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A NOTE ON THE POWER OF
BOOTSTRAP UNIT ROOT TESTS

ANDERS RYGH SWENSEN
University of Oslo

In this note we consider the asymptotic power functions of some bootstrap unit
root tests under local alternatives and show that they are in fact the same as for
ordinary unit root testsThis is regardless of whether the differences of the obser-
vations i.e, the so-called restricted residuats the ordinary least squares resid-
uals are used to construct the resampled observatiasalso consider models
containing a constant and a linear trend and the DF-GLS tests proposed by El-
liott, Rothenbergand Stock(1996 Econometricab4, 813—-836. A small Monte

Carlo experiment is included

1. INTRODUCTION

The recent surveys on bootstrap methods in time series by Li and Maddala
(1996 and Berkowitz and Kilian2000 both contain special sections on how
to deal with nonstationary data and a discussion of bootstrap unit root tests
Bootstrap procedures offer an opportunity to take into account such factors as
sample sizgvarious specifications of the initial conditipand the distribution
of the errors They may therefore have more accurate finite-sample properties
than procedures making use of asymptotic approximatiadere such ele-
ments typically do not enteffabulations based on Monte Carlo simulations
will necessarily have to specify these factoasid the assumptions may not
always be well suited in particular applicatiofi$ie bootstrap procedures present
an interesting possibility making more extensive use of data and may there-
fore represent an alternative and supplement to tabulations and asymptotic
approximations

Most studies of bootstrap methods for unit root tests have been concerned
with type | errors andin particular the question of whether the sizes of the
tests correspond to the nominal levelerretti and Romd1996 consider a
unit root bootstrap test for AR) models and demonstrate the asymptotic va-
lidity for independent and autoregressive erréisr a generalization where the
order of the autoregressive error series is allowed to increse® Swensen
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(2002. Another way to develop bootstrap unit root tests for general error pro-
cesses is to use block-bootstrap methddsSwensen(2002 it is also shown
that the stationary bootstrap of Politis and Romé&h@94 can be used to con-
struct bootstrap-based tests that asymptotically have correct Raparoditis
and Politis(200Q 200)) also develop unit root tests based on the block bootstrap

In this paper we shall address errors of type Il or powdris is done in a
situation where there are no nuisance parameters due to a general time series
structure of the error proces#/e therefore assume a simple generating process
where the observation$, ..., Y; satisfy the recursion

Y,=aY_,+e, t=1..T  Y,=0, 1)

where the random variables are independent and identically distributed with
mean zero and varianee?.

The unit root casd.e, whena = 1, is of particular interestand tests for this
hypothesis versukx| < 1, which corresponds to stationary alternativieave
been much studied’he main conclusion of the present paper is that under lo-
cal alternatives the asymptotic power of the bootstrap-based tests is the same
as the asymptotic power of the usual tests for the presence of a unit root

A closely related paper is a recent contribution by Hand&99 about grid
bootstrap methods in autoregressive modelswever Hansen mainly dis-
cusses confidence intervalBo show that the asymptotic coverage is correct
he studies the distribution of the relevant statistics when both the parameter of
the data generating process and the procedure used to construct the bootstrap
samples are local to unityn the present paper the focus is on power proper-
ties Therefore the bootstrap samples are generated satisfying the null hypoth-
esis whereas the observations are assumed to follow an autoregressive recursion
that is local to unity Another relevant paper is Heimann and Kre{4996),
where a hypothesis of the forhl, : || = 1 against alternativels;: |a| < 1 is
studied They show that a bootstrap procedure yields a test that is asymptoti-
cally unbiased and consistetiowever they do not derive the local power
properties

The paper is organized as follows the next section we introduce the setup
and provide some background material section 3 we consider the situation
where the model does not contain an intercept or a linear tteisdshown that
regardless of whether we use the differences of the observations or the ordi-
nary least squarg®©LS) residuals to construct the synthetic ddtee local as-
ymptotic power of the bootstrap unit root tests is the same as for the usual
ones in this situatianin Section 4 we extend the results to cover models con-
taining a time trend antbr an interceptWe also consider how the bootstrap
procedures perform for the powerful generalized least squares Dickey—Fuller
(DF-GLSY) tests suggested by ElligtRothenbergand Stock(1996. A small
Monte Carlo experiment illustrating the results is provid&€bdme technical
proofs are collected in Section 5
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2. BACKGROUND

For simplicity, we assume the observations are generated accordity téow-
ever one can verify that all the arguments that follow remain valid under the
more general assumption that the initial variabtg has a fixed distribution
not depending off.

For the hypothesis that = 1 Dickey and Fulle(1979 propose a test based
on the OLS estimatofir = 3, Y,Y,_1/>(,Y2,. Simulated critical values
for various levels and sample sizes can be found in Fll®®6 under the
assumption that the erroes are normally distributed

It is well known that whernwv = 1 andT — oo, the distribution ofT (& — 1)
converges toward the distribution of the random variab®V(1)?> — 1)/
f01W(s)2ds where W = {W(s)} is a standard Brownian motion defined on
the interval [0,1]. The t-statistic based onar is defined ast,t =
(S Y2 )V2(& — 1)/SwhereS? = SLo(Y, — arY-1)%(T — 2). The asymp-
totic distribution is3(W(1)2 — 1)/(f; W(s)? ds)¥2.

For local alternatives of the formvy = 1 + ¢/T Chan and Wei(1987)
and Phillips (1987 show that the asymptotic distribution df(a — 1) is
3(3(1)? — 1)/I§JC(S)2ds, where J; is the Ornstein—-Uhlenbeck process de-
fined by the stochastic differential equation

dJ.(s) = cJ.(s)ds+ dW(s),

with initial condition J.(0) = 0. Here valuesc < 0 correspond to stationary
alternatives and > 0 to the explosive ones

Now we turn to the bootstrap test and consider the simplest caselfést
€1,...,€1 be sampled with replacement from the centered differences

é.r = AY, — AY, t=2,...,T,

whereAY; = [1/(T — 1), AY,. Alternatively we may use the OLS residuals
Y; — &7, after centeringLi and Maddala(1996 denote the two resampling
schemess; andS;, respectively

The resampled observations are computed by the recursion

Y=Y ber,  t=1...T )

whereYy = 0. Another possibilitywhich yields the same asymptotic distribu-
tions as long as the distribution &f is fixed, is to start the recursion af* =
Y1, the first observationand generat¥,, ..., Y; according to(2). This seems a
natural choice when the statistical inference is done conditional on the initial
distribution

Next define a = S,V Y /S, Y03 and 1 = (S, Y*2)Y2 X
(a* —1)/S If « =1 andP* denotes the conditional distribution &f,...,Y;
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givenYsy,...,Y; BasawaMallik, McCormic, Reevesand Taylor(1991h show
that for allx, if the sampling schemsg; is used

1 1
P*(T(d;—l)sx)—>P<—(W(1)2—1)/f W(s)2ds= x)
2 0

as. In practice a bootstrap unit root test basedagn say for the null hypoth-
esis of a unit rogtHy: @ = 1 versuKy: a < 1, with asymptotic levely is there-
fore obtained by rejecting the null hypothesis if the fractityB) Sp_, 1(a+ <

a7) is less than the level. HereB represents the number of times the recursion
(2) and the statistiéey = a7 p,b =1,...,B are recalculated based on new sam-
ples and 1-) is the indicator functionFerretti and Rom@1996 and Heimann
and Kreisg(1996 show that the sampling scherBgalso has the same asymp-
totic properties

It is important that(2) is used when the resampled observati¥fisare con-
structed In fact, BasawaMallik, McCormic Reevesand Taylor(1991a show
that usingY* = a1 YY" ; + € implies that the asymptotic distribution is random
and depends on the realizatifv } 2.

In the arguments that follow we shall need some results from the theory of
weak convergence of probability measuréée consider the spade[0,1] of
functions defined on the interv@D, 1] that are right continuous functions and
have left limits The limit processes will be continuous with probability 1 and
hence as explained in Pollarll984), the uniform metric may be usedlso let
E* and Var refer to the conditional distributioR*, so that e.g., E* = Ep-.

3. MODELS WITHOUT CONSTANT AND LINEAR TREND

Assume that the parameterhas the forma; = 1 + ¢/T. From (1) the differ-
encesor restricted residualgan be written as

AY; = (a1 — 1Y, + €, t=2,...,T,
and therefore the centered differenées- é; 1 are equal to
€ = (aT_l)(Yt—l_VT—l)"'(Et_E_T), t=2,...,T,

whereYr_; = 31 Y /(T — 1) andér = S, /(T - 1).
Similarly the OLS residuals can be expressed as

Y, —arYy = (a1 —a1)Y +e, t=2,...T,
and the centered OLS residuads = ¢, 1, as

A

é = (ar— ar) (Y, — Ye_1) + (e, — 1), t=2,...,T.
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From the definition ofay,

To find the asymptotic power function of the bootstrap test baseti(éq — 1)
we shall need the following lemmashich are valid for both sampling schemes
S; andS,, i.e., both centered differences and centered OLS residuals

LEMMA 1. Denote the distribution of the observatiof,...,Ys) corre-
sponding to a local parameterr = 1 + ¢/T by R 1. Then the conditional mo-
ments of,t = 1,...,T satisfy

(i) E*(¢) =0,
(i) Var*(ef) — o2

in P, + probability as T— oo whether thee;"s are sampled from the centered
differences, t = 2,..., T or the centeredLS residualsé, t = 2,...,T.

Consider the random functic(s) = (1/VT)S/1{¢/,0 = s=1in D[0,1].

The conditional distribution of{Sf(s)} given the observations converges
weakly toward the distribution dicW(s)} in D[0,1] in P, + probability. In other
words we have the following result

LEMMA 2. For all bounded continuous functions f defined of0[1]
E*[f(S)]— E[ f(oW)]
in P, 1 probability as T— co.

LEMMA 3: Let K be the conditional cumulative distribution function of

T(&5 — 1) given the observations, i.e.;Fx) = P*(T(&f — 1) = x). Then for
all x

1
F{(x) = P(% (W(1)% - 1)/fO W(s)?ds= X>

in P+ probability as T— oo.

An implication of Lemma 3 is that a test having asymptotic leyak ob-
tained by rejecting the null hypothesks: a = 1 if

Fi(T(ar—1) <. )
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The power of the bootstrap test is therefore
Por(Ff(T(ar —1) =y) = Per(T(ar — 1) = Fy H(y)),

whereF;~*(y) = inf{x: F{(x) = y}. By Lemma 3F; '(y) — DF,, in Pt
probability where DF, denotes they quantile of the Dickey—Fuller distribu-
tion defined by the random variabEW(1)? — 1)/f, W(s)? ds Hence the as-
ymptotic power function isP(2(J(1)? — 1)/f01\]c(s)2ds = DF,). Because

S? — o2 in P, 1 probability there is an analogous result for the bootstrap test
constructed using,; + andt, r. If DFt, is the y quantile for the distribution
defined by the random variabl(W(1)2 — 1)/(fy W(s)? ds)*? we have the
following result using the fact thag(J.(1)? — 1) = fol\]c(s) dJ..

PROPOSITION 1 Suppose the observationg Y., Y; are generated accord-
ing to (1) where the:;s are sampled from the centered differenégs = 2,
..., T or the centeredLS residualsé,, t = 2,...,T. The power function of the
bootstrap test (3) and the power function of a bootstrap test based parid
t,.r then converge toward

P(fo Jc(s)dJc/f0 J.(s)?ds= DF7> 4)

and

P(folJc(s) dJC/<J:JC(s)2 ds)l/2 = DFty>, (5)

respectively, as > oo.

Remark 1 The expressions given biy) and (5) arg as shown by Phillips
(1987), the same as the local power functions of the unit root tests baség on
andt, 1.

Remark 2 The important property of the variables,..., 7 is that the con-
ditional moments converge as described in Lemmaslwe will discuss in the
next sectionwhen the model contains an intercept or a time trevel can also
use other resampling schemes &gr. .., e7 that still ensure this property

Remark 3 The conditional cumulative distributiofry is a complicated
function of the observationso it cannot be computed explicitliiowever the
fraction

= > & = ar), (6)

where B bootstrap replications are used to compute the pseudo-observations
Yy, ..., Y7, will converge toward the left-hand side ¢8) asB — co. When
implementing bootstrap procedures it is important to choose the number of boot-
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strap replicationsB, large enough to approximate the conditional distribution
of the bootstrapped statistics given the observatibos a recent paper on this
issue see Davidson and MacKinnd2000.

Remark 4 Other estimators for the varianee® in the definition of the stu-
dentized statistics used in the bootstrap procedure are pasBiil@amportant
point is to use an estimat&? of o2 such that for al,e > 0

P.r(P*(|S?— 02| >8)>¢€) =0

asT — oo. Considereg., 2 = 3_,(Y* — &1 Y,*1)%(T — 2). It is necessary
to show that for alb > 0 P*(|S*? — 2| > §) tends to zero iP, 1 probability
By subtracting and adding* ;, S*> may be written as

T
ZZ(Y{" —arY )Y (T-2)
t=
T T
= Zz(Yt* - Yt*—l)z/(T - 2) - ZT(&T -1 EZ(Y{‘ - Yt*—l)Yt*—l/T(T - 2)
t= t=

T
+T2(ar - 1)? EZYt"il/TZ(T—Z)- ()
t=

Using Lemma 2 it follows by the continuous mapping theorem that the
conditional distributions ofS (Y — Y)Y /T = St (Siied)er/T
and 3/ ,Y2/T2 = ST, (SL1e)%T2 converge in distribution toward
o2(W(1)2 — 1)/2 and o2f; W(s)? ds respectivelyin P, probability Also
T(at — 1) converges irP. 7 distribution so the two last terms ii7) are neg-
ligible. The first term equal$,_,¢;2/(T — 2). But as explained in the proof
of Lemma 3 P*(|3{_,¢2/(T — 2) — 02| > &) tends to zero irP, 1 proba-
bility, which implies thatP*(]S*? — o?| > §) also tends to zero iR ¢
probability,

The same arguments apply to the variance estim&tot = 3. ,(Y,* —

@Y 1)?%(T — 2). We may proceed as before using the fact that the conditional
distribution of T(a7 — 1) converges irP; + probability so that the terms play-
ing the role of the two last terms ifY) are still negligible

Remark 5 The result in Proposition 1 is of interest also for considering an-
other candidate for bootstrappinig Li and Maddala(1996 1997 comparing
a1 — 1 to the bootstrap distribution @ff — &+ is discussedBased on evidence
from simulation studies they do not recommend this proced\ctually, the as-
ymptotic distribution of this bootstrap test is easily derived from the earlier re-
sult Remark thaty§ — &t < @& — 1 is equivalent tax§ — 1 < 2(at — 1). Using
the notation introduced earlighe probability of rejection i€, + (2T (a1 — 1) =
Fi1(y)), which, asT — oo, converges towar®(3(J.(1)2 — 1)/f3 J.(s)2 ds =
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(1/2)DF,). Thus takingc = 0, we see that the asymptotic size of this test will
be too large wheF, < O, which is the case for the usual nominal levels

Remark 6 The asymptotic results are consistent with the results reported by
Li and Maddala1996 1997), who, referring to a preprint of Ferretti and Romo
(1996, state that in a simulation study of bootstrap unit root tests they have not
found any difference between using differencas done by Basawa et.al
(1991b, and the OLS residuals used by Ferretti and RaA®96).

4. MODELS WITH CONSTANT AND LINEAR TREND

In practice models with an intercept or with a constant and linear trend are
often estimatedin this sectionwe derive the asymptotic power of the corre-
sponding bootstrap tests in this context

Consider first fitting the equation

Y= gr+arY &,  t=2...T, (8)

where i and @ are the OLS estimatorg\so in this case there are several
possible resampling schemdn addition to the schemeS; and S, of Li and
Maddala(1996), corresponding to using centered differences and centered re-
siduals respectively another possibility is basing the resampling on the OLS
residuals from(8).

Because
.
. > Y
SV Y=Y )~ (Y= Yy) ———
= t—1\ 't t—1 T 1 (T_ 1)

(aT_l): )

B

T
2

2 Ty

it follows from Lemma 2 and the continuous mapping theorem thaf*iiis

constructed by2) where thes;’s are obtained by resampling from the centered

differencesé, based omY;,t = 2,...,T or the centered residua& based on

Y, — arYi_1,t = 2,..., T, the conditional distribution off (& — 1) given the

observationsvy,..., Yy will converge to the distribution of the random variable

flwﬂ(s)dW(s) fl<W(s) —f1W(s) ds) dWI(s)
0 _ 0 0

J:W”(s)zds fO1<W(s) —f:W(S) ds)2 ds |

(9)
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As argued in Section 3 this will imply that the asymptotic power function of
the bootstrap test constructed framm and @5 in the same way aé; and at
were used previously will be

1
f J&(s) dJ.(s)
o —DFr|, (10)

1
f J&(s)?ds
0

whereDF}* denotes they quantile of the random variable defined (@) and
J=3 - fol J.(s) ds Expression(10) has the same form d4). Similarly, the
asymptotic power function of the studentized versions of the tests bas@&d on
and&j, and using resampling schem8sandS;, has the same form &5).

The main reason why10) is true is that that the conditional variance
Var*(ef) — o2 in P, probability Hence the asymptotic power function
based on resampling from the OLS residuals= 2,...,T from (8) will also
be the same if we show that the conditional variance converges whesj the
are sampled from these residud®cause a constant is included in the regres-
sion the sum of the residuals is zereo thatE*(e;) = 0. The OLS residuals
can be writtenusing (1), as (ar — @r)Y;-1 — T + &,t = 2,...,T, and
because the sum is zero this also equals — a) (Vo1 — Yr_1) + (e — €7),

t = 2,...,T whereYy_; and & are defined in Section.3The OLS residuals
therefore have the same form as the centered residuals from a regression with-
out intercept except thdir now takes the place af or ar. The convergence

in probability of the conditional variance therefore follows by the same argu-
ment as in Lemma.l

After some manipulation expressioh0) may be written as

f J&(s) dW(s)
0]

Plc+ —————— =DFr |,
1
fJé‘(s)zds
0

which shows that the asymptotic power function is identical to the power func-
tion of the corresponding unit root test derived in Phillips and Pe(t®898.
We now consider fitting the equation

Y, = pr+ BrttarYe e, t=2,...T, (11)

wheregr, Br, anday are the OLS estimators arg t = 2,...,T are the corre-
sponding residuals

As explained by Phillips and Perr@¢©988, because the model now contains
a time trendthe distribution of the coefficient remains the same even when
the recursion contains a nonzero drift teumi.e., the data are generated by the
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recursionY; = u + aY,_; + €. We therefore assumwithout loss of generality
that u = 0 in the derivations that follows.e., that the data are generated by
the recursion(1).

Phillips and Perror(1988 also show that whea = 1 in (1), T(ar — 1)
converges in distribution toward the distribution of the random variable of the
form

flwf(s)dW(s)/JlW’(s)2 ds (12)
0 0

where W7(s) = W(s) — (4 — 6s) [y W(s)ds + (6 — 12s) [y sSW(s) ds (see
Phillips and Perron1988 p. 339. Now, again from Lemma 1 in Phillip€1987)

it follows that the procesS’[Ts]/\/T,O = s = 1 converges weakly toward the
Ornstein—Uhlenbeck processl.(s), 0 = s = 1 as elements ob[0,1] when
at =1+ ¢/T. Building on this result Phillips and Perron show tAdtr — 1)
converges inP 1 distribution toward a random variable defined ([12) but
with J; playing the role ofWw.

Proceeding as befaréhe residualg;” can be sampled from the centered dif-
ferencesé,, from the centered residuak, or from the residualg,. In fact,
residuals from fitting(11) also may be usedrhis is done by Hanse(1999),
who also demonstrates that it results in procedures having correct asymptotic
propertiesTo see that in the present setting remark that these residuals may be
written, using thatS,_, ¢, = 0,

gt = Yt_llT_BTt_&TYt—l
= (a7 —a7)Ye1— 7 — Bri+ &

T24+T-2

2(T-1) ) + (& — &),

= (ar —ap) (Y1 = Yp) = ,éT (t_
t=2,...,T.

Using thatB; = Op(T %2) (see e.g., Banerjee Doladg Galbraith and Hen-
dry, 1993 p. 125), it follows by a similar argument as used in Section 5 in the
proof of Lemma 1 that Vdr(e;") — o2 in P, 1 probability if e/, t = 1...,T are
sampled from the OLS residuads, t = 2,...,T. The restricted residuals will
in this case be the residuals from imposig- 1 in estimating(11). From the
preceding expression we see that these residuals can also be used without chang-
ing the asymptotic properties of the bootstrap tests in local neighborhoods of
a=1

The resampled observations can be generate@pwpr possibly(2) aug-
mented with the estimated intercept. We let i3, ,é#, andai denote the esti-
mators of a regression of the forfhl) based on these resampled observations
From Lemma 2 it follows by an application of the continuous mapping theorem
that the conditional distribution 6f (% — 1) given the observation¥, ..., Yy
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will converge to the distribution of the random varlal()]Q) inP; T probablllty
Thus the power function of the bootstrap test basedagrand a% converges
toward

1 1
P(fo Jg(s)dJc(s)/fO Ji(s)?ds= DF;) (13)

asT — oo, whereDF is they quantlle of the random variable given 1§32
and JZ(s) = Ji(s) — (4 - GS)fO J.(s)ds + (6 — 123)f0 slJ.(s) ds Again the
asymptotic power function has the for@), and again the asymptotic power
function for the studentized version of the bootstrap test may be expressed in a
form similar to(5).

In models containing a constant or a linear trend there are redundant regres-
sors when the observations are generated by the autoregressive $therhes
property is exploited by Elliott et a1996 to construct more powerful tests
Because this paper is about power properiiesay be of interest to consider
the bootstrap versions of these tests

They are defined as follows.et € be a negative scalar an= (Yi,...,Yr)'.
Compute the so-called quasi-detrended observations and regre4sers
(Y, AY, — €Yy/T,... Ay = €Yra/T), 23 = (L, —¢/T,...,—¢/T)’, and z, =
(1,1 - ¢/T,...,1 — (T — 1)/T). Let B, and (B3, B) be the coefficients from
regressingY. on z; and (zy, z,), respectlvely Using these estimates the de-
meaned observations a¥ = Y, — 3, when the model contains a constant
and the detrended observations X®=Y; — 3; — 3.t when the model con-
tains a constant and a linear trentfe can then compute the statisti@§ =
SV Y/S,(Y4,)2. The DF-GLS statistics are now defined as the
t-statistics] 31—, (Y2 1)2]¥2(ad — 1)/6. The estimato@ is based on the orig-
inal observations and may be taken S,i;— [1/(T — 3)]2t Y — far —
aTYt 1)* when the model contains a constant &fd= [1/(T — S Z(Y[

— Bt — arY,_1)? when the model contains a linear trend

Elllott et al. (1996 showed that under local alternatives-1c/T the asymp-
totic distribution of the DF-GLS statistic i5(J.(1)? — 1)/(f3 J.(s)2 d9)¥? in
the demeaned cas€hus the asymptotic power function is the same as for the
Dickey—Fullert-statistic in the model without constant and tremd the de-
trended case the asymptotic distribution is given b§V.(1,¢)2 — 1)/

(f§ Ve(s,€)? d9)¥? where the procesd/,(t, €)} is defined by

1
V.(1,6) = I (t) — t[)\JC(l) +3(1- ) f sL(s) ds], 0=t=1 (14)
0

andA = (1 — ¢)/(1 — ¢ + ¢?%/3). The parametec in the definition of the DF-
GLS statistics must be specifiegnd based on the previous calculations Elliott
et al (1996 recommend: = —7 in the demeaned case acd= —13.7 in the
detrended casd-or these values they calculate the critical values for various
sample sizes by simulation
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To compute bootstrap versions of the DF-GLS tests we use resampled ob-
servationsYy,..., Yy constructed as described earlier to compute the quasi-
detrended resampled observatios = (Y;',AY; — CcYy/T,...,AYy —
cY;_,/T)". The coefficients3s and (85, B;) are found by regressing on z;
and (z,, z,), respectively The demeaned and detrended resampled observa-
tions Y9, t = 1,...,T are then defined a%* — 35 andY," — B — Bit, respec-
tively. The vectorY*? is computed for each sample and is used to @8l =
S, Y Y/ S, (Y9)2. The bootstrap version of the DF-GLS statistics is
then[ 3/ ,(Y*9)21¥2(a:® — 1)/6. As discussed earligpther estimators for
o? also can be used

Let Gf and Hf be the conditional cumulative distribution functions of
the DF-GLS statistid >, ,(Y;*%)2]1Y2(&:® — 1)/6 in the demeaned and de-
trended casesespectivelyThen the asymptotic distribution can be described
in the following analogue to Lemma 3

LEMMA 4. The conditional cumulative distributionsy@nd Hy satisfy

1 1 1/2
Gi(x) = P<— (W(1)? - 1)/<f W(s)? ds) = x)
2 0

and

1 1 1/2
Hi(x) - P<— (Vo(1,0)2 - 1)/<f Vo(s,€)2 ds) = x)
2 0

for all x in P, probability as T— oo, where (s, €) is defined in (14).

Thus defining DF — GLS, analogous tdFt,, but with {V,(t, ¢)} in place of
{W(t)}, we can prove the following proposition by the same arguments used
earlier

PROPOSITION 2 Suppose the observationg Y., Y; are generated accord-
ing to (1). Then the power functions of tBd--GLS bootstrap tests converge
toward

1 1/2
P(% (3(1)2 - 1)/([0 J(s)? ds) = DFt,/) (15)

in the demeaned case and

1 1 1/2
P(— (Vo(1,6)2 — 1)/<f Vi(s ©)? ds) <DF - GLSY) (16)
2 0

in the detrended case, as-F oo, where \{(s,€) is defined in (14).

To illustrate the results in this section we have conducted a small Monte
Carlo experiment for the case where the model contains a condgtant
T=50 T=100 andT = 250 10,000 samples were generated and the sim-
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ulated observations calculated by the recurdibnwherea = 1 + ¢/T with
c=0,—-1-2,—-5-10,—15 andc = —20. The sequencége} consists of in-
dependent standard normal variables generated using the random number gen-
erator ran2 in Pres§eukolsky Vetterling and Flannery(1992.

For each sampler,, ..., Y, 5,000 bootstrap replications were constructed using
(2) whereey,...,ex were sampled with replacemefithree sampling schemes
were usedcentered differences of the simulated observatioastered residu-
als from a fit using OLS in a model without intercepnd residuals from a fit
using OLS in a model with intercepin each bootstrap sample the following
model was fitted by OLS

Y= At aTY rerrort,  t=2,,T.

A

In addition toa*, two t-statistics were computedne based on the variance
estimatorSZ = X, (Y, — 4 — aY,—1)?, which we denote by, and another
based orS;*? = 3, (Y — 4* — @"Y;",)?, denoted byt-. The bootstrapped
DF-GLS statistic is denoted hyis®.

Table 1 shows the fraction of the samples for which the various bootstrap
tests rejected the null hypothesis of a unit root at the 5% nominal significance
level. There are several interesting features worth mentianiheg first is that
we did not notice any difference between the three sampling schétae-
sulted in the figures reported in TableThis is similar to what Li and Maddala
(1996 1997 report for the case where the model does not contain an intercept
Also, all bootstrap tests have correct siZeoncerning the powgthe ranking
of the bootstrap tests is the same as one can expect from the asymptotic results
of Figure 2 in Elliott et al (1996. The bootstrap DF-GLS test is the most pow-
erful, followed by the test based an’, the coefficient estimated by OLShe
studentized versions have least pawdre two versions of the studentized test

TABLE 1. Fraction of rejections of bootstrap unit root tests in model with
constant

c &t ot glst &ttt dls' &t th glst

0O 005 006 005 005 005 005 Q05 005 005 005 005 005
-1 007 006 006 008 007 006 006 008 007 Q06 006 008
-2 009 007 006 011 010 0O7 007 Q12 Q10 Q07 007 012
-5 018 012 011 026 019 013 012 029 019 012 012 031

—10 048 036 033 061 046 033 031 067 047 032 031 071
—15 080 068 064 089 078 064 061 091 079 062 060 094
—20 09 091 089 098 095 088 087 098 095 086 085 099

Note: Figures are based on ;000 Monte Carlo simulation$,000 bootstrap replications in each with nominal
level 5%
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based ort} andt;- have comparable propertiesith the one using, being
slightly more powerful

The power of the bootstrap DF-GLS test increase$ geows the power of
the test based oa* is fairly constant for the values df consideredand the
power of the studentized bootstrap test shows a slight decrease

We have also computed the values of the ordinary unit root tests bas&d on
andt, using the critical values from FulléL996). The results are all within.01
of the corresponding figures of Table 1 correspondingxte andt’--based
tests respectivelyThe asymptotic values correspondingltes co can be gleaned
from Figure 2 in Elliott et aland are close to those whefe= 250

5. PROOFS

Proof of Lemma 1 Consider first the case wheeg = ¢/+,t =1,...,T are
sampled with replacement from the centered differeggs= 2,...,T. Given
(Yy,...,Yr), e,t = 1,...,T are independent and identically distributéiche
first property follows fromE*(¢/) = [1/(T — 1)]EtT=2€t,T =0.

Furthermore

T
Var*(e;) = 2 ét,T/(T -1
=2

[(ar =1 (Vg — Yr_p) + (6 — €)]/(T - 1)

Il
M-

,_,
Il
N

[c(Yiy — Yr_0)/T + (& — €)]%(T - 1)

I
M-

,_,
Il

2

T
=c2> (Yo~ Yr )T -T2
t=2
T —
+ 2c Ez(Yt—l = Yr_) (e —é)/(T-DT
t=

.
+ > (e — &r)%(T—-1). (17)
t=2

The procesq (1/VT)Yirg}o=s=1, Where[Ts] denotes the integer part dfs
converges toward the Ornstein—Uhlenbeck prodesk(s)}o=s=1 in distribu-
tion in D[0,1]. This follows from Lemma 1 in Phillipg1987). As explained
in Phillips and Perror{1988, therefore>,,(Y,_, — Yr_1)¥ T2 converges in
distribution towardo2f; J#(s)? ds where J& = J. — [3J.(s) ds Hence the
first term on the right-hand side ¢17) tends to zero irP, + probability The
absolute value of the second term is boundedauy(T — 1)V2)[3[_,(Y,_; —
Yro)¥YT21Y2 (S ,(e — €r)%(T — 1)]¥2. By the weak law of large numbers
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Si.(e — &)¥(T — 1) tends too? in P, probability which implies that
Var*(ef) — o2 in P, 1 probability

We now consider the case whefe=t=1,..., T are sampled with replace-
ment from the centered OLS residudlst = 2,...,T. Becausd1/(T — 1)] X
>Se 2€.r = 0, E*(¢f) = 0. Now Var*(ef) is glven by a similar expression to
(17) with c replaced byT (a1 — é&7). But T(ar — at) converges irP; 1 distri-
bution as shown by Phillip$1987), and hence is bounded in probabiligain
Var*(e) — o2 in P, 1 probability u

Proof of Lemma 2 The result follows from Theorem.19 in Pollard(1984).
The details can be found in Swens&002 for the case where = 0. The
generalization to convergence i 1 probability is straightforward using the
convergence of the conditional moments proved in Lemma 1 u

Proof of Lemma 3 The lemma follows from Lemma 2 by an application of
the continuous mapping theorem along the lines of Basawa €1991b, (for
a similar resultsee also Heimann and Krej$996 p. 97) Here are the de-
ta|ls Using that 22 (S ied) el = (3162 — 3162, we may write
T(ay —1) as

T

17 1 1/1 7
(ST(]-)Z__EEt*Z> 5(5?(1)2—02) E(?;:lft*z_‘)J)

(18)
1 1 1

s 2d s 2d s Zd
J;Sr(s) s fOSr(S) s fOSr(S) s

The functiong — (g(1)2 — o2)/2f; g(s)?ds is continuous in the uniform
metric in D[0,1] if g # 0, and the continuous mapping theorem can be ap-
plied to the first term on the right-hand side @f8). As for the second term
for all & > 0, P*[|(/T)S{,&? — 02| > &] converges to zero Pt
probability To verify that let Z; = 3 ,€?/T. Then E*(exp(isz%)) =
{E*[exp(i(s/T)ei2)]} Tt and E*[exp((is/T)ei?)] = 1 + (is/T)E*(e;?) +
0p(1/T). From (17) it follows that E*(ej?) = Var*(ef) — o2 in Py
probability and thereford&*(exp(isZz)) — exp(iso?) in probability Hence
P*[(I/T)Z( &2 — 02| > 8] tends to zero irP. + probability [

Proof of Lemma 4 We only consider the detrended ca$he proof is essen-
tially an adaptation of the arguments of the proof of Lemma A4 and Theo-
rem 1c in Elliott et al (1996.

Let Ny be the diagonal matrix with diagonal elemenf§ and 1 andZ; =
(21,2,). Define Z as Z = ZN;. Then (Bi,B3) = (ZLZ) tZLY; =
N:[(1/T)Z'Z] *[(1/T)Z'Y,]. But [(1/T)Z Z] =D + Ar whereD is a diag-
onal matrix with elements 1 an(:ifo(l — €s)?ds) * along the diagonal and
Ar = {ay r} wherea; r = 0(1),i,j = 1,2. Then(B;, B3) = DNZ[(1/T)Z: Yz ] +
Nr Ar Np INE[(1/T)Z Y¢ T
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But
~ =2 T
1 Yl_?(YT*_Yl*)"‘ 222\4*-1
NZ _Z/Y~ — t= ,
T<T CC) (1 ‘)Y*+62§T:(t_lY* + =Y
- —c _ Y —
T T& T S

so that becausél/\T)Ysq = Si(s), an application of Lemma 2 and the
continuous mapping theorem implies that the conditional distribution of
(B;/NTANTB3) = NTNr2(B;,55) converges inP,+ probability toward
the distribution of (0,68)" where 8 = [(1 — ©W(1) + szolsW(s) ds]/
[/3(1 — c9)?ds]. Here we use that

aj T a
VINFIA N L= [ AT T
AT \/Tazz,T

BecauseS;(s) = (1/VT) Yy = Si(s) — (1/NT)B; — B3([Tsl/VT). it fol-
lows, again by Lemma 2 and the continuous mapping theorem betg(s€) =
W(s) — Bs, thatE*[ f(S;%)] — E[ f(oV,)] in P. 1 probability for all continu-
ousf defined onD[0,1]. Arguing as in Lemma 3 will finish the proof u
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