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In the statistical quasilinear theory of weak plasma turbulence, charged particles
moving in electrostatic fluctuations diffuse in velocity, i.e. the velocity variance
〈∆v2(t)〉 increases linearly with time t, for times long compared with the auto-
correlation time τac of the field, which may be estimated as the reciprocal of the
spectral width of the fluctuations. Recent test-particle simulations have revealed a
new regime at very long timescales t� τac where quasilinear theory breaks down,
for intermediate field amplitudes. As this behaviour is not consistent with a diffu-
sion on quasilinear timescales, the problem of the motion of particles in a broadband
wave field, for the case of a slowly growing field, is considered here from a purely
dynamical point of view, introducing no statistics on the field and no restriction on
the amplitude of this field. By determining, on a given timescale, and in the frame of
wave–particle interaction, the spectral width over which waves interact efficiently
with a particle, a new timescale is found: the nonlinear time of wave–particle inter-
action τNL ∝ (spectral density of energy)−1/3� τac. This is the correlation time of
the dynamics. For times shorter than τNL, the particles trajectories remain glob-
ally regular, and do not separate: they follow a quasifractal set of dimension 2.
For times long compared with τNL, there appears a ‘true’ diffusive regime with
mixing and decorrelation, due to nonlinear mixing in phase space and the localiza-
tion of the wave–particle interaction. These theoretical results are confirmed by a
numerical study of the velocity variance as a function of time. In particular, the
particle dynamics really do become diffusive on timescales several orders of mag-
nitude longer than that predicted by quasilinear theory (namely � τNL � τac).
Finally, deviations from the quasilinear value of the diffusion coefficient and wave
growth rate, discussed in the literature, are explained.

1. Introduction
Quasilinear theory is a statistical theory aimed at describing the evolution of a
weak turbulent field and a distribution of resonant particles in this field when
wave–particle interactions dominate (see Vedenov et al. 1962; Drummond and Pines
1962; Sagdeev and Galeev 1969; Davidson 1972; Delcroix and Bers 1994). The fast,
weak and warm beam–plasma instability, presented in all introductions to plasma
physics (see e.g. Nicholson 1983; Delcroix and Bers 1994) constitutes the central
paradigm of this problem. This statistical quasilinear theory considers a set of
Vlasov plasmas, and studies the evolution in time of the average properties of such
a statistical set of systems. However, it is clear that only the extreme difficulty of
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this problem of weak turbulence motivates the introduction of statistics, and that
the initial, physically relevant problem remains the evolution of one field and one
distribution of particles interacting with this field. We shall handle the evolution
of a wave field and of particles interacting with this field from a purely dynamical
point of view, and – except in Sec. 6 for checking coherence with the previous results
by Cary et al. (1990, 1992), Pesme et al. (1993), Helander and Kjellberg (1994) and
Ishihara et al. (1993), which first numerically invalidated the quasilinear theory –
we shall not incorporate statistics in our theory.

Of course, we do not claim that we are able to solve this problem self-consistently
from a dynamical viewpoint; this still remains a dream. However, when the field
evolves slowly, i.e. when its growth time γ−1 is long compared with the typical non-
linear time τNL of wave–particle interaction, this problem reduces, on the timescale
of a few τNL, to the dynamics of charged particles in a fixed field. Note that, since
we want to reconsider the problem at its root, with a novel point of view, we cannot
attribute any definite value to the timescale τNL at the beginning of this work.
One of the main goals will thus consist in precisely defining this timescale. This will
arise naturally in the course of our study.

The interaction of particles with a broadband wave spectrum has already been
considered from a dynamical point of view (see Delcroix and Bers 1994). But the
proposed theory of wave–particle interaction mainly relies on an assumption of
rapid decorrelation, which is not justified. Indeed, the dynamics is supposed to
obey a diffusive process attributed, without further demonstration, to a decorre-
lation mechanism that, in the absence of collisions, would be due to an intrinsic
stochasticity in the nonlinear dynamics. Earlier interpretations attributed the dif-
fusion to an extrinsic stochasticity, connected to the random wave phases. The fact
that a diffusion can be an intrinsic property of a deterministic system was realized
by Chirikov (1978) and Rechester and White (1980) via the study of the standard
map of Chirikov–Taylor, which describes the dynamics of independent particles
interacting with regularly phased waves. This already constitutes a substantial
progress in the understanding of the phenomena. However, nonlinearity does not
necessarily imply stochasticity, and it remains unclear how the process of diffusion
comes about in the phase space, and on which timescale. We shall endeavour to
clarify these points.

To that end, we shall determine the spectral width of the field that really acts
on the particles on a given timescale, and, in the approximation of a fixed field,
solve the nonlinear dynamics with a given precision on this timescale. The only
conditions of validity for our theory will be γτNL � 1, as mentioned above, and
a limitation on the level of the field energy for the particles not to be trapped
in the field. To a large extent, the present work is based on the results of Ragot
and Shklyar (1995) (which deals with the nonlinear growth rate), but requires a
more precise handling of the nonlinear dynamics on all the timescales. The particle
trajectories will be studied, in a nonlinear and nonperturbative way, individually
and relative to each other. This will allow us to state the timescale for which mixing
appears in the phase space. In fact, we shall prove that the correlation time of the
dynamics is the nonlinear time τNL of wave–particle interaction, which scales as a
power of the spectral energy density, W−1/3

ω . Furthermore, we shall establish the
existence of two diffusion regimes of fundamentally different natures. The first
results not from any memory loss or phase mixing, but from the stochasticity of
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the field and the self-similarity of the dynamics on a range of timescales (< τNL),
and will be called the ‘quasi-fractal’ diffusion regime, whereas the second (the long-
time diffusion regime, on times� τNL), more classical, results from a mixing and
a decorrelation in the phase space, due to the nonlinear dynamics of the particles
and the localization of the wave–particle interaction.

In Sec. 2, we shall briefly introduce the beam–plasma instability, and present
the state of the art. Section 3 will address the field representation, and Sec. 4 the
nonlinear dynamics as outlined above. In Sec. 5, we shall compare our predictions
with numerical simulations of the velocity variance as a function of time, and discuss
more thoroughly the long-time diffusion regime. Finally, in Sec. 6, we shall compare
our theory and its results with previous work, such as the resonance broadening
theory of Dupree (1966), and test-particle simulations by Cary et al. (1990, 1992),
Pesme et al. (1993), Helander and Kjellberg (1994) and Ishihara et al. (1993). In
particular, we shall prove that our theory is consistent with these recent numerical
results that invalidated the quasilinear theory.

2. The beam–plasma instability: a paradigm of the wave–particle
interaction

A warm electron beam in a noncollisional plasma excites Langmuir modes, via the
Landau effect, in the velocity range where the slope of the electron distribution
function is positive. For a sufficiently weak beam density, the wave propagation
characteristics of the plasma are not substantially affected by the beam. The dis-
persion relation for these Langmuir modes can thus be deduced from the Hermitian
dielectric function that describes the linear dielectric constituted by the nonreso-
nant plasma bulk. When the beam is sufficiently fast, the dispersion relation takes
the usual form

ω = ωpe(1 + 3
2k

2λ2
De), (2.1)

where ωpe and λDe are respectively the plasma frequency and the electronic Debye
length. Indeed, this relation is known to be valid in the limit of a wavelength λ long
compared with the Debye length λDe, i.e. for phase velocities fast compared with
the thermal velocity of the plasma bulk.

2.1. Quasilinear approach to beam–plasma interaction

The evolution of the Langmuir field and of the resonant particle distribution func-
tion is usually described by quasilinear theory (Vedenov et al. 1962; Drummond
and Pines 1962; Sagdeev and Galeev 1969; Davidson 1972; Nicholson 1983; Del-
croix and Bers 1994). This theory assumes a diffusion of the particles in velocity,
through the spectrum of the wave field, and an exponential growth of the modes
with the Landau growth rate (as in the monochromatic case)

γL =
2π2e2ω0

mk2
0

∂f

∂v

(
ω0

k0
, t

)
, (2.2)

determined by the averaged distribution function deduced from the diffusion equa-
tion

∂f

∂t
=

∂

∂v

(
D
∂f

∂v

)
. (2.3)

Quasilinear theory justifies the diffusion of the charged particles in the broad-
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band wave spectrum by a decorrelation of the dynamics for times longer than
the autocorrelation time of the field seen by the particles, τac ∝ (complete spec-
tral width)−1, and proposes a linear derivation of the diffusion coefficient, which
neglects the statistical modifications of the particle orbits in the field. So, the par-
ticles are supposed to interact resonantly with the wave packet during a time of
the order of

τac ≡
2π

k0∆vϕ
, (2.4)

where ∆vϕ is the total width of the wave spectrum in phase velocity, and k0 is the
typical wavenumber. This resonant interaction of particles with randomly phased
waves produces a variation of the average quadratic velocity of the particles that
would be given by 〈(∆v)2〉 = (e/m)2 〈E2〉τ 2

ac, as in the linear theory. This yields the
diffusion coefficient

DQL =
〈(∆v)2〉

2τac
= π

(
e

m

)2 〈E2〉
k0∆vϕ

. (2.5)

2.2. Recent criticisms of quasilinear theory

The validity of the above diffusion coefficient has been discussed ever since its
derivation in the 1960s (and more recently by Rechester et al. 1979a, b; Adam et al.
1979; Laval and Pesme 1984; Cary et al. 1990, 1992; Ishihara et al. 1993; Liang
and Diamond 1993; Pesme et al. 1993; Helander and Kjellberg 1994). In particular,
test-particle simulations presented by Cary et al. (1990, 1992), Pesme et al. (1993),
Helander and Kjellberg (1994) and Ishihara et al. (1993) reveal that the slope of the
variance 〈(∆v)2〉 as a function of time starts with the quasilinear value, but may
significantly differ from quasilinearity (by a factor > 2) after times much longer
than τac, for intermediate values of the spectral density of energy, and would remain
so, following Ishihara et al. (1993), up to a time of the order of few tens of τNL,
when the slope would again become quasilinear.

Furthermore, Pesme et al. (1993) deal with the case when the phases of the waves
(of the discrete field representation) are correlated over a finite spectral width. It
appears that the convergence of the diffusion coefficient to its quasilinear value
was not found when increasing the overlap parameter of the waves, which makes
the authors conclude that the statistical properties of the field, and especially ‘non-
Gaussianity’ of the field statistics, may imply nonquasilinear behaviour, even in the
limit of infinite overlap parameter.

In fact, it is not the numerical deviation from quasilinear values that is most
meaningful, but the timescales and the underlying reason for this nonquasilinear
behaviour of the statistical dynamics. Cary et al. (1990, 1992) relate the time for
the change of slope to the discretization time 2π/(k0δvϕ), where δvϕ is the distance,
in phase velocity, between two successive harmonics of the discrete spectrum used
for the numerical simulations. But the simulations of Pesme et al. (1993) invalidate
this assertion, since the time for the change of slope will not significantly increase
when δvϕ decreases, if the spectral correlation length of the waves’ phases is fixed,
as we checked.

We shall consider, in Secs 3 and 4, uncorrelated phases and much larger spectral
densities than Cary et al. (1990, 1992), Pesme et al. (1993) and Helander and Kjell-
berg (1994) do, so that both regimes will give a quasilinear value for the diffusion
coefficient. But the two slopes observed by Cary et al. (1990, 1992), Pesme et al.
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(1993) and Helander and Kjellberg (1994) correspond to the two regimes found
in this paper. In Sec. 5, we shall prove that our understanding of the nonlinear
dynamics (presented in the next sections), together with our analytical solution
for the velocity variation (derived by Ragot and Shklyar 1995), explain how the
slope of the velocity variance 〈∆v2(t)〉 as a function of time may change, for some
spectral density of energy, after times already considered as very long compared
with the time of the diffusion by quasilinear theory. We shall also analytically find
the value of the supraquasilinear diffusion coefficient obtained by Cary et al. (1990,
1992), Pesme et al. (1993) and Helander and Kjellberg (1994), for an overlap param-
eter of 18, which corresponds to the maximum deviation in their paper. Moreover,
we shall show that, even in the case of a finite spectral correlation length of the
waves’ phases studied by Pesme et al. (1993), the diffusion coefficient tends to its
quasilinear value (up to a few percent) for a high spectral energy density.

These nonquasilinear diffusion regimes were not the only striking results that
threw shadows on quasilinear theory. The simple evolution of the wave spectrum,
predicted by quasilinear theory, has also been called into question by experiments
in a travelling-wave tube in San Diego (see Tsunoda et al. 1987, 1991), and numerical
simulations by Cary et al. (1992) and Doxas (1994 private communication) based
on the self-consistent Hamiltonian derived by Mynick and Kaufman (1978) from
the equations of motion introduced by O’Neil et al. (1974). Both experiments and
simulations showed evidence of strong correlations between the modes, which is
not really surprising, since the assumed linear independence of the modes in a
regime of high resonance overlap is theoretically difficult to justify. Indeed, the
growth rate is determined by the distribution of the particles in the resonant region,
where linear theory breaks down since the velocity modulations due to different
harmonics are no longer linearly independent. The expression for the growth rate in
the case of a wide spectrum thus required a specific derivation, especially aimed at
its determination, without hypothesis of linear independence of the modes. This was
achieved by Ragot and Shklyar (1995), and improved by Ragot (1995), where the
nonlinear dynamics of resonant particles in the broadband field was first studied,
in a regime of sufficiently slow growth of the wave field (γτNL � 1), in order to
deduce the modulation at one given frequency of the charge density, and, from this
modulation, the growth rate.

This study of the particle dynamics allowed the establishment of an evolution
equation for a short-time Fourier harmonic of the field. The global correction to the
linear Landau growth rate was found to be less than 10%, which is in agreement
with the measurements in the San Diego travelling-wave tube. The growth rate was
found by Cary et al. (1992) to be greater than 1.5 times that predicted by quasilinear
theory, which was attributed to self-consistent effects and spontaneous discretiza-
tion of the spectrum due to mode-coupling effects. However, we believe that this
enhancement is most probably due to the convexity of the resonant distribution
function. Indeed, the derivation of the Landau growth rate includes an expansion
of f (v) to the first order, and, in the case when the enhancement is found, Fig. 5 in
the paper by Cary et al. (1992) (as well as in the paper by Doxas and Cary, 1997)
clearly shows that f ′′(v)∆v2 is of the same order as f ′(v)∆v. The theory presented
by Ragot and Shklyar (1995) and, Ragot (1995), as well as the quasilinear one,
suppose that the convexity of the resonant distribution function may be neglected.

The integro-differential equation due to Ragot and Shklyar (1995) and Ragot
(1995) also implies that a harmonic with relatively small amplitude can have a
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much faster and more complex behaviour, as has been observed in the experiments
in San Diego, as well as in the numerical simulations based on the self-consistent
Hamiltonian.

For the derivation of the growth rate of the ω0 harmonic by Ragot and Shklyar
(1995) and Ragot (1995), the fact that only the ω0-oscillating part had to be ex-
tracted from the solution of the particle velocity variation allowed us to simplify
the study of the nonlinear dynamics. Here, since the goal is to precisely under-
stand the nonlinear dynamics of the particles in a broadband wave spectrum, and
how diffusion may appear in a completely deterministic system, we need to handle
the problem of the nonlinear dynamics and of the determination of the velocity
variation in a more rigorous way. This will be our purpose in the next two sections.

3. Field and discretization
So, we study the dynamics of charged particles (with a charge −e and a mass
m) in one-dimensional plasma turbulence, for the case when the evolution of the
field is sufficiently slow for it to be considered as fixed on the timescales on which
we want to study the dynamics, i.e. for γτNL � 1. We might consider general
one-dimensional slowly growing plasma turbulence. However, though our theory
may as well be applied, for instance, to whistler modes in parallel propagation as
demonstrated by Ragot (1995), we shall reduce our present dissertation to the case
of 1D Langmuir turbulence, for the sake of simplicity.

We shall assume that all the conditions described above (in Sec. 2) are fulfilled,
so that the dispersion relation of our modes can be written in the form (2.1). This
will permit us to make precise the conditions of validity of our theory, whenever
necessary.

E(x, t) will denote the electrostatic field, composed of many high-frequency modes
propagating in one direction, with characteristic amplitude A, frequencies spaced
on the average by δω, and independent phases φn. With the real field E(x, t), we
shall associate a complex analytical field Ẽ(x, t), by addition to the real field of an
imaginary part equal to its Hilbert transform, so that only positive frequencies will
appear in the spectrum of Ẽ(x, t):

E(x, t) = Re{Ẽ(x, t)} = Re

{∑
n

Anexp[i (knx− ωnt + φn)]

}
. (3.1)

kn and ωn are connected by the nonlinear dispersion relation (2.1), and An are the
amplitudes of the different modes of the field. We shall denote by δω the quantity
δω |1− vϕ/vg|, where vϕ and vg are the phase and group velocities. δω = k0δvϕ (to
first order), where δvϕ is the average distance between two successive harmonics
measured in phase velocity. The Hamiltonian of the dynamics reads

H(x, v, t) =
v2

2
+
e

m

∑
n

An
kn

sin(knx− ωnt + φn) . (3.2)

The expression (3.1) is readily accepted as a general representation of Langmuir
turbulence in a plasma. However, the dispersion relation for Langmuir waves yields,
in an unbounded medium, a continuum of solution modes. The writing of the field
in the form of a discrete sum thus constitutes only an imperfect representation of
the field. We shall first make precise the conditions under which it can be considered
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as correct. Strictly speaking,

Ẽ(x, t) =
∫
dωA(ω)ei[k(ω)x−ωt] , (3.3)

where A(ω) is a complex amplitude. Let {ωn} be a series of frequencies of the Ẽ
spectrum, such that

〈ωn+1 − ωn〉n = δω =
δω

1− vϕ/vg
, (3.4)

and {In} an R-partition, such that each interval In is centred on the frequency ωn.
Ẽ(x, t) may also be written as

Ẽ(x, t) =
∑
n

∫
In

dωA(ω)ei[k(ω)x−ωt]

=
∑
n

ei(knx−ωnt)
∫
In

dωA(ω)ei{[k(ω)−kn]x−(ω−ωn)t}. (3.5)

As the functions (x, t) → ei(knx−ωnt) are independent, the representation (3.1) is
valid if the arguments of the exponentials are equal:

Ane
iφn =

∫
In

dωA(ω) ei{[k(ω)−kn]x−(ω−ωn)t}.

Hence
∫
In
dωA(ω) ei{[k(ω)−kn]x−(ω−ωn)t} should not depend on time or on the posi-

tion. This is true if

δω ∆t� π and δk∆x� π,

i.e.

∆t�
π

δω

∣∣∣∣1− vϕ
vg

∣∣∣∣ ∼ π

δω

1
3k2λ2

De

and

∆x�
π

δω
vg

∣∣∣∣1− vϕ
vg

∣∣∣∣ ∼ π

δω

ωp
k
, (3.6)

since

δk ≈ ∂k

∂ω

∣∣∣∣
ω0

δω ≈ δω

vg
.

The condition

∆t�
π

δω

1
3k2λ2

De

is not very restrictive, since k2λ2
De� 1. For the solar wind, for instance, 3k2λ2

De is
typically 10−2 (λDe ≈ 30 m and k ≈ 2× 10−3 m−1). But when one follows a given
particle on a time interval ∆t, the condition on ∆x implies that v∆t should remain
small compared with (π/δω)ωp/k, i.e. for a resonant particle, ∆t � π/δω, which
is more restrictive. This condition is barely fulfilled in the simulations by Cary et
al. (1990, 1992), Helander and Kjellberg (1994) giving a supraquasilinear diffusion
coefficient. We shall not discuss this point in detail in this section. However, we
shall keep this condition in mind for further considerations, and, since it may be
the key point for deciding about the relevance of observed nonquasilinear regimes,
we shall come back to it in Sec. 6.
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4. Nonlinear dynamics, decorrelation time and diffusion regimes
The work presented hereinafter is based on the idea that to describe the dynamics
of a resonant particle correctly on a given timescale, it is not necessary to take
into account all the modes of the spectrum, provided that the particle velocity
remains sufficiently localized on this timescale. Indeed, fast oscillations should be
averaged out. In a first part, the main goal will thus consist in proving this assertion
and making it precise, using the solution derived by Ragot and Shklyar (1995) for
the velocity of a particle interacting with a wave packet of width Mδω, on its
characteristic nonlinear time τ(M ) of amplitude variation.

4.1. Nonlinear dynamics in a wave packet composed of M modes

Let us consider the reduced field ẼM (ξ, t), composed of theM nearest modes around
one given harmonic (ω0, k(ω0)).

4.1.1. Field representation of a wave packet. As in Ragot and Shklyar (1995), in the
frame of this harmonic moving at phase speed ω0/k0, we can put the reduced field
– in the variables ξ = k0x− ω0t, u = k0v − ω0, with k0 = k(ω0) – in the form

ẼM (ξ, t) =
∑
Mδω

An exp
{
i

[
ξ +

(
vϕ0

vg0
− 1
)

(ωn − ω0)t + φn +
kn − k0

k0
ξ

]}
, (4.1)

where vϕ0 and vg0 are the phase and group velocities of the harmonic (ω0, k(ω0)). The
expression (4.1) results from a first-order expansion of the exponential arguments
in (3.1). Mδk � k0 is required now. For this, we define Mk as the largest integer
such that Mkδk can still be considered small compared with k0; and we choose
M 6Mk. As we shall see later, the nonlinear time τNL of wave–particle interaction
corresponds to a variation of the order of 1 in | ξ |. This means that, for shorter
timescales, Mδk � k0 allows us to neglect the last term in the exponent of (4.1),
which already contains arbitrary phases φn. With this simplification, exp(iξ) can
be taken out of the sum:

ẼM (ξ, t) = exp(iξ)
∑
Mδω

An exp
{
i

[(
vϕ0

vg0
− 1
)

(ωn − ω0)t + φn

]}
. (4.2)

Expressing the sum, which now depends only on time, as a function of the instan-
taneous amplitude EM (t) and phase ϕ(t), we have

ẼM (ξ, t) = EM (t) exp[iξ + iϕ(t)]. (4.3)

We have performed extensive numerical simulations of the wave packet (4.2) to
study the behavior of EM (t) and ϕ(t), choosing the modes as described at the be-
ginning of Sec. 3. Figure 1 shows a typical – randomly chosen – example of the time
variations of EM (t) and ϕ(t): the instantaneous amplitude EM (t) follows a series of
bursts (see also Fig. 4), and inside each of these bursts, the instantaneous phase ϕ(t)
varies slowly and almost linearly. A projection of the field (4.2) on optimized Gabor
wavelets (cf. Ruskai et al. 1992), as done by Ragot and Shklyar (1995) and Ragot
(1995), corroborates this slow variation of the phase ϕ(t) around the maxima of
amplitude.

Each upper part of the amplitude bursts can be easily fitted by a Gaussian. As
the wave–particle interaction is most important when the amplitude of the field is
large (i.e. at the top of the bursts), we shall approximate each burst of amplitude
by a Gaussian function with, for each burst, slightly different parameters, whose
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Figure 1. Variations of the instantaneous amplitude E(t) (—–) and the instantaneous phase
ϕ(t) (- - -) as functions of the nondimensional time t/τ(M ), for M = 11.

statistical properties we shall study below, in particular as functions of the number
of modes retained in the reduced spectrum. This approximation of Gaussian bursts
of the instantaneous amplitude EM (t) is justified by the fact that EM (t) only departs
from a Gaussian function at low values where the velocity of the particles is no
longer significantly modified by the field ẼM . In addition to the low value of the
field amplitude, we argue that in the time intervals where the deviation of EM (t)
from Gaussian behaviour becomes important, the phase ϕ(t) of the field varies
strongly, which further reduces the efficiency of the wave–particle interaction.

Still referring to Ragot and Shklyar (1995), we shall thus describe the field as
a series of Gaussian bursts of the instantaneous amplitude EM (t), with a slowly
varying instantaneous phase ϕ(t) inside each burst, and write:

EM (t) = Epexp[− 1
2µp(t− tp)

2], ϕ(t) = ϕp + ϕ̇p(t− tp), (4.4)

where Ep, ϕp and ϕ̇p denote the amplitude, the phase and its derivative at the
amplitude maxima, which happen at times tp. The phase ϕ undergoes fast nonlinear
variations at the transition of the amplitude EM (t) through each of its minima, so
that the ϕps may be considered as independent – in fact, most important is that
their average value is zero. (Note again that these fast variations of the phase ϕ are
essential to validate the model of Gaussian bursts for our problem of wave–particle
interaction.)

The particular form (4.4) adopted for EM and ϕ initially arises from computer
simulations of the wave field (see Fig. 1) – similarly for the numerical coefficients
appearing thereafter. The quantities Ep, ϕp and ϕ̇p vary from one burst to the next,
and we have numerically studied their statistical properties as functions of M . In
the case when the amplitudes An and the phases φn are randomly distributed, and
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Figure 2. Variations of E2
max, E2

min, 1/τ(M ) and µ1/2
(M ) with respect to the number of harmonics

M kept in the spectrum. The powers of Emax, Emin, τ(M ) and µ(M ) are chosen so that the
variations as functions of the number of harmonics M are linear, and the scaling laws can
be easily checked: A and δω are equal to 1.

for frequency intervals as described above, we find that the time-average values of
Ep and µp are (see Fig. 2)

E ∼ 1.2M 1/2A, µ ∼ 0.14(∆ω)2 ∼ 0.14(Mδω)2. (4.5)

(By time-average, we mean that we average the values of Ep and µp over many suc-
cessive bursts of amplitude.) These scalings, which are valid for uncorrelated phases
and M large enough, say M >MQL ≈ 10, will be used for further estimates of the
velocity variance and ‘diffusion coefficient’, since we assume here a sufficiently high
spectral density of energy of the turbulence.

Another important feature of the reduced field ẼM is its characteristic nonlin-
ear time τ(M ) of amplitude variation. This corresponds to the mean time interval
between two successive amplitude minima of the wave packet, and scales as

τ(M ) ∼
10
Mδω

(4.6)

(see the third quadrant of Fig. 2). Let us first consider the dynamics on this
timescale, that is in one burst of the reduced field amplitude. On putting

ζ = ξ + ϕ(t) + π, w = µ−1/2
p (u + ϕ̇p), t̃ = µ1/2

p (t− tp), (4.7)
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the equations of motion can be written as (omitting the tilde on t̃)

dζ

dt
= w,

dw

dt
= βM exp(− 1

2 t
2) cos ζ, (4.8)

where the value of the parameter βM = ek0Ep/mµp depends on the number of
harmonics taken into account to the power − 3

2 , since Ep scales as 1.2M 1/2A and
µp as 0.14(Mδω)2.

4.1.2. Nonlinear velocity variation in one burst of instantaneous amplitude. In order
to study the diffusivity of the particles and to be able to estimate a diffusion
coefficient, if one exists, we need to know the velocity variation. We shall try to
find, as a first step, the velocity variation ∆Mw(t) inside one burst of instantaneous
amplitude, i.e. the difference between the current nondimensional velocity w(t) and
the corresponding velocity w0 at the beginning of the burst that we are considering.

To that end, we put

z = − 1
2 t

2 + iζ, p = −t + i
dζ

dt
, (4.9)

so that the equations of motion become

dz

dt
= p,

dp

dt
= iβMe

z − α, (4.10)

where

α = 1− βM exp(− 1
2 t

2) sinζ. (4.11)

With this set of equations there is associated a complex energy

ε = 1
2p

2 + α(t)z − iβMez. (4.12)

Then we put

P = p− iβMλ
∫ z

−∞

eθdθ

[2(ε− αθ + iβMeθ)]1/2
, (4.13)

with λ = −1 (respectively +1) for t < 0 (respectively t > 0), and where we take the
branch of the square root with a positive real part. This quantity obeys

dP

dt
= −α, (4.14)

neglecting the terms of second order in βM with small coefficient. Let us define the
function h by

θ = y + ih(y), with h(y) = β̃eθ. (4.15)

We find

h(y) =
∞∑
n=1

anβ̃
neny, an = in−1n

n−1

n!
, (4.16)

which allows us to integrate and write P in the form

P = p + iα1/2
∞∑
n=1

(
nπ

2

)1/2

an

(
βM
α

)n
exp
(
nε

α

)[
Φ
((

n

2α

)1/2

p

)
+ λ

]
, (4.17)

where Φ stands for the error function

Φ(x) =
1
π1/2

∫ x2

0

e−t

t1/2
dt. (4.18)
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Figure 3. w − w0 as a function of ζ0 and t̃, for β = 0.25 and w0 = 0: comparison of
numerical and analytical results. ζ0 ∈ [π, 2π] and t̃ ∈ [−4, 4].

Then, taking account of the fact that α is real, we obtain the velocity variation in
implicit form:

∆Mw(t) = w0 − w(t)

=
α1/2

2

∑
n>1

(
nπ

2

)1/2

an

(
βM
α

)n
exp
(
nε

α

)[
Φ
((

n

2α

)1/2

p

)
+ λ

]

−να1/2
m

∑
n>1

(
nπ

2

)1/2

an

(
βM
αm

)n
exp
(
nεm
αm

)
+ c.c., (4.19)

with ν = 1 (respectively 0) if t > 0 (respectively t < 0), and where the index m
indicates the values at the amplitude maximum, corresponding to t = 0.

This analytical integration is presented in greater detail by Ragot and Shklyar
(1995) and Ragot (1995). The series converges for sufficiently small βM , that is,
approximately, βM < 1/e. We shall check further that this condition is fulfilled for
the values of M we are interested in.

Figure 3 compares the values of w0 − w obtained by numerical integration with
those deduced from (4.19), for a range of initial phases ζ0 ∈ [π, 2π], an initial
velocity w0 = 0, and times t̃ between −4 and 4. This figure shows that w is a regular
function of time in one burst of the reduced field amplitude, and the sensitivity to
initial conditions is moderate. Moreover, the integration that leads to the formula
(4.19) is reliable. Equation (4.19) also allows us to estimate the first order of the
velocity variation in one burst of the instantaneous amplitude as

∆Mw ∼ (2π)1/2βMexp(− 1
2w

2
m) cos ζm. (4.20)

It can be checked from (4.19) that the correction to this first-order term is small.
It will be neglected in further considerations, and in particular in Sec. 6, when we
shall look for the corrections to quasilinearity obtained by Cary et al. (1990, 1992),
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Pesme et al. (1993) and Helander and Kjellberg (1994). Indeed, these corrections
are corrections of order 1, which either are already contained in the term (4.20) or
cannot be explained by the present theory.

4.1.3. Limitation on M and definition of τNL. Now, there is an obvious limitation
on the values that we may reasonably consider for M . Indeed, we need to take into
account at least sufficiently many modes for the velocity variation of the resonant
particles to be covered by the width, in phase velocity, of the spectrum we keep for
describing the dynamics. We shall denote by N the smallest value for which this
condition is satisfied for all the particle trajectories that, during the time τ(N ), cross
the line v = ω0/k0. τ(N ) defines the nonlinear time τNL of wave–particle interaction,
which scales as the spectral density of energy (Wω = A2/δω) to the power − 1

3 , since

τNL ∼
10
Nδω

(4.21)

and (4.20) yields, as a first estimate,

N ∼
[

15ek0A

m(δω)2

]2/3

. (4.22)

(To obtain the factor 15, we proceed numerically with (4.19), looking for the smallest
value of M such that the largest k0∆Mv equals 1

2Mδω, i.e. ≈ 1
2Nδω, according to

the definition of N . This is not an exact way of computing it, but should already
give a good estimate.)

Note that for Langmuir waves, the condition Nδk � k0 reduces to ∆(N )v � v.
And, for a fast beam, the nonlinear velocity variation of resonant particles is obvi-
ously negligible with respect to their velocity in the fixed frame. Hence N �Mk.

Another limitation on M is connected to the total width of the spectrum. We
consider a broadband wave spectrum, but of finite width, which imposes the upper
limit for the spectral density of energy Wω. Indeed, using the definition (2.4) of the
autocorrelation time τac of the field, and writing this condition for N , which is the
smallest value of M , we find the inequality

0.23
(
ek0

m

)2

Wω < τ−3
ac .

The conditions for our present theory to have some range of applicability can thus
be summarized as

γ3� 0.23
(
ek0

m

)2

Wω < τ−3
ac . (4.23)

4.2. Quasifractal dynamics in the whole spectrum, and correlation time

As we know the velocity variation induced by a wave packet composed of M modes
on the timescale τ(M ), we can estimate the error generated by replacing the whole
spectrum by a reduced one on this timescale. With this aim, we compare the small-
est velocity variation, induced on a ω0-resonant particle, by a wave packet that
contains M modes centred around (ω0, k0), with the largest variation induced on
this particle by a wave packet of the same width, but shifted in frequency by aMδω.
To determine the largest possible error, we consider a particle with velocity w = 1

2
at the amplitude maxima of both wave packets (which is unlikely to occur, espe-
cially for M > N , but will give a wide estimate). Using (4.20), we find that the
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external wave packet has a relative influence on its velocity variation of the order
of exp[− 3

2 (a− 1
2 )2 + 3

8 ] compared with the central one, i.e. approximately 4.9% for
a = 2. As for the harmonics further outside this external wave packet, their influ-
ence is completely negligible (for a = 2) on the timescale τ(M ), since the decrease of
this influence is a Gaussian function of the distance from the harmonic ω0. From
this, we conclude that a wave packet of 3M harmonics around ω0 is sufficient to
determine the velocity variation of a resonant particle, on the timescale τ(M ).

The trajectory of a resonant particle is regular – nonlinear but regular – when we
omit the perturbation of negligible average due to modes outside the wave packet
of 3M modes, on the timescale τ(M ). Since τ(3M ) = 1

3τ(M ) (see (4.6)), it is typically
composed of three regular jumps in velocity. However, to calculate the velocity after
a time of order τ(3M ), we have to take into account three times more modes, so that
each of the regular jumps should in fact be viewed as composed of three regular
jumps of smaller amplitude, and so on. Hence we come to a conclusion about the
self-similarity of the solution (for the velocity) at all the timescales shorter than τNL,
down to τm = max(τac, 10/(Mkδω)) (where Mkδk is the largest wavenumber width
that can still be considered as small compared with k0). Note that for Langmuir
waves produced by a beam of temperature T and speed vb, we have τm = τac if
T 1/2� vb.

Figure 4 illustrates our understanding of the dynamics on times shorter than
τNL. The instantaneous amplitudes E0(t) of reduced fields, composed respectively
of 8, 24 and 72 modes, are plotted in (a). (We keep the central modes unchanged,
when increasing the width of the spectra.) Figure 4(b) shows the resonant velocity
u computed in these three reduced fields, as a function of time. Its slope changes
significantly at each new amplitude burst of the field in which it is computed. Of
course, only the velocity variation after three jumps can be considered as quite
rigorously estimated (in the whole spectrum). Moreover, the third jump does not
exactly finish at the end of a jump obtained on a three-times longer timescale,
since the minima of the reduced field amplitudes do not precisely occur at the
same moments. But on a few of the longest jumps, it becomes clear that the more
perturbed curve just follows the smooth one.

To summarize, even if the trajectory is composed of nonlinear jumps in velocity
at all the timescales between τNL and τm, this trajectory will appear as regular on
the timescale τNL, as well as all intermediate timescales, by an averaging effect.
Finally, if the spectral width of the wave were infinite, and the equations of motion
could be put in the form (4.8) whatever the spectral width (which is not true,
because the condition Mδk � k0 would break down), the trajectory would be
fractal with Hausdorff–Besicovitch dimension 2. This dimension D is defined as
lims→0 log[N(s)]/ log(1/s), where N(s) is the number of cubes of size s required
for covering one given part of the trajectory (cf. Lichtenberg and Liebermann 1992;
Bergé et al. 1992). And, in our case,

D = lim
M→+∞

log(3M/N )
log[δω/(k0∆(3M )v)]

= 2. (4.24)

Of course, in a physical case, it is not possible to let the scale tend to zero as
we would need in order to estimate this dimension. Nevertheless, there is a scale
invariance, from τNL down to τm, and the decorrelation time of the dynamics is
not τac, but at least τNL.

https://doi.org/10.1017/S0022377898006795 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377898006795


Nonlinear particle dynamics in a broadband turbulence wave spectrum 313

50

40

30

20

10

0

(a)

0 10 20 30 40 50 60 70 80 90 100

Time

(b)
20

10

0

–10

–20
0 10 20 30 40 50 60

Time

70 80 90 100

Du

%0(t)

Figure 4. (a) Amplitudes E0 of the fields composed respectively of 8, 24 and 72 modes, as
functions of time. The slowest variation corresponds to the 8-mode case, while the sharp
high peaks are generated by 72 modes. Of course, the central (8 and then 24) modes are
kept unchanged. (b) Variation of the velocity u as a function of time, in the wave packets
described above. On the timescale of a few amplitude bursts of a given wave packet, the
effect of external modes is averaged out and the trajectory looks regular. The total duration
is much shorter than τNL in this example, so that trajectories with slightly different initial
conditions do not separate on this timescale. They are not represented for the clarity of the
figure.

4.3. Diffusion regimes and time transition from regular to chaotic motion

A forthright consequence of this scale invariance is what we shall call the ‘quasi-
fractal diffusion’ regime, on timescales between τm and τNL – under the condition
that the scalings giving βM are valid for all the values ofM considered, which is not
exact when N and thus M can approach values of the order of a few (< MQL ≈ 10).
Indeed, (4.20) gives in dimensional units (see Sec. 4.1.1, (4.5), (4.7) and (4.8))

∆(3M )v ≈
(µ(3M ))1/2

k0
∆3Mw ≈

3Mδω(0.14)1/2

k0
(2π)1/2β3M cos ζm, (4.25)

(∆(3M )v)2

2τ(3M )
≈ π

2

(
e

m

)2
A2

δω
= DQL (4.26)

for M > N , which allows us to speak about a ‘diffusion coefficient’. a signifies that
we average over the particle phases (so that cos2 ζm gives 1

2 ), and on a time of the
order of a few τ(M ).

When speaking here about a ‘diffusion coefficient’, we do not claim that 〈∆v2(t)〉
(averaged over the initial conditions) has a constant slope over a time interval
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Figure 5. Velocity variance 〈∆u2〉/τNL as a function of the nondimensional time t/τNL, for
a set of 800 particles with initial velocity u = 0 and random initial phases ξ between 0
and 2π, for δω = 1 and A = 2. The straight line has a quasilinear slope. It fits the curve for
times shorter than τNL, corresponding to the ‘quasifractal diffusion’ regime. In the transient
regime, that is for times shorter than many τNL (≈ 10τNL), the irregularity of the curve
demonstrates the nondiffusivity of the dynamics (tested for up to 104 particles). And, for
longer times, when the phase mixing starts to be efficient, the curve asymptotes the straight
line, which confirms the long-time diffusion regime.

(fluctuations may be very large), but that 〈∆v2(t)〉 takes the quasilinear value on
discrete times between τm and τNL, which gives the impression of a quasilinear
slope when observed on a longer timescale (see Fig. 5).

Moreover, the dynamics is clearly nondiffusive, in its usual sense, since we can
really estimate the position of a particle on a time of the order of τNL, which implies
that there is no ‘practical’ memory loss; nor is there phase mixing.

But we may also predict that this regime is followed, after a transient period of
several τNL, by a second, more classical diffusion regime. Indeed, for longer times,
the fast jump of the instantaneous phase of the efficient field, associated with a
strong nonlinear phase and velocity variation, as well as some sensitivity to initial
conditions, permits us to forecast a good mixing of trajectories.

We present in Fig. 5 the variance 〈∆u2〉 as a function of time. Its slope starts with
the quasilinear value (when examined on longer timescales). Then it varies strongly
and we need to wait at least for 10τNL to again observe a fixed slope. We propose
below the underlying explanation, and defer to Sec. 5 more detailed comments on
this curve.

On short timescales, many harmonics have to be taken into account in the dy-
namics. Thus, by normalization, w� 1, since µ is large, u is bounded (since it stays
inside a spectral band of width Nδω around ω0), and ϕ̇ is small compared with µ. If
w is small, the phase ζ will undergo a very small variation on a burst of amplitude
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(cf. (4.8)). And the variation of this phase ζ = ξ + ϕ + π happens essentially at
the transition of the considered field amplitude through each of its minima, where
the phase ϕ undergoes strong variations. This implies that all the particles will be
submitted to the same significant variations of their phases, at the same times, so
that initially nearby trajectories will follow each other on many bursts. Moreover,
the jumps in velocity space are independent, though of the same mean amplitude
(∝ exp(− 1

2w
2
m) ≈ 1).

Furthermore, for an individual particle, since w is small, and thus varies very
little, since the average of ϕ falls to zero on a timescale long compared with the one
on which the dynamics is solved, and since the variation of the phase ζ is princi-
pally due to the variations of ϕ, we can predict that the trajectory of this particle
will return near its initial position in the phase space (ζ, w). Since the sensitivity
to initial conditions is moderate, on the average, the motion will follow a regular
curve. And indeed, if we solve the dynamics on a timescale long compared with the
previous one, and if we take into account only those harmonics that have an effect
on this timescale, the motion in one amplitude burst of this new timescale will ap-
pear regular, corresponding to the average motion of the previous scale. From this,
we can say that the dynamics remains correlated, at least on times of order τNL.

This reasoning is transposable up to the timescale τNL, or slightly shorter, but
not beyond, since the time that would be necessary to find a phase near the initial
one would be so long that the velocity would have significantly changed meanwhile,
and thus the probability of again finding the initial phase ζ and velocity w would
be extremely low.

So, the difference between short and long timescales consists in the fact that the
variation of ζ is, in one case, essentially due to the variation of the field phase at
each transition through the amplitude minima, and in the other case, in equivalent
proportion, to the variation of ξ itself. This is essential since, in the first case, the
particles of the system undergo almost the same variation of their phase, which
limits the mixing of these trajectories in the phase space, while in the second case,
the variation of ζ depends on the initial phase of each particle, and thus differs for
each one. There is thus nonlinear decorrelation of the ensemble motion on the long
timescale. And the decorrelation time of the dynamics really is of the order of a
few τNL.

We consequently have an initial regime of ‘ordered diffusion’, on timescales
shorter than τNL, whose characteristics differ radically from a classical diffusion
regime, since there is neither phase mixing nor memory loss, and which is connected
with the stochasticity of the field, followed after a relatively long, transient period
of phase mixing by a second diffusion regime, on timescales long compared with
τNL, more classical, where the nonlinearity of the particle dynamics plays a crucial
role.

5. Diffusion regimes: numerical test and further discussion
In the previous section, we have established the correlation time τNL of the particle
dynamics in a broadband wave spectrum. We have deduced from wave–particle
interaction analysis, computer modelling and analytical derivation, the dynamical
transition between a regular, quasifractal behaviour of the particle trajectories,
without separation of initially close trajectories, and a chaotic behaviour of these
trajectories characterized by a nonlinear mixing in the phase space.
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5.1. Quasifractal diffusion regime

From the first of these results, we can predict that the velocity variance 〈∆u2〉ξ,
as a function of time, although locally irregular, should globally (when examined
on a timescale of a few τNL) increase linearly with the quasilinear slope up to
the timescale min(τNL, τ(MQL)), where MQL defines the minimal number M of
harmonics in the efficient wave packet for which the quasilinear scalings (4.4) are
valid (MQL ≈ 10). Indeed, when we perform numerical test-particle simulations, we
check that for any realization of the wave field (4.2) (such as described in Sec. 3),
the increase of 〈∆u2(t)〉ξ looks linear, with a quasilinear slope at least up to the
time min(τNL, τ(MQL)). When the upper time is connected to the breakdown of the
quasilinear scalings (i.e. τ(MQL)), it is not modified by a change of the wave energy
(as long as τNL > τ(MQL)).

When τNL < τ(MQL), the quasilinear slope extends up to slightly longer times
(between τNL and 1.5τNL). This is not in contradiction with the discussion in Sec. 4.
In fact, we estimated the time when neighbouring trajectories start to separate in
the case when their velocity variation is the largest. But in the simulation, we
average over the initial particle phases, and not all trajectories will precisely start
to separate from neighbouring ones at that time. Those particles for which the
velocity variation on τNL is significantly smaller than the width, in phase velocity,
of the efficient wave packet, will still be under the influence of the same wave packet
on longer times. And the effect of the ‘fastest’ harmonics of this wave packet will be
progressively averaged out on these longer times, in a similar way as the effect of
external harmonics has already fallen to ‘zero’ on the timescale τNL. Our reasoning
of Sec. 4 can thus be extended for these particles to narrower wave packets, and the
corresponding timescales. This can be applied to a non-negligible proportion of the
particles (see Fig. 3). Hence the slightly longer time of validity of the ‘quasifractal
diffusion regime’.

5.2. Long-time diffusion regime

We shall now turn our attention to the long-time diffusion regime, connected with
the nonlinear phase mixing in Sec. 4. For this, we will study the spreading of a set
of particles on this long timescale, and give complementary arguments in favour of
this long-time diffusion regime.

Figure 5 shows the velocity variance of the particles as a function of time, for a
set of initial conditions such that u(t = 0) = 0 and ξ(t = 0) ∈ [π; 2π]. What strikes
us at once is the irregularity of the curve, which persists no matter how high the
number of particles in the initial conditions (tested for up to 104 particles). This
confirms the non diffusivity of the particle dynamics on times shorter than many
nonlinear times of resonant interaction (and longer than τNL), corresponding to
the transient regime forecast in Sec. 4.

This irregularity progressively lessens for times increasing up to values large
compared with τNL. Now, even if the curve extended with the same irregularity (as
at the beginning), we could speak about diffusion on a very long timescale, since
the slope of 〈∆u2〉 as a function of t would tend asymptotically to a fixed value,
under the condition that no barriers such as KAM tori were encountered by the
particles, i.e. that the wave spectrum were sufficiently wide.

Hence, from the separation of the particle trajectories and the nonlinear mixing of
these trajectories in the phase space, which starts on the timescale τNL of nonlinear
wave–particle interaction, and requires a few τNL to be efficient, we are tempted
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to predict ‘the long-time diffusion regime’, characterized by the linear behaviour
of the velocity variance 〈∆u2〉 as a function of time (see Fig. 5).

There is a belief that the mixing of trajectories implies a diffusion. While this
might be a valid argument, the many unanswered questions concerning this point
do not allow us to affirm that the nonlinear phase mixing alone explains the ob-
served long-time diffusion. So, we shall give strong complementary arguments in
favor of this long-time diffusion regime.

As we have seen in Sec. 4, the difference between short- (< 1
3τNL) and long-

timescale regimes is the result of a transition from a one-dimensional to a two-
dimensional problem in the (ζ, w) coordinates. Whereas the normalized velocity
w can be set equal to zero for short timescales, it becomes significant for longer
times, which makes the nonlinearity of the motion equations play a crucial role
and induce the nonlinear phase mixing. In Sec. 4, our efficient wave packets were
always centred around the same harmonic (ω0, k0), and we stopped our reason-
ing at the timescale τNL, when some particle velocities become too large to be
further determined by the same reduced wave packet. Now, it is clear that on
longer timescales, when the particles spread out in velocity, the wave–particle in-
teraction zones corresponding to the different particle positions in the phase space,
identical for t � τNL (since all the particles have the same velocity), will pro-
gressively dissociate as the particles go away from their starting point at a dis-
tance larger than Nδω/k0. The particles subjected to the strongest accelerations
or decelerations will be the first to learn the initial zone, and will rapidly be sub-
jected, in their average motion, to the influence of harmonics ‘outside’ the ini-
tial zone, with phases independent of those of the harmonics acting in the initial
period. As time goes by, the number of particles escaping their first resonance
zone increases, since the particle distribution in velocity is a smoothing Gaussian
around u = 0 if one admits a diffusion, which we shall not do but which, we be-
lieve, gives a correct first sight of reality. Of course, the particle dynamics can
no longer be described as in Sec. 4 (that is, by the interaction with one given
wave packet of width 3Mδω on the timescale τ(M )). But we understand that for
times very long compared with τNL, the dynamics of a particles set with initial
velocity u = 0 becomes diffusive, since, in addition to the arguments concerning
the nonlinear phase mixing that starts after 1

3τNL, these particles will be submit-
ted to groups of harmonics with independent phases, and thus to noncorrelated
forces.

This is a direct consequence of the localization of the wave–particle interaction
that we demonstrated in Sec. 4. It may (as well as the nonlinear phase mixing)
explain why the irregularity of the curve giving the variance of u as a function of
time progressively lessens for increasing times.

Of course, a particle that is successively submitted to different independent wave
packets can return in its initial wave–particle interaction zone; and we absolutely
do not say here that the particle will have forgotten its stay in this initial zone.
On the contrary, a study based on the standard map of Chirikov–Taylor and its
relatives, presented by Ragot (1995), states that, however long the particle may
have a diffusive-like dynamics, it will remember the phases of the waves that have
interacted with it at any time of its history. (The measured spreading rate is a
characteristic of the whole spectrum interacting with the particles.) But when a
particle arrives in an interaction zone that it has already visited in the past, its
new phase is decorrelated from the one it had when leaving this zone, in the sense
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that it is the result of forces that are completely independent of the force produced
by this particular interaction zone.

Consequently, beyond the strict nonlinear phase mixing demonstrated in Sec. 4,
we also invoke the localization of the wave–particle interaction, and the decorre-
lation it induces on timescales � τNL, to explain the long-time diffusion regime
corroborated by the curve on Fig. 5, and which we may call the true diffusion
regime, in opposition to the first quasifractal one.

Now, we need to remark that the diffusion coefficientD0, obtained when following
a set of given particles with initial velocity v for a long time, is not precisely the
D(v) that we should like to introduce in a diffusion equation, for describing the
evolution of the distribution function. It characterizes the spreading of a set of
particles over a very long time (many times τNL), and thus in a very wide domain
of the phase space (of very broad expanse compared with ∆Mω/k0), which does not
allow us to attribute to D0 the quality of a function of the velocity v any longer,
unless the phase space is uniform, in which case D(v) is a constant, and many
interesting possibilities are excluded.

On the other hand, the precision in velocity of the diffusion coefficient D(v) is
intrinsically limited by 1/k0τNL, that is the mean velocity width on which the par-
ticle trajectories are regular. Moreover, D(v) has to describe the transport of all
the particles inside this range of velocities, whatever the time they stay inside. The
coefficient D0, which does not take into account the contribution to the transport
coefficient of a large number of particles whose velocity, even if initially very dif-
ferent, can approach v during the measurement period, is not the right candidate
for a diffusion equation.

However, a definite conclusion of this study is that the diffusion coefficient D(v)
of the wave–particle interaction (with a broadband spectrum) is only meaningful for
describing the particle transport on a time long compared with the time of resonant
interaction τNL, in a domain of the phase space of width of order ∆v = 1/k0τNL in
velocity.

In the next section, we shall show that there is no contradiction with the
aforementioned papers, which proved the existence of nonquasilinear regimes, but
did not notice the nondiffusivity on such long timescales.

6. Correlation with previous work
The system that we are dealing with is perfectly deterministic, since it is described
by Hamiltonian equations. The average that we perform for studying the velocity
variance on long timescales concerns the initial conditions of the particles, and
especially their spatial position, whereas quasilinear theory uses statistics on the
field’s realizations.

The simulations that lead to Fig. 5 look similar to those performed by Cary et al.
(1990, 1992), Pesme et al. (1993) and Helander and Kjellberg (1994); however, there
is a crucial difference. The simulations by these other authors aim at testing the
validity of quasilinear theory, and thus naturally deal with the problem of wave–
particle interaction from a statistical point of view. Statistics are introduced by
a sampling of the field: the phases φn of the field (3.1) are randomly chosen, and
changed for each new initial condition, that is, for each particle, which amounts not
only to averaging over initial conditions, but also to letting particles evolve with the
same initial velocity and random initial phases (which does not play any essential
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Figure 6. Velocity variance 〈∆u2〉/τNL for 800 particles, as a function of the nondimensional
time t/τNL, when the phases of the field are randomly changed for each new initial condition
taken at u = 0 and with random initial phases between 0 and 2π. For this simulation, δω
was chosen equal to 1, and A equal to 0.45, so that 4π2A/(δω)2 ≈ 18, which corresponds to
the overlap parameter giving the maximum for D/DQL. The slopes of the straight lines are
respectively DQL and 2.1DQL.

role in that special case) in physically distinct systems, producing at the same times
completely uncorrelated forces. The particles evolve in different realizations of the
field in accordance with the spirit of quasilinear theory. This is why the velocity
variance, presented as a function of time in Fig. 3 of the paper by Cary et al. (1992)
(and also here in Fig. 6), looks so regular on times longer than τNL (and shown up
to 13τNL by Cary et al. 1992). As the slope is found to be more than twice as large as
the quasilinear one for relatively small overlap parameters, and also (or primarily)
because this enhancement appears for times much longer than τac (actually, of
the order of τ(MQL)), after a quasilinear regime, this invalidates quasilinear theory
for these overlap parameters. But these simulations are not intended to prove the
diffusivity of particles interacting with a given wave field. In fact, we know from
Sec. 4 that the mixing of trajectories cannot be efficient before a few τNL. And since
we cannot appeal to any memory loss to justify a diffusion on these timescales, it is
clear that the long-time diffusion cannot occur before at least few τNL, as confirmed
by Fig. 5 here. The observed regularity of the curves by Cary et al. (1992) and in
Fig. 6 is not connected to the ‘diffusive dynamics’ of the particles, but to the field
statistics.

6.1. Resonance broadening, Lyapunov and nonlinear wave–particle interaction times

One important remark is in order now, concerning the nonlinear time τNL of
wave–particle interaction and its relation to the time of resonance broadening in-
troduced by Dupree (1966). The ‘trapping time’ or ‘resonance broadening’ time
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τRB = ( 1
3k

2
0D)−1/3 is interpreted as the time required for a particle’s position to dif-

fuse over a wavelength k−1
0 , and thus the time for the particle’s position to become

randomized with respect to wave phases due to its random acceleration.
Now, if we replace D by its quasilinear expression in the definition of τRB, we

realize that τRB scales as τNL, and even that the factor of proportionality is very
close to 1. So, even if it would be senseless to connect the definition of τNL to
any diffusion coefficient, since τNL is proved to be the timescale on which the
particles’ trajectories remain regular and do not separate, the definitions of these
two quantitatively equivalent times should contain common features.

The resonance broadening theory of Dupree is a statistical theory, based on the
supposition of a diffusion ab initio (at least for times > τac in the case τRB �
τac). This theory, which we believe provides an incorrect picture of wave–particle
interaction because of its underlying hypothesis of ab initio diffusion, does not
encounter any internal contradiction and, as we have just seen, even predicts an
essential timescale of the problem. This is due to the facts that there is actually a
‘quasifractal’ diffusion of the particles’ trajectories on timescales shorter than τNL,
with a ‘diffusion coefficient’ estimated to be of the order of the quasilinear one –
i.e. the resulting average velocity variation on τNL is practically the same as the
one that would result from an ab initio quasilinear diffusion – and that, as we can
easily check, our time τNL satisfies a similar property, namely a difference ∆(N )v
between particles’ velocities implies, after a time τNL, a spatial shift of the order
of k−1

0 , i.e. a typical separation of a wavelength.
This timescale also appeared in the numerical work by Rechester et al. (1979a, b).

The Lyapunov time of the dynamics of particles in a broadband wave spectrum,
which measures the time of exponential separation of trajectories in the system,
was found to be of the order of a fraction of τNL. It is difficult to guess from the
papers by Rechester et al. (1979a, b) whether the simulations were performed in
one given realization of the field, or in a statistical system, with the waves’ phases
changing from one particle to another. What we can rely on, hopefully, is the fact
that the error in τNL cannot exceed a few percent, and can in no case give a factor
of much more than unity. So, we think that Rechester et al. just gave the scaling law
for the Lyapunov time, or that they dealt with a statistical system, in which case
the value obtained would reflect the value of the average time in which the particle
velocities undergo a significant nonlinear variation due to the resonant interaction
with the wave, and would perfectly corroborate what we find here.

The nonlinearity taken into account by Dupree (1966), in the resonance broad-
ening theory, did not provide for any deviation from quasilinearity in the case
τNL� τac. We still think, however, that deviations from quasilinearity may occur,
which are connected to nonlinearity (as is most probably the case in Cary et al.
1990, 1992; Pesme et al. 1993; Helander and Kjellberg 1994), only that this non-
linearity should not be incorporated in the theory in a perturbative way. We shall
now endeavour to check that our nonlinear and nonperturbative treatment of the
dynamics in Sec. 4 gives the deviations from quasilinearity demonstrated by Cary
et al. (1990, 1992), Pesme et al. (1993), Helander and Kjellberg (1994) and Ishihara
et al. (1993), and precisely explains the behaviour of 〈∆u2〉 as a function of the time.

6.2. Supraquasilinear regime

The simulations by Cary et al. (1990, 1992), Pesme et al. (1993) and Helander and
Kjellberg (1994) are in agreement with what we find. Indeed, the fact that two
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Figure 7. Velocity variance 〈∆u2〉/τNL for 800 particles, as a function of the nondimensional
time t/τNL, in one realization of the field. Initial conditions and field parameters are chosen
as in Fig. 6. The slopes of the straight lines are also DQL and 2.1DQL. For times longer than
10×π/δω (i.e., in this particular case, approximately 10τNL), the slope decreases again to the
quasilinear value. The quasifractal regime (up to τ(MQL) ≈ 1

3τNL) is hardly distinguishable
because of the scales.

slopes are observed by Cary et al. (1992) for the velocity variance 〈∆u2〉 as a function
of time is consistent with the existence of two ‘diffusion’ regimes of different natures
demonstrated in Secs 4 and 5.

The effect that gives rise to the enhanced diffusion coefficient measured by Cary
et al. (1990, 1992), Pesme et al. (1993) and Helander and Kjellberg (1994), and
obtained here in a similar way (see Fig. 6), certainly also influences the transport in
a single realization of the field. This influence is quite difficult to observe directly on
the variance 〈∆u2〉 for times that are physically relevant with respect to the discrete
description of the field. Indeed, the long-time diffusion regime is not reached, and
the curve is extremely irregular, corresponding to the transient regime. But we
can check in Fig. 7 that the average slope is of the order of twice that predicted
by quasilinear theory. Further (and even already for shorter times), since π/δω
corresponds in that particular case to approximately τNL, the field representation
cannot be considered as correct for describing a 1D Langmuir turbulence (cf. Sec. 3).
However, if the field really is discrete, it is worth noticing that the slope again
becomes quasilinear, which is consistent with the fact that quasilinear theory gives
a time-asymptotic estimate of the diffusion coefficient.

Now, since we are able to estimate ∆u analytically in one realization of the field,
we should easily obtain its average value in the case of a sampling of the field.

We need first to remark that for the values of the overlap parameter giving a
deviation from quasilinearity in the papers by Cary et al. (1990, 1992), Pesme et
al. (1993) and Helander and Kjellberg (1994), the number N of effectively acting
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harmonics is of the order of 3 to 5, and that the theory developed here is not really
suitable, since it supposes in fact that N � 1. More precisely, we have written the
condition N > MQL ≈ 10 for the quasilinear scalings (4.4) to be valid. We shall
now consider the limit N = 3 (cf. (4.22)), corresponding to the overlap parameter
that gives, approximately, the maximum deviation from quasilinearity, in order to
check that our solution (4.19), derived by Ragot and Shklyar (1995), contains this
supraquasilinear effect.

In the simulations of Cary et al. (1990, 1992), Pesme et al. (1993) and Helander
and Kjellberg (1994), the spectrum was chosen to have a uniform quasilinear dif-
fusion coefficient and a uniform overlap parameter, which means that the choice of
amplitudes and frequency shifts allows us to write the reduced field, composed of
three harmonics, in the form

Ẽ(ξ, t) = A[1 + ei(δωt+φ1) + e−i(δωt−φ−1)]eiξ

= A[1 + 2 cos(δωt + α1)eiα
′
1 ]eiξ, (6.1)

where

α1 = 1
2 (φ1 − φ−1), α′1 = 1

2 (φ1 + φ−1)

(if we put the phase of the central harmonic into ξ). We can write it again as a
function of its instantaneous amplitude and phase, at a fixed point in the frame of
the central harmonic, as

Ẽ(ξ, t) = E(t)ei[ξ+ϕ(t)], (6.2a)

where

E(t) = A2[1 + 4 cos2(δωt + α1) + 4 cos(δωt + α1) cosα′1], (6.2b)

tanϕ(t) =
2 cos(δωt + α1) sinα′1

1 + 2 cos(δωt + α1) cosα′1
. (6.2c)

A study of variations of E(t) shows that the maxima are reached for δωt + α1 =
0 and π, and are respectively equal to A(5 + 4 cosα′1)1/2 and A(5− 4 cosα′1)1/2.
Moreover, the function E(t) goes through its minima, of value one, for δωt+α1 = X+

and 2π +X−, with X± = ± arccos[− 1
2 (cosα′1)].

We now have to estimate the ‘diffusion coefficient’ (in the conditions under which
it is observed, that is, with a sampling of the field). For this, we shall use the solution
(4.19) of the nonlinear equations of motion and the particular characteristics of the
amplitude bursts in the case N = 3. The first order of the analytical solution (4.19)
of the equations of motion yields

∆v2

2τNL
∼ π

2

(
e

m

)2
E2

µτNL
exp
(
− ϕ̇2

µ

)
. (6.3)

We can check, in the general case, where the scalings are†

1
µτNL

≈ 7
(Nδω)2

Nδω

10
≈ 7

10Nδω
,

E2 ≈ 3
2NA

2,

† We recall that the numerical coefficients are computed estimates (see Sec. 4.1).
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that the diffusion coefficient can be estimated in the first approximation as

∆v2

2τNL
≈ π

2

(
e

m

)2
A2

δω

21
20

exp
(
− ϕ̇2

µ

)
≈ π

2

(
e

m

)2
A2

δω
, (6.4)

i.e. the quasilinear diffusion coefficient up to few percent. And this is the coefficient
for the first ‘diffusion regime’, on timescales shorter than τ(MQL), where more than
MQL harmonics have to be taken into account.

But in the limit case N = 3, these scalings are modified on timescales >τ(MQL).
More precisely, on the resolution timescale τNL, we have two types of burst, with
respective amplitudes

A(5 + 4 cosα′1)1/2 and A(5− 4 cosα′1)1/2,

respective characteristic variation rates

4(1 + 0.5 cosα′1)δω2

(5 + 4 cosα′1)
and

4(1− 0.5 cosα′1)δω2

(5− 4 cosα′1)

and respective lengths

2
δω

Arccos [− 1
2 (cosα′1)] and

2π
δω
− 2
δω

Arccos [− 1
2 (cosα′1)].

Since for each particle new phases are randomly chosen for the field, the measured
slope for the velocity variance corresponds to an average of E/µτ as soon as the
nonlinear variations of the particle velocities are significant (i.e. for times shorter
than or of the order of τNL), and not only after a few τNL. As in this special case,
one realization of the field is periodic (ωn+1−ωn = const) and can be represented by
the two amplitude bursts with parameters as described above, the observed slope
for 〈∆v2〉/(2τDQL) is

δω

A2

〈
E2

µτ

〉
αi

=
δω

A2

δω

2π

〈
E2

1

µ1
+

E2
2

µ2

〉
αi

=
1

2π

〈
(5 + 4 cosα′1)2

4 + 2 cosα′1
+

(5− 4 cosα′1)2

4− 2 cosα′1

〉
α′1

=
1
π

〈
25− 4 cos2 α′1

4− cos2 α′1

〉
α′1

≈ 2.1 . (6.5)

The value found in numerical simulations lies between 2 and 2.2 in the papers by
Cary et al. (1990, 1992) and Helander and Kjellberg (1994), and at about 2.1 here
in Fig. 6 for N = 3.

As already mentioned, for times longer than τNL, the particles can go out of their
initial resonance zone. And the reasoning above holds only for times of the order
of τNL such that most of the particles are still inside the initial resonance zone.
Consequently, if this permits us to find the right value for the slope of 〈∆v2〉/2DQL

as function of the time, given by the numerical simulations, it certainly does not
allow us to argue that for times t � τNL, the slope should keep the same value.
In fact, simulations by Ishihara et al. (1993) revealed that the slope again becomes
quasilinear for very long times. This result is confirmed here in Fig. 7.

A derivation presented by Ragot (1995) also led to a similar conclusion. There,
the diffusion coefficient is expressed as a function of the growth rate in the form of
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an integral relation, where the wavenumber interval over which the usual quasilin-
ear formula should be averaged clearly appears. If the correlations of the modes (see
Ragot and Shklyar 1995; Ragot 1995; and Sec. 2.2) average to zero over this inter-
val, this integral relation shows that in the limit of very long timescales (�π/δω),
the diffusion coefficient again takes its quasilinear value. And this is not surprising,
since the quasilinear diffusion coefficient, as initially derived, is a time-asymptotic
estimate, and thus should be time-asymptotically correct.

Furthermore, for times very much shorter than τNL, the field cannot be reduced
to three harmonics, since the effect of other harmonics is not averaged out yet. And
for these short times, the value of the slope has to be 1, since the scalings taking
into account more harmonics (>MQL ≈ 10) give the quasilinear value for 〈∆v2〉/2τ
(cf. (6.4)). We are thus satisfied to see that the curve starts with the slope 1. Then,
by continuity, the slope has to take all values between 1 and 2.1.

As we have already noticed in Sec. 2, the discrete description of Langmuir turbu-
lence is not valid for times of order π/δω, when one follows a given set of particles
on the whole duration of the measure. Now, the supraquasilinear regime is observed
for times of that order. This does not mean that a discrete description is not reason-
able for the level of turbulence considered in the papers by Cary et al. (1990, 1992),
Pesme et al. (1993), Ishihara et al. (1993) and Helander and Kjellberg (1994), but
that the field should be represented by more modes, in order that the description re-
main valid for longer times. Then the overlap parameter (inA/(δω)2) is much higher
for a given spectral density of energy, Wω (in A2/δω), and the long-time diffusion
coefficient may again be quasilinear, but the phases may also become correlated,
in which case nonquasilinear behaviours extend to higher overlap parameters, as
demonstrated by Pesme et al. (1993).

6.3. Nonquasilinear regime in the case of correlated phases

It is usually taken that, as the size L of the medium tends to +∞, the amplitude
A of the harmonics, written as a function of k, need not become a continuous
function of k (cf. Dupree 1966; Cary et al. 1990, 1992) – and for this reason that it
would be more convenient to use a Fourier series than a Fourier integral. We do
not agree with this point of view that the most realistic description of turbulence
would correspond to an overlap parameter (∝ A/(δω)2) tending to +∞ (understood
with random harmonic phases), which implies a zero spectral correlation length of
the field phase.

The problem lies first in the definition of an overlap parameter for a nonperiodic
field. Knowing its spectral density of energy and the total width of its spectrum is
obviously not enough – hence the temptation to take the limit of an infinite overlap
parameter with a fixed energy level. However, as we shall see in the Appendix, the
spectral correlation length of the field phase has a finite value, due at least to the
collisions that cannot be completely neglected on very long timescales, but perhaps
also to nonlinear spectral structuring of the wave (which is beyond the scope of this
paper) – hence the interest in the problem with correlated phases.

The case of phases correlated on a finite-frequency length has been studied nu-
merically by Pesme et al. (1992). When the phases are linearly correlated on 10
successive modes (by dividing the previous frequency intervals), the computed dif-
fusion coefficient remains of the order of 1

2DQL for relatively high overlap parame-
ters (tested up to 25×103/2 by Pesme et al. 1993). However, for smaller δω (divided
by 10 in this special case), one needs, in order to describe turbulence of the same
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Figure 8. Average values of the maxima and minima of the (N ) efficient field instantaneous
amplitude as functions of N . For N � 50, these variation laws yield the quasilinear value
for the diffusion coefficient. For N < 50, the scaling laws are modified, and produce a 2
times slower diffusion coefficient. Hence the subquasilinear diffusion observed by Pesme et
al. (1993).

level of energy, to consider overlap parameters much higher (×103/2) than in the
case without phase correlation. Thus the convergence to quasilinearity observed in
the case of uncorrelated phases is not yet reached in the paper by Pesme et al. (1993)
for the considered values of the overlap parameter, since overlap parameters need
to be larger than 100 for the deviation from quasilinearity to become insignificant
in the case without phase correlation.

The deviation from quasilinearity comes from scalings that are different from
those obtained with random phases (and sufficiently high amplitudes). Figure 8
shows the average values for the maxima and minima of the efficient field in-
stantaneous amplitude as functions of N . The regime observed by Pesme et al.
(1993) corresponds to the beginnings of the curves. For higher energies, the generic
scalings (4.5) giving the quasilinear value for the diffusion coefficient are found
again.

7. Conclusions
In order to understand the nonquasilinear behaviours observed numerically by
Cary et al. (1990, 1992), Pesme et al. (1993), Ishihara et al. (1993) and Helander
and Kjellberg (1994), but primarily how diffusion may appear in a completely de-
terministic system, we studied the nonlinear dynamics of resonant particles in a
broadband wave spectrum, in a nonlinear and nonperturbative way. This study
proves the localization of the wave–particle interaction, and precisely determines,
on each timescale, the efficient spectral width of the field. It establishes the tran-
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sition from a regular quasifractal behaviour of the particle dynamics to a chaotic
behaviour with mixing and spreading, which justifies a diffusion in velocity on the
long timescale.

From this study of the nonlinear dynamics, we found the timescale τNL on which
the nonlinear phenomena are important. This varies as the spectral density of
energy to the power− 1

3 , and is the longest timescale on which the particle dynamics
are globally regular, and the trajectories do not mix. If it appears that τNL is
in fact of the order of the time of resonance broadening τRB ≡ ( 1

3k
2
0DQL)−1/3

introduced by Dupree (1966), we cannot assimilate them, owing to the completely
different approaches that have led to their introduction. The theory of Dupree is a
statistical theory, which supposes an ab initio diffusion, whereas in our dynamical
(nonstatistical) theory, we show that the particle dynamics remain correlated on
the timescale τNL, which prevents us from connecting the definition of τNL to any
diffusion coefficient.

Our theory reproduces the deviations from quasilinearity of the long-time diffu-
sion coefficient at low spectral density of energy. These deviations, at a given low
energy, are drastically influenced by the discret representation of the field (which
determines the value of the overlap parameter), and especially the correlation of
its harmonic phases. Actually, an instructive piece of work would consist in the
systematic study of the behaviour of D/DQL at fixed spectral density of energy
as a function of the spectral correlation length of the phases, or in the direct mea-
surement of this length for typical spectra. Indeed, without this essential data, we
cannot conclude definitively about the physical relevance of the deviations from
quasilinearity obtained for the diffusion coefficient.

Nevertheless, we have proved that these deviations are due to the nonlinearity
of the dynamics, and appear at the timescale τ(MQL), where the generic quasilinear
scalings break down. They should remain on a timescale of the order of few τNL.
But for very long timescales (�π/δω), the quasilinear diffusion coefficient, which is
a time-asymptotic estimate, should be found again (as demonstrated numerically
here in Fig. 7 and by Ishihara et al. 1993).

To summarize, the correlation time of the particle dynamics in a broadband
high-frequency wave spectrum is long compared with the autocorrelation time τac
of the field seen by the particles: it is of the order of τNL. This permits one to un-
derstand how the slope of the velocity variance as a function of time may change,
for some overlap parameter, after times already considered as very long compared
with the time of the ‘diffusion’ by quasilinear theory. The reason is that on time
scales between τac and τNL, the particle trajectories are globally regular, and do
not separate. The linear behaviour of 〈∆v2(t)〉 as a function of time when statistics
are performed on the fields is merely an effect of these statistics, which make the
particles evolve in uncorrelated fields already after τac. Without field statistics, the
increase of ∆v2(t) only appears linear for these timescales when it is observed on
a longer timescale (initial quasilinear slope). This arises from the self-similarity of
the dynamics – particles follow a ‘quasifractal’ set of Hausdorff dimension 2. This
regime of ‘ordered’ quasifractal diffusion is connected to the extrinsic stochastic-
ity of the field, which acts as a thermal bath. Beyond τNL, our approach shows
how mixing comes about in the phase space, and decorrelation occurs, owing to
the localization of the wave–particle interaction. It thus justifies the diffusion as
it is traditionally understood, but for times long compared with τNL (∼ 10×),
which in turn is very long compared with τac (typically a few hundreds of τac in
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the solar wind). This long-time diffusion is due both to the intrinsic stochasticity
of the dynamics, which implies the nonlinear mixing in the phase space, and to
induced extrinsic stochasticity, resulting from the localization of the wave–particle
interaction.
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Appendix. Choice of the discretization parameters
The spectral density of energy and the total width of the spectrum constitute the
essential parameters that permit us to describe the wave field. However, in order
to represent the field in a discrete form, we are led to introduce two parameters
instead of the spectral density of energy, Wω, namely, the average amplitude A
of the new representation harmonics and δω, the average distance in frequency
between nearby harmonics. These two parameters are connected by the relation
Wω = A2/δω. But this is not enough to determine them uniquely.

Of course, the discrete representation is only a numerical auxiliary. Note that
the particular values of A and δω do not appear in any dimensional parameter
of the problem. Nevertheless, the value of N depends strongly on A and δω, and
it is important to check that, for typical experimental values, it is actually large
compared with 1, which constitutes the essential condition for the reasoning given
in this paper.

We shall thus think now about the reasonable value we may attribute to δω for the
field to be well described on the one hand, and the harmonics to have uncorrelated
phases on the other hand. With regard to the first point, it is clear that the narrower
the harmonics, the better the description (see Sec. 2). We still have to search for
the lower limit for δω, and check whether the harmonics with independent phases
can be narrow enough for N to be large compared with 1.

Let us consider a particular harmonic (ω0, k0), and place ourselves in the frame
moving at speed ω0/k0. For other harmonics of the discrete spectrum to be rea-
sonably considered as independent, the electron density modulations due to these
harmonics must not have time to be modified by the existence of the first one.
The interaction between harmonics that we are talking about here is a purely
microscopic interaction, where only collisions between particles play a role. This
interaction is optimal for nearby harmonics, since their relative evolution is the
slowest.

In order that collisions do not have time to be effective, the density variation due
to the narrower harmonic should be, locally, faster than the collisional relaxation.
‘Locally’ here, means, in a fixed point in the frame of the ‘main’ harmonic (as op-
posed to its neighbour, for which we endeavour to know at which minimum distance
in frequency we shall be allowed to consider it as independent from the first one,
or rather, below which distance we surely cannot consider it as independent). If we
denote by τc the collisional relaxation time, this condition can be written as

τcδω� 2π.
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In a plasma, the deflection of a charged particle essentially results from multiple
small-angle collisions, rather than from large-angle collisions that are fewer (cf.
Nicholson 1983). Indeed, the relaxation due to small-angle collisions occurs on a
timescale of the order of 2 log Λ times shorter than the average time between two
collisions with a large deflection, where Λ is the large plasma parameter, equal
to n0λ

3
De, and the typical value for 2 log Λ lies between 10 and 100. Hence the

collisional relaxation time

τc =
m2v3

0

8πnbe4 log Λ
,

where v0 is the average relative speed of the resonant particles that collide (and is
thus connected to the beam temperature) and nb is the beam density.

To determine precisely the order of magnitude of δω, and of the harmonic num-
bers N and N that we may expect to be able to take for describing the particle
dynamics and the complete spectrum of the Langmuir wave field, we shall estimate
the limits imposed by τcδω� 2π on typical parameter values for the solar wind.

The collisional relaxation frequency reads

νc =
8πnbe4lnΛ
m2∆v3

b

.

The beam density will be taken to be of the order of 1/100 of the ambient plasma
density, say of order 10−1cm−3, and the beam thermal velocity to be around 5 ×
108 cm s−1. In CGS units, we also have m ≈ 9.1× 10−28 g and e ≈ 4.8× 10−10 esu.
Hence νc ≈ 1.3× 10−9 lnΛ Hz ≈ 4.6× 10−8 Hz ≈ 5× 10−8 Hz, lnΛ ∼ ln(nfλ3

Def
) ≈

ln(27 × 1014) ≈ 35 and δω � 3 × 10−7 Hz. If we take δω of order 10−5 Hz, N =
Dω/δω ≈ k0∆vf/δω ≈ 2 × 10−5 × 5 × 108/10−5 ≈ 109. Moreover, E ≈ 3

2 N1/2A ≈
3× 10−5 V m−1 ≈ 10−9 statvolt cm−1. Thus A ≈ 2× 10−14 statvolt cm−1. And

N ≈
[

15ek0A

m(δω)2

]2/3

≈
[

15× 4.8× 10−10 × 2× 10−5 × 2.10−14

9.1× 10−28 × (10−5)2

]2/3

≈ 107 ,

which would give us a very wide margin for the choice of δω. Note that τNL > 150τac
in this example.

For the aurora, since the density is 105 times higher, we should have typically
found δω� 10−1−10 Hz and N ≈ 103−105.
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