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The traditional Kalman filtering-based transfer alignment methods largely depend on prior
information for initialisation. However, the initialisation process is hard to fulfil on a
moving base. In this paper, a type of inertial measurement vector integration matching for op-
timisation-based transfer alignment and calibration is proposed to estimate the misalignment
between the Master Inertial Navigation System (MINS) and Slave Inertial Navigation System
(SINS), and main inertial sensor error parameters of SINS, including bias and scale factor
error. In contrast to filter techniques, the proposedmethod has the capability of self-initialisation
and provides a new idea to solve the alignment and calibration problem.No prior information is
needed. Moreover, the integration time interval for the matching inertial measurement vector is
selected by considering both the observation degree of inertial sensor error parameters and the
noise effect. Simulation results demonstrate that the proposed method has faster convergence
and is more accurate than Kalman filter techniques.
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1. INTRODUCTION. The working principle of transfer alignment is to utilise rela-
tively high-accuracy reference information to calibrate the Slave Inertial Navigation
System (SINS) (Groves, 2008; Titterton and Weston, 2004; Chattaraj et al., 2013).
The reference information is provided by the Master Inertial Navigation System
(MINS). This alignment technique can fulfil three goals as follows: in-flight alignment
of SINS; online calibration of main error parameters of SINS and related aiding para-
meters estimation, such as lever arm and time delay. Once the aiding parameters are
compensated, the other two goals will be presented together, namely that, in order to
improve the alignment accuracy, the main error parameters of inertial sensors should
be calibrated; if the main error parameters of inertial sensors are calibrated, the align-
ment accuracy is certain to be improved.
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The traditional transfer alignment methods are generally Kalman filtering techni-
ques. For Kalman filtering-based methods, different measurement matching patterns
can be selected, which process the difference between MINS and SINS. The inertial
measurement matching pattern converges faster and has less computation, compared
with velocity and attitude matching patterns. However, simultaneously more prior in-
formation is needed for initialisation which is hard to obtain; more theoretical deriva-
tions and practical engineering tests are required to guarantee the correctness of the
Kalman filtering-based models. If the prior information is not accurate enough, the
filtering will converge to a false “true value” and may even diverge, caused by the in-
correctness of the measurement model and the inconformity between sensor error
models and practical tests.
The implementation of linear Kalman filtering techniques should satisfy certain

conditions, such as small attitude error. Other than filtering techniques, Wu et al.
(2011) proposed the Optimisation-Based Alignment (OBA) method, which transforms
the alignment problem into an attitude optimisation problem by transforming the vel-
ocity differential equation, and later the OBA method is applied to initial alignment
and parameter identification (Wu et al., 2011; Silson, 2011; Kang et al., 2012; Wu
and Pan, 2013; Wu et al., 2014). Inspired by the OBA method and aiming to restrain
the influences of both the random noise and bias, fixed integral interval sliding
methods for optimisation-based alignment were proposed (Li et al., 2014; Chang
et al., 2015a; 2015b). The length of the integrated data is supposed to be a key
factor due to the ambivalent effect of integrating the sensor noise.
Inspired by the idea of the aforementioned optimisation-based methods, a new op-

timisation-based transfer alignment and calibration method is proposed for the inertial
measurement vector integration matching in this paper, which has not been previously
researched. In the proposed method, an inertial measurement vector integration is
used instead of inertial measurement vector since using the inertial measurement
vector directly may cause divergence of estimations due to noise coverage. In addition,
proper selection of the data integration segment is critical for guaranteeing the error
observability. If the integration time interval is so long that the dynamic trajectory
characteristics will be lost, the estimations will also diverge due to the decrease of
degree of observability. For example, during level flight, including a short time of
pitching manoeuvres, if long-time integration matching is selected, the characteristics
of pitching will be lost in the level flight data, resulting in the decrease of observability
degree.
Compared with filtering techniques, no prior information of initial attitude and

sensor errors is needed. Not only the initial attitude but also main sensor error para-
meters are estimated simultaneously by solving a nonlinear optimisation problem.
The validity of the proposed method has been evaluated through simulation.

2. PRINCIPLE OF THE PROPOSED METHOD. We denote the MINS body
frame with m, the SINS body frame with s, and the inertial frame with i. The inertial
measurements of MINS and SINS are obtained in their own body frames, namely m
and s frames. The difference of the corresponding inertial measurements results from
the misalignment between m and s frames. Simultaneously, SINS has less accuracy
comparedwith MINS, thus the sensor errors are also one main factor for the difference
of the corresponding inertial measurements. In view of the difference between MINS
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and SINS, the misalignment and sensor error parameters can be fused into the inertial
measurement vector integration matching equation and the corresponding algorithm
is proposed as follows.

2.1. Relationship of Inertial Measurement Vectors between MINS and SINS. The
relationship between accelerometer and gyroscope outputs of MINS and SINS is
expressed as

f m × ωm
im ¼ Cm

s ð ~f
s
× ~ωs

isÞ ð1Þ
where Cm

s is the transformation matrix from s frame to m frame, f m and ωm
im the accel-

erometer and gyroscope outputs of MINS in m frame, ~f
s
and ~ωs

is the corresponding
ideal outputs of SINS in the s frame. Compared with SINS, MINS has higher meas-
urement accuracy by at least one order of magnitude and inertial sensor errors of
MINS are ignored here. For the pre-calibrated Inertial Measurement Unit (IMU),
the lever arm and installation errors change slowly compared with other error terms.
They are considered as constant and are compensated before the alignment.
Therefore the error models of SINS can be expressed as

~f
s ¼ f s � aSF × ~f

s � ba ð2Þ
~ωs
is ¼ ωs

is � gSF × ~ωs
is � bg ð3Þ

where f s and ωs
is are the error-contaminated outputs of SINS, aSF and gSF are the

scale factor of accelerometer and gyroscope of SINS, ba and bg are the corresponding
constant bias. aSF and gSF are matrices as follows

aSF ¼
aSFx 0 0
0 aSFy 0
0 0 aSFz

2
4

3
5 gSF ¼

gSFx 0 0
0 gSFy 0
0 0 gSFz

2
4

3
5 ð4Þ

In practical situations, the ideal outputs ~f
s
and ~ωs

is are not available. However,
their coefficients aSF and gSF are small quantities. They can be substituted by f s

and ωs
is

~f
s
× ~ωs

is ¼ ð f s � aSF × ~f
s � baÞ × ðωs

is � gSF × ~ωs
is � bgÞ

≈ ð f s � aSF × f s � baÞ × ðωs
is � gSF × ωs

is � bgÞ ð5Þ

Expanding Equation (5) further

ð f s � aSF × f s � baÞ × ðωs
is � gSF × ωs

is � bgÞ
¼ f s × ωs

is � f s × gSF × ωs
is � f s × bg � aSF × f s × ωs

is þ ba × bg

þaSF × f s × gSF × ωs
is � aSF × f s × bg þ ωs

is × baþ ba × gSF × ωs
is

ð6Þ

Turning to the terms on the right side of Equation (6), ba × bg, aSF × f s × gSF× ωs
is,

aSF × f s× bg and ba× gSF × ωs
is are second order small quantities and can be

omitted. Equation (6) is rewritten as

ð f s � aSF × f s � baÞ × ðωs
is � gSF × ωs

is � bgÞ
≈ f s × ωs

is � f s × gSF × ωs
is � f s × bg � aSF × f s × ωs

is þ ωs
is × ba

ð7Þ
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Then Equation (1) is rewritten

f m × ωm
im ¼ Cm

s ðf s × ωs
is � f s × gSF × ωs

is � f s × bg � aSF × f s × ωs
is þ ωs

is × baÞ ð8Þ

The misalignment and sensor error parameters of SINS are fused into the inertial
measurement vector matching Equation (8). Considering the effect of noise, integra-
tion is done for the matching equation Equation (8).

2.2. Integration and Problem Transformation. The current time tN=NT (N = 0,
1, 2…), where T is the sampling time interval. Integrating Equation (8) in time interval
[0, tN], we can obtain the equalities

ρðtNÞ ¼ Cm
s ðμðtNÞ þ γðtNÞbg þ χðtNÞbaþ S1ðtNÞ aSF

!
þS2ðtNÞ gSF

!
Þ
N ¼ 0; 1; 2; 3:::

ð9Þ
where

ρðtNÞ ¼ ∫
tN
0 ð f mðτÞ × ωm

imðτÞÞdτ ð10Þ
μðtNÞ ¼ ∫

tN
0 ð f sðτÞ × ωs

isðτÞÞdτ ð11Þ
γðtNÞ ¼ � ∫

tN
0 ð f sðτÞ×Þdτ ð12Þ

χðtNÞ ¼ ∫
tN
0 ðωs

isðτÞ×Þdτ ð13Þ

S1ðtNÞ ¼ ∫
tN
0 ðωs

isðτÞ×Þ
f sxðτÞ 0 0
0 f sy ðτÞ 0
0 0 f sz ðτÞ

2
4

3
5dτ ð14Þ

S2ðtNÞ ¼ � ∫
tN
0 ð f sðτÞ×Þ

ωs
isxðτÞ 0 0
0 ωs

isyðτÞ 0
0 0 ωs

iszðτÞ

2
4

3
5dτ ð15Þ

aSF
!

¼
aSFx

aSFy

aSFz

2
4

3
5 gSF

!
¼

gSFx

gSFy

gSFz

2
4

3
5 ð16Þ

where a×ð Þ is a skew symmetric matrix formed from the elements of vector a.
In order to eliminate the different error characteristics caused by the different

integration time interval, we construct new equalities by even-interval time difference

ρðtNÞ�ρðtN�∇Þ¼Cm
s ½ðμðtNÞ�μðtN�∇ÞÞþðγðtNÞ�γðtN�∇ÞÞbgþðχðtNÞ� χðtN�∇ÞÞba

þðS1ðtNÞ�S1ðtN�∇ÞÞaSF
!

þðS2ðtNÞ�S2ðtN�∇ÞÞgSF
!

Þ
N ¼∇;∇þ1;∇þ2;∇þ3:::

ð17Þ
Define

ρ≜ ρðtNÞ�ρðtN�∇Þ μ≜ μðtNÞ�μðtN�∇Þ γ≜ γðtNÞ�γðtN�∇Þ
χ ≜ χðtNÞ� χðtN�∇Þ S1 ≜S1ðtNÞ�S1ðtN�∇Þ S2 ≜S2ðtNÞ�S2ðtN�∇Þ

ð18Þ
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Then Equation (17) can be expressed as

ρ¼Cm
s ½ðμþγbgþ χbaþS1aSF

!
þS2 gSF

!
Þ ð19Þ

Equation (19) is used to form the objective function of the optimisation problem. The
time difference interval ð∇þ1ÞT should be adjusted according to the practical condi-
tions. Proper selection of the time difference interval is critical for guaranteeing the
observability degree of the system and inertial sensor error parameters. If the integra-
tion time interval is so long that the dynamic trajectory characteristics will be lost, the
estimations will also diverge due to the decrease of degree of observability.
We aim to estimate the transformation matrix Cm

s , the accelerometer scale factor
aSF and bias ba, the gyroscope scale factor gSF and bias bg, which are treated as con-
stant during the alignment process. They are connected together by Equation (19). We
adopt the Newton-Lagrange method, in Wu et al. (2014) to obtain the optimal estima-
tions. The solution procedure is same as that in Wu et al. (2014), and is listed below for
convenience.
Let q ¼ ½ s η �T be the unit quaternion corresponding to the transformation matrix

Cm
s , where s is the scale part and η is the vector part. Replace Cm

s with q, then Equation
(19) can be expressed as

ρ ¼ q○ðμþ γbg þ χbaþ S1 aSF
!

þS2 gSF
!

Þ○q
� ð20Þ

where the superscript * denotes the quaternion conjugate operator, and ° denotes the
quaternion multiplication operator. Define operators as follows

þ
q

� �
≜ s �ηT

η sI þ ηð×Þ
� � �

q

� �
≜ s �ηT

η sI � ηð×Þ
� �

ð21Þ

Therefore, we can obtain from Equation (19)

K ≜ �
μ

� �
� þ

ρ

� �� �
qþ þ

q

� �
ðμþ γbg þ χbaþ S1 aSF

!
þS2 gSF

!
Þ ¼ 0 ð22Þ

The problem of alignment and calibration, namely estimating the constant para-
meters, is transformed to a typical nonlinear optimisation, subject to an equality con-
straint.

min
q;ba;bg;aSF ;gSF

X
N

KTK s:t: qTq ¼ 1 ð23Þ

The Newton-Lagrange method is applied to solve the problem. The Lagrange function
for Equation (22) is

LðX ; λÞ ¼ min
q;ba;bg;aSF ;gSF

X
N

KTK � λðqTq� 1Þ ð24Þ

whereX ¼ ½qT bgT baT aSF
!

gSF
!

�T, λ is the Lagrange multiplier. The iterative
step starting from ðXk; λkÞ is given by

Xkþ1

λkþ1

� �
¼ Xk

λk

� �
þ ΔX

Δλ

� �
ð25Þ
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and ðΔX ;ΔλÞ is calculated from the following linear equations

∇2
XXLðXk; λkÞ �∇hðXkÞ
∇hðXkÞT 0

" #
ΔX
Δλ

� �
¼ � ∇XLðXk; λkÞ

hðXkÞ
� �

ð26Þ

Where

hðXkÞ ¼ qTq� 1 ð27Þ
∇hðXkÞ ¼ 2½qT 01×3 01×3 01×3 01×3�T ð28Þ

∇XLðXk; λkÞ ¼
X
N

J � 2λ½qT 01×3 01×3 01×3 01×3�T ð29Þ

∇2
XXLðXk; λkÞ ¼

X
N

H � 2λdiagð½I1×4 01×3 01×3 01×3 01×3�T Þ ð30Þ

Where J is the Jacobian matrix of KT K andH is the Hessian matrix ofKT K. When the
starting point X0 is close enough to the true value, the iteration is quadratically con-
vergent. In order to get a relatively good initial value q0 for X0, namely attitude, we
ignored the sensor errors in Equation (22). Equation (23) is reduced to the pure attitude
alignment (Wu et al., 2011).

min
q

X
N

qT
�
μ

� �
� þ

ρ

� �� �T �
μ

� �
� þ

ρ

� �� �
q s:t: qTq ¼ 1 ð31Þ

It is a typical Wahba problem which can be solved by q-method and the estimation
result is good enough to serve as the initial attitude.
The corresponding optimisation procedure is presented as follows:
For the current time tN,

1) compute ρ, μ, γ, χ, S1, S2 according to Equations (10)–(15);
2) set k = 0 and start with a good initial point Xk; λkð Þ using Equation (31);
3) compute ∇XLðXk; λkÞ, ∇hðXkÞ and ∇2

XXLðXk; λkÞ according to Equations
(27)–(30);

4) solve ΔX ;Δλð Þ according to Equation (26);
5) update Xk; λkð Þ with Equation (25);
6) set k = k + 1 and go to step 3) until convergence;
7) obtain the current attitude.

2.3. The Compared Kalman Filter. In order to validate the performance of the
proposed method, the Kalman method is selected for comparison. For the compared
Kalman method, choose velocity error δvx, δvy, δvz, attitude error ϕx, ϕy, ϕz, misalign-
ment ξx, ξy, ξz, gyroscope bias bgx, bgy, bgz, gyroscope scale factor δKgx, δKgy, δKgz,
accelerometer bias bax, bay, baz, accelerometer scale factor δKax, δKay, δKaz as the
state vector of the system:

X ¼ ½δvx δvy δvz fx fy fz bgx bgy bgz δKgx δKgy δKgz

bax bay baz δKax δKay δKaz ξx ξy ξz�T
ð32Þ
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Then the system state equation is constructed as

_X ¼ FX þW ð33Þ
Where W is the system noise, and F is the system transfer matrix.
Take the differences of velocity and attitude between MINS and SINS as the meas-

urement vector. The measurement matrix can be expressed as

H ¼ I3×3 03×3 03×12 03×3
03×3 I3×3 03×12 C

� �
ð34Þ

where C is the direct cosine matrix (DCM) of SINS.

3. SIMULATION. In order to validate the performance of the proposed method,
we simulate the trajectory of a missile vertically launched from the ground lasting for
350 s. 0–60 s is the overload period and 60–350 s is the free flight period. We choose the
overload period as the alignment process and compare the proposed method with a
standard Kalman filter technique with velocity and attitude matching pattern, the
filter time lasting for 350 s. For the body frame, x directs the right of the missile
body, y the front, z the upward and vertical. The accelerometer and gyroscope
outputs of the MINS are shown in Figures 1 and 2 and the sampling rate is 50 Hz.
The time difference interval is set as 1 s according to the dynamic trajectory character-
istics. The misalignment between the MINS and SINS is set as (2°, 3°, 4°) and initial
position (110·32° 47·80° 953·73 m). The inertial sensor error parameters of SINS are:
1) gyroscope bias 2°/h, scale factor 1000 ppm, noise 0·2°/h/

ffiffiffiffiffi
H

p
z; 2) accelerometer bias

1000 ug, scale factor 1000 ppm, noise 100 ug/
ffiffiffiffiffi
H

p
z. Both the methods are evaluated

by 50 Monte Carlo runs. The results are shown in Figures 3–7 and Tables 1 and 2.

1) For the misalignment, both the methods converge before 60 s and the proposed
method converges faster. The estimations of the proposed method and Kalman

Figure 1. Accelerometer outputs of the MINS.
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filtering technique stabilise at (2·0002° ± 0·0004°, 3·0001° ± 0·0001°, 4·0001° ±
0·0032°) and (2·0143° ± 0·0026°, 3·0376° ± 0·0098°, 3·9743° ± 0·0024°) at 60 s.
The proposed method is more accurate.

2) For the accelerometer bias, both the methods are effective and the estimations of
the proposed method and the Kalman filter technique are (979·734 ± 46·421,
972·958 ± 47·621, 990·414 ± 29·744) ug and (899·952 ± 6·039, 907·917 ± 7·450,
1075·860 ± 4·125) ug respectively. However, the proposed method converges at
45 s and the Kalman filter technique at 280 s. Obviously, the proposed method
has higher accuracy and faster convergence for the misalignment and accelerom-
eter bias.

Figure 2. Gyroscope outputs of the MINS.

Figure 3. Misalignment estimate across 50 Monte Carlo runs. a) optimisation-based method b)
Kalman filter method.
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3) For the accelerometer scale factors, the proposed method converges at 45 s and
the estimation is (1005·997 ± 96·424, 1043·771 ± 77·556, 913·253 ± 176·391)
ppm. The Kalman filter technique dose not converge until 280 s and is only ef-
fective on the y-direction scale factor error, and the estimation is (−5·7696 ±
3·909, 1005·2471 ± 5·7982, −40·9304 ± 26·6239) ppm.

4) For the gyroscope scale factors, the estimations of the proposed method and
Kalman filtering technique are (965·892 ± 61·332, 1047·036 ± 69·557, 950·047
± 80·881) ppm and (294·3267 ± 260·5873, 275·5503 ± 187·2138, 305·8104 ±
242·1307) ppm respectively. Similar to the accelerometer scale factors, the

Figure 4. Accelerometer scale factor estimate across 50 Monte Carlo runs. a) optimisation-based
method b) Kalman filter method.

Figure 5. Gyroscope scale factor estimate across 50 Monte Carlo runs. a) optimisation-based
method b) Kalman filter method.
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proposed method also converges at 45 s; although the Kalman filter technique
converges, not all the estimations are meaningful.

5) For the gyroscope bias, it is not effectively estimated by either of the two methods.
Only two direction biases converge for the proposed method and the accuracy is
not good enough (2·2623° ± 1·2293°, −0·3487° ± 13·1622°, 2·1416° ± 0·6595°);
although all directions converge for the Kalman filter technique, the accuracy
is not satisfactory (1·2488° ± 0·3276°, 1·4892° ± 0·2636°, 0·9718 ± 0·1649°).

In conclusion, compared with other error terms, the gyroscope bias is not effectively
estimated by either of the two methods. This phenomenon is predictable because
during the alignment process the observability of the gyroscope bias is the weakest

Figure 6. Accelerometer bias estimate across 50 Monte Carlo runs. a) optimisation-based method
b) Kalman filter method.

Figure 7. Gyroscope bias estimate across 50 Monte Carlo runs. a) optimisation-based method b)
Kalman filter method.
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compared with other parameters. Taking the overload period as an example, for the
Kalman filter technique, the accelerometer scale factors along the y-direction and
bias mainly affect the velocity errors; attitude errors are mainly affected by the gyro-
scope scale factor along the y-direction and accelerometer errors. Therefore the obser-
vability of the gyroscope bias is weak and prone to be disturbed when the velocity or
attitude is the observation for Kalman filter techniques. For the proposed optimisa-
tion-based method, all the inertial sensor errors are observed as “equivalent bias”.
Compared with gyroscope scale factors, the gyroscope bias contributes less to the
“equivalent bias” and is more likely to be disturbed.

Table 1. Estimation results.

Misalignment (°) Accelerometer bias (ug) Gyroscope bias (°/h)

Mean Standard
Variance

Mean Standard
Variance

Mean Standard
Variance

Optimisation-based
method

2·0002 0·0004 979·734 46·421 2·2623 1·2293
3·0001 0·0001 972·958 47·612 −0·3487 13·1622
4·0001 0·0032 990·414 29·744 2·1416 0·6595

Kalman filter method
(60 s)

2·0143 0·0026 152·2393 113·704 1·2743 0·2503
3·0376 0·0098 −19·8478 10·307 1·6345 0·4527
3·9743 0·0024 665·2609 130·753 1·5838 0·1690

Kalman filter method
(350 s)

1·9972 0·0076 899·9522 6·0387 1·2488 0·3276
3·0390 0·0151 907·9147 7·4492 1·4892 0·2636
3·9674 0·0067 1075·8604 4·1256 0·9718 0·1649

Table 2. Estimation results.

Accelerometer scale factor (ppm) Gyroscope scale factor (ppm)

Mean Standard Variance Mean Standard Variance

Optimisation-based method
1043·771 96·424 965·8928 61·3327
913·253 77·556 1047·036 69·55713

1005·997 176·391 950·0479 80·88138

Kalman filter method (60 s)
−2·2555 0·3717 423·2363 141·0062
1257·098 4·7909 2·6031 0·7141
−57·8396 21·9763 7·8181 1·6855

Kalman filter method (350 s)
−5·7696 3·9095 294·3267 260·5873

1005·2471 5·7982 275·5503 187·2138
−40·9304 26·6239 305·8104 242·1307

Table 3. Results at 60 s.

Misalignment (deg)

The proposed method The pure attitude alignment

Mean Standard Variance Mean Standard Variance

2 2·0002 0·0004 1·9803 0·0197
3 3·0001 0·0001 3·0009 0·0009
4 4·0001 0·0032 3·9903 0·0097
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The results of the pure attitude alignment in Equation (31) and the proposed method
are compared in Table 3. It can be seen that the resulting accuracy of the proposed
method is higher than that of the pure attitude alignment. When the main error
terms of inertial sensors are calibrated, the alignment accuracy is improved.

4. CONCLUSION. The Kalman filtering-based transfer alignment method is
limited by its dependence on prior information. In this paper, a new optimisation-
based method is proposed with the capability of self-initialisation and no prior infor-
mation is needed. The misalignment and inertial sensor error parameters are estimated
simultaneously. For the proposed method, accelerometer and gyroscope outputs of the
MINS and SINS are used directly and navigation rate equations are not needed to
derive the corresponding error models. In the proposed method, inertial measurement
vector integration is used instead of the inertial measurement vector to eliminate the
effect of the noise. In addition, proper selection of the time difference interval is
made which is critical for guaranteeing the observability degree of the system and in-
ertial sensor errors. Simulation results demonstrate that the proposed method has
faster convergence and higher accuracy than Kalman filter techniques. It provides a
new way to solve the alignment and calibration problem.
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