heat flux qg is g0 =0.003655. The experimental results [31] and numerical results of
Xu [15] are also displayed in the figure for comparison. Good agreements can be found
in Fig. 12, which verifies the capability of current SF-GKS in solving hypersonic flow
problems.

4 Conclusions

In this work, a switch function-based gas-kinetic scheme (SF-GKS) is developed for sim-
ulation of compressible inviscid and viscous flows. The governing equations are dis-
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cretized by the finite volume method and the present SF-GKS is applied to evaluate the
convective flux across cell interface. Unlike the traditional gas-kinetic scheme in the cal-
culation of inviscid flux such as Kinetic Flux Vector Splitting (KFVS), the numerical dis-
sipation is controlled with a switch function in the present scheme. In this way, it is
ensured that the numerical dissipation is only introduced in the region around strong
shock waves. Another advantage is that the SF-GKS can be easily extended to viscous
flow problems because the SF-GKS can well capture both strong shock waves and thin
boundary layers simultaneously.

Several numerical simulations are performed to examine the capability of the pro-
posed SF-GKS. At first, the inviscid compressible flows are tested, including 1-D Euler
shock tube, regular shock reflection and double Mach reflection. Furthermore, the SE-
GKS is extended to solve viscous compressible flow problems, such as the turbulent flow
around RAE2822 airfoil and hypersonic flow around a half of cylinder. Numerical results
are compared with the theoretical, experimental and/or numerical results in the litera-
ture. Good agreement in the comparisons well verifies the accuracy and robustness of
present scheme.
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