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EXPLICIT ZERO-FREE REGIONS FOR
DIRICHLET L-FUNCTIONS

HABIBA KADIRI
A mon pere

Abstract.  Let L(s, x) be the Dirichlet L-function associated to a non-principal
primitive character y modulo g with 3 < g < 400000. We prove a new explicit
zero-free region for L(s, x): L(s, x) does not vanish in the region PRes > 1 —
1/(R1log(g max(1, |Jms|))) with R = 5.60. This improves a result of McCurley
where 9.65 was shown to be an admissible value for R.

§1. Introduction. In this article, we establish an explicit zero-free region
for the Dirichlet L-functions associated to moduli for which the generalized
Riemann hypothesis (GRH) has been partially verified.

THEOREM 1.1. Let g be an integer with 3 < g < 400000 and x a non-
principal primitive character modulo q. Then the Dirichlet L-function L(s, )
does not vanish in the region:

1
~ 5.601log(g max(1, |[Jms|)’

Res > 1 (1.1)

This result improves the previous results of [13] (R = 6.436) and [19] (R =
9.646). The case g > 400 000 will be treated in a follow-up article. Theorem 1.1
uses ideas developed in [14] where it is proven that the Riemann zeta function
does not vanish in the region

1

Res > 1 —
*Z 7 57010g [Jms|

|Jms| > 2. (1.2)

This improved the long-standing results of Stechkin [27] and Rosser and
Schoenfeld [26] (they proved that a value just under 9.65 was admissible). Since
then, the method of [14] to prove (1.2) has been refined and 5.70 has been
reduced to 5.68371 in [12] and to 5.573412 in [21].

Explicit zero-free regions for L-functions are useful to establish explicit
results about the primes. For instance, (1.2) was used to obtain estimates for finite
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sums or products over the primes, locating primes in short intervals, applications
to Diophantine problems, etc. (see [4, 6-8, 17, 23, 29]). Recently, Theorem 1.1
has already been applied to obtain new explicit bounds for ¥ (x; ¢, a) in [3, 16]
(these works improve the well-known article [24] of Ramaré and Rumely). Some
of the ideas to establish (1.2) and (1.1) have already been extended to Dedekind
zeta functions [15] and Hecke L-functions [1]. We now present a quick overview
of the main ingredients of the proof.

Let g be an integer with 3 < ¢ < 400000 and x a non-principal primitive
character modulo g. We consider og = Bg-+1yp a non-trivial zero (0 < By < 1) of
the Dirichlet L-function L(s, x). Let s be a complex number with PRes > 0, and
let k and § denote some positive parameters. Let f be a compactly supported,
non-negative “smooth” function (it has continuous derivatives up to a certain
order). Instead of —Re (L'/L)(s, x) = Re Y, - (A(n)x(n)/n*), we consider
the “smoothed version”

8
%QZ Am)x(n) f(logn)(1 —«/n )'

nS

(1.3)

n=1

We establish a version of Guinand—Weil’s explicit formula of the form

b
Ry An)x(n)f(ogn)(A —«/n°)

nS

n>1
(1 —x)

= — /(O log(g|Ims])

— Y Re(Fs—0) —kF(s+8—0) + Eg(s),  (14)
0eZ(x)

where F is the Laplace transform of f, x is non-principal, Z(x) is the set
of non-trivial zeros of L(s, x), and E,(s) is an error term. In addition, when
x 1s principal, the term ag e F(s — 1) arises for k = 0 from the pole of
¢(s) at s = 1. To compare with the classical proof, x and § would each
be 0, f would be identically 1, Pie F(s — 1) would be 1/(PRes — 1), and
—dez(x)i){e(l/(s — 0)) would be the sum over the zeros. We apply (1.3)
at various values of s on a vertical line passing near gg. In particular, we take
s = o + ikyp with the integer k ranging between O and a fixed integer ng. By
means of a trigonometric inequality of the form

no
P(t) = Zak cos(kt) 20 withay =20 forallk =0,...,nop,

k=0
we deduce
A 1 1 —k/n%) &
Z (n) f( Ognz( K/n°) Zak cos(k arg(xfz)))) 0.
n>1 " k=0 n
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It remains to give accurate upper bounds to the right-hand side of (1.4) for each
s = o + ikyp. First we isolate the term arising from k = 1 and the zero gg in
the sum over the zeros. In the classical proof, the sum over the remaining zeros
is simply discarded as PRe(1/(s — o)) is always positive assuming PRes > 1.
The situation here is more complicated as we are considering the difference
Re(F(s — o) —«kF(s + 38 — 0)) and as we are allowing s to be located inside
the critical strip. The main idea of Stechkin [27] was to impose conditions of
K, & to deal with Re(1/(s — 0) — k/(s + § — 0)). This trick was then exploited
by Rosser and Schoenfeld in [26] and by McCurley in [19]. We are using here
the version adapted to smooth functions from [14]: after imposing on f, x and §
some appropriate conditions, we show

Y Re(F(s—0)—«kF(s+5—0)) > 0.

E€Z(X)
Re o< Res

We then prove that the size of the sum over the remaining zeros is negligible.
This argument allows us to multiply the final constant in the zero-free region by
a factor of (1 —x)/2 =~ (1 — 1/«/5)/2 =~ (0.28. Note that this argument is valid
for all moduli g. On the other hand, the Burgess bound argument used by Heath-
Brown in [9] leads to a coefficient of 0.25 but was only valid for sufficiently
large moduli. Putting together all these arguments leads to the inequality:

1—« 10
Tf(o) 10g(61|)/0|)2ak —a1F(o —po) +taoF(o —1)+e >0, (1.5)
k=1

where € is an error term. We choose f to depend on Sy by setting f(0) =
h(0)(1 — Bo), where h(0) is independent of oo and A is a smooth function
chosen appropriately. We also choose the polynomial coefficients a;, and the
parameter o. Then the inequality

\F(o — Bo) —apF(o —1) —¢
(1 — k) /2)h(0) Y4 | a

(1 — Bo) log(qlyol) = = (1.6)

provides a formula where the zero-free constant R~ is given by the term on the
right.

§2. Explicit results about the zeros of Dirichlet L-functions. We list here the
most recent results for zeros of Dirichlet L-functions which shall be applied in
this article.

2.1. Partial numerical verification of GRH. 1In 2013, Platt provided a partial
numerical verification of the GRH which asserts that all zeros of Dirichlet

L-functions inside the critical strip 0 < $Res < 1 lie on the vertical 1/2-line.
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THEOREM 2.1 [22, Theorem 7.1]. GRH holds for Dirichlet L-functions of
primitive characters modulo 3 < q < 400000 and to height H; = max(lO8 /q,
(cq - 107)/q + 200) with c¢q =1.5if q is even and 3.75 otherwise.

This improves drastically both numerically and theoretically on Rumely’s
work (see [24] and [2]). It increases, by a factor of 1000, the number of moduli
for which the verification was undertaken, and it increases, by a factor of between
100 and 10 000, the size of the height H,, (for comparable moduli). This theorem
has many important applications and has already contributed to Helfgott’s proof
of the ternary Goldbach conjecture [10] and [11].

2.2. Explicit zero-free regions.

THEOREM 2.2 [19, Theorem 1]. Let £,(s) be the product of the ¢(q)
Dirichlet L-functions formed with characters modulo q. Let M = max{q,
q|Ims|, 10} and R = 9.645908801. Then £,(s) has at most a single zero in
the region

1
s:Res >1— .
RlogM

The only possible zero in this region is a simple real zero arising from an
L-function formed with a real non-principal character modulo q.

In the PhD Dissertation [13] it was established that 6.4355 is an admissible
constant for R.

2.3. Explicit estimate of the number of zeros in a box. We denote N (T, x) as
the number of zeros of L(s, x) in the rectangle 0 < fRes < 1 and |[Jms| < T.

THEOREM 2.3. Let x be a primitive non-principal character modulo q. Then
there exist C1, Cy > 0 s.t. for every T > 10

qT

T
N(T, x) — —10g<—
T 2me

)‘ < Crlog(gT) + Co.
In other words,
No(T,q) < N(T, x) < Ni(T, q)

with

qT

T
Ni(T,q) =—1
i(T-9) n0g2ne

+ (=17 T(C log(@T) + C2).

Theorem 2.3 was first established by McCurley [19, Theorem 2.1]. We use
here Trudgian’s version [28, Theorem 1] with

C1 =0.247, Cy = 8.949. 2.1)
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§3. Setting up the argument.

3.1. Notation. Let g be a modulus for which the verification of the GRH
up to height H, has been established. In this article, we use Theorem 2.1 and
assume that

2 < g < 400000, H, >293, and qH; > Qo= 108

Let go, g1 be positive fixed integers so that g9 < g < ¢1. For computational
purposes we split in two cases 3 < ¢ < 1000 and 1001 < g < 400000, so
g0 = 3,491 = 1000, H; > 100000 and go = 1000, g; = 400000, H; > 293
respectively.

Let x be a non-principal primitive character of conductor ¢ and let g9 =
Bo + iyo be a non-trivial zero of L(s, x) satisfying

1
vo = Hy, qgyo = Qo, and pp<l——————— with R =09.646.
! Rlog(q|Im yol)
3.1
We introduce the parameters r and n such that
1
5<r<R and n=1-8= ——. (3.2)
r log(gyo)

Note that r < 5 proves a zero-free region with admissible constant 5.
Let P be a trigonometric polynomial of degree ng > 2 satisfying

no
Px) = Zak cos(kx) >0 with a >0, and 0 < ag < ay. 3.3)
k=0

We denote A = ZZOZI ar. We refer to §5.6 for the explicit definition of the
polynomial used in this article. Here we use a polynomial of degree ng = 16.
Let tg > 0 (here ty = 100) and let

1
oc=1— , 3.4
Rlog(q(noyo + o))
. 4) l1—o 1 1
w = w )’]’ q = = = .
Rnlog(q(noyo +10))  Rnlog(noe'/™ + gto)
3.5)
Since gyp = Qg, we have the ranges
(B ) 1 ith 1 ! (3.6)
max(pgp, 0p) <o < withop = 1 — s .
Rlog(Qono + qoto)
and |
0<n<n withny= . 3.7
rlog Qo
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Let n; € (0, ng). We have

’
w; Ko< — when 0 <n <,
1w R nsxsm (3.8)
wo < o < w1 when 11 <1 < no,
with
( ) rlog Qo
wo = wno,4q1) =
Rlog(noQo + t0q1)
and
( ) : (3.9)
w1 = o, = . .
: o Ry log(nge!/mm + goto)
Let §, « be some parameters satisfying
. 00 1
05<68§ <075, and 0.25 <« < min ,— . (3.10)
14686 25+1
In addition, we assume
max(10, (k28 + 1))~ = 1D71?) <19 <293 < H,. (3.11)

We provide in Proposition 5.2 the definitions of x and é depending on 4, oy,
and ng.
Finally, we add the condition

1 -« -
-1 0. (3.12
do + (max( I 2 <)) > de = (3.12)

290—1 ~ 200t5_71° 3% —1 ~ 3003 k=2

Numerical data for all the above parameters (r, k, §) are given in Tables 2 and 3,
§5.7.

3.2. Introducing a smooth weight. We now introduce the weight f which is
used in the study of Zn% (x(m)A(n)/n®) f(logn)(1 — /c/n‘s). We define

f@) = fo(t) = nh(nr), (3.13)

where £ is a function satisfying

h is compactly supported in [0, d] for some d > 0,
h is positive in [0, d),

h € C*([0, d)),

h(d) = h'(0) = h'(d) =h"(d) =0.

(3.14)

Note that in [14], we used the notation g;(6) and m instead of A(0) and my,
respectively. We give more details in §5.5 on the motivation for the explicit
choice for f as well as study its analytical properties.
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We denote F the Laplace transform of f:

00 d
F(s) =/ e_”f(t)dt =/ e_S”/”h(u)du, (3.15)
0 0
F; the Laplace transform of f”, and
Fr(x + iy))
H(x,y) =Rel ———— ). 3.16
(x,y) ( i) (3.16)

We impose a last and important condition on f: that its Laplace transform
satisfies
Re F(z) >0 when Rez > (3.17)

Remark. This is achieved by choosing 4 as a self-convolution: 7 = g x g, and
we refer the reader to [9, §7] for details. In the classical proof, property (3.17) is
satisfied by 1/s and is key in handling the sum over the zeros.

We now recall some properties established in [14, Lemma 3.2].

LEMMA 3.1. Let x, y be real numbers satisfying x + iy % 0.

Re F(x +iy) = 2+ ———hO)n + H(x, ), (3.18)
where
M d
|H(x, y)| < z(x/nz) n* with M(2) 2/ |h" (u)le™*" du. (3.19)
X<ty 0
In addition, when x > 0, then
H, )| < —20 03 ithmy = max |B')l.  (3.20)
x(x2 +y?2) uel0,d]

Remark. We choose h among several choices of families of functions. The
explicit definition of /& eventually depends on several extra parameters (see §5.5).

3.3. An explicit formula for a smoothed version of —(L' /L) (s, x).

PROPOSITION 3.2. Let f be a function satisfying (3.14). Let s be a complex
number, and x a primitive (non-principal) character modulo q. Then

Pe Z A(n)x (n) f (logn)

ns
n>1

__ _ & 4 U(ste
=—Re Y Fs—o0)+ <gn+mer(2)>

0€Z(x)

1 U241 r4a Fa(s —2)
+ Re —/ 9%2—( ) dz, 3.21
2 J1/2-ic0 r\ 2 (s —2)? G20
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A(n) f(logn)
WD T
n=1
F/
=ReFs—1)— Y. meF(s—g)+M< logn—i—%eF(%—i— 1))
0€Z(%)
Fz(S) 1 /1/2+i°° I’ (z) F(s — 2)
Ne Re ~— Re —( = ) ——dz, 3.22
+ 52 + 2im 1/2—ioo ¢ r\2 (s — Z)Z 2 ( )

where Z(£) and Z(x) are the sets of non-trivial zeros of {(s) and of L(s, x),
respectively.

Proof of Proposition 3.2 is postponed until §6.2. The case of the principal
character xg follows from (3.22) and the identity

Re Z Amxon) flogn) _ o Z A(n) f (logn)

ns ns

n>1 n=1

— Re Z Z (logp)f(m 10gp)

m=1 plq

Let s = x +1iy be a complex number. For «, § as defined in (3.10), we introduce

B A@)flogn) [«
S(s) = ‘ﬁerg — (1 n5>, (3.23)
- XWA®) flogn) (K
S(s.x) = %e; pr <1 n8>‘ (3.24)
E(x,y)=Hx,y)—«H((x +34,y). (3.25)
D(s) =Re(F(s) —«F(s +06))
_ X B k(x +96)
r’ r’
B, 5(s) = Re F(S/Z) — Kk Re F((S +8)/2). (3.27)
In addition we define
Di(s) = M[ (I =x)logm + &, s(s +2)], (3.28)
Di(s, x) = h((z))n [(1— «)lo g—+(’5xa(s+a)] (3.29)
—+00 /
Dy(s) = E(x,y) + % Re F((I/Z +it)/2)E(x — 1/2,y — t) dt, (3.30)
+00 /
Dy(s, x) = % Re F((I/Z +a+it)/2)E(x —1/2,y —t)dt. (3.31)
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Using this notation and noting that f(0) = A(0)n and Re(I’/T)(s) =
Re(I'"/ T)(s/2), the explicit formulae from Proposition 3.2 become

Ss)=D(s—1)— Y Di—0)+Dis)+Da(s),  (3.32)
0€Z(%)
Sts,x)=— Y D(s—0)+Di(s.x) + Dals, x).  (3.33)
Q€Z(X)

3.4. An explicit inequality. Taking x = arg(x (n)/n'"?) in the non-negative
trigonometric inequality (3.3), we get

10

Y akS(o +ikyo, x*) > 0. (3.34)
k=0

Note that Proposition 3.2 can be applied to x* only when it is a non-primitive
character. So for each k > 2, we introduce g; the conductor for the Dirichlet
character x*, and X the unique primitive character modulo g, that induces
Xk. (We refer the reader to [20, Theorem 9.2] and recall that for k = 0, ) is
identically 1, and for k = 1, (1) = x.) We establish in Lemma 6.2 that under
condition (3.12), then

no no
. 1—«
> @S +ikyo. xa — x5 + 51O Y 10g(q‘1_k) >0 (335)
k=0 k=1

Together with (3.34) and (3.35), we obtain

no no
) -« q
E axS(o +ikyy, k) + ——f(0) E ag 10g(-> >0, (3.36)
k=0 2 k=2 qk

and we can now apply the explicit formulae from Proposition 3.2 to each
“primitive term” S(o + ikyo, xk)). We introduce the notation

E1=aoD(o — 1) =ag(F(oc —1,0) —kF(oc — 1 +6,0)), (3.37)
4
&= a Y D(o+ikp - o). (3.38)
k=0 0€Z(xw))

no 1 —
& =ayDi(0) + ) _a (Dl(ff + ikyo, xw) + TKf(O) 10g(61/61k)>
k=1

h(0
= % [ao<—<1 — ) logm + G 5(0 +2)) + (1 — k) Alog(q/m)
+ ) @50+ o+ ik)/o)}, (3.39)
k=1
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10
£ =apDa(0) + Y axDa(o +ikyo. X(ky)

k=1
no 400 / H
Qg " (1/2 4 a; +1it
=ayE(0,0 — Re — ——
aE (o ”,;)271/_00 ()
x E(c —1/2,kyy —t)dt, (3.40)

where ay, is associated to the character yy:

I —x(=D
ay = ———.

> (3.41)

In particular, ap = 0. Using this notation to rewrite explicit formulae (3.32) and
(3.33) respectively, we rewrite (3.36) more simply as

0<&E —&E+E+ &, (3.42)
§4. Sketch of the proof of the zero-free region.

4.1. Studying each &;. We make use of Lemma 3.1 for this and refer the
reader to the next section for full details.

e For &, the pole of the Riemann zeta function at s = 1 gives the contribution
ayD(oc — 1) = agF(c — 1) + O() = ap/(c — 1) + O(n). We prove in
Lemma 5.1 that

& <agF(o —1)+Ci(n).

e In the sum over the zeros &, we isolate the term at k = 1, o = By + iyp:
ai(F(o — o) —«kF(o +8 — Po)) = a1F(o — o) + O().

The positivity property (3.17) for the Laplace transform F allows us to
discard most of the zeros on the right of the vertical line at o. This is done by
means of a generalization of Stechkin’s lemma (see §5.2.2 and in particular
Proposition 5.2): for d the solution of the equation

1 1 5
@t 4+ Dh©O) + (= + ———— |mung

t 200—1+t¢
_ (Lo I+r LIS D W
- (r T o1 +r)2)h(0) - <r3 T o1 +t>3>m””°
(4.1)
and for
o (00— DhO) = myng/Qoo — ) 42)
(28 + Dh(0) + (1/8 + 1/(200 — L + 8))mpn3’ '
then

Do —B+iy)+ D@ — 14+ B+iy) >0

assoonas 1/2 < f <oandy > 0.
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Finally, we use an explicit zero density estimate to prove that the remaining
sum contributes negligibly. We prove in Lemma 5.4 that

&z arF(o — Bo, 0) + Co(n). (4.3)

e We use Stirling’s formula to estimate the Gamma terms appearing in £3 and
&y. Since yg > 1, we have |8, (0 + a; + ikyp)| < logyo + O(1), for all
k > 1. We prove in Lemma 5.5 that

& < A(l —2K)h(0)

e Finally, the integral term is negligible and we prove in Lemma 5.8 that

log(gyo)n + C3(n).

&4 < Ca(n).
The positivity argument (3.42) can then be rewritten as

Al —x)h(0
0<aoF(o —1) —a1F(o —po) + %bg(qmm +em), (44

where the error term is

e(n) = Ci(n) + Ca(n) + C3(n) + Ca(n). 4.5)

We introduce the difference
d
Kp(w) = a1 F(o — Bo) —apF (o — 1) = / (are™" —ap)h(t)e” dt, (4.6)
0

so that inequality (4.4) becomes
1 A(l — k)h(0)
r= < .
log(gyo)n ~ 2(Kp(w) — ()

4.2. A strategy to compute the constant in the zero-free-region. It remains to
find a lower bound as large as possible for K (w) — ¢(n) for the values of 1 in
(0, no).

Since (0K}, /0w)(w) = f(;i(ale_t —ap)h()te®! dt, with aje™ —ag > 0 when
t <log(aj/ap) and wyp < w < r/R, then

4.7

log(ai/ao)
—(w) > / (are™" — ag)h(t)te® dt
dw 0

d

+ / (are™ — ag)h(r)re"/ P dr.
log(a1/ao)

We choose values for wq so that

log(ai /ao) d
/ (are™" —ap)h(t)te™' dt + / (are™ —ap)h(H)te" Pt gt > 0
0 log(ay /ao)
(4.8)

and Kp(w) increases with w € (wg, r/R).
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From the definitions of the C; in (5.2), (5.23), (5.25), and (5.40), we have

e(n) = n(ay + aan + azn?), (4.9)

where the «; are computable constants and satisfy o7 < 0,00 > 0,
a3 > 0. We have that e¢(n) is negative and decreases from n = 0 to 1, =

(—ocz +Va§ - 3a1a3) /3as, then it increases (becoming positive after the

root (—a + Vi — dajaz)/2a3).

We are now able to establish a lower bound for Kj(w) — e(n). We fix
n1 € (0, ng) and bound Kp(w) — e(n) in each of the following cases, depending
on the location of 7; with respect to 7. We denote

w1 = w1, q0), wy = w(n2, qo)- (4.10)

(1) 1If0 < ng < n, then

Kp(w1) ift0 <n <mn,

K p—
h((,z)) 8(")) > {Kh(w()) — g(nl) if n <n <no.

(2) If0<mny <noand 0 < n; < ny then

Kp(w1) if0<n<mn,

K —
n(@) —e() > {Kh(a)o) —max(e(n1), e(no)) ifn1 <n < no.

(3) If0<mny <noand ny < ny < no then

Kp(wr) it0 <n <mn,

K p—
h((,z)) 8(")) > {Kh(w()) — g(no) if n <n <no.

We deduce that, for all n € (0, n9), Ki(w) — e(n) > Ky, with

K, — [min(Kn(@D). Ky(@o) = e(n) WO <mo <ty

min(Kj(w1), Kp(wo) — max(e(n1), e(n9))) if 0 < n2 < no.

Finally, we choose the value for n; < ng so as to make KC; as large as possible
within the constraints of (3.2), (3.3), (3.10), (3.11), (3.12), and (3.14). With this
value for K, we define the constant in the zero-free region by

Al —k)h(0)

4.12
K, (4.12)

Details for the computations can be found in §5.7.

Remark. In [14], values for ng were chosen so that ¢(ng) < 0. This allowed

us to take
A(l — k)h(0)

2K (wo)
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as an admissible value for the constant in the zero-free region for the Riemann
zeta function. The main improvement in [21] comes from refining this argument
by dividing the interval of study at a value 1| between 0 and ng. The constant is
then given by

A(l — k)h(0) ( 1 1 >

min max ,
Kp(w1) Kp(wo) —e(n1)

2 O<m<no
assuming e(n) is decreasing on (0, ng) and g < 2.

§5. Details of the proof of the zero-free region.
5.1. Study of polar term &|.

LEMMA 5.1. Letk,6 >0, and0 < o < 1. Then

&1 <apF (o —1,0) + Ci(n), (3.1
where
Ci(n) =ao<—h(g)K77+ o — 5)3173). (52)
Proof. We use (3.18) and (3.20) to bound F (o — 1 4 §):
Fo —1+46,0) — ﬂn' <IH@ —148,0) < — 03
o—1+3 (0 —1+86)3

5.2. Study of the sum over the zeros &. Let x be a primitive character modulo
g andletk =0, ..., n. Werecall that x) is the primitive character induced by
%k, gr s its conductor, Z(x)) is the set of non-trivial zeros of L(s, x()), and
in particular Z(x()) is the set of non-trivial zeros of the Riemann zeta function
¢ (s). We study here

1o

S=Y a Y D(o+ikyw—o). (5.3)
k=0 0€Z(xw))

Using the symmetry of the zeros with respect to the critical line, we write

> D(o+ikn -0

0€Z(Xk))
= Y [D(e—B+ilkyo—y))+D( — 1+ B +itkyo — y)],
0€Z(Xk))
5.4
where
1
Z =5 + Z )
0 g=1/2 B>1/2
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5.2.1. Isolating the zero By + iyy. We isolate the summand for k = 1 and
o0 = oo and use the following inequality [14, (34) p. 325]:

D(o — o) + D(o — 1+ fo) = F(o — Bo, 0) — c2,1(n), (5.5)
where
1 1
c2,1(n) = —[1 - "(g + %_—Wﬂh(())n
O R rere) | C
Thus

za(F(o - ,30, 0) — ¢2,1(m)

o X +Ta 3 )

O0<ksn 0€Z (X))
QGZ()Q K#1
o#Bo+ivo

x[D(@ =B +ilkyo—y)) + D(o =1+ B +ilkyo—y))]. (5.7)

One of the key arguments in this proof consists in reducing the size of the
above sums. Note that D(c — B + iy) has the same sign as essentially
(0 —B)/ (0 =B+ YD) k(o —B+8)/(0 — B+ + ).

In [27, Lemma 2] Stechkin proves that this is positive when ¢ — § > 0 and
under certain conditions for «, §. This is done in [14] and we recall this result
here.

5.2.2. A positivity argument for the zeros on the left of o.

PROPOSITION 5.2 [14, Proposition 4.2]. Let 1/2 < 09 < 0 < 1 and
0 < n < ng. Let h be a positive function satisfying (3.14). We define

209 — DA(0) — mun /oo — 1)
@2t + Dh(0) + (1/t + 1/Q2og — 1 + ))myn3’

K2 (t) = (5.8)

Kk3(t)
(200 — D)A(0) — mun3 /oo — 1)

- (1/t + (1 +1)/Q20g — 1 + ))h(0) + mun3(1/13 + 1/Q209 — 1 +1)3)
(5.9

If1/2 < ,8 <oandy >0, then D(oc —B+iy)+ D(c —1+B+iy) 2 0, as long
as 0 < x < min(kp(1), k3(t)) and t > 8, where § is the solution in the interval
0.5, 0.75) of the equation k3(t) = k3(t). We denote k the corresponding value
of ky at 8: k = k2(8) = Kk3(5).
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Note that as o and ¢ depend on r, it follows that « and § depend on / and r.

This proposition is key in the proof: it allows the final constant to be reduced
in the zero-free region by a factor of (1 —«). As a consequence of Proposition 5.2,
we can discard all zeros to the right of o, so that

& = a1 (F(o — Po,0) —c2,1(n)

no *
+ Y a Y, [Do—B+iky—y) + Do —1+B+iky—y)].
k=0 0€Z(xw))
Bz=o

(5.10)

5.2.3. Estimating the contribution of the zeros on the right of o. In previous
classical proofs of zero-free regions, the parameter o was greater than 1 as it was
in the region of convergence of ¢ (s). Here, the explicit formula for the smoothed
version of Re(L’/L) allows us to choose our parameter o +iyy inside the critical
strip, and thus closer to the zero o9 we need to locate. This appears in

d
K(w) = / (are™" — ag)h(t)e® dt
0

which needs to be as large as possible to reduce our final constant in the zero-
free region. This is feasible as we allow w = (1 — o) /(1 — Bp) to be positive. On
the other hand, a new contribution from the zeros in the vertical strip between
o and 1 arises in the sum over the zeros. We prove here that this one is indeed
negligible. From the zero-free region of Theorem 2.2, 8 > o implies |y| >
kyo + to. Denoting
*
Erk = Z [D(o —B+itkyo—y))+D(o —1+B+ilkyo—y))l, (5.11)
0€Z (X))
ly1Zkyo+to

the inequality (5.10) becomes

no
& = ai(F(o = Bo.0) — a1 () + Y ax&a. (5.12)
k=0

We now use the estimate (3.26) for D(s) to rewrite &, 4 as

*

Sk = Z (mh(0)&2k,1(0) + E2,4,2(0)), (5.13)
0€Z(Xk))
ly [Zkyo+io
with
o—p8 o—1+4+p8
£ = +
2k.1(0) (0 =B+ (kyo—y)? (0 —1+B)?>+ (kyo — v)?
( o—B+38

— K
(0 —B+8)%+ (kyo—y)?

N c—14+8+94 )

(0 —1+B+8>+ kyo—y)?)’
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E k@) =H(o =B kyy—y)+H(o —1+B,kyo—y)
—«k(H(c—B+8,kyg—y)+H(o —14+B+68,kyy—y)).

The inequalities

—n<o—p,
1-2n<o—-14+84+68<1,
o—B+38 <4,
o—14+B+8<8+1,

and |kyp — y| = to imply

1—-2n

1
gZ,k,l(Q) 2 —(_77 +
(kyo — v)? to2 + 1

— k(26 + 1)).

By Condition (3.11), 1/(1 + [0—2) — k(25§ +1) > 0. Thus

-2
n 2 n 341,

k(o) = — <1+ )=— . (5.14)
(kyo — 7)? o2 +1 (kyo —¥)* 1+1,°

We use (3.19) and (3.20) to respectively bound |H (o — B, kyg — y)| and |H (x,
kyo—vy)|,withx =0 -1+ 8,0 —8+38,or0c —1+ 4+ 6. Since —r/R <
—w < (0 — B)/nand x > § — 29, we obtain

1+2
1&242(0) < (M(—r/R)n2 + 2" mhn3) (5.15)
— N0

(v —ky)?

Together with (5.13), (5.14), and (5.15), we deduce for & :

34172 1+ 2«
Erk > [—( 0= h(0) + M(—r/R)) — mh77:|7722(k1/0, 0, X())»
141, 8 —2no
(5.16)
with |
Bt0= ) o5 (5.17)
oez(o)
ly |Zt+to

It remains to establish an upper bound for X (z, #9, x) when ¢ > 0. In order to
do this, we require explicit bounds for N(T, x). Set ®(y) = 1/(y — 1)? and
®'(y) = —2/(y — t)3. By Stieltjes integration and Theorem 2.3, we have

oo
X(t, 1o, x) < —P(t +10)Na(r + 10, 9) —/ D' (VNI(y, q)dy.

t+1o

It remains to bound the last integral.
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LEMMA 5.3. Let t > 0 and ty be a positive integer. Let x be a primitive
non-principal character modulo q. Then

2C1> . log (ety/27) n 4C1logty + C1 +4C,
Tt 2t§

’

1
(0, 10, x) < (10g61)<—0 +
o

and whent > 0,

q(t+ o) 10g(q(t+t0))+ log(1 +1/10)

1
(1, to, < —1o
( OX)\T[Z‘() g T lo Tt

C f ' 2C
+—1<1——Olog(1+ )>+—2
tto t 10 2

To bound nX(0,ty, xx), we use 1/(rlog(gyp)) < 1/(rlogQp) and
(logq)/(rlog(gyo)) < (logg1)/(rlog Qo), so that

n2(0, fy, x)
(log q)(1/mty + 2C, /t ) + (log (ety/2m)) /7ty + (4C, logty + C, + 4C2)/2t0
rlog Qo

To bound 1 X (kyy, to, xx) when k > 1, we also use nlog (g(kyy + t0)/2m) =
(log (g (kyo + t0)/2m))/(rlog(gyo)) < (log (Qo(k + to/Hy)/27))/(r log Qo).
In addition, we note that (log(1 + ¢ /t9))/mt + (Cy1/ttp) (1 — (to/t) log(1 +¢/10))
is positive and decreases with 7.

Thus

\

nX(kyo, to, Xi)

1 Q() 2Cy o
Tl 1) Bl )
1

c . kHy\\ , 227 1
+— (1— s 10g<1+—))+—22] . (5.18)
tok H, kHy fo ty 1rlog Qo

We rearrange the terms and obtain nX (kyo, f0, X)) < Sk, with

1 f 2 4Cq 1L I C 4C
_ ( og(etoqy /2m) L4 og(q1 o)2+ 1+ 2)770’ (5.19)
Tl 2t0
1 2C Iy log(2m 2C
Sk = ((—+—1> log<Qo<k+—0>) _ log®r) -l-—22
Tt i H, Tt 1
1/m — Cy/kHy)log(l + kH, /t C
( / 1/kHy) log( q/10) PRSI Py (5.20)
kH t()qu

for k > 1. This allows the bound (5.16) to be rewritten for & as &y >
—cp.2(k, n), with

3412 1+ 2«
c2ak, 1) = <( 0 h(0) + M(—r/R)>n + mhﬁz)sk- (5.21)
1+ Iy §—2no
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This gives a final bound for & and (5.12) becomes the following.

LEMMA 54. Let o, y, k, 8, tg be as in §3.1 and Proposition 5.2. Then

=& < —a1F(o — o, 0) + Ca(n), (5.22)

with
no
Ca(n) = arcaa () + Y axca ok, ), (5.23)

k=0
where ca,1 and c3 2 are defined in (5.6) and (5.21) respectively.
Remark. Note that Lehman’s method as used in [21] provides a larger bound
with 2/#3 instead of 2C} /17 in the main factor log(q (¢ + t9)).
5.3. Study of the Gamma-term &E3.

LEMMA 5.5. Let o, y, k, 8, tg be as in §3.1 and Proposition 5.2. Then

£ < (1-— K;Ah(O)

nlog(gyo) +C3(n), (5.24)

with

C3(n) = nh(0) [ao(—

L ogr 4+ 20— D (421 8)2)

O —_—— —_ — —

2 BTTOT 2T 0

no

1 —« k arctan(k H, /o¢) + « arctan(kH, /(o0 + 6))
1 -

+Za"< > % T 2kH,

44 k(2+5)?
S )] o2

Proof. T'/T is an increasing function of the real variable, so for k = 0 and

I''fo+2 I'"fo+2+56
2 = — -
6K,5(0+ ) F( ) ) KF( 3 )

op <o < 1:

/3 I'"fog+2+6
<—=)—x—=——). 5.26
=(3) - () 20
For k > 1, the identity from [19, p. 12] gives
F’(x—f—iy) 1 x2 4 y? X
r 2 2 4 xZ 4 y2
oo —[u]—1/2
—|—§Re/ il kT (5.27)
0o (u+&+1y)/2)

‘We have
1
< = arctan<z> ,
y X
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so isolating log (]y]/2) in (5.27) gives the estimate

I (x+1iy i |y X
R — 0 —_—— —
r\ 2 82 Ty

and then

1 y x2
< —arctan| = ) + —, (5.28)
y x/)  2y?

|B.5(0 + ikyy + a)]

1 —« kyo o+a oc+a+é
< |—log— — 5 5 +K 5 5
2 2 (o + )= + (kyo) (o +a+8)=+ (kyo)
N arctan(kyy/(o + a)) + « arctan(kyy /(o + a + 8))
kyo
2 2

1)

(c+a) +K(02+a+ ) . (5.29)

2(kyo)

Both x/(x2 4+ y?) — k(x + 8)/((x + 8)*> + y?) and (1/y) arctan (y/x) are non-
negative and decreasing with y when k < x/(x + &) (which is the case from
(3.10) since k < oo/(1 + 8)). Since yp > H, and 09 < o < 1, then

[8k,5(0 +ikyo + a)

< (1 —«)log %’0 n arctan(kH, /oo) + « arctan(kH, /(00 + 8))

kH,
4 24 68)?
4+x2+9)° (5.30)
2(qu)2
We conclude the proof by combining (3.39) with (5.26) and (5.30). O

5.4. Study of the error term with the Gamma integral £4. First, we establish a
preliminary result to estimate Re(I"/ ) (s/2).

LEMMA 5.6. Let a = 0 or 1 and T a real number. Let u, be the root of
log (u/2) — (a+1/2)/((a+1/2)* + u?),

bo =y +3log2 + (—1)“%,

1/2 1 1/2)2
ca:—logZ—L—k—amtan fa +(a+ /2) .
(@+1/2)24+u?  uq a+1/2 2u?
Then
, . . <
‘9{95<w>‘ < UAT) = bq if |T| \ Uq,
r 2 log|T|+cq otherwise.
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Numerically, we have

a Uq bq Ca
0 2.2054 ... 42274 ... —0.1540. ..
1 2.4093... 1.0858... —0.2647 . ..

Proof. Thanks to Stirling’s formula

I (x+i 2x =1 2(2n + x
Re — . :_V_ﬁ_{_z __%’
r 2 x“+y —\n Rn+x)-+y

we see that Re(I''/T)((a+ 1/2+iT)/2) increases with |T|. Thus when
|T| < MCI’

I"(a+1/24+iT I"fa+1/2 T
Re— [ — )| < |— =y +3log2+ (-1)°=.
e () < [ (455 [y o]

When |T| > u,, we apply the inequality (5.28) together with the fact that
log (IT1/2) — (a 4+ 1/2)/((a + 1/2)? 4+ T?) is non-negative. Bounding

a+1/2 1 ( |T| >+(a+1/2)2

- - t
e Y Rl CES Y 272

with its value at |T| = u,, it follows that
r’ 1/2 +iT T 1/2
me P u g log u — L
r 2 2 (a+1/2)? +uZ
arctan(ug/(a + 1/2))  (a+ 1/2)?
+ + CE
Ug 2ug

Let I, be the integral

_ oo Ua(1)
Io(x,y) —/0 P Er— dt. (5.31)

Applying (3.20) to bound the H-terms in definition (3.40), it follows for o > oy

that
1 K Io(og —1/2,0) +«lp(og+6 —1/2,0
54<aom11n3<7+ : o0(oo —1/2,0) 0(00 / ))
9 (O'()—|—3) T
mpn® <
- D aa(00 — 1/2,kyo) + Ia(o0 — 1/2, —kyo)
T o=
+KkUg(oo+6—1/2,kyy) + Ia(oo+ 6 — 1/2, —kyo))]. (5.32)

Note that I, (x, y) is decreasing with x. The following lemma provides bounds
for 1.
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LEMMA 5.7. Leta=0o0r1,x >0,y > uq+ 1. Then

Io(x,0) < Jo(x), (5.33)
Ia(xs_Y) < Ja,l(st’), (534)
Ia(x,y) < Jao(x,y) + Ja3(x, y) + (log y) Ja(x, y), (5.35)
with
(bo — cp) arctan (ug/x) + comw/2  logug+1
Jotr) = o ( / /2 log ’
X Xuo
(bqg — cq) arctan ((y + uq)/x) — bg arctan (y/x) + mwcq/2
Jﬂ,l(xs Y) = x2
B log(ug + y) uqlogug
xy xy(ua+y)’
bg(arctan (y/x) — arctan (y — ugq)/x)
Jﬂ,Z(X’ y) = xz 9’
cq(m/2 + arctan (y — uq)/x)
Ja,3(-x’ y) = xz ’
b4 2,/logy 2

b/
Jax,y) = = '
sy =5+ x?(log y)3/2 xy xy(log y)*/?

Proof. Let t > ug. We get (5.33) from the fact that (log?)/(x (x> +12)) <
(logt)/x1?, and thus

To( 0)</u0 b dt+/+0010gtdt+/+oo U
x,0) < _ — ————dt.
0 0 x(x2 412) o xt? o x(x2 4+ 12)

Let ¢ > u,. The announced inequality (5.34) follows from (log?)/x 2+ (y+
1?) < (log1)/x(y + t)? and from

I ( ) < /ua a d[+/+oo 10gt n Cq dt
X, — NS —_— .
TS @20+ T 20+ 02 XG0 +0?)

Let € > 0 be a parameter (depending on y), and split the integral /,(x, y) at
t = ug,. The first integral is exactly Jq 2(x, y):

Ua Uq(2 b —
/ alt) dt = 2% arctan 2 — arctan 2 ua) = Ju2(x,y).
0 x(x24+(y—1?) x2 X X ’
(5.36)

Now for t > u,, Lemma 5.6 gives Uy(t) = logt + c4. It is immediate that

a

/ T o T a2 Toa(x.y). (5.37)
= —| — arctan = X, . .
g x(x2+(y—1?) x2\2 X 0,34, ¥

To compute the (logt)-part, we splitat ¢ = y(1 — €) and y(1 + €).
Whenug <t < y(I —e)ort > y(1 —¢€), weuse (logt)/(x> + (y — 1)?) <
(log1)/(y — 1)%.
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Assuming y > uq + 1, we obtain

y(1—e) 400 log?
( / + / )—Og S di
Ua y(i+e)/ X(y — 1)

1 €uqlogu
= — (—e log(y — ug) + 22248
Xye

a
+2logy+ (1 —¢€)log(1 —€)+ (1 +¢€)log(1 + e))
< 2(logy + 62).
Xye

When y(1 —€) <t < y(1 + €), we have

/Y(HG) log ¢ < /'y““) log(y(1 +¢€))
yi—e) X(x24+(y—1?) yi—e) X(x24+(y—1?)
_ 2log(y(1 + €)) arctan (ye /x) < w(logy +¢€)

X

x?2 x2

Choosing e =1/ \/@ and adding the two last inequalities, we obtain

+oo logt
J G S e 63

Then, (5.35) follows from (5.36), (5.37), and (5.38). ]

We combine the bound (5.32) for £ with Lemma 5.7. In particular, to bound
n(Ilq(og — 1/2, kyy) + «lq(og + 8 — 1/2, kyp)), we use the fact that

1 4 logk/log yo < log(kHy,)
r(1+logg/logyy) ~ rlogH,

nlog(kyo) =

LEMMA 5.8. Let o, Y9, &, 8, tg be as in §3.1 and Proposition 5.2. Then
&y < Ca(n), (5.39)

with

1 Jo(o’o—1/2)+KJO(00—1/2+5))

Ca(n) = n’agm i-}-K

%
mj, no 3
3
o E;X}ak max (Jo,j(00 = 1/2, kHy)
1=
+kJqj(00 —1/2+ 8, kHy))

no
+ 1 NN (oo — 172, kHy) + Js(00 — 1/2 4 8, kHy)). (5.40)
2rm P
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5.5. Choice of the smooth weight h. Let A > 0 and c1, ¢, x1, X be some
fixed real numbers. Consider

g(x) = cycos(x1x) + ¢z cosh(xox) — (c1 cos(x1A) + ca cosh(xzr))  (5.41)

for —A < x < A and g(x) = 0 otherwise. We have g”’(x) = —c cos()clu))cl2 +
2 cosh(xzu)x%. Note that g is compactly supported, non-negative, even,
infinitely differentiable, and that g” is even, negative, and increasing on (0, A).
Let ds = 2A, and define  the self-convolution of g:

A
h(u) = (g*g)(u)=/ kg(X)g(u—x)dx,

when 0 < u < ds, and h(u) = O otherwise. Note that 4 satisfies Conditions
(3.14). We have h”(u) = ffooo g(x)g”(u — x) dx and denote mj; = maxg<y<ds
|A” (u)|. Numerically, we observe that mj, = —h"(0).

Remark. In his famous article about the least prime in an arithmetic
progression [9, Lemmas 7.1-7.4], Heath-Brown used various smoothed versions
of —(L'/L)(s, x). Later Xylouris followed one of Heath-Brown’s remarks and
proposed some other weights. For instance [14] used the weight as defined in [9,
Lemma 7.4]. In [12] Jan and Kwon compared all the weights proposed by Heath-
Brown and Xylouris which allowed them to improve the last zero-free region for
zeta (by 1.322%).

After investigating all five of these weights, we find that the weight given in
[30, p. 75] by Xylouris provides here the best constant for the zero-free region.

5.6. Choice of the trigonometric polynomial P(x). The last area where we
seek some final improvement concerns the trigonometric polynomial. We take
the opportunity here to briefly describe what we know about the progress
concerning this aspect. For the Riemann zeta function, de la Vallée Poussin used
the following quadratic polynomial: 2(1 4 cos x)?> = 3 + 4 cos x + cos(2x), and
Landau showed that the value for the constant Ry was given by

A
2(Jar — Jao)*’
with A = Zz(’:l ai. In the case of de la Vallée Poussin’s quadratic polynomial,
(5.42) equals 34.82050. ... Finding a polynomial satisfying (3.3) and such that
the value for (5.42) is as small as possible becomes challenging as the degree
of the polynomial increases. In analysis, this problem is referred to as Landau’s

extremal problems (see [25, §9]). In 1970, Stechkin [27] introduced the degree
four polynomial:

P(x) = 8(0.9126 + cos x)>(0.2766 + cos x)>
=11.18...4+19.07...cosx 4+ 11.67...cos(2x)
+4.75...cos(3x) + cos(4x), (5.43)

which brings (5.42) down to 17.42622.... Together with his clever idea
mentioned in §5.2.2, he was able to reduce the constant in the zero-free

(5.42)
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Table 1: P(x) = |Z,£6:0 cke“”‘|2 = Zigo ay cos(kx).

co 1 ao 1

c1 —2.09100370089199 a4 1.74126664022806

¢y 0.414661861733616  ap 1.128282822804652

c3  4.94973437766435 az  0.5065272432186642

cq  2.26052224951171 as  0.1253566902628852

Ccs 8.58599241204357 as  9.35696526707405 - 10~ 13

ce  6.87053689828658 ag  4.546614790384321 - 10~ 13

c7  22.6412990090005 a;  0.01201214561729989

cg  6.76222005424994 ag  0.006875849760911001

co  50.2233943767588 as  7.77030543093611 - 1012

cio  8.07550113395201 aip  2.846662294985367 - 10~

ci1 223.771572768515 ay; 0.001608306592372963

cip  487.278135806977 app  0.001017994683287104

c13  597.268928658734 a3 2.838909054508971 - 10~

ci4  473.937203439807 ais  5.482482041999887 - 10~°

cis  237.271715181426 ais  2.412958794855076 - 104

cl6  59.6961898512813 aie  1.281001290654868 - 10~*
A 3.523323140225021

region to 9.65. In 1975, minor modifications of Stechkin’s idea led Rosser and
Schoenfeld [26] to compute 9.645908801 instead, and in 1984, McCurley [19]
generalized this to Dirichlet L-functions. In earlier work [14] and in [13], we
used a minor modification of Stechkin’s polynomial (5.43):

P(x) = 8(0.91 + cos x)%(0.265 + cos x)>
=1091...4+18.63...cosx + 11.45...cos(2x)
4+ 4.7 cos(3x) + cos(4x). (5.44)

We reduced the constant for zeta to 5.69693 [14], which was the first significant
result 35 years after Stechkin, as well as the constant for Dirichlet L-functions
of McCurley’s [19], obtaining the constant 6.4355 [13]. In 2012, I first heard
through Olivier Ramaré about a forgotten article of Kondratev: in [18] he
found a polynomial of degree eight which lead to a constant 17.27230... for
(5.42). Consequently, it reduced Stechkin’s constant for zeta’s zero-free region to
9.54789695. In 2014, Mossinghoff and Trudgian [21] used the author’s method
and also investigated numerically other trigonometric polynomials of higher
degrees (up to 40). Among these, they find the polynomial (Table 1) of degree
16 to produce the smallest constant for zeta’s zero-free region.

We note that this polynomial is close to the best possible: with it (5.42)
equalling 17.24998 ... while the optimal value for (5.42) over all even
trigonometric polynomial with non-negative coefficients and satisfying a; > ag
is no smaller than 17.23415 (as proven in [21, Theorem 2]).

5.7. Computations. We use the polynomial given in §5.6 and the smooth
function 2 depending on cy, ¢2, x1, X2, A as defined in §5.5. We set c; = 1 and
x1 = 1 and for each set values for ¢», xp, and A, we choose r and 1 so as to
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Table 2: For 3 < ¢ < 1000.

Step R r c X2 A n K 1) Ry
1 9.6459 5.857 1.361 0.765 0.551 0.0007 0.4414 0.6198 5.8579
2 5.8579 5.622 1.875 0.639 0.533 0.0011 0.4381 0.6208 5.6223
3 5.6223 5.599 0.194 1.650 0.531 0.0012 0.4378 0.6209 5.5992
4 5.5992 5.596 0.111 2.013 0.531 0.0012 0.4377 0.6210 5.5968

Table 3: For 1000 < g < 400000.

Step R r c X7 A ni K 8 Ry

1 9.6459 5.857 1.384 0.759 0.551 0.0007 0.4414 0.6198 5.8579
2 5.8579 5.622 1.494 0.710 0.533 0.0011 0.4381 0.6208 5.6223
3 5.6223 5.599 0.189 1.665 0.531 0.0012 0.4378 0.6209 5.5992
4 5.5992 5.596 0.086 2.190 0.531 0.0012 0.4377 0.6210 5.5968

make the zero-free region constant Ry as given by (4.12) as small as possible.
We repeat the step with replacing the value of R at step k by the value of Ry at
step k + 1. We repeat until we get the first two decimal digits between R and r
to be the same. We record our results in the Tables 2 and 3 and display up to the
first four decimal digits for each value computed (that is for «, §, and Ryp).

§6. Some complementary proofs.

6.1. Explicit formulae for Dirichlet L-functions. We give here an explicit
formula relating sums over zeros of a Dirichlet L-function and sums over primes.
This corrects a mistake in [14, Theorem 3.1] for the case of primitive characters.

THEOREM 6.1. Let ¢ be a complex valued function such that:

(A) ¢isClonR — S, where S is a finite set of points a; where both ¢ and its
derivative ¢’ have at worse removable discontinuities; moreover, at these
points ¢ verifies ¢ (a;) = %[(t) (@i +0) +¢(a; — 0)];

(B) there exists b > 0 such that ¢ (x)e*'? and ¢'(x)e*/? are O(e~1/2+D)IxI)
as x — oo.

For each a < 1 verifying 0 < a < b, ¢ has a Laplace transform ®(s) =

0+OO¢(x)e_”dx which is holomorphic in —(1 4+ a) < o < a and which is

O(/t)) in—(+a) < o < a. Let g € N and x a primitive character modulo q.

Leta=0if x(—=1) =1, 1if x(—1) = —1. Then

> Am)x(n)¢(logn)

n=1

_ 3~ AGx s logn

=¢Olog L~ 3 @(-0)

0€Z(x) n>1 "
1 1/2+4i0c0 I’ a
+ — Re — (S+ ) O(—s)ds, (6.1
2im 1/2—ic0 r 2
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and

> A(m)g(logn)

n>1
_ 3~ A logn)

n

=0(=1)+®(0) —pO)logr — Y P(—0)

0€Z(%) nxl

1 1/2+i0c0 I’ (S)
— | D(—s)ds, (6.2)

+— Re —
21 1/2—ioc0 r 2

where Z(x) and Z (L) are the sets of non-trivial zeros of respectively L(s, x)
and £ (s).

Proof. The inverse Laplace transform gives
1 —(1+a)+ioco
¢(logn) = —/ d(s)n*ds (n>=1).
21 J_(14+a)—ico
Combining this with a change of variable (s — —s), we obtain

1+a+ioco L’

1 .
Y AMx(mgogn) = >— f — (s 0®(=s)ds = 175,
et 27 Ji4a-ico L
(6.3)
with )
L 1 x'+iy’ L'
A —— (s, )P (—s)ds.
Xy 2ir iy L(s X)®(=s)ds

We consider Illigfg the truncated integral, where 7" > 0 is fixed and does not
equal the ordinate of a zero of L(s, x). We move the contour of integration to
[—a — iT, —a + iT], and collect the residues of —(L'/L)(s, x)®(—s) in the
issued rectangle. The poles in this rectangle are simple and located at the non-
trivial zeros ¢ € Z(x), each with residue —1. In addition, if x is even, there is
another simple pole at s = 0, also with residue —1. Letting Pr , be the pole

contribution in the rectangle, we have from Cauchy’s residue theorem that

1+a+T —aiT | 7l4aHiT _ Fl4a—iT
Tiiatir =Pro+ I + I8 —I05, (6.4)
with
Pry=—(1-a®0) - Y (o). 6.5)
0€Z(X)
|Jmo|<T

It follows from Condition (B) that Il_Zfer‘T and Il;il_TlT have limit 0 as T — oo.
Moreover, the functional equation [5, (13), (14) p. 71]

L L (T s+ I [1—s+
——(s,x)=log1+—(1—s,7)+—{—<s a)+— <;a>} (6.6)
L 7 L 2

r 2 r 2
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allows the splitting of I:;’:lgj as the sum of three integrals:
I745% = Taa (0 + La200 + L300 (6.7)
with )
1 —a+100 q q
lo 100 = 2—/ log =®(—s)ds = ¢(0) log —, (6.8)
T J g ico i /4
1 —a-+ioco y/
I = — — (I =5, 0)P(—s)d
0.2(X) = 57— /_a_ioo 7 (1= 5.0 (=s)ds
A(n)yx —1
_ _Z (m)x (e ( Ogn)’ 6.9)
n
n>1
1 et /T' (s+a) T'(l-s5s+a
1 = — = —| ——— ) | P(—s)ds.
ao=g [ 3 (F(50) R () v
(6.10)

To evaluate I, 3(x), we move the path of integration to the %—line on which I

verifies

1/T[(s+a I'fl—s+a I (s+a

| — 4+ - — = Re — .

2\ T 2 r 2 r 2
Condition (B) and the fact that (I’/ ") (s) has a simple pole at s = 0 with residue
—1 lead to

1/2-+ico /
Io3(x) = —f Re —(+a)P(—s)ds + (1 —a)d(0). (6.11)
2 J12-ic0 r

Note that this contribution of ®(0) cancels the one arising in (6.5). Finally,
together with (6.4), (6.7), (6.8), (6.9), and (6.11), we rewrite (6.3) in the form
announced in (6.1).

The formula (6.2) is obtained similarly. We recall that the poles of —(¢'/¢)(s)
are all simple and are located at s = 1, with residue 1, and at the non-trivial
zeros ¢ € Z(¢), with residue —1. In this case the polar contribution is Py =

D(=1)—=)" sez@) P(—0), instead of (6.5), and we use the functional equation
[Jmo|<T

¢ ¢’ 1/T'(s\ T/ [(1—ys)
~tor=oens amo (5 (3) 1 (457))

of [5, p. 59] instead of (6.6). [l

6.2. Proof of Proposition 3.2. Let s € C. We consider ¢(y) = (f(0) —
f(y))e " if y > 0, and ¢ (y) = 0 otherwise. Thus ¢ verifies all the conditions
stated in Theorem 6.1. We have ¢(0) = 0, ¢(—logn) = 0, and for each
Rez < NRes, P(—z2) = fO0)/(s—2) — F(s —2) = —Fa(s —2)/(s — 2)%
We insert this definition in the explicit formula (6.1), and take its real part.
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Together with the classical explicit formula [5, equations (17), (18) on p. 83]
for —Re(L'/L)(s, x), namely

9%2%:%1g—+ Re (”“) Zme

nx1 0€Z(X)

, (6.12)

we obtain

f(0)< tog £ + 2 F—(”“) Y e

=)

0€Z(x)
A(n)x(n)
—Re )y — 5 f(logn)
n>1
1
=—fO Y Re —— + Y ReF(s—o)
0eZ(x) @ eezin
1 1/2+i0c0 r’ (Z + Cl) Fz(S _ Z)
— - ¢ — > dz.
2im J1/2-ic0 r 2 (s —2)

This establishes (3.21) for PRes > 1. Since the functions defined on the left and
right-hand side of the equality are both harmonic functions defined on the whole
complex plane, then the identity extends to all s € C.

We prove (3.22) in a similar manner: we use (6.2) with &(—1) =
fO)/(s—1)—F(s—1),®0) = —Fz(s)/s2, and the classical explicit formula
[5, (8), (11) p. 80]

A 1 1 1 r’ 2 1
iReZ (n): ——10gn+—9%e—<s+ >— Z Re
5 —

. (6.13
ns s—1 2 2 r ( )

6.3. Handling the non-primitive characters. We introduce similar notation to
[24, §3.4.]:

1 K 1 K
c,,(a,x,a):mea =)= ey 614

mé
m>1 p

LEMMA 6.2. Let o, vy, k, 8, to be as in §3.1 and Proposition 5.2. Let ng > 2
and P(x) = ZZO:O ay be the trigonometric polynomial as in §5.6. In addition we
assume that these coefficients and oy, k, 8 satisfy (3.12)

1—« S
. 0. 6.15
ao + (max(cz((fo, K, 8),2c3(00, &, 8)) ) ;ak ] o

Then

no
q .
(%> + Y arS(o +ikyo. xw — x*) = 0. (6.16)

k=0
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Proof. We input the definition of S(s, x) in (6.16). Note that for k = 1 the
factor of a; vanishes. The left term equals

%Zijmfmmm( ) Z%Q—ﬁ®m—

plg m>1

FYY % (m;ffm)) (log p)anT log p) (1 B %» 617
plg m>1 P p
Plqx

For k > 2, we use the inequalities
q

q f(mlog p) < K )
lo vp| — ) log p, > 1——),
fu” pzm: p(‘]k) e JOZ2 n;l p"ocy(o, e, H\ " pm
Plak

and Re(xw (p™)/ pi””kVO) > —1, where v, is the notation for p-adic valuation.
Using the notation

1o
11—« q
Cy(o,k,68) = _— — -1 0,
p(0, K, 8) ao—l—];ak(ch(m’(’(s)vp(qk) >>
we have that (6.17) is larger than

1 1
Z Z (ng)f(m ng) (1 _ #)Cp(a, K, 8)

plg m=1

It is immediate that ¢, (o) is positive and increases as § increases and decreases
as k increases. It also decreases as p or ¢ increases: this is easily verified by
showing that the respective derivatives have opposite sign of o (1 — p~©@+9)2 _
k(o +8)p~2(1 — p~°)2, which is positive under the conditions (3.10). It follows
that

1.014351 if p =2,

0.533948 if p > 3.

Note that since there is no primitive characters modulo 2, there is no modulus ¢
with primitive characters of the form 2¢’ with ¢’ odd. Thus v2(g/qx) > 2. Since
020.9,0.5<8<0.750.25 <« <0.5, then

1—« ( q ) |5 10507074 i p=2,
—‘) —_— _
2¢p(0,1,8) "\ gk —0.531790 if p >3,

CP(U, K’ 8) < {

and

1 —« a
in| 0, ——— —1 if p=2,
mm( c2(00, &, ) )Zak o

1—
'O— f
m4 iy )Z%IP

We assumed that these quantities were positive, which achieves the proof. O

Cplo,k,8) 2 ap+

https://doi.org/10.1112/50025579318000037 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579318000037

474

13.
14.
15.
16.
17.
18.
19.
20.
21.

22.
23.

24.
25.
26.

27.
28.

29.

30.
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