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1. Introduction

We fix a number field L and a finite group G, and write Cl (ZL[G]) for the reduced
Grothendieck group of the category of finitely generated projective ZL[6r]-modules.
We let RG denote the ring of complex characters of G, with SG the additive subgroup
which is generated by the irreducible symplectic characters. We shall say that an
element ceCl [ZL[G]) is '(arithmetically) realizable' if there exists a tamely ramified
Galois extension N/K of number fields with L £ if and an identification Gal (N/K) -> G
via which c is the class of some Gal (N/K)-stable Z^-ideal. We let ^iL(G) denote the
subgroup of Cl (ZL[G]) which is generated by the realizable elements for varjingN/K.
Our interest in 9iL(G) arises from the fact that it is the largest subset of Cl (ZL[G])
upon which the results of Chinburg and the author in [Bu,Ch] can be used to give an
explicit module theoretic description of the action of the integral semi-group ring
s#L G of the Adams-Cassou-Nogues-Taylor operators { Y ^ : keZ,2Jfk if SG =t= {0}}.
Whilst the results of [Bu,Ch] can (at least partially) be understood 'geometrically'
via the action of Bott cannibalistic elements on suitable Grothendieck groups (cf.
[Ch,E,P,T], [Bu]), the underlying problem of finding an explicit module theoretic
interpretation of the action of <s/L G on all elements of C\(ZL[G]) is of course
essentially algebraic in nature. It is in this context that we were originally motivated
to investigate 5RL((?). However, such realizability issues have in any case an intrinsic
interest, and indeed certain aspects are already well understood. McCulloh has
studied (and in the abelian case completely characterized) the subset 5RL 0(G) of
Cl (ZL[G]) which consists of the classes of ZN &sN/K varies over all tame extensions as
above (cf. [Ml], and for the non-abelian case [M2]). In addition, Wilson has shown
that for any given tame extension N/K of group G the set of elements of Cl (ZK\Cf\)
which arise from all G-stable Z^-ideals is completely determined by the class of ZN

together with knowledge of the inertia subgroups of G and their standard
representations over the respective residue fields of ZK ([W]). These results however
do not directly give explicit information concerning W.L(G), and those explicit results
which are known are only for very special classes of extensions (cf. for example [U]).
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384 D. BURNS

We shall in this note deal only with coefficient fields L which are absolutely
unramified at each prime divisor of # G. In this case we shall (given the results
of [Ml]) explicitly describe ^iL{G) if G is abelian, and more generally describe
strong restrictions on 5RL((?) as a subgroup of C1(ZL[C?]). Since for any number
field L the index of resQ Cl (ZL[G]) in C1(Z[(?]) is easily bounded explicitly and
resQ 9lL(G) £ 9?o(Cr) our result also sheds light on this issue for general coefficient
fields L.

We state here a special case of the results proved in Section 2, and for this we need
some notation. We call a tamely ramified extension N/K 'locally abelian' if the
decomposition subgroup of each ramified prime is abelian. We let 9?£(6r), resp.
SR£ 0(G), denote the subgroup of yiL(G), resp. 9lL 0(G), generated by elements which
are realized by extensions N/K as above which are locally abelian. If G is abelian then
of course 9t£(G) = ^L(G) and 5R£i0(G) = W^G). For any cyclic group C we let
C1(ZZ/[C])£ denote the subgroup of elements of C1(ZL[C]) which can be represented
(in the ideal-theoretic Hom-description) by functions which are supported only
above prime Z^-ideals which have absolute norm congruent to 1 modulo # C. This
is in general a proper subgroup of Cl (ZL[C~\). We let # denote the set of cyclic sub-
groups of G, and write Cl(ZL[G~\)%, respectively Cl(ZL[G])v s , for the subgroup
SCe<,indg 01(2^(7]), respectively S ^ i n d g C U Z J C ] ) ^ of Cl(ZL[G]).

THEOREM 1-1. Let L be a number field which is absolutely unramified at each prime
divisor of #G. Then one has <R£(G) ^ ^l,0(G) + G\(ZL[G])^s, with equality if G is
abelian.

Remarks 1-2. (i) Let A(G) denote the Artin exponent of G. Since C\(ZL[G]) is a
Frobenius module over the Frobenius functor G0(L[G]) one has

A(G)C\(ZL[G])^C1(ZL[G])«

(cf. [C,R], 38-14). In general however, the quotient Cl (ZL[G])/(9lL_„(£) + C1 (ZL[G])<g)
is large. For example, if p is a prime and G a non-cyclic group of order p2 then
A(G) = p, whilst if L = Q then <RQ|0(G) = 0 (by M. Taylor's theorem), #D(Z[G])~ is
O(pp*) (cf. [C,R], 50-50), and if p is regular then the index ofCl(Z[G])v in C\{Z[G])
is #D(Z[G]).

(ii) Since cyclotomic fields are genus extensions of Q it is not difficult to show that
Cl (Z[C]) = D(Z[C] + C1 (Z[C])S for any cyclic group C. I know of no group G for which
Cl(Z[G])% 4= Cl(Z[G])<g £, but this seems likely to be the case for most G. However,
this is not so important when attempting to explicitly interpret the Adams operators
of [C-N,T]. Indeed, Oliver has shown that D(Z[C]) is a sum of generalized Swan
groups attached to prime power order subgroups of C, and on these it is easy to
explicitly describe the action of s^ c (cf. Appendix).

(iii) The main result of [Bu,Ch] implies that 9fL(6r) is preserved under the action
of stfL G, and this is a strong restriction on abstract subgroups of Cl (ZL\G~\). However,
obtaining explicit information beyond the inclusion given in Theorem 1-1 is difficult
for two reasons. Firstly, any restrictions on elements of Cl (ZL[G]) arising from
explicit realizations in extensions which are not locally abelian will depend on the
precise conjugation action of each decomposition subgroup on its inertia subgroup
(cf. §2). In addition, any existence results would require solutions to tame embedding
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problems of the type considered by Brinkhuis, and even now such a theory is
satisfactory only for extensions with abelian kernel (cf. [Br], [P]).

(iv). There are results analogous to those of [Ml] and also to Theorem Tl in the
setting of tame abelian covers of smooth projective curves denned over finite fields
(cf. [A,B]).

2. On realizable classes

We fix a finite group G and a number field L which is absolutely unramified at each
prime divisor of #G, and shall first analyse restrictions on elements of Cl(ZL[6r])
which arise from explicit realizations in the sense described above. In particular, we
shall show that

. (2-1)

Our analysis relies upon the functional behaviour of the Hom-description of
Cl (ZL[G]) together with standard properties of tame local extensions.

Suppose then that ceCl(ZL[G]) is realizable, corresponding to an extensionN/K,
an identification of Gal {N/K) with G (which we henceforth suppress) and a G-stable
Z^-ideal U. Since obviously (ZiV)e9?L 0(G) and c = (ZN) + (U) — (ZN), we shall focus
upon the class c':= (U)-(ZN)eCl(ZL[G]).

To make full use of Hom-descriptions we must first introduce some notation. We
choose a finite field extension E of N which is Galois over L, and such that all
representations of all subgroups of G can be realized (up to conjugacy) over E. For
each place r of E, we choose an embedding j 0 :Ec+Et which corresponds to r. We let
q, resp. p, resp. p, denote the place of N, resp. K, resp. L, which is associated to the
embedding j01N, resp. j 0 \ K, resp. j01L. We identify the completion of E at any place
above p with Et, and let J denote a set of embeddings E c+Et which are in bijective
correspondence with the prime divisors of E above p under the mapping ji-̂ r3-. We
assume that if r;- lies above q, resp. p, resp. p, then the restriction of j to N, resp. K,
resp. L, coincides with that of j 0 . We write r for the associated QL-equivariant
embedding of (E®LLp)* into the group of ideles J(E) of E. We let Mq denote the
maximal unramified extension of Kp in JV , and write Gq, respectively /q, for the Galois
group of NJKV, respectively NJMV Both 6?q and Iq are identified with subgroups of
G via the embedding j 0 . We choose a ZK [Gq]-generator a1 q, resp. a2 q for Uq, resp.
ZN , and for each of i = 1,2 let b(qt)peN(S)KKp £ E®LLp have r^-component at ,
resp. 0, ifj = j 0 , resp. j 4= j0- Then b(a1)p, resp. b(a2)p, is a ZK [G]-generator of the semi-
localization of IT, resp. ZN, at p. For each place p|3I we let gp€HomilL(RG,Jr(E))
denote the homomorphism which for each #ei?G has trivial archimedean com-
ponents, and for each maximal ZL-ideal p1 has ^-component given by

, 2 2

1, otherwise,

where here ^VK/L( — \x) is the norm-resolvent of ([F], chapter I). Writing cp for the
element of Cl(ZL[G]) which is represented by gp in the idelic Hom-description,
standard theory implies that c' = 2p|Ucp (cf. [F], chapter I). There is a natural
conjugation action of GJIq on /q, and we let tp denote the exponent of this action
(which indeed only depends on p). We shall show that

Lc.6ind&Cl(ZJ/q]) (2-3)
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for each p | U. Since N/K is tame each/q is cyclic, and \iNq/Kp is abelian then of course
tp = 1. In particular therefore, if N/K is locally abelian then (2-3) for each p | U implies
that c'eCl (ZL[G])<g, as is asserted in Theorem 1-1. We now fix places r, q, p, and p as
above with q | U, and write D for Gv I for /q, t for tp, and M for the subfield N1. If we
let indg also denote the homomorphism

HomQt (Bj, J(E)) -> Hom^Jfig, ./(#))

which is induced by the restriction map on characters resf:RG^RT then the
following diagram commutes

inA'G

•C1(ZL[/])

^ (2-4)

-,S(E)) >C\(ZL[G])

(cf. [F], theorem 12). Writing <%ZL[G] for the group of unit ideles of ZL[G] the group
DetC%ZL[G]) lies in the denominator of the idelic Hom-description of C\(ZL[G]).
Hence (2-3) will follow if we can define a homomorphism ^eHomQ (Rj,^(E)) such
that

(9?)'" = g'poresf modulo Det {<%ZL[G]). (2-5)

For each X€^G w e s e^ Xp:= res^ei? f l , and for each jeJ we then let x{ denote the
composite p-adic character joxp- Now the proof of ([F], theorem 19) (cf. also
([Bu,Ch], proposition 4-1)) implies that for each such character x and embedding j
there is an equality

(2-6)

Next we use the proof of ([F], theorem 25(ii)) to note that for any free generator clt

resp. c2 of Uq, resp. ZN , over ZM [I] there is a unit element Â  of ZM [D] (depending
in fact on o1; a2, c1; c2, and j) which is such that for each xe^G o n e n a s

To further analyse the right hand side of (2-7) we make use of the arithmetic oiNJK^.
We let wq denote the standard valuation of-A ,̂ and identify q with the valuation ideal
of vq. We let RD t, respectively Rj x, denote the ring of ̂ -characters ofi), respectively
/ , and write / v for the group of abelian 2?r-characters of / . Since Nq/Mq is totally
tamely ramified the values of each element of Iv lie in M*, and one knows that the
composition action of D/I = Gal (MJKp) on Iv coincides with its conjugation action
on / (that is, in each case any given element of D/I acts by raising elements to the
same power). It follows that, for each character <psly, the cardinality tD{(j)) of the
D/I-ovbit of <f> is a divisor of t. Furthermore, if for each 0 e / v we let ê  denote the
corresponding idempotent of ZM [I] then there is a canonical generator XN /M of 7V

which is such that for each xeNq and <f>elv for which xe^ =t= 0 one has vq(xeA ^ vq(x),
with equality if and only if <j> = X$JM • (For each of these results see for example
([Be], §1). Note also that the character XN^/M coincides with the character <p of
([Ch,E,P,T], Proposition 2-8) as defined for the "extension Nq/Mq.)
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LEMMA 2-8. For each choice of ZM [Fj-generator cx of Uq there is a ZM \T\-generator c1

ofZN for which the function hp(cx, cx) defined on Iy by hp(cv cx) ($)'•= (cx | <j>)/(cx \ <f>) takes
values in K*.

Proof. For any integer a one has (f = ©^e/v <fe^ where each afe^ is a rank one ZM -
lattice. Given the above described property of XN /M ^ follows that q"e<5 = qa('4>e^
where here a(<j>) is the least integer satisfying both a(<p) ^ a and <j> = X$*/M • Now
for any integers a and b one has for each character <fielv a congruence
a(<j>) = b(<j>) modulo #/ , and hence there exists an element x(a,b,(j>)eK* such that
qbe^ = x{a, b, <f>) q"^. In particular therefore, having chosen a ZM [/]-generator cx of ltq,
the element &{.= S9>e/v x(vq(U), 0, <fi) Cj ê  is a ZM [/]-generator of ZN . Furthermore, for
each <f>er one has h^,cj(<p) = c1eJ/x{v<t(U),O,(f>)c1e^ = ^ ( U j ' o . ^ p e X * . I

For each character <frelv we let TJ, ̂  £-K7 r denote the sum over the D/I-orhit of <f>.
With Cj chosen as in (2-8) we define hp(clt cx) on / v by setting

Then h^c^ cx) 6 HomQj[ (^/,r,-Ef) and (by Frobenius reciprocity) the homomorphisms
•̂p(ci> Ci) and Ap(Cj, Cj)' agree on resf -RD r. Note that in general hp(clt c^)1 is the smallest

power of h (c^c^) whose restriction to resf RD t is the restriction of an element of

Example 2-9. Let NJKV be any non-abelian Galois extension. Then, if cx is any
ZM [/]-generator of q2 there is no choice of ZM [/]-generator c2 of ZN for which the
function hp(c1}c2) is C1K -equivariant on Rr r. It is of course true that with cx chosen
as in (2-8) the restriction of h?(cv Cj) to resfRD r is Q.K -equivariant, and so one's main
interest is in finding an D.K -equivariant homomorphism which completes the triangle

1

However, even if D is dihedral of order 6, there is in general no Q.K -equivariant
completion of this triangle.

We now fix a choice of Cj and cx as in (2-8), write hp for h^c^Cy), and let X} denote
the unit X} of ZM [D] which satisfies (2-7) with respect to these choices. We let Fx

denote the maximal unramified extension of Lp in Et. Since MJKp is unramified, one
has JfK /L (DetiAjY) = Det(/*;.) for some unit /i}eZF[D]* (cf. [F], theorem 13). For
each xe^G and j e J the equation (2-7) thus implies that

To pass from this to a global equality we define a function ^ e H o m (Rr, (E ®LLp)*)
by specifying its components at each ty. for each </>eRj and je J we set
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Since hp is Q.K -equivariant it follows that JfK /L hp is QL -equivariant and hence one
has

g'peH.omQL(BI,(E®LLp)*). (2-12)

Next, we let /A,peYlieJZF [D]* £ Y[jeJJ.F [G]* denote the unit specified by

( ^ = fteZ^[D]* (2-13)

for ea,chjeJ. For each ^e.BG a n d j e J this satisfies

P e t (pj (x))tj = Det (ii}) (x
1) = Det (/*,) (#). (2-14)

Now from (2-2), (2-6), (2-10), (2-11) and (2-14) it follows that for each xeRa o n e h a s

9P(XY = g;(resfX)r'Det(fip)(x). (2-15)

Given (2-12) the congruence (2-5) will thus follow if we can show that

[G]*). (2-16)

Note firstly that since both gp and g'p are Q^-equivariant the equation (2*15) implies
that Det(/*p) is Q^-equivariant. In particular therefore, if p/\'#G then the inclusion
(2-16) is obvious. On the other hand, if p\#G then by our assumption on L the
completion Lp is an absolutely unramified field, and so one can deduce (2-16) by
applying Taylor's fixed point theorem for the group determinant ([T], chapter 8,
theorem 1-4) just as in the proof of ([F], theorem 10).

To conclude the proof of (2-1) we shall now show that if in the above analysis NJKp

is abelian then the class c2 e Cl (ZL[/]) which is represented by the function g' of (2-12)
actually belongs to Cl(ZL[/])2. To do this (and also what follows afterwards) it is
convenient to switch to an ideal-theoretic Hom-description, and so we shall first
recall a few details.

Let us fix a cyclic subgroup C ofG. We set k:= # C, and fix a primitive root of unity
£e<Qc of order k. We write Q)c for the set of QL-conjugacy classes of Qc-valued abelian
characters of C — since L/Q is unramified at each prime divisor of # G this set
coincides with the set of QQ-conjugacy classes of characters. It follows that if for each
De<3c we let \D\ denote the (common) order of the kernel of each jeZ) then the
relation >- defined on 2>c by D1 >- D2 if I.DJ > \D2\ is a linear ordering. For each Q>c-
character x of G we let L% denote the field extension of L which is generated by the
values of x, a n d write Ẑ , for the integral closure of Z ini^. The field L% depends only
upon the conjugacy class D to which x belongs, and so we define the symbols LD and
Zjr, in the obvious way. For each DeS>c we let C\k(D) denote the ray class field
modulo k ofLD, and write Clfc s (D) for the subgroup of CL. (D) which is generated by
the classes of ideals which have trivial Frobenius on L{£). The Tchebotarev density
theorem implies that Clfc 2 (D) coincides with the subgroup of Clfc (D) which is
generated by the classes of prime Zfl-ideals which lie above prime Z^-ideals having
absolute norm congruent to 1 modulo k. We fix once and for all a character
for each De!3c, and we define a homomorphism

in the following way: for each Z^-ideal aD which is coprime to k we let aD denote its

https://doi.org/10.1017/S0305004100073746 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004100073746


On arithmetically realizable classes 389

class in Clfc (D) and define irLiC({aD)Deac) to be the function which on a character x of
C takes the value a% where here X~X% f° r someDe@c and weQL. Such a function
represents an element of Cl (ZL[C]) via the Horn-description of ([F], notes to chapter
I, [4]). The map nL c is well defined and surjective, and maps ®DsQcGlk Z(D) onto
C

Returning to the proof of (2-1) we now set C:=/q, so that k is the inertial degree of
p in N/K. Since N/K is tame one has p Jf k and so for each character x of C the Z^-
ideal (g'v(x)) generated by g'p(x) is coprime to k. Hence c2 = nL c c 2 where here

c2
;= S (9'P(XD))£ ® Glk{D).

DeSc De3)c

For each maximal Z^-ideal I we let v{(x) denote the valuation of (g'p(x)) a t I- Thus
vi(x) = 0 unless 11 p. If now NJKp is abelian then the absolute norm of p is congruent 1
modulo k. From (2-11) it follows that for each character x of C and maximal Z^-ideal
I the absolute norm of V'(x) is congruent 1 modulo k. The Frobenius of each ideal
{g'p{x)) is therefore trivial on L(Q, and hence the element c2 actually belongs to
®De@c Clfc,s (D). This in turn implies that c2eCl (ZL[C])2 as was required to complete
the proof of (2-1).

To complete the proof of Theorem 1-1 we henceforth assume that G is abelian and
shall prove that 5RL 0(G) + C\ (ZL[(?])^ 2 c 9?L(G). To do this, it is obviously sufficient
to fix an arbitrary cyclic subgroup C of G and prove that indg (Cl (ZL[C])£) c y{L(G).
Moreover, since 9iL(G) consists of arbitrary finite linear combinations of realizable
elements this last inclusion will follow if we can show that for eachD o e^ c , and each
class xD eClj. 2(Z)0) one has

for an element (cD)De3ce © D e S C\k (D) which satisfies cD = xD and cD = 0 for each

We choose a maximal cyclic subgroup C of G which contains C, and a subgroup
H of G for which G = HxC. We fix a tame extension!^ of L which is disjoint from the
ray class field modulo k o£L{£,) and has group Gal (FJL) isomorphic to H. We fix an
isomorphism of Ged(F1/L) with H, an element Doe3>c and a class xD eClfc L(2)o).
Using the Tchebotarev density theorem we may choose a prime J.D -ideal Io which is
coprime to # G, has absolute norm congruent to 1 modulo k, splits completely inFJL,
and has class xD eClfc (Do). Letting l0 denote the prime ZL-ideal below l0 there exists
a tame cyclic extension F of L of degree # C which is disjoint from Fl/L, and in which
l0 has both inertial and decomposition subgroups of order k (this follows easily from
the Grunwald-Wang theorem (cf. [A,T], chapter 10), or if one takes Io of absolute
degree 1 by simple use of cyclotomic fields). We let N denote the compositum of
JF\ and F. We next specify an identification of Gal (F/L) with C, and hence of
Gal (N/L) = Gal (FJL) x Gal (F/L) with G. For this we let Fo denote the subfield
of F which corresponds to the kernel of any element of Do, with F2 the maximal
extension of L in F in which l0 is unramified. Thus F2 £ Fo and Gal (F/F2) S C. We
write Lo for the completion of L at l0, fix an embedding j0 :LC^,L% which corresponds
on LDt> to Io, and write Mo for the completion of Fo at the place corresponding to j 0 .
The completion of F2 at the place corresponding to j0 is Lo and so we can identify
Gal (F0/F2) and Gal (Mo/Lo) via the embedding j 0 . We thus regard XD a s a character
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of Gal (M0/Lo), and fix an identification of Gal (F/L) with C such that j0

canonical generator XM IL °f the group of abelian Z0-adic characters of Gal (Mo/Lo).
For each intermediate field N' of N/L we let lo(N') denote the radical of l0 in ZN..

If P is any subgroup of G then for each irreducible Qc-character # of F we let Fx

denote its kernel, and ex the corresponding idempotents of both LX\T] a,ndLx[T/rx].
For any pair of integers m, n we define a function/r m „ on irreducible <Q>c-characters
of F by the module index

/r.»,»(*) = i(W)m®Zx)ex: (lo(N)» ® Z%)eJZj

(all tensor products here and in what follows are over ZL). We similarly define a
function/^ „ on characters of C by

Now for each pair of integers m, n the class

c(m, n):= (lo(N)m) - (lo(N)n) e Cl (

is represented in the ideal theoretic Hom-description by the function/G m n. Note
that under restriction from NtoF the inertia subgroup / of l0 in G identifies with C.
Furthermore since l0 splits completely in F2F1/L it is easy to show that for each
character % of G there are equalities

fa.m,Jx) =fi,m,n(^sfx) and fi,min(TeB?x)=fZ,n(™*cX)-
It follows that c(m,n) = md%6(m,ri) with c(m,n)eCl(ZL[C]) represented by the
function/^ „. One now obtains the required classes by choice of integers m and n
according to the following lemma.

LEMMA 2-17. One has c(l,\D0\ + i) = nL c((cD)De®c)
eCl(ZZi[C]) with cD<> = xDo and

cD = 0ifD>D0.

Proof. We set d0 = \D0\. For each character x of C we set dx'.= # Cx and write Fx for
Fcx. If dx > d0 then

ex:

If on the other hand xe^o then one has

To describe this index more explicitly we identify the completion of Fo at any place
above /„ withi!f0, and let m denote the valuation ideal ofM0. If nowj: LD ĉ . Lo is any
embedding then the Z0-adic closure of / f j d + 1 (^ is equal to [mejox: va2ejox]ZL . In
addition, for each abelian Z0-adic character (ft of Gal (MQ/L0) one has

TOe., i f 0 = XM IT

ê j, otherwise

(cf. the proof of Lemma 1-8). From our chosen identification of QB\(F/L) with C
it follows *ha,t ftda+1(xD) = Io- But since Io was chosen to have class xDoeClk(D0)
the result is now clear. I

This completes the proof of Theorem 11.
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Appendix. Adams operators on generalized Swan subgroups
Throughout this appendix G is abelian. For each subgroup H of G we set h:= #H,

and write Z(A) for the finite ring Z/hZ. We set aH:=HYeHyeZ[H], and let stfH G

denote the quotient ring Z[G]/(crH). For each such H there is a natural fibre diagram

Z[G] >Z[G/H]

(Al)

associated to which there is a Mayer-Vietoris sequence (cf. [C,R], 49-39)

Kl{Z{h)[G/H])-^+D{Z[G~}) —>D(j^tG) 0D{Z[G/H]) —>0.

The (generalized) Swan subgroup TH(G) is defined to be the image of the boundary
homomorphism 8H. With 9P(G) denoting the set of subgroups of G which have prime
power order, Oliver has shown that

2 TH(G) = D(Z[G]) (A 2)

(cf. [0], Theorem 2). Let us fix a subgroup H for which h is a power of a prime I. Of
course, if h = 1 then TH(G) = 0 and so we may assume that h > 1. For each
weK1(Z(h)[G/H]) = (Z(h)[G/H])* there exists an element ueZ[G] D Zt[G]* which
has image in Z(h)[G/H] under the diagram (A 1) equal to w. We let SH(u) denote the
Z[G]-ideal which is generated by u and aH - this is a locally-free Z[G]-lattice which
has class SH(w)eCl(Z[G]). In the case h = 1 we shall for convenience set SH(u):= Of or
each ueZ[G].

For any prime p we write np for the ring endomorphism of Z[G] which is induced
by raising elements of G to the power p. Via (A 2) we can now explicitly describe the
action of the Adams operators defined in [C-N,T] on the elements of D(Z[G]) (cf.
Remark l-2(ii)).

LEMMA A3. Let H and u be as above. Then for any prime p one has
npueZ[Gp] n Zt[Gp]* and

^o,P(SH(u)) = indf (SHp(npu))eC\(Z[G]).

Proof. Since ueZ[G]r\Zt[G]* and np is a ring endomorphism it is clear that
npueZ[Gp] n Zt[Gp]*. To prove the rest we need a little more notation. For a
finite abelian group F we write <,>r for the standard inner product on the com-
plex representation ringi£r. We write F v for the set of irreducible complex characters
of F, and let er denote the trivial character of F. We extend each character ^e Fv to a
homomorphism £eHom(Z[F],Qc).

Now, by adapting an argument of Ullom (cf. [F], example 2, p. 25) one can show
that (SH(u))eCl(Z[G]) is represented in the Hom-description by the homomorphism
feKomaQ(RG, J(QC)) which has components at each #e6rv given by

[1, if?=H
if q = I.
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One checks similarly that the class of SHP(TTVU) in Cl(Z[6rp]) is represented by the
rphi
by

V

homomorphism yeHomQ (RGP,<f(Qc)) which is defined componentwise for each

l,

We write \jrp for the the p-th Adams operator on RG. Given the commutativity of the
square (2-4) together with the definition of ^Q^ (cf. [C-N,T]) and the above
interpretation of/ and g as representing homomorphisms, the result of the lemma
follows immediately if we can show that fox[rv = groreSgp on RG. But this is now
easily checked. Indeed, writing u = S? e G cgge Z[G] then for each character x e 6?v o n e

has

(resgj.#)(7Tptt) = S cgx{gp) = 2 cp(i/rpox)(g) = (i/rpox)(u).
geG geG

In addition, for each xe(?v one has

<,eHp,Tes%PX>H» + Q<>X(HV) = l^fvox{H) = l o < % , r e s g ^ o ^ > H 4= 0

and so
(eHp, resgp (resgP ^)> H P = (e^, resg fp o ^>H. I
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