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In this note we consider the asymptotic power functions of some bootstrap unit
root tests under local alternatives and show that they are in fact the same as for
ordinary unit root tests+ This is regardless of whether the differences of the obser-
vations, i+e+, the so-called restricted residuals, or the ordinary least squares resid-
uals are used to construct the resampled observations+ We also consider models
containing a constant and a linear trend and the DF-GLS tests proposed by El-
liott, Rothenberg, and Stock~1996, Econometrica64, 813–836!+ A small Monte
Carlo experiment is included+

1. INTRODUCTION

The recent surveys on bootstrap methods in time series by Li and Maddala
~1996! and Berkowitz and Kilian~2000! both contain special sections on how
to deal with nonstationary data and a discussion of bootstrap unit root tests+
Bootstrap procedures offer an opportunity to take into account such factors as
sample size, various specifications of the initial condition, and the distribution
of the errors+ They may therefore have more accurate finite-sample properties
than procedures making use of asymptotic approximations, where such ele-
ments typically do not enter+ Tabulations based on Monte Carlo simulations
will necessarily have to specify these factors, and the assumptions may not
always be well suited in particular applications+ The bootstrap procedures present
an interesting possibility making more extensive use of data and may there-
fore represent an alternative and supplement to tabulations and asymptotic
approximations+

Most studies of bootstrap methods for unit root tests have been concerned
with type I errors and, in particular, the question of whether the sizes of the
tests correspond to the nominal levels+ Ferretti and Romo~1996! consider a
unit root bootstrap test for AR~1! models and demonstrate the asymptotic va-
lidity for independent and autoregressive errors+ For a generalization where the
order of the autoregressive error series is allowed to increase, see Swensen
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~2002!+ Another way to develop bootstrap unit root tests for general error pro-
cesses is to use block-bootstrap methods+ In Swensen~2002! it is also shown
that the stationary bootstrap of Politis and Romano~1994! can be used to con-
struct bootstrap-based tests that asymptotically have correct level+ Paparoditis
and Politis~2000, 2001! also develop unit root tests based on the block bootstrap+

In this paper we shall address errors of type II or power+ This is done in a
situation where there are no nuisance parameters due to a general time series
structure of the error process+We therefore assume a simple generating process
where the observationsY1, + + + ,YT satisfy the recursion

Yt 5 aYt21 1 et , t 5 1, + + + ,T, Y0 5 0, (1)

where the random variableset are independent and identically distributed with
mean zero and variances2+

The unit root case, i+e, whena 5 1, is of particular interest, and tests for this
hypothesis versus6a6 , 1, which corresponds to stationary alternatives, have
been much studied+ The main conclusion of the present paper is that under lo-
cal alternatives the asymptotic power of the bootstrap-based tests is the same
as the asymptotic power of the usual tests for the presence of a unit root+

A closely related paper is a recent contribution by Hansen~1999! about grid
bootstrap methods in autoregressive models+ However, Hansen mainly dis-
cusses confidence intervals+ To show that the asymptotic coverage is correct,
he studies the distribution of the relevant statistics when both the parameter of
the data generating process and the procedure used to construct the bootstrap
samples are local to unity+ In the present paper the focus is on power proper-
ties+ Therefore the bootstrap samples are generated satisfying the null hypoth-
esis, whereas the observations are assumed to follow an autoregressive recursion
that is local to unity+ Another relevant paper is Heimann and Kreiss~1996!,
where a hypothesis of the formH1 : 6a6 $ 1 against alternativesK1 : 6a6 , 1 is
studied+ They show that a bootstrap procedure yields a test that is asymptoti-
cally unbiased and consistent+ However, they do not derive the local power
properties+

The paper is organized as follows+ In the next section we introduce the setup
and provide some background material+ In section 3 we consider the situation
where the model does not contain an intercept or a linear trend+ It is shown that
regardless of whether we use the differences of the observations or the ordi-
nary least squares~OLS! residuals to construct the synthetic data, the local as-
ymptotic power of the bootstrap unit root tests is the same as for the usual
ones in this situation+ In Section 4 we extend the results to cover models con-
taining a time trend and0or an intercept+ We also consider how the bootstrap
procedures perform for the powerful generalized least squares Dickey–Fuller
~DF-GLS! tests suggested by Elliott, Rothenberg, and Stock~1996!+ A small
Monte Carlo experiment illustrating the results is provided+ Some technical
proofs are collected in Section 5+
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2. BACKGROUND

For simplicity, we assume the observations are generated according to~1!+ How-
ever, one can verify that all the arguments that follow remain valid under the
more general assumption that the initial variable, Y0, has a fixed distribution
not depending onT+

For the hypothesis thata 5 1 Dickey and Fuller~1979! propose a test based
on the OLS estimator[aT 5 (t52

T Yt Yt210(t52
T Yt21

2 + Simulated critical values
for various levels and sample sizes can be found in Fuller~1996! under the
assumption that the errorset are normally distributed+

It is well known that whena 5 1 andT r `, the distribution ofT~ [aT 2 1!
converges toward the distribution of the random variable1

2
_ ~W~1!2 2 1!0

*0
1 W~s!2 ds, where W 5 $W~s!% is a standard Brownian motion defined on

the interval @0,1# + The t-statistic based on [aT is defined as ta,T 5
~(t52

T Yt21
2 !102~ [a 2 1!0S whereS2 5 (t52

T ~Yt 2 [aTYt21!20~T 2 2!+ The asymp-
totic distribution is1

2
_~W~1!2 2 1!0~*0

1 W~s!2 ds!102+
For local alternatives of the formaT 5 1 1 c0T Chan and Wei~1987!

and Phillips ~1987! show that the asymptotic distribution ofT~ [a 2 1! is
1
2
_~Jc~1!2 2 1!0*0

1 Jc~s!2 ds, where Jc is the Ornstein–Uhlenbeck process de-
fined by the stochastic differential equation

dJc~s! 5 cJc~s!ds1 dW~s!,

with initial condition Jc~0! 5 0+ Here valuesc , 0 correspond to stationary
alternatives andc . 0 to the explosive ones+

Now we turn to the bootstrap test and consider the simplest case first+ Let
e1
*, + + + , eT

* be sampled with replacement from the centered differences

[et,T 5 DYt 2 DYT , t 5 2, + + + ,T,

whereDYT 5 @10~T 2 1!#(t52
T DYt + Alternatively we may use the OLS residuals

Yt 2 [aTYt21 after centering+ Li and Maddala~1996! denote the two resampling
schemesS3 andS2, respectively+

The resampled observations are computed by the recursion

Yt
* 5 Yt21

* 1 et
*, t 5 1, + + + ,T, (2)

whereY0
* 5 0+ Another possibility, which yields the same asymptotic distribu-

tions as long as the distribution ofY0 is fixed, is to start the recursion atY1
* 5

Y1, the first observation, and generateY2
*, + + + ,YT

* according to~2!+ This seems a
natural choice when the statistical inference is done conditional on the initial
distribution+

Next, define [aT
* 5 (t52

T Yt
*Yt21
* 0(t52

T Yt21
*2 and ta,T

* 5 ~(t52
T Yt21

*2 !102 3
~ [a * 2 1!0S+ If a 5 1 andP* denotes the conditional distribution ofY1

*, + + + ,YT
*
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given Y1, + + + ,YT Basawa, Mallik , McCormic, Reeves, and Taylor~1991b! show
that for all x, if the sampling schemeS3 is used,

P*~T~ [aT
*2 1! # x! r PS1

2
~W~1!2 2 1!YE

0

1

W~s!2 ds# xD
a+s+ In practice a bootstrap unit root test based on[aT , say, for the null hypoth-
esis of a unit root, H0 : a 51 versusK0 : a , 1, with asymptotic levelg is there-
fore obtained by rejecting the null hypothesis if the fraction~10B!(b51

B 1~ [aT
* #

[aT! is less than the levelg+ HereB represents the number of times the recursion
~2! and the statistic[aT

* 5 [aT,b
* ,b 5 1, + + + ,B are recalculated based on new sam-

ples, and 1~{! is the indicator function+ Ferretti and Romo~1996! and Heimann
and Kreiss~1996! show that the sampling schemeS2 also has the same asymp-
totic properties+

It is important that~2! is used when the resampled observationsYt
* are con-

structed+ In fact, Basawa, Mallik , McCormic, Reeves, and Taylor~1991a! show
that usingYt

*5 [aT Yt21
* 1 et

* implies that the asymptotic distribution is random
and depends on the realization$Yt %t50

` +
In the arguments that follow we shall need some results from the theory of

weak convergence of probability measures+ We consider the spaceD@0,1# of
functions defined on the interval@0,1# that are right continuous functions and
have left limits+ The limit processes will be continuous with probability 1 and
hence, as explained in Pollard~1984!, the uniform metric may be used+ Also let
E* and Var* refer to the conditional distributionP*, so that, e+g+, E* 5 EP* +

3. MODELS WITHOUT CONSTANT AND LINEAR TREND

Assume that the parametera has the formaT 5 1 1 c0T+ From ~1! the differ-
ences, or restricted residuals, can be written as

DYt 5 ~aT 2 1!Yt21 1 et , t 5 2, + + + ,T,

and therefore the centered differences[et 5 [et,T are equal to

[et 5 ~aT 2 1!~Yt21 2 PYT21! 1 ~et 2 SeT !, t 5 2, + + + ,T,

where PYT21 5 (t51
T21 Yt 0~T 2 1! and SeT 5 (t52

T et 0~T 2 1!+
Similarly the OLS residuals can be expressed as

Yt 2 [aT Yt21 5 ~aT 2 [aT !Yt21 1 et , t 5 2, + + + ,T,

and the centered OLS residuals, [ [et 5 [ [et,T , as

[ [et 5 ~aT 2 [aT !~Yt21 2 PYT21! 1 ~et 2 SeT !, t 5 2, + + + ,T+
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From the definition of [aT
* ,

T~ [aT
*2 1! 5 T

(
t52

T S(
s51

t21

es
*Det

*

(
t52

T S(
s51

t21

es
*D2
+

To find the asymptotic power function of the bootstrap test based onT~ [aT
*2 1!

we shall need the following lemmas, which are valid for both sampling schemes
S3 andS2, i+e+, both centered differences and centered OLS residuals+

LEMMA 1 + Denote the distribution of the observations~Y1, + + + ,YT! corre-
sponding to a local parameteraT 5 1 1 c0T by Pc,T. Then the conditional mo-
ments ofet

*, t 5 1, + + + ,T satisfy

(i) E *~et
*! 5 0,

(ii) Var*~et
*! r s2,

in Pc,T probability as Tr ` whether theet
*’s are sampled from the centered

differences [et , t 5 2, + + + ,T or the centeredOLS residuals [ [et , t 5 2, + + + ,T.

Consider the random functionST
*~s! 5 ~1YYMT !(j51

@Ts# ej
*,0 # s # 1 in D@0,1# +

The conditional distribution of$ST
*~s!% given the observations converges

weakly toward the distribution of$sW~s!% in D@0,1# in Pc,T probability+ In other
words, we have the following result+

LEMMA 2 + For all bounded continuous functions f defined on D@0,1#

E* @ f ~ST
*!# r E @ f ~sW!#

in Pc,T probability as Tr `.

LEMMA 3 : Let FT
* be the conditional cumulative distribution function of

T~ [aT
* 2 1! given the observations, i.e., FT

*~x! 5 P*~T~ [aT
* 2 1! # x!. Then for

all x

FT
*~x! r PS1

2
~W~1!2 2 1!YE

0

1

W~s!2 ds# xD
in Pc,T probability as Tr `.

An implication of Lemma 3 is that a test having asymptotic levelg is ob-
tained by rejecting the null hypothesesH0 : a 5 1 if

FT
*~T~ [aT 2 1!! # g+ (3)
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The power of the bootstrap test is therefore

Pc,T~FT
*~T~ [aT 2 1!! # g! 5 Pc,T~T~ [aT 2 1! # FT

*21~g!!,

whereFT
*21~g! 5 inf $x : FT

*~x! $ g%+ By Lemma 3FT
*21~g! r DFg, in Pc,T

probability, whereDFg denotes theg quantile of the Dickey–Fuller distribu-
tion defined by the random variable12

_~W~1!2 2 1!0*0
1 W~s!2 ds+ Hence, the as-

ymptotic power function isP~ 1
2
_~Jc~1!2 2 1!0*0

1 Jc~s!2 ds # DFg!+ Because
S2 r s2 in Pc,T probability, there is an analogous result for the bootstrap test
constructed usingta,T

* and ta,T + If DFtg is the g quantile for the distribution
defined by the random variable12

_~W~1!2 2 1!0~*0
1 W~s!2 ds!102 we have the

following result, using the fact that12
_~Jc~1!2 2 1! 5 *0

1 Jc~s! dJc+

PROPOSITION 1+ Suppose the observations Y1, + + + ,YT are generated accord-
ing to (1) where theet

*’s are sampled from the centered differences[et , t 5 2,
+ + + ,T or the centeredOLS residuals [ [et , t 5 2, + + + ,T. The power function of the
bootstrap test (3) and the power function of a bootstrap test based on ta,T

* and
ta,T then converge toward

PSE
0

1

Jc~s! dJcYE
0

1

Jc~s!2 ds# DFgD (4)

and

PSE
0

1

Jc~s! dJcYSE
0

1

Jc~s!2 dsD102

# DFtgD, (5)

respectively, as Tr `.

Remark 1+ The expressions given by~4! and ~5! are, as shown by Phillips
~1987!, the same as the local power functions of the unit root tests based on[aT

and ta,T +

Remark 2+ The important property of the variablese1
*, + + + , eT

* is that the con-
ditional moments converge as described in Lemma 1+ As we will discuss in the
next section, when the model contains an intercept or a time trend, we can also
use other resampling schemes fore1

*, + + + , eT
* that still ensure this property+

Remark 3+ The conditional cumulative distributionFT
* is a complicated

function of the observations, so it cannot be computed explicitly+ However, the
fraction

1

B (
b51

B

1~ [aT
* # [aT !, (6)

where B bootstrap replications are used to compute the pseudo-observations
Y1
*, + + + ,YT

*, will converge toward the left-hand side of~3! as B r `+ When
implementing bootstrap procedures it is important to choose the number of boot-
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strap replications, B, large enough to approximate the conditional distribution
of the bootstrapped statistics given the observations+ For a recent paper on this
issue, see Davidson and MacKinnon~2000!+

Remark 4+ Other estimators for the variances2 in the definition of the stu-
dentized statistics used in the bootstrap procedure are possible+ The important
point is to use an estimatorZS2 of s2 such that for alld, e . 0

Pc,T~P*~6 ZS2 2 s2 6 . d! . e! r 0

asT r `+ Consider, e+g+, S*2 5 (t52
T ~Yt

* 2 [aT Yt21
* !20~T 2 2!+ It is necessary

to show that for alld . 0 P*~6S*2 2 s26 . d! tends to zero inPc,T probability+
By subtracting and addingYt21

* , S*2 may be written as

(
t52

T

~Yt
*2 [aT Yt21

* !20~T 2 2!

5 (
t52

T

~Yt
*2 Yt21

* !20~T 2 2! 2 2T~ [aT 2 1! (
t52

T

~Yt
*2 Yt21

* !Yt21
* 0T~T 2 2!

1 T 2~ [aT 2 1!2 (
t52

T

Yt21
*2 0T 2~T 2 2!+ (7)

Using Lemma 2 it follows by the continuous mapping theorem that the
conditional distributions of(t52

T ~Yt
* 2 Yt21

* !Yt21
* 0T 5 (t52

T ~(s51
t21 es

*!et
*0T

and (t52
T Yt21

*2 0T 2 5 (t52
T ~(s51

t21 es
*!20T 2 converge in distribution toward

s2~W~1!2 2 1!02 and s2*0
1 W~s!2 ds, respectively, in Pc,T probability+ Also

T~ [aT 2 1! converges inPc,T distribution, so the two last terms in~7! are neg-
ligible+ The first term equals(t52

T et
*20~T 2 2!+ But as explained in the proof

of Lemma 3, P*~6(t52
T et

*20~T 2 2! 2 s26 . d! tends to zero inPc,T proba-
bility, which implies thatP*~ 6S*2 2 s26 . d! also tends to zero inPc,T

probability+
The same arguments apply to the variance estimatorS**2 5 (t52

T ~Yt
* 2

[aT
*Yt21
* !20~T 2 2!+We may proceed as before using the fact that the conditional

distribution ofT~ [aT
* 2 1! converges inPc,T probability so that the terms play-

ing the role of the two last terms in~7! are still negligible+

Remark 5+ The result in Proposition 1 is of interest also for considering an-
other candidate for bootstrapping+ In Li and Maddala~1996, 1997! comparing
[aT 2 1 to the bootstrap distribution of[aT

*2 [aT is discussed+ Based on evidence
from simulation studies they do not recommend this procedure+Actually, the as-
ymptotic distribution of this bootstrap test is easily derived from the earlier re-
sult+ Remark that [aT

*2 [aT , [aT 21 is equivalent to [aT
*21 , 2~ [aT 21!+ Using

the notation introduced earlier, the probability of rejection isPc,T~2T~ [aT 21! #

FT
*21~g!!, which, asT r `, converges towardP~ 1

2
_~Jc~1!2 2 1!0*0

1 Jc~s!2 ds#
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~102!DFg!+ Thus, takingc 5 0, we see that the asymptotic size of this test will
be too large whenDFg , 0, which is the case for the usual nominal levels+

Remark 6+ The asymptotic results are consistent with the results reported by
Li and Maddala~1996, 1997!, who, referring to a preprint of Ferretti and Romo
~1996!, state that in a simulation study of bootstrap unit root tests they have not
found any difference between using differences, as done by Basawa et al+
~1991b!, and the OLS residuals used by Ferretti and Romo~1996!+

4. MODELS WITH CONSTANT AND LINEAR TREND

In practice, models with an intercept or with a constant and linear trend are
often estimated+ In this section, we derive the asymptotic power of the corre-
sponding bootstrap tests in this context+

Consider first fitting the equation

Yt 5 ImT 1 JaT Yt21 1 Iet , t 5 2, + + + ,T, (8)

where ImT and JaT are the OLS estimators+ Also in this case there are several
possible resampling schemes+ In addition to the schemesS3 and S2 of Li and
Maddala~1996!, corresponding to using centered differences and centered re-
siduals, respectively, another possibility is basing the resampling on the OLS
residuals from~8!+

Because

~ JaT 2 1! 5

(
t52

T

Yt21~Yt 2 Yt21! 2 ~YT 2 Y1!

(
t52

T

Yt21

~T 2 1!

(
t52

T

Yt21
2 2

S(
t52

T

Yt21D2

~T 2 1!

,

it follows from Lemma 2 and the continuous mapping theorem that ifYt
* is

constructed by~2! where theet
*’s are obtained by resampling from the centered

differences [et based onDYt , t 5 2, + + + ,T or the centered residuals[ [et based on
Yt 2 [aTYt21, t 5 2, + + + ,T, the conditional distribution ofT~ JaT

* 2 1! given the
observationsY1, + + + ,YT will converge to the distribution of the random variable

E
0

1

W m~s! dW~s!

E
0

1

W m~s!2 ds

5

E
0

1SW~s! 2E
0

1

W~s! dsD dW~s!

E
0

1SW~s! 2E
0

1

W~s! dsD2

ds

+ (9)
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As argued in Section 3 this will imply that the asymptotic power function of
the bootstrap test constructed fromJaT and JaT

* in the same way as[aT and [aT
*

were used previously will be

P1 E0

1

Jc
m~s! dJc~s!

E
0

1

Jc
m~s!2 ds

# DFg
m2 , (10)

whereDFg
m denotes theg quantile of the random variable defined in~9! and

Jc
m 5 Jc 2 *0

1 Jc~s! ds+ Expression~10! has the same form as~4!+ Similarly, the
asymptotic power function of the studentized versions of the tests based onJaT

and JaT
* , and using resampling schemesS2 andS3, has the same form as~5!+

The main reason why~10! is true is that that the conditional variance
Var*~et

*! r s2 in Pc,T probability+ Hence, the asymptotic power function
based on resampling from the OLS residualsIe, t 5 2, + + + ,T from ~8! will also
be the same if we show that the conditional variance converges when theet

*

are sampled from these residuals+ Because a constant is included in the regres-
sion, the sum of the residuals is zero, so thatE*~et

*! 5 0+ The OLS residuals
can be written, using ~1!, as ~aT 2 JaT!Yt21 2 ImT 1 et , t 5 2, + + + ,T, and
because the sum is zero this also equals~aT 2 JaT!~Yt21 2 PYT21! 1 ~et 2 SeT!,
t 5 2, + + + ,T where PYT21 and SeT are defined in Section 3+ The OLS residuals
therefore have the same form as the centered residuals from a regression with-
out intercept except thatJaT now takes the place ofc or [aT + The convergence
in probability of the conditional variance therefore follows by the same argu-
ment as in Lemma 1+

After some manipulation expression~10! may be written as

P1c 1

E
0

1

Jc
m~s! dW~s!

E
0

1

Jc
m~s!2 ds

# DFg
m2 ,

which shows that the asymptotic power function is identical to the power func-
tion of the corresponding unit root test derived in Phillips and Perron~1988!+

We now consider fitting the equation

Yt 5 m̆T 1 b̆T t 1 ăT Yt21 1 ĕt , t 5 2, + + + ,T, (11)

wherem̆T , b̆T , andăT are the OLS estimators and̆et , t 5 2, + + + ,T are the corre-
sponding residuals+

As explained by Phillips and Perron~1988!, because the model now contains
a time trend, the distribution of the coefficient̆aT remains the same even when
the recursion contains a nonzero drift termm; i+e+, the data are generated by the
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recursionYt 5 m 1 aYt21 1 et +We therefore assume, without loss of generality,
that m 5 0 in the derivations that follows, i+e+, that the data are generated by
the recursion~1!+

Phillips and Perron~1988! also show that whena 5 1 in ~1!, T~ăT 2 1!
converges in distribution toward the distribution of the random variable of the
form

E
0

1

W t~s! dW~s!YE
0

1

W t~s!2 ds, (12)

where W t~s! 5 W~s! 2 ~4 2 6s!*0
1 W~s! ds 1 ~6 2 12s!*0

1 sW~s! ds ~see
Phillips and Perron, 1988, p+ 339!+ Now, again from Lemma 1 in Phillips~1987!
it follows that the processY@Ts#YYMT ,0 # s # 1 converges weakly toward the
Ornstein–Uhlenbeck processsJc~s!, 0 # s # 1 as elements ofD@0,1# when
aT 5 1 1 c0T+ Building on this result Phillips and Perron show thatT~ăT 2 1!
converges inPc,T distribution toward a random variable defined in~12! but
with Jc playing the role ofW+

Proceeding as before, the residualset
* can be sampled from the centered dif-

ferences [et , from the centered residuals[ [et , or from the residuals Iet + In fact,
residuals from fitting~11! also may be used+ This is done by Hansen~1999!,
who also demonstrates that it results in procedures having correct asymptotic
properties+ To see that in the present setting remark that these residuals may be
written, using that(t52

T ĕt 5 0,

ĕt 5 Yt 2 m̆T 2 b̆T t 2 ăT Yt21

5 ~aT 2 ăT !Yt21 2 m̆T 2 b̆T t 1 et

5 ~aT 2 ăT !~Yt21 2 PYT ! 2 b̆TSt 2
T 2 1 T 2 2

2~T 2 1!
D1 ~et 2 SeT !,

t 5 2, + + + ,T+

Using thatb̆T 5 OP~T2302! ~see, e+g+, Banerjee, Dolado, Galbraith, and Hen-
dry, 1993, p+ 125!, it follows by a similar argument as used in Section 5 in the
proof of Lemma 1 that Var*~et

*! r s2 in Pc,T probability if et
*, t 5 1+ + + ,T are

sampled from the OLS residuals̆et , t 5 2, + + + ,T+ The restricted residuals will
in this case be the residuals from imposinga 5 1 in estimating~11!+ From the
preceding expression we see that these residuals can also be used without chang-
ing the asymptotic properties of the bootstrap tests in local neighborhoods of
a 5 1+

The resampled observations can be generated by~2! or possibly~2! aug-
mented with the estimated interceptImT +We let m̆T

* , b̆T
* , andăT

* denote the esti-
mators of a regression of the form~11! based on these resampled observations+
From Lemma 2 it follows by an application of the continuous mapping theorem
that the conditional distribution ofT~ăT

* 2 1! given the observationsY1, + + + ,YT
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will converge to the distribution of the random variable~12! in Pc,T probability+
Thus, the power function of the bootstrap test based onăT and ăT

* converges
toward

PSE
0

1

Jc
t~s! dJc~s!YE

0

1

Jc
t~s!2 ds# DFg

tD (13)

asT r `, whereDFg
t is theg quantile of the random variable given by~12!

and Jc
t~s! 5 Jc~s! 2 ~4 2 6s!*0

1 Jc~s! ds 1 ~6 2 12s!*0
1 sJc~s! ds+ Again the

asymptotic power function has the form~4!, and again the asymptotic power
function for the studentized version of the bootstrap test may be expressed in a
form similar to~5!+

In models containing a constant or a linear trend there are redundant regres-
sors when the observations are generated by the autoregressive scheme~1!+ This
property is exploited by Elliott et al+ ~1996! to construct more powerful tests+
Because this paper is about power properties, it may be of interest to consider
the bootstrap versions of these tests+

They are defined as follows+ Let Sc be a negative scalar andY5 ~Y1, + + + ,YT!' +
Compute the so-called quasi-detrended observations and regressorsY Sc 5
~Y1,DY2 2 ScY10T, + + + ,DYT 2 ScYT210T !', z1 5 ~1,2 Sc0T, + + + ,2 Sc0T !' , and z2 5
~1,1 2 Sc0T, + + + ,1 2 Sc~T 2 1!0T !' + Let Zb0 and ~ Zb1, Zb2! be the coefficients from
regressingY Sc on z1 and ~z1, z2!, respectively+ Using these estimates the de-
meaned observations areYt

d 5 Yt 2 Zb0 when the model contains a constant,
and the detrended observations areYt

d 5 Yt 2 Zb1 2 Zb2t when the model con-
tains a constant and a linear trend+ We can then compute the statistics[aT

d 5

(t52
T Yt21

d Yt
d0(t52

T ~Yt21
d !2+ The DF-GLS statistics are now defined as the

t-statistics@(t52
T ~Yt21

d !2#102~ [aT
d 2 1!0 [s+ The estimator [s is based on the orig-

inal observations and may be taken asSm
2 5 @10~T 2 3!#(t52

T ~Yt 2 ImT 2
JaTYt21!2 when the model contains a constant andSt

2 5 @10~T 2 4!#(t52
T ~Yt 2

m̆T 2 b̆t 2 ăTYt21!2 when the model contains a linear trend+
Elliott et al+ ~1996! showed that under local alternatives 11 c0T the asymp-

totic distribution of the DF-GLS statistic is12
_~Jc~1!2 2 1!0~*0

1 Jc~s!2 ds!102 in
the demeaned case+ Thus the asymptotic power function is the same as for the
Dickey–Fuller t-statistic in the model without constant and trend+ In the de-
trended case the asymptotic distribution is given by1

2
_ ~Vc~1, Sc!2 2 1!0

~*0
1 Vc~s, Sc!2 ds!102 where the process$Vc~t, Sc!% is defined by

Vc~t, Sc! 5 Jc~t ! 2 tFlJc~1! 1 3~12 l!E
0

1

sJc~s! dsG , 0 # t # 1 (14)

andl 5 ~1 2 Sc!0~1 2 Sc 1 Sc203!+ The parameterSc in the definition of the DF-
GLS statistics must be specified, and based on the previous calculations Elliott
et al+ ~1996! recommend Sc 5 27 in the demeaned case andSc 5 213+7 in the
detrended case+ For these values they calculate the critical values for various
sample sizes by simulation+
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To compute bootstrap versions of the DF-GLS tests we use resampled ob-
servationsY1

*, + + + ,YT
* constructed as described earlier to compute the quasi-

detrended resampled observationsY Sc
* 5 ~Y1

*,DY2
* 2 ScY1

*0T, + + + ,DYT
* 2

ScYT21
* 0T !'+ The coefficients Zb0

* and ~ Zb1
*, Zb2

*! are found by regressingY Sc
* on z1

and ~z1, z2!, respectively+ The demeaned and detrended resampled observa-
tions Yt

*d, t 5 1, + + + ,T are then defined asYt
* 2 Zb0

* andYt
* 2 Zb0

* 2 Zb1
* t, respec-

tively+ The vectorY*d is computed for each sample and is used to find[aT
*d 5

(t52
T Yt21

*d Yt
*d0(t52

T ~Yt21
*d !2+ The bootstrap version of the DF-GLS statistics is

then @(t52
T ~Yt21

*d !2#102~ [aT
*d 2 1!0 [s+ As discussed earlier, other estimators for

s2 also can be used+
Let GT

* and HT
* be the conditional cumulative distribution functions of

the DF-GLS statistic@(t52
T ~Yt21

*d !2#102~ [aT
*d 2 1!0 [s in the demeaned and de-

trended cases, respectively+ Then the asymptotic distribution can be described
in the following analogue to Lemma 3+

LEMMA 4 + The conditional cumulative distributions GT
* and HT

* satisfy

GT
*~x! r PS1

2
~W~1!2 2 1!YSE

0

1

W~s!2 dsD102

# xD
and

HT
*~x! r PS1

2
~V0~1, Sc!2 2 1!YSE

0

1

V0~s, Sc!2 dsD102

# xD
for all x in Pc,T probability as Tr `, where V0~s, Sc! is defined in (14).

Thus, definingDF 2 GLSg analogous toDFtg, but with $V0~t, Sc!% in place of
$W~t !% , we can prove the following proposition by the same arguments used
earlier+

PROPOSITION 2+ Suppose the observations Y1, + + + ,YT are generated accord-
ing to (1). Then the power functions of theDF-GLS bootstrap tests converge
toward

PS1

2
~Jc~1!2 2 1!YSE

0

1

Jc~s!2 dsD102

# DFtgD (15)

in the demeaned case and

PS1

2
~Vc~1, Sc!2 2 1!YSE

0

1

Vc~s, Sc!2 dsD102

# DF 2 GLSgD (16)

in the detrended case, as Tr `, where Vc~s, Sc! is defined in (14).

To illustrate the results in this section we have conducted a small Monte
Carlo experiment for the case where the model contains a constant+ For
T 5 50, T 5 100, and T 5 250, 10,000 samples were generated and the sim-
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ulated observations calculated by the recursion~1! wherea 5 1 1 c0T with
c 5 0,21,22,25,210,215 andc 5 220+ The sequence$et % consists of in-
dependent standard normal variables generated using the random number gen-
erator ran2 in Press, Teukolsky, Vetterling, and Flannery~1992!+

For each sample, Y1, + + + ,YT, 5,000 bootstrap replications were constructed using
~2! wheree1

*, + + + , eT
* were sampled with replacement+ Three sampling schemes

were used: centered differences of the simulated observations, centered residu-
als from a fit using OLS in a model without intercept, and residuals from a fit
using OLS in a model with intercept+ In each bootstrap sample the following
model was fitted by OLS:

Yt
* 5 [m* 1 [a *Yt21

* 1 error *, t 5 2, + + + ,T+

In addition to [a *, two t-statistics were computed, one based on the variance
estimatorSm

2 5 (t ~Yt 2 [m 2 [aYt21!2, which we denote byta
*, and another

based onSm
**2 5 (t ~Yt

* 2 [m* 2 [a *Yt21
* !2, denoted byta *

* + The bootstrapped
DF-GLS statistic is denoted bygls*+

Table 1 shows the fraction of the samples for which the various bootstrap
tests rejected the null hypothesis of a unit root at the 5% nominal significance
level+ There are several interesting features worth mentioning+ The first is that
we did not notice any difference between the three sampling schemes+ All re-
sulted in the figures reported in Table 1+ This is similar to what Li and Maddala
~1996, 1997! report for the case where the model does not contain an intercept+
Also, all bootstrap tests have correct size+ Concerning the power, the ranking
of the bootstrap tests is the same as one can expect from the asymptotic results
of Figure 2 in Elliott et al+ ~1996!+ The bootstrap DF-GLS test is the most pow-
erful, followed by the test based on[a *, the coefficient estimated by OLS+ The
studentized versions have least power+ The two versions of the studentized test

Table 1. Fraction of rejections of bootstrap unit root tests in model with
constant

T 5 50 T 5 100 T 5 250

c [a * ta
* ta*

* gls* [a * ta
* ta*

* gls* [a * ta
* ta*

* gls*

0 0+05 0+06 0+05 0+05 0+05 0+05 0+05 0+05 0+05 0+05 0+05 0+05
21 0+07 0+06 0+06 0+08 0+07 0+06 0+06 0+08 0+07 0+06 0+06 0+08
22 0+09 0+07 0+06 0+11 0+10 0+07 0+07 0+12 0+10 0+07 0+07 0+12
25 0+18 0+12 0+11 0+26 0+19 0+13 0+12 0+29 0+19 0+12 0+12 0+31

210 0+48 0+36 0+33 0+61 0+46 0+33 0+31 0+67 0+47 0+32 0+31 0+71
215 0+80 0+68 0+64 0+89 0+78 0+64 0+61 0+91 0+79 0+62 0+60 0+94
220 0+96 0+91 0+89 0+98 0+95 0+88 0+87 0+98 0+95 0+86 0+85 0+99

Note: Figures are based on 10,000 Monte Carlo simulations, 5,000 bootstrap replications in each with nominal
level 5%+
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based onta
* and ta *

* have comparable properties, with the one usingta
* being

slightly more powerful+
The power of the bootstrap DF-GLS test increases asT grows, the power of

the test based on[a * is fairly constant for the values ofT considered, and the
power of the studentized bootstrap test shows a slight decrease+

We have also computed the values of the ordinary unit root tests based on[a
andta using the critical values from Fuller~1996!+ The results are all within 0+01
of the corresponding figures of Table 1 corresponding to[a *- and ta *

* -based
tests, respectively+ The asymptotic values corresponding toT5` can be gleaned
from Figure 2 in Elliott et al+ and are close to those whereT 5 250+

5. PROOFS

Proof of Lemma 1+ Consider first the case whereet
* 5 et,T

* , t 5 1, + + + ,T are
sampled with replacement from the centered differences[et , t 5 2, + + + ,T+ Given
~Y1, + + + ,YT!, et

*, t 5 1, + + + ,T are independent and identically distributed+ The
first property follows fromE*~et

*! 5 @10~T 2 1!#(t52
T [et,T 5 0+

Furthermore

Var*~et
*! 5 (

t52

T

[et,T
2 0~T 2 1!

5 (
t52

T

@~aT 2 1!~Yt21 2 PYT21! 1 ~et 2 SeT !# 20~T 2 1!

5 (
t52

T

@c~Yt21 2 PYT21!0T 1 ~et 2 SeT !# 20~T 2 1!

5 c2 (
t52

T

~Yt21 2 PYT21!20~T 2 1!T 2

1 2c (
t52

T

~Yt21 2 PYT21!~et 2 SeT !0~T 2 1!T

1 (
t52

T

~et 2 SeT !20~T 2 1!+ (17)

The process$~1YYMT !Y@Ts# %0#s#1, where @Ts# denotes the integer part ofTs,
converges toward the Ornstein–Uhlenbeck process$sJc~s!%0#s#1 in distribu-
tion in D@0,1# + This follows from Lemma 1 in Phillips~1987!+ As explained
in Phillips and Perron~1988!, therefore(t52

T ~Yt21 2 PYT21!20T 2 converges in
distribution towards2*0

1 Jc
m~s!2 ds where Jc

m 5 Jc 2 *0
1 Jc~s! ds+ Hence, the

first term on the right-hand side of~17! tends to zero inPc,T probability+ The
absolute value of the second term is bounded by~2c0~T 2 1!102!@(t52

T ~Yt21 2
PYT21!20T 2#102 @(t52

T ~et 2 SeT!20~T 2 1!#102+ By the weak law of large numbers
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(t52
T ~et 2 SeT!20~T 2 1! tends tos2 in Pc,T probability, which implies that

Var*~et
*! r s2 in Pc,T probability+

We now consider the case whereet
* 5 t 5 1, + + + ,T are sampled with replace-

ment from the centered OLS residuals[ [et , t 5 2, + + + ,T+ Because@10~T 2 1!# 3

(t52
T [ [et,T 5 0, E*~et

*! 5 0+ Now Var*~et
*! is given by a similar expression to

~17! with c replaced byT~aT 2 [aT!+ But T~aT 2 [aT! converges inPc,T distri-
bution, as shown by Phillips~1987!, and hence is bounded in probability+ Again
Var*~et

*! r s2 in Pc,T probability+ n

Proof of Lemma 2+ The result follows from Theorem V+19 in Pollard~1984!+
The details can be found in Swensen~2002! for the case wherec 5 0+ The
generalization to convergence inPc,T probability is straightforward using the
convergence of the conditional moments proved in Lemma 1+ n

Proof of Lemma 3+ The lemma follows from Lemma 2 by an application of
the continuous mapping theorem along the lines of Basawa et al+ ~1991b!, ~for
a similar result, see also Heimann and Kreiss, 1996, p+ 97!+ Here are the de-
tails+ Using that 2(t52

T ~(s51
t21 es

*!et
* 5 ~(t51

T et
*!2 2 (t51

T et
*2, we may write

T~ [aT
* 2 1! as

1

2SST
*~1!2 2

1

T (
t51

T

et
*2D

E
0

1

ST
*~s!2 ds

5

1

2
~ST
*~1!2 2 s2!

E
0

1

ST
*~s!2 ds

2

1

2S 1

T (
t51

T

et
*2 2 s2D

E
0

1

ST
*~s!2 ds

+ (18)

The functiong r ~g~1!2 2 s2!02*0
1 g~s!2 ds is continuous in the uniform

metric in D@0,1# if g Þ 0, and the continuous mapping theorem can be ap-
plied to the first term on the right-hand side of~18!+ As for the second term,
for all d . 0, P* @6~10T !(t52

T et
*2 2 s26 . d# converges to zero inPc,T

probability+ To verify that, let ZT
* 5 (t52

T et
*20T+ Then E*~exp~isZT

* !! 5
$E* @exp~i ~s0T !e1

*2!#%T21 and E* @exp~~is0T !e1
*2!# 5 1 1 ~is0T !E*~e1

*2! 1
oP~10T !+ From ~17! it follows that E*~e1

*2! 5 Var*~e1
*! r s2 in Pc,T

probability and thereforeE*~exp~isZT
* !! r exp~iss2! in probability+ Hence

P* @6~10T !(t52
T et

*2 2 s26 . d# tends to zero inPc,T probability+ n

Proof of Lemma 4+ We only consider the detrended case+ The proof is essen-
tially an adaptation of the arguments of the proof of Lemma A4 and Theo-
rem 1+c in Elliott et al+ ~1996!+

Let NT be the diagonal matrix with diagonal elementsMT and 1 andZ Sc 5
~z1, z2!+ Define Z as Z 5 Z ScNT + Then ~ Zb1

*, Zb2
*!' 5 ~Z Sc

' Z Sc!21Z Sc
'Y Sc
* 5

NT @~10T !Z 'Z#21 @~10T !Z 'Y Sc
*# + But @~10T !Z 'Z#21 5 D 1 AT whereD is a diag-

onal matrix with elements 1 and~*0
1~1 2 Scs!2 ds!21 along the diagonal and

AT 5 $aij ,T% whereaij ,T 5 o~1!, i, j 51,2+ Then~ Zb1
*, Zb2

*!'5 DNT
2@~10T !Z Sc

'Y Sc
*# 1

NT AT NT
21NT

2@~10T !Z Sc
'Y Sc
*# +
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But

NT
2S 1

T
Z Sc
'Y Sc
*D 5 1 Y1

*2
Sc

T
~YT
*2 Y1

*! 1
Sc2

T 2 (
t52

T

Yt21
*

1

T F~12 Sc!YT
*1

Sc2

T (
t52

T ~t 2 1!

T
Yt21
* 1

Sc
T

YT
*G2 ,

so that because~1YYMT !Y@Ts#
* 5 ST

*~s!, an application of Lemma 2 and the
continuous mapping theorem implies that the conditional distribution of
~ Zb1
*YYMT ,MT Zb2

*!' 5 MT NT
22~ Zb1

*, Zb2
*! converges inPc,T probability toward

the distribution of ~0,sb!' where b 5 @~1 2 Sc!W~1! 1 Sc2*0
1 sW~s! ds#0

@*0
1~1 2 Scs!2 ds# + Here we use that

MT NT
21AT NT

21 5 Sa11,T

MT
a12,T

a21,T MT a22,T

D+
BecauseST

*d~s! 5 ~1YYMT !Y@sT#
*d 5 ST

*~s! 2 ~1YYMT ! Zb1
* 2 Zb2

*~ @Ts#YYMT !, it fol-
lows, again by Lemma 2 and the continuous mapping theorem becauseV0~s, Sc! 5
W~s! 2 bs, that E* @ f ~ST

*d!# r E @ f ~sV0!# in Pc,T probability for all continu-
ous f defined onD@0,1# + Arguing as in Lemma 3 will finish the proof+ n
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