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We discuss a rich family of directed series–parallel (SP) graphs grown by the simultaneous
random series or parallel development of multiple edges. The family portrays a spectrum
that spans a wide range of SP graphs: from simple models, where only as few as one
edge is chosen for evolution at each discrete point in time, to complex hierarchical lattice
networks grown by a take-all strategy, where all the edges in the existing network are
developed.

The family of SP graphs we discuss is grown from an initial seed graph with τ0 edges
under an arbitrary building sequence, {kn}∞n=1, of nonnegative integers (with kn ≤ τ0 +∑n

i=1 ki, for arbitrary τ0 ≥ 1), that specifies the number of edges subjected to evolution at
time n. We study the average north polar degree and show that we can go beyond averages
to strong laws. We also find the exact average number of critical edges. The asymptotics of
the critical edges are facilitated under the regularity condition that kn/

∑n
i=1 ki converges

to a constant (as n → ∞), a natural condition easily met by practical strategies, such as
single-edge evolution and take-all choice, and much in between.
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1. INTRODUCTION

Random graphs are versatile models that capture many real-world applications in algorith-
mics and communication networks, among countless other applications. For the two named
applications, the reader can see, for example [3,8,12,13,17], for a myriad of random tree
applications in computer science, and [1,18] for numerous applications in communication
networks, among many other types of hardwired and virtual networks.

An algorithmically important family of structures is the series–parallel (SP) graphs that
represent flow in networks (of commercial goods, e.g.) from a source (a factory, e.g.) to a
sink (a market, e.g.).

Not much work has been done in the area of probabilistic analysis of SP graphs. In fact,
there are not many known probability models on these graphs. This motivates us to build
more probability models for SP graphs.
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Among the few known probability models of randomness on SP graphs are the uniform
model, where all SP networks of a certain size are equally likely [2,4], the hierarchical
lattice model [7], the incremental models for unrestricted and binary SP graphs (with node
outdegrees restricted to 2) [14,15]. The source [10] investigates the behavior of binary SP
graphs under a uniform probability distribution.

In this manuscript, we consider one stochastic growth model, which may cover a wide
variety of realistic applications. In this paragraph, we highlight the model and mention
possible merits, and in Section 2, we specify it formally. The model is based on choosing a
number of edges kn ≥ 0 from an SP graph available at time n − 1, and letting the selected
edges evolve independently via serialization and parallelization operations. Instances of this
family of graphs have been looked at: In [14] a slow incremental model selects one edge at
each step of growth and subjects it to a probabilistic SP evolution (kn = 1). At the other end
of the spectrum, the hierarchical lattice model [7] lets every edge in the graph experience
its own independent evolution starting at the complete graph on one edge (kn = 2n−1).
The slow model [14] may suit market flow applications and road networks, whereas the
hierarchical lattice model [7] represents very fast growing networks, such as some of the
social networks evolving today. The model we suggest here is meant to fill the spectrum
with various growth speeds, and may thus capture a wider variety of modern needs.

Note that the allowable choice kn = 0 corresponds to no edge selection and subsequently
no evolution at time n. This device can be used to slow down the evolution, which may suit
some applications.

2. MULTI-EDGE GROWTH OF SP GRAPHS

We start with some formal definitions. As is customary, we use the notation Kn for the
complete graphs on n vertices.

One popular definition of SP graphs comes from an inductive algorithmic construction.1

In this variant, the smallest SP graph is K2. The two vertices are called Poles. We depict K2

by a drawing that puts it in a vertical position on a page. The top pole is called the North
Pole (N), and the bottom one is called the South Pole (S). Larger SP graphs are obtained
from smaller ones by one of two compositions: a series composition, which identifies the
South Pole of an SP graph with the North Pole of the other, or a parallel composition,
which identifies the two North Poles together, and the two South Poles together. For the
network flow application we have in mind, we think of SP graphs as directed, with orientation
assigned to the edges to allow the flow to move from the North Pole to the South Pole.
Figure 1 shows two directed SP graphs, and two directed SP graphs that can be obtained
from them by a series and a parallel composition.

2.1. Growth via edge serialization and parallelization

A series extension of an edge uv (directed from u to v) is an operation performed by
creating a new vertex, say x, removing the directed edge uv and replacing it with the two
new directed edges ux and xv. A parallel doubling of an edge is performed by just adding
another edge with the same endpoints and directed in the same sense. Exercise 11.7 in [9]
shows that any SP graph can be obtained by a sequence of serialization and parallelization
operations starting at K2. As an example, the graph on the top right of Figure 1 can be

1 An abstract definition of a flavor of the SP graph qualifies a graph to be in the family, if it does not
contain K4 as a minor.
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Figure 1. Two directed series–parallel graphs on top, and a graph obtained by a series
composition (bottom left), and another graph obtained by their parallel composition
(bottom right).

Figure 2. The evolution of a graph by edge serialization (S) and parallelization(P). The
chosen edges are starred.

obtained by a sequence of evolutionary steps shown in Figure 2. In Figure 2, the edges
selected for serialization/parallelization are indicated by asterisks.

2.2. A spectrum of evolutionary SP graphs

We consider a rather general growth model. Assume we have a building sequence
k1, k2, k3, . . . of nonnegative integers, such that

kn ≤ τ0 +
n−1∑
j=1

kj , (1)

with arbitrary integer τ0 ≥ 1. We start with an arbitrary seed SP graph with at least τ0

edges. Often, this starting seed is K2, where τ0 = 1, but occasionally we allow the seed to be
an SP graph different from K2 to conform with a given building sequence, such as one having
k1 > 1, in which case the seed must have at least k1 edges. We grow an SP graph in steps.
At step n, we choose kn edges from the existing graph at random (all subsets of kn edges
being equally likely). Each edge in the selected subset is subjected independently to either
a series extension with probability p, or a parallel doubling with probability q := 1 − p.
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Figure 3. The evolution of a graph by edge serialization (S) and parallelization(P) under
the building sequence kn = n. The chosen edges are starred.

The rationale behind the constraint (1) is to make the selection of edges feasible at
each step of the growth process: At no point in time does one demand to select a number
of edges more than those that exist in the graph. Figure 3 illustrates the growth of an SP
starting from K2, under the building sequence kn = n. The edges selected at one stage are
starred.

Henceforth “random” will always mean the model we have just introduced, with mul-
tiple edge selection and probabilities p and q = 1 − p for the independent serialization and
parallelization of the selected edges.

Let τn be the size of the graph (in terms of its number of edges) after n steps of
evolution. According to the construction, we have

τn = τ0 +
n∑

j=1

kj .

In this article, we look at some properties of a random SP graph evolving under a
feasible building sequence. Specifically, we look at the degrees of certain types of nodes in
the random SP graph: We shall examine the degree of a pole and the number of critical
nodes (of outdegree 1).

3. PROBABILITY NOTATION

We use the notation Ber(s) for a Bernoulli random variable that assumes the value 1 (suc-
cess) with probability s; otherwise it assumes the value 0 (failure), with probability 1 − s.
We employ the notation Bin(j, s) for a binomially distributed random variable arising from
counting the number of successes among j independent identically distributed Bernoulli
experiments, each with success probability s. The notation Hypergeo(m,w, s) is for a hyper-
geometric random variable counting the number of white balls in a sample of size s balls
taken out of an urn containing w white balls and m − w blue balls.

Technically speaking, such random variables should be defined on the probability space
on which the graphs grow. To meet this requirement, we take Ber(s) to be the indicator
I{U<s} of the event that a standard uniform (0,1) random variable, defined on the space of
graphs and independent of the growth process, is less than s. Likewise, Bin(j, s) is the sum
of j independent such indicators (and each indicator arises from an independent uniform
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(0,1) random variable). We can formally represent the binomial random variable Bin(j, s)
as

Bin(j, s) = I{U1<s} + · · · + I{Uj<s},

where Uj are independent standard uniform (0,1) random variables defined on the same
probability space as the SP graph. Each uniform random variable is independent of all
others generated for the evolution, as well as the history of the process.

4. THE DEGREE OF THE NORTH POLE

The number of edges emanating out of the North Pole is a measure of the bottleneckedness
at the pole, or the volume of trading and the amount of goods that can be shipped out of
the source. (The internal structure of the graph may add further restrictions.) This number
is the outdegree of the North Pole (it is also its degree, as this particular node is the only
one in the SP graph that does not have any predecessor).

A color code will help phrasing some ideas succinctly. Suppose we colored the edges
emanating out of the North Pole with white, and all the other edges with blue. Let Wn be
the number of white edges in the graph after n steps of edge additions to the starting seed
graph. So, Wn is the outdegree of the North Pole. At the nth stage of evolution, we pick kn

edges from the graph at random. For each selected edge, we generate an independent Ber(p)
random variable. If the Bernoulli random variable associated with an edge realizes the value
1 (failure to increase the degree of its northern end vertex), we serially extend the chosen
edge, otherwise it realizes the value 0 (success to increase the degree of its northern end
vertex), and we double the edge by parallelization. If the edge is white, and the associated
Bernoulli random variable is 1, we are extending an edge connected to the North Pole; this
adds one blue directed edge to the graph. If the edge is white, and the Bernoulli random
variable is 0, we only double the edge, adding another white edge to the graph. If, instead,
we sample a blue edge, we add a blue edge, because no matter what operation is performed
on the added edge, it does not change the outdegree of the North Pole.

4.1. The average north polar degree

The number of white edges in the nth sample, Xn, is conditionally the hypergeometric
random variable Hypergeo (τn−1,Wn−1, kn).

Of Xn a binomially distributed number will be parallelized (converted into double white
edges). Specifically, the number of white edges at age n is what it was at age n − 1 plus an
independent Bin(Xn, q), giving rise to the stochastic recurrence

Wn = Wn−1 + Bin(Xn, q). (2)

We can now develop a recurrence for the average value of the degree of the North Pole.
We take the conditional expectation of (2), and obtain

E
[
Wn |Wn−1

]
= Wn−1 + q E[Xn |Wn−1].

Pluggining in the average of the hypgeometric distribution (see [11]) simplifies the recurrence
to

E
[
Wn |Wn−1

]
= Wn−1 + q

Wn−1

τn−1
kn. (3)
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Taking a double expectation, we obtain a recurrence, which is namely

E[Wn] =
(

1 +
qkn

τn−1

)
E[Wn−1].

This recurrence is readily available in an iterable form. Unwinding it we obtain an explicit
formula.

Theorem 1: Suppose {kn}∞n=1 is a building sequence of a family of SP graphs, starting
from a SP seed with polar degree W0. Let Wn be the outdegree (also the degree) of the North
Pole of the network after n steps of evolution according to the growth sequence. We then
have

E[Wn] =
n∏

j=1

(
1 +

qkj

τj−1

)
W0.

To appreciate the wide range of applicability of Theorem 1, we consider a few examples.

Example 1 (constant sample size): Consider the case of constant addition of edges,
kn = k, where k is a positive integer. The seed SP graph must have at least k edges in
it to enable the first step of evolution. So, k ≤ τ0 is required. Of these τ0 edges in the seed,
there are W0 ≥ 1 connected to the North Pole.

In this case, we have τn = kn + τ0. The average in Theorem 1 is further simplified to

E[Wn] =

⎛
⎝ n∏

j=1

(
1 +

qk

k(j − 1) + τ0

)⎞
⎠ W0 =

Γ(τ0/k) Γ(n + q + (τ0/k))
Γ(q + (τ0/k)) Γ(n + (τ0/k))

W0.

The average formula is now amenable to straightforward asymptotic analysis. An asymptotic
formula ensues from Stirling’s approximation of the ratio of Γ functions:

E[Wn] ∼ Γ(τ0/k)W0

Γ(q + (τ0/k))
nq, as n → ∞.

In the case k = 1, we retrieve the result in [14]. In this case, an exact distribution of the
polar degree is derived in [14].

Example 2 (hierarchical lattice): Suppose the seed is K2 and at each step, all the edges in
the SP graph are independently subjected to evolution. Namely, we have kn = 2n−1. This SP
growth produces the so-called hierarchical lattice network [7]. In this case, we have τn = 2n,
and kn = τn−1. The average in Theorem 1 is then readily simplified to

E[Wn] = (q + 1)n.

Example 3 (linear growth): Examples 1 and 2 deal with the extremes: At one end of the
spectrum (Example 1), we have slow constant growth. At the other end of the spectrum
(Example 2), we have the fastest possible growth (exponential). Let us consider something
in between, a case of linear growth with kn = n, starting from the seed K2. For simplicity
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of calculation, we take p = 1/2. In this case, we have τn = n(n + 1)/2 + 1. The average in
Theorem 1 then becomes

E[Wn] =
n∏

j=1

(
j2 + 2

j2 − j + 2

)
W0.

One has a better chance at analysis, if one deals with factorized quadratic formulas. We
have

E[Wn] =
n∏

j=1

(j − i
√

2 )(j + i
√

2 )
(j − 1

2 − 1
2 i
√

7 )(j − 1
2 + 1

2 i
√

7 )
W0

=
Γ(n + 1 − i

√
2 ) Γ(n + 1 + i

√
2 ) Γ(1

2 − 1
2 i
√

7 ) Γ(1
2 + 1

2 i
√

7 )

Γ(n + 1
2 − 1

2 i
√

7 ) Γ(n + 1
2 + 1

2 i
√

7 ) Γ(1 − i
√

2 ) Γ(1 + i
√

2 )
W0

∼ Γ( 1
2 − 1

2 i
√

7 ) Γ(1
2 + 1

2 i
√

7 )W0

Γ(1 − i
√

2 ) Γ(1 + i
√

2 )
n;

in the last line we applied Stirling’s approximation for the ratio of Γ functions. The constant
can be simplified using the formulas

Γ(1 − iy)Γ(1 + iy) =
πy

sinh(πy)
, Γ

(
1
2
− iy

)
Γ

(
1
2

+ iy

)
=

π

cosh(πy)
.

Hence, in the linear growth case we asymptotically have

E[Wn] ∼ sinh
(
π
√

2
)

√
2 cosh

(
(π/2)

√
7

) W0 n = 0.9417541725 . . . W0n, as n → ∞.

4.2. Beyond average

The relation (3) invites a martingale to appear in the structure. Writing that equation in
the form

E
[
Wn |Wn−1

]
=

(
1 +

qkn

τn−1

)
Wn−1 := gnWn−1,

we immediately realize that W ∗
n = Wn/(g1g2 . . . gn) is a martingale with respect to the

natural filtration generated by the evolving SP graphs.
We appeal to the martingale convergence theorem (see Theorem 3.1 in [6]). The theorem

states that if Xn is a martingale sequence, such that supn≥1 E|Xn| < ∞, then Xn converges
almost surely to a limiting random variable X∗ (and in L1, too). The theorem is not
constructive; it does not specify the limit X∗.

Specializing to random SP graphs, we shall see that the North Pole degree, upon appro-
priate scaling, always converges almost surely. According to Theorem 1, the martingale W ∗

n

has mean W0, for all n ≥ 0. Regardless of the building sequence, we have

Wn∏n
i=1(1 + ((qki)/(τi−1)))

a.s.−→ W ∗,

where W ∗ is a limiting random variable.
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Example 4 (constant sample size, revisited): In Example 1, we developed the asymptotics
of the scale: g1 . . . gn ∼ cnq, where c is Γ(τ0/k)/Γ((τ0/k) + q). So, we now have two
convergence relations

Wn

g1 . . . gn

a.s.−→ W ∗, and
g1 . . . gn

nq
→ c

Combining these relations, we see that

Wn

nq

a.s.−→ W ∗∗,

for some limiting random variable W ∗∗.

Example 6 (hierarchical lattice, revisited): In the take-all strategy of Example 2, the
scaling is amenable to asymptotic characterization. In this case, the scale is

g1 . . . gn =
n∏

i=1

(
1 +

qτn−1

τn−1

)
= (1 + q)n.

It follows that
Wn

(1 + q)n

a.s.−→ W ∗,

for some limiting random variable W ∗.

Example 5 (linear growth, revisited): In Example 3, we developed the asymptotics of the
scale: g1 . . . gn ∼ 0.9417541725 . . . W0n. So, we have

Wn

n

a.s.−→ W ∗∗,

for some limiting random variable W ∗∗.

5. CRITICAL NODES AND EDGES

Nodes of outdegree 1 are critical in the network. A failure in a sole critical edge (maybe
a road) coming out of such a node causes a great disruption in the overall communication
across the network; all the paths going through this node are paralyzed. Therefore, an edge
out of a node with outdegree 1 is “critical” in some sense.

To assess the seriousness of critical edges, we count their number. We go as usual
through the selection of edges, kn of them at step n. The selected edges are subjected to
serialization or parallelization. With probability p, a critical edge in the sample is extended
into a path of length 2, both edges in the path are critical; a net gain of one critical edge.
Alternatively, with probability q, the chosen critical edge is parallelized into two noncritical
edges, and one critical edge is lost. On the other hand, the evolution of a noncritical edge
adds a critical edge, when the evolving edge is serialized.

Let Cn be the number of critical edges in the network after n steps of evolution, and
An be the number of critical edges appearing in the nth sample; thus there are kn − An

noncritical edges in the sample. We arbitrarily number the critical edges in the sample with
1, 2, . . . , An and the noncritical edges with 1, 2, . . . , kn − An. The evolution of the jth critical
edge, j ∈ {1, 2, . . . , An}, in the sample adds 2Bj − 1 critical edges, where Bj is a Bernoulli
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(p) random variable, that is independent of all else. The evolution of the �th noncritical
edge, � ∈ {1, 2, . . . , kn − An}, in the sample adds B∗

� critical edges, where B∗
� is a Bernoulli

(p) random variable, that is independent of all else.
We can now write a stochastic recurrence for the critical edges:

Cn = Cn−1 +
An∑
j=1

(2Bj − 1) +
kn−An∑

�=1

B∗
� .

Let Fn be the sigma field generated by the first n steps of multi-edge evolution. Taking
conditional expectations, we get

E[Cn | Fn−1, An] = Cn−1 + E

⎡
⎣ An∑

j=1

(2Bj − 1)
∣∣∣Fn−1, An

⎤
⎦ + E

[
kn−An∑

�=1

B∗
�

∣∣∣Fn−1, An

]
.

For the expectations involving sums, we need a Wald-like equation (see Theorem 3.3.2
in [16]), for example:

E

⎡
⎣ An∑

j=1

(2Bj − 1)
∣∣∣Fn−1, An

⎤
⎦ = E

[
(2B1 − 1) | Fn−1, An

]

+ · · · + E
[
(2BAn

− 1) | Fn−1, An

]
.

The random variables B1, . . . , BAn
have the same distribution, giving

E

⎡
⎣ An∑

j=1

(2Bj − 1)
∣∣∣Fn−1, An

⎤
⎦ = An E

[
(2B1 − 1) | Fn−1, An

]
.

Furthermore, the variable B1 is independent of An and of the sigma field Fn−1, leading us
to

E

⎡
⎣ An∑

j=1

(2Bj − 1)
∣∣∣Fn−1, An

⎤
⎦ = (2p − 1)An.

Likewise, we have

E

[
kn−An∑

�=1

B∗
�

∣∣∣Fn−1, An

]
= p(kn − An).

Putting the parts together and taking double expectation

E[Cn] = E[Cn−1] + (p − 1) E[An] + pkn. (4)

5.1. Regularity condition

Under a simple regularity condition on the building sequence, we shall see that the average
proportion of critical edges approaches an identifiable limit. The condition is

kn

τn
→ β ∈ [0, 1], as n → ∞. (5)

The condition is quite natural and is met by most sequences that arise in practice. Such
a practical sequence would have a systematic generating mechanism. For example, the
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constant, linear, and take-all sequences that appear in Examples 1–3 follow this regularity
condition, with β = 0 for the former two building sequences and with β = 1/2 for the latter.

However, there are conceivably erratic sequences not following the regularity condition.
Take, for example, a building sequence like

kn =

{
2

n−1
2 , if n is odd;

0, if n is even.

For this sequence, k2n/τ2n → 0, while k2n−1/τ2n−1 → 1/2. The subsequences converge to
different limits and the regularity condition does not hold.

5.2. Critical edges: average

The formulation in (4) allows a computation of the exact and asymptotic average of the
number of critical edges.

Theorem 2: Suppose {kn}∞n=1 is a building sequence of a family of SP graphs, starting
from a seed with C0 critical edges. Let Cn be the number of critical edges in the network
after n steps of evolution according to the building sequence. We have

E[Cn] = p

n∑
i=1

ki

n∏
j=i+1

(
1 − qkj

τj−1

)
+ C0

n∏
j=1

(
1 − qkj

τj−1

)
,

and under the condition kn/τn → b ∈ [0, 1] (as n → ∞), we have the average limiting
proportion

E

[
Cn

τn

]
→ p

2 − p
.

Proof: In (4), An is conditionally a Hypergeo (τn−1, Cn−1, kn) random variable, with
conditional mean knCn−1/τn−1. So, we can write the recurrence in (4) as

E[Cn] =
(

1 − qkn

τn−1

)
E[Cn−1] + pkn. (6)

This is a linear recurrence of form

xn = hnxn−1 + pkn,

and has a standard solution, yielding the exact expectation as in the theorem statement.
The strategy for the asymptotic part of the statements is twofold: We prove the existence

of a limit (under any building sequence) for the proportion of critical edges from the exact
solution. We then find the value of the limit from the recurrence under a mild regularity
condition.

First, express the expected proportion as

E

[
Cn

τn

]
= p

n∑
i=1

ki

τn

n∏
j=i+1

(
1 − qkj

τj−1

)
+

C0

τn

n∏
j=1

(
1 − qkj

τj−1

)
.

Let

an =
n∑

i=1

ki

τn

n∏
j=i+1

(
1 − qkj

τj−1

)
.

We show that an converges to a limit. For this, it suffices to argue that the sequence an is
increasing and bounded. Since kj ≤ τj−1, and q is a probability in (0, 1), the terms in the
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product are positive; the summand adds positive terms, and an is an increasing sequence.
We further have an < E[Cn/τn] ≤ 1. Thus, an has a limit. Likewise, the product in the part

bn :=
C0

τn

n∏
j=1

(
1 − qkj

τj−1

)

is decreasing with n, and bounded from below by 0, and thus bn has a limit. Consequently,
E[Cn/τn] has a limit.

As we established the existence of a limit, we can get its value by taking limits of a
recurrence equation for the proportion. From (6), we have the equivalent recurrence

E

[
Cn

τn

]
=

(
1 − qkn

τn−1

)
E

[
Cn−1

τn−1

]
τn−1

τn
+ p

kn

τn
.

While a limit average proportion always exists, it is most easily identified with the aid of
the regularity condition (5). Taking limits (the existence of which has been established), we
can identify the limit under the regularity condition (5), when β > 0:

c =
(

1 − qβ

1 − β

)
c(1 − β) + pβ,

which we can solve algebraically for c to obtain

lim
n→∞ E

[
Cn

τn

]
= c =

p

2 − p
.

The same limit holds for β = 0 via a continuity argument: The solution c = c(β) may depend
on β. If we assume β > 0 to be very small, we get the equation c(β) = ((pβ)/(β(2 − p))),
taking limits, as β → 0, we find c(0+) = (p/((2 − p))). �

It is curious to note that a limit for E[Cn/τn] always exists (as in the proof), no matter
how bizarre the building sequence is. The regularity condition (5) is only a device to facilitate
finding the limit. The same limiting value may appear for an irregular sequence as the one
alternating with parity mentioned in Subsection 5.1. In this case, we have

E

[
C2n+1

τ2n+1

]
=

(
1 − qk2n+1

τ2n

)
E

[
C2n

τ2n

]
τ2n

τ2n+1
+ p

k2n+1

τ2n+1

=
(

1 − q
2n

2n − 1

)
E

[
C2n

τ2n

]
2n − 1

2n+1 − 1
+ p

2n

2n+1 − 1
.

Taking limits, as n → ∞, we get β = (1 − q)β + (p/2), with solution β = (p/(2 − p)).
The exact solution in Theorem 2 can be unwieldy in its full generality. However, it is

possible in some cases, when the building sequence has a systematic generating mechanism
in it, to develop an explicit closed-form average and sharper asymptotics. Let us reconsider,
for instance, two of the three examples in Subsection 4.1 from the point of view of critical
nodes.

Example 4 (constant sample size): Consider kn = k, a constant, where k is a positive
integer, and the starting seed has τ0 ≥ k edges, of which C0 are critical. In this case,
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τn = kn + τ0. The exact expectation in Theorem 2 takes the form

E[Cn] = p

n∑
i=1

k

n∏
j=i+1

(
1 − qk

k(j − 1) + τ0

)
+ C0

n∏
j=1

(
1 − qk

k(j − 1) + τ0

)
,

= pk
n∑

i=1

n∏
j=i+1

j − 1 + (τ0/k) − q

j − 1 + (τ0/k)
+ C0

n∏
j=1

j − 1 + (τ0/k) − q

j − 1 + (τ0/k)

= pk

n∑
i=1

Γ(i + (τ0/k)) Γ(n + (τ0/k) − q)
Γ(n + (τ0/k)) Γ(i + (τ0/k) − q)

+ C0
Γ((τ0/k)) Γ(n + (τ0/k) − q)
Γ((τ0/k) − q) Γ(n + (τ0/k))

.

Using a known formula for the sum, we obtain

E[Cn] =
pk

2 − p

(
n +

τ0

k
− Γ((τ0/k) + 1) Γ(n + (τ0/k) − q)

Γ(n + (τ0/k)) Γ((τ0/k) − q)

)

+ C0
Γ((τ0/k)) Γ(n + (τ0/k) − q)
Γ(n + (τ0/k)) Γ((τ0/k) − q)

=
pk

2 − p
n +

pτ0

2 − p
+ O

(
1
nq

)
.

Example 5 (hierarchical lattice): The seed for a hierarchical lattice is K2, and τ0 = 1,
C0 = 1. When we develop all the edges, we have kn = τn−1 = 2n−1. The exact expectation
takes the simple form

E[Cn] = p

n∑
i=1

2i−1
n∏

j=i+1

(1 − q) +
n∏

j=1

(1 − q),

= p

n∑
i=1

2i−1pn−i + pn

=
p

2 − p
2n − pn+1

2 − p
+ pn

∼ p

2 − p
2n, as n → ∞,

as in [5].
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