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ABSTRACT 

A new procedure for simulating the active lateral force (Pa) is proposed for clays with anisotropic spa-
tially variable undrained shear strength (su).  With the proposed procedure, the Pa samples can be simu-
lated without the use of the random field finite element method (RFEM).  It requires only simple alge-
braic calculations and chart checking.  Two retaining wall examples with isotropic or anisotropic ran-
dom field are used to demonstrate the effectiveness of the proposed procedure.  
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1.  INTRODUCTION 

Hu and Ching [1] explored the mechanism of the ac-
tive lateral force (Pa) in clay when there is an isotropic 
spatial variability in the undrained shear strength (su).  
They showed that the effect of such spatial variability 
cannot be fully explained by pure spatial averaging and 
that the tendency of seeking the favorable failure path is 
also important.  Ignoring the latter mechanism is un-
conservative.  They further proposed a simplified 
procedure for simulating Pa under isotropic su random 
fields.  However, this simplified procedure is limited 
to isotropic random fields and cannot handle aniso-
tropic random fields, which are common in reality.  
This is because soil properties tend to be more variable 
in the vertical direction than in the horizontal direction 
[2].  Therefore, the main purpose of this study is to 
extend the work done by Hu and Ching [1] to aniso-
tropic random fields and to propose a new procedure of 
simulating Pa under anisotropic su random fields.  It 
will be made clear that this new procedure is able to 
effectively capture the complicated behaviors of Pa, 
such as the phenomenon of the critical scale of fluctua-
tion (SOF) [1,3-7].  Two cases will be used to demon-
strate the performance of the new procedure. 

2.  REVIEWS OF HU AND CHING [1] 

This study is an extension of the aforementioned 
previous study [1].  Therefore, this previous study is 
reviewed briefly.  The key concept in this previous 
work is the so-called “number of independent potential 
slip lines”.  This concept will be reviewed and will be 

shown to link to the tendency of seeking the favorable 
failure path.  From here on, the term “potential slip 
line” is denoted by PSL. 

2.1  Simulation of Active Lateral Force Pa 

In Hu and Ching [1], a spatially variable undrained 
clay is considered.  Therefore, the shear strength (f)  
the undrained shear strength (su).  The undrained shear 
strength (su) at a point is denoted by f (x, z), where x 
and z are the horizontal and vertical coordinates, re-
spectively.  The shear strength f (x, z) is simulated as 
a stationary Gaussian random field with inherent mean 
E(f)   and inherent standard deviation Var(f)

0.5  .  
The COV of this random field is equal to /.  To de-
fine the correlation structure of f (x, z) between two 
locations with horizontal distance  x and vertical 
distance  z, the single exponential auto-correlation 
model is considered [8,9]: 

 
x z

2 | x | 2 | z |
( x, z) exp

  
        

 (1)  

where x and z are the horizontal and vertical scales of 
fluctuation (SOFs).  In Hu and Ching [1], only iso-
tropic random fields are considered, i.e.,   x  z.  
They proposed a process called “line search” to simu-
late a random sample of Pa using the limit equilibrium 
method (LEM).  This process is illustrated in Fig. 1.  
Figure 1(a) shows a realization of the f (x, z) isotropic 
random field, xA, xB, and xC in Fig. 1(a) characterize the 
positions of the three potential slip lines (PSLs).  They 
are the x coordinates of the right-hand-side end points 
of the three PSLs.  It is assumed that the slip curves 
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(a) Realization of the f (x, z) random field 

 
(b) 1D random field of f 

LA(x) 

 
(c) F(x) function 

Fig. 1 Process of simulating a random sample of Pa 
using the LEM. 

are straight lines.  This assumption is in principle un-
conservative, but the actual effect of this assumption is 
minimal [1].  The “line average” along each PSL can 
be directly simulated by the Fourier series method [10] 
(see Eq. (19) in [10]).  This line average is denoted by 
f 

LA(x).  Using force equilibrium, it is shown that [1] 

 
2 2

2 LA
a f

x x

1 x H
P max F(x) max H (x)

2 x

 
      

 
 (2) 

where F is the lateral force from the wall required to 
support the failing soil mass (F depends on x); H is the 
wall height;  is the soil unit weight.  For each PSL 
with a position x, force equilibrium can be used to de-
rive the lateral force F required to support the failing 
soil mass.  Each PSL produces a “line average” f 

LA.  
The position x at which F(x) is maximized is denoted 
by x*, which is the position of the critical slip line.  
The wedge above the critical slip line exerts the maxi-
mum lateral force to the wall, among all PSLs.  This 
position x* will be denoted by the “critical position”.  
For homogeneous undrained clays, this critical position 
x* is equal to the wall height H, because the inclination 
angle of the classical critical slip line is 45.  For spa-
tially variable clays, x* becomes random.  However, 
Hu and Ching [1] showed that x* cannot dramatically 
deviate from the classical value H, i.e., x*  H, because 
the critical slip line still needs to observe certain me-
chanical rules.  The Pa shown in Eq. (2) is the active 

lateral force simulated by the line search method using 
the LEM.  Let the “mobilized” shear strength, denoted 
by f

m, be the f
LA value along the critical slip line.  It 

is the shear strength actually exhibited by the spatially 
variable clay behind the retaining wall.  Therefore 

 

*2 2
2 m

a f *

*2 2
m 2
f a *

1 x H
P H or

2 x

1 x H
H P

2 x


    

        
   

 (3)

 

Note that different realizations of the random fields will 
produce different Pa and f 

m samples. 

2.2  Independent PSLs 

The independence between two PSLs is defined in 
Hu and Ching [1].  If the f 

LA values of two PSLs are 
independent, these two PSLs are said to be independent.  
Hu and Ching [1] showed that two PSLs can be inde-
pendent even if they are close together.  This can hap-
pen when the SOFs (  x  z) are small.  The criti-
cal slip line will locally seek among the independent 
PSLs to find the critical failure path that maximizes the 
lateral force F.  If there are many mutually independ-
ent PSLs (these PSLs have mutually independent f 

LA 
values), the f 

LA(x) and F(x) functions will change 
dramatically with x.  Hence, the tendency of seeking 
(i.e., finding a maximum in the F(x) function) is high.  
They further showed that the “number of independent 
PSLs”, denoted by n later on, can be effectively esti-
mated using the following equation: 

 0.894n (0.112 0.871 COV) ( / H) 1       (4)  

With the above equation (Eq. (4)), n can be estimated 
based on the knowledge of H, COV ( /) and      
 (x  z).  Equation (4) is effective for isotropic cas-
es. 

2.3 Equation (4) Not Applicable to Anisotropic 
Cases 

Although Eq. (4) is effective for isotropic cases, it 
cannot handle anisotropic random fields (x  z).  For 
anisotropic cases, an “equivalent” isotropic scale of 
fluctuation can be derived from x and z [11]: 

   1
E x zcos(45 ) / sin(45 ) /

        (5) 

This E is in fact the scale of fluctuation along the 
classical 45 PSL.  It is the SOF that is actually “felt” 
by the anisotropic case.  It is tempting to say that n for 
such an anisotropic case can be estimated by replacing 
 in Eq. (4) by E.  However, this approach does not 
work well.  Consider three anisotropic cases: (a) x / H 
 0.5 and z / H  ; (b) x / H  1 and z / H  1; and 
(c) x / H   and z / H  0.5.  It is clear that these 
three 
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(a) x / H  0.5 and z / H   

  
     (b) x / H 1 and z / H  1     (c) x / H  and z / H  0.5 

Fig. 2  f 
LA(x) functions for these anisotropic cases. 

cases have identical E (i.e., E / H  0.707), so it is 
“expected” to see the same degree of changes in their 
f 

LA(x) functions.  Nevertheless, the degrees of 
changes in the f 

LA(x) functions for these three cases 
are quite different (see Fig. 2): case (a) is associated 
with the most severe change, whereas case (c) is asso-
ciated with no change (constant).  In general, Eq. (4) 
with the equivalent SOF E cannot handle anisotropic 
random fields. 

3.  THE NUMBER OF INDEPENDENT 
POTENTIAL SLIP LINES (n) 

It has been shown that Eq. (4) cannot successfully 
quantify the number of independent PSLs (n) for aniso-
tropic cases.  In this section, a method that is effective 
in estimating n for anisotropic cases is proposed.  
Many of the upcoming discussions will be given for 
anisotropic cases with z / H  0.2 for simplicity and 
clarity, although the final conclusion is not limited to 
this anisotropic case.  The most important observation 
is that the number of independent PSLs (n) should be 
related to the following two factors: 
1. The extent of the critical position x*.  The position 

of the critical slip line x* is not a prescribed position, 
because the critical slip line will locally seek the fa-
vorable failure path to maximize F.  In fact, x* var-
ies around its classical value x*  H.  The length for 
the interval where x* can occur is called its “extent”.  
For instance, if x* varies between H 1m and H 
2m, the extent is 3m.  The extent of x* governs 
the length of the interval where the critical slip line 
can take place.  Intuitively, the number of inde-

pendent PSLs (n) should be proportional to this ex-
tent.  In the extreme that the extent is zero, there 
can be only a single independent PSL (n  1), namely, 
no seeking.  This can happen when SOFs are large 
(homogeneous).  In this case, x* will be very close 
to its classical value H, and the extent is zero (no 
seeking).  This is exemplified in Fig. 3(a) for a case 
with very large x (x / H  200).  For another case 
with smaller x (x / H  0.04), the extent of x* is 
larger.  As mentioned earlier, the number of the in-
dependent PSLs (n) should be proportional to the 
extent.  In a later subsection, numerical evidences 
will show that the x* extent is roughly proportional to 
the “local variability” of the f 

LA(x) function, denot-
ed by .  Moreover, one can use the  chart devel-
oped in the subsection (Fig. 6) to easily determine 
the value of  based on x / H and z / H.  

2. Correlation length of f 
LA(x).  The correlation 

length of f 
LA(x), denoted by , governs the degree 

of changes in the f 
LA(x) function.  When  is very 

large, f 
LA(x) will be a slowly changing function 

without local minimum.  This is exemplified in Fig. 
3(c) for a case with very large x (x / H  200).  
For another case with smaller x (x / H  0.04) in 
Fig. 3(d), f 

LA(x) is a quickly changing function, be-
cause  is smaller.  There are lots of local minima 
for this case.  The local minima in f 

LA(x) usually 
correspond to the local maxima in the lateral force 
F(x).  These local minima in f 

LA(x) or maxima in 
F(x) correspond to the possible failure paths.  
Hence, a large  implies very few possible failure 
paths (tendency of seeking is low), and a small  im-
plies many possible failure paths (tendency of seek-
ing is high).  Intuitively, the number of the inde-
pendent PSLs (n) should be proportional to 1/.  In 
a later subsection, the detailed steps for calculating  
are presented.  Moreover, one can use the  chart 
developed in the subsection (Fig. 7) to easily deter-
mine the value of  based on x / H and z / H. 
It must be emphasized that n depends on both the 

correlation length () and the local variability () of 
f 

LA(x), not on  alone.  The latter view (n depends on 
 alone) can be derived from a one-dimensional (1D) 
random field: The number of “independent blocks” 
should only depend on its correlation length, not on its 
variability (e.g., standard deviation).  While this view 
is correct for 1D random fields, this view is incorrect 
for the retaining wall problem.  Here we give a retain-
ing wall example with very small , and yet its n value 
is very small (close to 1).  Consider a retaining wall 
case with very small SOFs x  z  0.  It is clear that 
 is very small for this case (see the red line in Fig. 7).  
According to the 1D random field intuition, its n should 
be large (lots of independent blocks).  But, such a case 
with x  z  0 resembles a homogeneous case.  As a 
result, the critical slip line will have an inclination an-
gle that is very close to 45.  Hence, there is only a 
single independent PSL (n  1) for this case because the 
critical slip line is fixed at 45: The 1D random field 
intuitive is incorrect.  This example demonstrates that 
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(a) x / H  200 and z / H  0.2      (b) x / H  0.04 and z / H  0.2 

 
(c) x / H  200 and z / H  0.2      (d) x / H  0.04 and z / H  0.2 

Fig. 3 Histograms of x* random field and the variation 
of f 

LA with respect to x for a realization of the 
f (x, z). 

n should not depend on  alone, but also on the extent 
of x*, which is proportional to .  In fact, for this case 
n  1 because the x* extent is zero. 

3.1  Quantification of x* Extent 

Numerical evidences show that the x* extent is 
roughly proportional to the “local variability” of the 
f 

LA(x).  The x* extent is characterized by its sample 
standard deviation, denoted by x*.  For instance,   
x*  0 if x* is nearly deterministic ( H).  This can 
happen when SOFs are very large.  On the other hand, 
x* can be large if x* is highly variable.  The local 
variability of f 

LA(x) (near x  H) is defined to be the 
standard deviation of the difference between the f 

LA(x) 
values for the two PSLs with inclination angles  40 
and 50 (see Fig. 4): 

 LA LA
f R f Lstdev τ (x ) τ (x )      (6) 

where xR  H cot(40) and xL  H  cot(50°) are the x 
positions for the two PSLs.  The two PSLs in Fig. 4 
are around the classical slip line with inclination angle 
 45.  Note that the unit of  is in kPa.  As shown 
below,  can be derived analytically. 

Let us denote these two PSLs by PSLR and PSLL and 
denote their lengths by LR and LL (Fig. 4).  We further 
denote the SOFs along PSLR and PSLL by R and L, 
respectively.  From [13], 

  1
R L x z or cos(40  or 50 ) / sin(40  or 50 ) /

           

  (7) 

It is clear that 

 

2 LA LA LA
f R f L f R

LA LA LA
f L f R f L

Var τ (x ) τ (x ) Var τ (x )

Var τ (x ) 2COV τ (x ), τ (x )

         
         (8)

 

 

Fig. 4  Schematic of two PSLs, PSLR and PSLL. 

where Var[  ] and COV[ , ] denote the variance and 
covariance, respectively. Moreover, 

 
  

LA 2
f R f

2 2
R R R

Var τ (x ) Var τ (x, z)

2n 1 exp( 2n ) 2n

     

       (9)
 

where nR  LR / R is the equivalent number of SOFs 
along PSLR.  The same equation applies to 
Var[f 

LA(xL)] by replacing nR with nL  LL / L.  The 
covariance can be computed by the following integra-
tion: 

LA LA
f R f L

1 1
2

R R L R R L R L
0 0

x z

COV τ (x ), τ (x )

2 2H
exp | x t x t | | t t | dt dt

δ

  
 

            
  (10) 

where tR, tL  [0,1] are the local coordinates along PSLR 
and PSLL.  The above integral can be solved by nu-
merical integration. 

Numerical evidences show that x* is roughly pro-
portional to .  Note that x* and  have different 
units: the former is in meters, and the latter is in kPa.  
Therefore, it is more sensible to compare x* / H with 
/.  Figure 5 shows that x* / H and / are roughly 
proportional for 100 cases in a wide range of values for 
H, , COV, x, and z.  Because n is expected to be 
proportional to x*, n should be also roughly propor-
tional to . 

It turns out that there is a unique mathematical rela-
tionship between / and (x / H, z / H), and Fig. 6 
shows this unique relationship.  From Fig. 6, / can 
be determined given the information on (x / H, z / H).  
The red line in Fig. 6 represents the results for isotropic 
random fields (  x  z). 

3.2  Calculation of  

This subsection discusses the detailed steps for cal-
culating , the correlation length in f 

LA(x).  The no-
tion of “correlation length” [14] is adopted here for 
f 

LA(x), rather than the SOF for f 
LA(x), because the 

SOF of f 
LA(x) is infinity.  This is because even if two 

PSLs have remote positions xR and xL, f 
LA(xR) and 

f 
LA(xL) may be still slightly positively correlated be-

cause both lines need to pass through the same toe re-
gion (see Fig. 1(a)).  However, the correlation length 
is defined differently from the SOF: the latter is defined 
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Fig. 5  Relationship between x*/H and /. 

 

Fig. 6  Relationships between / and (x / H, z / H). 

to be the total area under the auto-correlation function, 
whereas the former is defined to be the interval length 
at which the correlation coefficient is exactly exp(1) 
[14].  Again, consider PSLR and PSLL with locations 
xR and xL, and denote their line averages by f 

LA(xR) 
and f 

LA(xL).  If the correlation coefficient between 
f 

LA(xR) and f 
LA(xL) is exactly equal to exp(1), the 

correlation length for f 
LA(x) is simply the interval 

length xR xL.  For our purpose, xR and xL should be 
centered at H.  We adopt xR  H  r and xL  H/r (r  
1).  The ratio r should satisfy 

 LA LA
f fτ (H r), τ (H / r) exp( 1)       (11) 

where (,) denotes the correlation coefficient.  Let us 
denote the lengths of PSLR and PSLL by LR and LL, 
respectively.  Also denote the SOFs along PSLR and 
PSLL by R and L, respectively.  R and L can be 
determined using Eq. (8).  It can be shown that 

   

LA LA
f f

1 1

R L R L R L
0 0

x z

2 2
R R R L L L

τ (H r), τ (H / r)

2 H 2
exp H r t t H | t t | dt dt

r

2n 1 exp( 2n ) 2n 2n 1 exp( 2n ) 2n

   

 
           

      

 

  (12) 

where tR, tL [0,1] are the local coordinates along PSLR 
and PSLL, respectively, and nR  LR/R and nL  LL / L 
are the equivalent numbers of SOFs along PSLR and 
PSLL, respectively.  The r value that satisfies Eq. (11) 
is first solved, then  is simply H r  H/r.  There is a 
unique mathematical relationship between /H and 
(x / H, z / H).  From Fig. 7, /H can be determined 
based on (x / H, z / H) without referencing the de-
tailed calculations.  n is expected to be proportional to 
1/. 

In summary, we proposed the above two factors to 
characterize the number of independent PSLs (n): (a) 
the local variability of f 

LA(x), denoted by ; and (b) 
the correlation length of f 

LA(x), denoted by .  It is 
expected that n should be proportional to  and 1/.  
As a result, the following equation is proposed: 

 
/

n c 1
/ H

 
  


 (13)  

where c is a constant to be determined;  is the (inher-
ent) mean value of the f (x, z) random field;  can be 
checked from Fig. 6;  can be checked from Fig. 7.  
Note that the minimum value of n is 1, because there is 
at least a single independent PSL.  This is why there is 
an extra term “1” in the above equation.  In Eq. (13),  
and  are normalized by  and H to remove the impacts 
of the problem size (H) and the inherent mean () of the 
random field.  The constant c will be calibrated later 
using LEM simulation results: the resulting c value is 
about 16. 

Consider the following retaining wall example with 
x  5m, z  1m, H  5m,   20kPa, and COV  0.3 
(the inherent standard deviation   20 0.3 6kPa).  
The following steps can be used to determine the num-
ber of independent PSLs (n): 

1. Determine / from Fig. 6 based on (H, x, z).  
The resulting /  0.366.  Hence /  (COV 
/)  0.1098. 

2. Determine /H from Fig. 7 based on (H, x, z).  
The resulting /H  1.545. 

3. Calculate n  16 ( / )/( / H) 1  2.14. 
This means that there are about 2.14 independent 

PSLs from which the critical slip line can choose from.  
The more the n value, the more the tendency of seeking. 

3.3 Calibration of the Constant ‘c’ Using the 
Principle of Maximum Likelihood 

Hu and Ching [1] demonstrated that it is possible to 
estimate the number of independent PSLs (n) based on 
the LEM simulation results.  Corresponding to each Pa 
sample simulated by the line search method in the 
LEM, 
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Fig. 7  Relationships between /H and (x / H, z / H). 

there is a f 
m sample (see Eq. (3)).  This f 

m is the line 
average along the critical slip line, f 

LA(x*).  Let us 
assume f 

m to be a minimum in the f 
LA(x*) function in 

a local neighborhood of x  H and that there are n in-
dependent PSLs within this neighborhood.  Namely, 

 m LA,1 LA,2 LA,n
f f f fτ min( , , ..., )     (14)  

where (f 
LA,1, f 

LA,2, …, f 
LA,n) are the line averages of 

the n independent PSLs.  Because all PSLs cluster 
around the classical critical slip line, each f 

LA is nor-
mally distributed with mean value   and roughly the 
same variance  2  2, where 2 is the variance re-
duction factor due to the line average along the classical 
slip line.  It can be shown that [9] 

  2 2 2
p p p p p p2L / 1 exp( 2 ) 2L /L           (15) 

where Lp = 20.5  H is the length of the classical slip line; 
p is the SOF along the classical slip line; 

   1
p x zcos(45 ) / δ sin(45 ) /

       (16) 

The probability density function (PDF) of f 
m has the 

following expression [1] 

n 1

2 2 2 2 2 2
f ( ) 1

n


       
                     

  

  (17)  

where  is the CDF of the standard normal random 
variable;  is the PDF of the standard normal random 
variable;  and 2 are the known inherent mean and 
inherent variance of the f (x, z) random field, respec-
tively. 

Given the f 
m samples simulated by the LEM of a 

sample size N (denoted by f,1
m, f,2

m, …, f,N
m), n can 

be estimated through the maximum likelihood (ML) 
method: The best estimate of n is the one that maxim-
izes the following likelihood function L(n): 

n 1
mN
f,i

2 2 2 2
i 1

m
f,i

2 2

n
L(n) 1





                
  

      



 (18)

  

where f,i 
m is the i th simulated f 

m sample.  The esti-
mation of n is demonstrated for the two anisotropic 
cases: (a) x / H  200 and z / H  0.2; (b) x / H  0.04 
and z / H  0.2.  Both cases have inherent mean   
20kPa, H  5m, and COV  0.3.  Figure 8 shows the 
histograms of 1000 f 

m samples simulated by the LEM.  
For the case with large x (x / H  200), the mean value 
of the simulated f 

m is close to the inherent mean 20kPa 
(see Fig. 8(a)).  The f 

LA(x) function is nearly constant 
for this case, hence nearly no tendency of seeking.  
The above ML method gives n  1.00.  The solid line 
in Fig. 8(a) plots the PDF of f 

m (Eq. (17)) with      
n  1.00.  For the case with small x (x / H  0.04), 
the mean value of the simulated f 

m is smaller than the 
inherent mean 20kPa (see Fig. 8(b)).  The tendency of 
seeking is strong.  The above ML method gives n  
3.82.  The solid line in Fig. 8(b) plots the PDF of f 

m 
(Eq. (17)) with n  3.82. 

Figure 9 shows the n versus (/)/(/H) plot for 200 
retaining wall cases with a wide range of H, , COV, x, 
and z (H  3 ~ 20m,   10 ~ 50kPa, COV  0.1 ~ 0.3, 
  0.1 ~ 2000m).  These cases include 50 isotropic 
cases (circles) and 150 anisotropic cases (crosses).  
For each case, 1000 samples of f 

m are simulated and 
used to estimate n using the ML method.  The param-
eter (/)/(/H) for each case is also calculated based 
on its COV, H, x, and z.  It is found that Eq. (13) 
with c  16 roughly holds (the solid line in Fig. 9). 

4.  A NEW PROCEDURE OF SIMULATING 
Pa SAMPLES 

With Eq. (13), n can be estimated based on 
(/)/(/H) and Pa can be simulated without actually 
doing the more complicated LEM or the random field 
finite element method (RFEM).  The following pro-
cedure is proposed in this study to simulate Pa samples 
(for   0 condition).  Unlike the procedure originally 
proposed in Hu and Ching [1] being limited to isotropic 
spatial variability, this new procedure applies to both 
isotropic and anisotropic random fields.  It requires the 
knowledge of H, , , COV, x, and z and consists of 
the following steps: 

1. Determine / from Fig. 6 based on (H, x, z).  
Determine /  (COV /). 

2. Determine /H from Fig. 7 based on (H, x, z). 

3. Calculate (/)/(/H), and estimate n using Eq. (13). 
4. Simulate a random sample U from a uniform distri-

bution with the range of [0,1]. 

5. A sample of f 
m can be obtained as 
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(a) x / H  200 and z / H  0.2    (b) x / H  0.04 and z / H  0.2 

Fig. 8  Histograms of the simulated f 
m samples. 

 

Fig. 9  n versus (/)/(/H) relationship. 

 
1

m 2 2 1 n
f 1 (1 U)

 
   

 
         

  
 (19) 

where 1 is the inverse CDF of the standard normal 
random variable; 2 is the variance reduction factor and 
can be calculated using Eqs. (15) and (16). 
6. A sample of Pa can be obtained as 

*2 2
2 m 2 m

a f f*

1 x H 1
P H H 2 H

2 2x


             

  (20) 

The approximation “” in this equation is due to the 
fact that x* is typically around H, so (x*2 H2)/x*     
2 x*.  This approximation is conservative because 
(x*2 H2)/x* reaches its minimum value at x*  H, 
hence Pa reaches its maximum value at x*  H.  

Repeat the above Steps 4 ~ 6 N times to obtain N 
Monte Carlo simulation (MCS) samples of Pa. 

The performance of the above new procedure is first 
illustrated using an isotropic case, in which H  5m,   
20kN/m3,   20kPa, COV  0.3, /H  x / H  z / H 
varies from 0.05 to 200.  An anisotropic case will be 
examined later.  The circles in Fig. 10 shows the sam-
ple mean and COV of Pa samples simulated by the LEM, 
i.e., the line search method illustrated in Fig. 1.  600 
samples of Pa are found to be sufficient to produce 

   
(a) Mean of Pa with respect to /H     (b) COV of Pa with respect to /H 

Fig. 10 Variation of (a) the mean of Pa and (b) COV of 
Pa with respect to /H for an isotropic case 
with   x  z. 

stable sample mean and COV of Pa.  Here, a sample 
size N  1000 is adopted.  The solid lines show the 
mean and COV of Pa predicted by the original proce-
dure based on Eq. (4), proposed by Hu and Ching [1].  
The dash lines in Fig. 10 show the mean and COV of Pa 
predicted by the new procedure proposed in this study.  
First of all, both the original and new procedures exhib-
it certain discrepancy to the LEM results.  For the new 
procedure, this discrepancy is partly due to the dis-
crepancy between the mean trend (solid line) and the 
data (circles & crosses) in Fig. 9.  Another possible 
source for the discrepancy is the approximation “” in 
Eq. (20).  Nonetheless, both the original and new pro-
cedures are able to effectively predict the variation of 
the mean and COV of Pa simulated by the LEM.  
However, the original procedure based on Eq. (4) is 
more accurate in predicting the Pa mean (the new pro-
cedure is more conservative).  This is because the 
original procedure is specifically for isotropic cases, but 
the new procedure is more generic.  Because the new 
procedure needs to fit to both isotropic and anisotropic 
cases, its fit to the isotropic cases is somewhat com-
promised.  This can be seen from Fig. 9: The solid line 
(the fit by the new procedure) does not fit perfectly to 
the isotropic cases (circles) because it has to fit to all 
data points (circles and crosses). 

The new procedure is able to capture the phenome-
non of the critical SOF.  In literature, there is sufficient 
numerical evidence [12] to show that complex non- 
classical failure mechanisms are produced when the 
SOF is comparable to some multiple of the characteris-
tic length of the structure (e.g., height of slope, diame-
ter of tunnel, depth of excavation).  This critical SOF 
is observed in other studies as well [1,3-7].  Hence, 
spatial variability affects geotechnical analysis in a 
manner that is more fundamental than variance reduc-
tion.  The Pa simulated by the LEM exhibits the phe-
nomenon of the critical SOF when /H is around 0.2 
(see the dashed circle in Fig. 10(a)).  It is clear that 
both the original and new procedures successfully cap-
ture this phenomenon of the critical SOF. 

(/)/(/H) 

n 
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It is of interest to verify whether the new procedure 
is effective for anisotropic cases.  Figure 11 show the 
results for a case with H  5m,   20kN/m3,   20kPa, 
COV  0.3, z / H is fixed at 0.5, but x / H varies from 
0.5 to 200.  The new procedure is able to effectively 
predict the variation of the mean and COV of Pa simu-
lated by the LEM.  Note that the original procedure 
with Eq. (4) with an equivalent SOF is not successful 
for this anisotropic case.  Two equivalent SOFs are 
examined: (a) The E proposed by Vanmarcke [11]  
(Eq. (5)) and (b) The E proposed by El-Ramly et al. 
[15]: 

 E x z     (21) 

The black and gray lines in Fig. 11 show the mean and 
COV of Pa predicted by Eq. (4) with   the above two 
E.  It is clear that Eq. (4) with   E cannot effec-
tively predict the variation of the mean and COV of Pa 
simulated by the LEM. 

4.1  Consideration of a Tension Crack 

The above new procedure of simulating Pa samples 
does not consider the existence of a tension crack.  
This tension crack issue has been addressed in Hu and 
Ching [1].  Based on their results, Eq. (2) should be 
altered into the following equation when a tension crack 
is present: 

 

a
x

2 2
2 2 LA c

c f
x

P max F(x)

1 (H z )(x H )
max (H z )

2 x H



  
       

 (22)
 

where zc  2/ is the mean depth of the tension crack.  
It is clear when the tension crack is not considered (zc  
0), Eq. (22) reduces to Eq. (2).  The following modi-
fied procedure is proposed to simulate Pa samples to 
account for the presence of such a tension crack. 
 
 

   
(a) Mean of Pa with respect to x / H    (b) COV of Pa with respect to x / H 

Fig. 11 Variation of (a) the mean of Pa and (b) COV of 
Pa with respect to x / H for an anisotropic case 
with z / H  0.5. 

1. Determine / from Fig. 6 based on (H, x, z).  
Determine /  (COV /). 

2. Determine /H from Fig. 7 based on (H, x, z). 

3. Calculate (/)/(/H), and estimate n using Eq. (13). 
4. Compute the mean depth of the tension crack      

zc  2/. 
5. Simulate a random sample U from a uniform 

distribution with the range of [0,1]. 

6. A sample of f 
m can be obtained as 

 
1

m 2 2 1 n
f 1 (1 U)

 
   

 
         

  
 (23) 

where 2 can be calculated using Eqs. (15) and (16), but 
Lp is shorter due to the presence of the tension crack: Lp 
is now equal to 20.5  (H zc).  The resulting 2 is 

 
2

c x z x z c x z x z

2 2 2 2
c x z x z

2(H z )( ) / ( ) 1 exp 2(H z )( ) / ( )

2(H z ) ( ) / ( δ )


             


    

  (24)  

A sample of Pa can be obtained as 

 

*2 2
2 2 LA c

a c f *

2 2 m
c f c

1 (H z )(x H )
P (H z )

2 x H
1

(H z ) 2 (H z )
2

 
     



         (25)

 

Again, the approximation “” in this equation is con-
servative. 

Repeat the above Steps 3 ~ 5 N times to obtain N 
Monte Carlo simulation samples of Pa.  The perfor-
mance of this modified procedure that counts for the 
tension crack is also satisfactory.  It can effectively 
predict the LEM results. 

5.  CONCLUSIONS 

This study extends a previous work done by the au-
thors [1] regarding simulating the active lateral force 
(Pa) samples when there is spatial variability in the clay 
behind a retaining wall.  This previous work is appli-
cable only to cases with isotropic spatial variability, but 
the current study extends it to anisotropic cases.  The 
main contribution of this study is to characterize the 
tendency of seeking the favorable failure path using the 
number of independent potential slip lines (n), even 
under anisotropic random fields.  It is proposed that n 
can be quantified by the following two factors: (a) The 
local variability of f 

LA(x) and (b) The correlation 
length of f 

LA(x).  Moreover, the above two factors 
can be easily quantified by checking charts (Figs. 6 and 
7).  This chart checking does not require sophisticated 
analyses, such as the limit equilibrium method (LEM) 
and random field finite element method (RFEM).  Fi-
nally, a new procedure is proposed to simulate the Pa 
samples under generic conditions, not limited to iso-
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tropic spatial variability.  The Pa samples simulated by 
the new procedure have statistics similar to those simu-
lated by the LEM. 

There are some limitations.  The proposed method 
is only for clays.  It should not be implemented to 
cases with cohesionless backfill soils.  The possible 
friction between the wall and soil is also not studied, 
and the impact of such soil-wall interaction is not 
known.  However, for general problems with cohe-
sionless backfill soils and with possible structural in-
teractions, the basic ideas of this study may still hold 
true.  This study only considers the stationary Gaussi-
an random field.  Problems involving non-Gaussian 
random fields, such as lognormal random field, need 
further study. 
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NOMENCLATURE 

 F : lateral force 
 PSL : potential slip line 
 Pa : active lateral force 
RFEM : random field finite element method 
 LEM : limit equilibrium method 
 H : wall height 

  : unit weight 

  : friction angle 
 c : cohesion 

 f : shear strength 

f (x, z) : the random field for f 

 f 
LA : line average of f (x, z) along a PSL 

 f 
m : mobilized shear strength 

  : inherent standard deviation of the f (x, z) 
random field 

  : inherent mean of the f (x, z) random 
field 

 COV : coefficient of variation 
 SOF : scale of fluctuation 

 E : equivalent isotropic SOF 

 p : SOF along the PSL 

 x : horizontal SOF 

 z : vertical SOF 

  : inclination angle of the PSL 
 Lp : length of the PSL 

 2 : variance reduction factor 

  : auto-correlation 

 PDF : probability density function 
 N : sample size 

  : CDF of the standard normal random 
variable 

 n : number of independent PSLs 
 np : equivalent number of SOFs along the 

PSL 

  : PDF of the standard normal random 
variable  

  : correlation length 

  : standard deviation of f 
LA(xR) f 

LA(xL) 
 Lx : horizontal dimension of the simulation 

domain 
 Lz : vertical dimension of the simulation 

domain 
 Δx : horizontal distance 
 Δz : vertical distance 
 x : horizontal coordinate 
 z : vertical coordinate 
 x* : position of the critical slip line 

 x* : standard deviation of x* 

REFERENCES 

 1. Hu, Y. G. and Ching, J., “Impact of Spatial Variabil-
ity in Undrained Shear Strength on Active Lateral 
Force in Clay,” Structural Safety, 52, pp. 121131 
(2015). 

 2. Phoon, K. K., “Reliability-Based Design of Founda-
tions for Transmission Line Structures,” Ph.D. Dis-
sertation, Cornell University (1995). 

 3. Fenton, G. A. and Griffiths, D. V., “Bearing Capacity 
Prediction of Spatially Random c- Soils,” Canadi-
an Geotechnical Journal, 40, pp. 5465 (2003). 

 4. Breysse, D., Niandou, H., Elachachi, S. and Houy, 
L., “A Generic Approach to Soil-Structure Interac-
tion Considering the Effects of Soil Heterogeneity,” 
Geotechnique, 55, pp. 143150 (2005). 

 5. Fenton, G. A., Griffiths, D. V. and Williams, M. B., 
“Reliability of Traditional Retaining Wall Design,” 
Geotechnique, 55, pp. 5562 (2005). 

 6. Soubra, A. H., Massih, Y. A. and Kalfa, M., “Bearing 
Capacity of Foundations Resting on a Spatially 
Random Soil,” GeoCongress: Geosustainability and 
Geohazard Mitigation (GSP 178), New Orleans 
Louisiana US, pp. 6673 (2008). 

 7. Hu, Y. G. and Ching, J., “The Critical Scale of Fluc-
tuation for Active Lateral Forces in Spatially Varia-
ble Undrained Clays,” Computers and Geotechnics, 
57, pp. 2429 (2014). 

 8. Vanmarcke, E. H., “Probabilistic Modeling of Soil 
Profiles,” Journal of Geotechnical Engineering Di-
vision, ASCE, 103, pp. 12271246 (1997) 

 9. Vanmarcke, E. H., Random Fields: Analysis and 
Synthesis, MIT Press, Cambridge, Massachusetts 
(1984). 

https://doi.org/10.1017/jmech.2015.5 Published online by Cambridge University Press

https://doi.org/10.1017/jmech.2015.5


390   Journal of Mechanics, Vol. 31, No. 4, August 2015 
 

10. Jha, S. K. and Ching, J., “Simulating Spatial Aver-
ages of Stationary Random Field Using Fourier Se-
ries Method,” Journal of Engineering Mechanics, 
139, pp. 594605 (2013). 

11. Vanmarcke, E. H., “Reliability of Earth Slopes,” 
Journal of Geotechnical Engineering Division, 103, 
pp. 12471265 (1997). 

12. Fenton, G. A. and Griffiths, D. V., Risk Assessment in 
Geotechnical Engineering, John Wiley & Sons, New 
York (2008). 

13. Ching, J., Phoon, K. K. and Kao, P. H., “Mean and 
Variance for Mobilized Shear Strengths of Spatially 
Variable Soils under Uniform Stress States,” Journal 
of Engineering Mechanics, 140, pp. 487501 
(2014). 

14. Li, C. and Der Kiureghian, A., “Optimal Discretiza-
tion of Random Fields,” Journal of Engineering 
Mechanics, 119, pp. 11361154 (1993). 

15. El-Ramly, H., Morgenstern, N. R. and Cruden, D. 
M., “Lodalen Slide: A Probabilistic Assessment,” 
Canadian Geotechnical Journal, 43, pp. 956968 
(2006). 

 
 
 
 
 
 

(Manuscript received May 14, 2014, 
accepted for publication November 13, 2014.) 

 
 
 
 

https://doi.org/10.1017/jmech.2015.5 Published online by Cambridge University Press

https://doi.org/10.1017/jmech.2015.5


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /WorkingCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 400
        /LineArtTextResolution 1200
        /PresetName <FEFF005B9AD889E367905EA6005D>
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed true
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


