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OPTIMAL MONETARY POLICY
UNDER PARAMETER UNCERTAINTY
IN A SIMPLE MICROFOUNDED
MODEL

TAKUSHI KUROZUMI
Bank of Japan

This paper examines optimal monetary policy under uncertainty about fundamental
parameters of a dynamic stochastic general-equilibrium model. In contrast to previous
studies, a microfoundation of the model leads this uncertainty to generate uncertainty not
only about the transmission of monetary policy but also about the transmission of shocks
and about a social welfare loss function. In the presence of such uncertainty, this paper
finds conditions under which optimal discretionary policy responds to shocks more
aggressively than in the absence of the uncertainty. These conditions depend crucially on
the persistence of shocks and the magnitude of policy multipliers. To obtain the
conditions, taking proper account of uncertainty about the transmission of shocks and
about the welfare loss function is of crucial importance.
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1. INTRODUCTION

A considerable amount of research has investigated the “Brainard conservatism
principle” named by Blinder (1998) for Brainard (1967), who was the first to
show that uncertainty about policy multipliers causes a less aggressive policy
response to shocks. In the existing literature there are two approaches for in-
specting the validity of the Brainard principle. One takes a Bayesian approach
in which a policymaker has a unique prior distribution of uncertain parameters.'
Another uses a robust-control approach, which can be justified by Gilboa and
Schmeidler’s (1989) decision theory with multiple priors.”> Most studies indicate
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that the Brainard principle is supported by the Bayesian approach but not by the
robust-control one. Yet there is still no consensus about its validity.?

This paper adopts the Bayesian approach to examine optimal monetary policy
under uncertainty about fundamental parameters of a dynamic stochastic general-
equilibrium (DSGE) model of Woodford (2003), which has been a canonical
model in the recent literature. The consideration of this uncertainty is in stark
contrast to previous studies in that a microfoundation of the model leads such
uncertainty to generate uncertainty not only about the transmission of monetary
policy but also about the transmission of shocks and about a social welfare loss
function. This is because the fundamental parameters determine coefficients of
the shocks and weights of the welfare loss function, as well as policy multipliers.
Thus, taking proper account of the relationships among these via the fundamental
parameters, we can obtain precise implications of uncertainty about parameters of
the microfounded model for optimal policy.*

In the model this paper focuses on two key fundamental parameters: the fre-
quency of price adjustment and the intertemporal elasticity of substitution. This
is because actual values of these two parameters are issues around which there
is great uncertainty as shown in previous empirical studies. In the presence of
uncertainty about each of the two parameters, the paper finds a necessary and
sufficient condition under which optimal discretionary policy responds to shocks
more aggressively than in the absence of such uncertainty. This condition depends
crucially on the persistence of shocks and the magnitude of policy multipliers.
In the case of uncertainty about the price adjustment frequency, the optimal
discretionary policy responds more aggressively to low persistent (inefficient)
supply shocks, but it does less aggressively to high persistent ones if the policy
multipliers are sufficiently large.’> By contrast, in the face of uncertainty about
the intertemporal substitution elasticity, the optimal discretionary policy responds
less aggressively to both low persistent supply and natural-rate-of-interest (NRI)
shocks, but it does more aggressively to high persistent ones as long as the mul-
tipliers are large enough. For these results, taking proper account of uncertainty
about the transmission of the shocks and about the weights of the welfare loss
function is of crucial importance. As shown later, if this uncertainty is disregarded,
the exactly opposite implications of uncertainty about the fundamental parameters
for optimal monetary policy may be obtained.®

Among related studies, Levin and Williams (2003) examine how an optimal
Taylor rule is affected by uncertainty about fundamental parameters of a micro-
founded model. Levin et al. (2006) numerically investigate effects of uncertainty
about fundamental parameters of a medium-scale DSGE model a la Christiano,
Eichenbaum, and Evans (2005). Kimura and Kurozumi (2007) use a microfounded
model with inflation and output persistence and show that uncertainty about
such structural persistence leads to a more aggressive optimal policy response to
shocks.

The remainder of this paper is organized as follows. Section 2 presents a DSGE
model. Section 3 illustrates how uncertainty about fundamental parameters of
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this microfounded model affects a monetary policymaker’s problem. Section 4
examines effects of such uncertainty on optimal discretionary policy. Finally,
Section 5 concludes.

2. THE MODEL

The model is a DSGE model developed by Woodford (2003). The economy con-
sists of a representative household, a continuum of monopolistically competitive
firms, and a central bank. The household’s spending behavior is represented as

xr = Eixp — O’(i, — Emiy — rl"), 1

where x; is the output gap, E, is the expectation operator conditional on private
agents’ period-¢ information set 2;, 0 > 0 measures the intertemporal elasticity
of substitution in spending, i, is the nominal interest rate, m, is the inflation rate,
and r" = o~!'7" is the NRI, where #" is a fundamental shock relevant to the
household’s preferences and the natural rate of output. This shock is assumed to
follow an AR(1) process with a persistence coefficient p, € (—1, 1) and a white
noise &,;, given by 7' = o, 7" | + &,;.

The firms set prices of their differentiated products on a staggered basis as in
Calvo (1983). In each period a fraction o € (0, 1) of firms keeps prices unchanged
and the remaining fraction 1 — o adjusts prices. The firms’ pricing behavior is
represented as

= BE 1 + KX+ Uy, 2)

where k = i, (w+0"") > 0,6, = (1 —a)1 —af){a(1+wd)}~ ! > 0,8 € (0, 1)
is the discount factor, w > 0 is the inverse of the labor-supply elasticity, 8 > 1 is
the steady-state price elasticity of demand, and u, = k,ii, denotes the inefficient
supply shock relevant to a time-varying markup factor ii,,” which is assumed to
follow an AR(1) process with a persistence coefficient p, € (—1, 1) and a white
noise &, ;, given by i, = p,il;—1 + €4 -

The central bank conducts monetary policy by setting the nominal interest rate
so as to maximize the welfare of the representative household. As Woodford
(2003) shows, a second-order approximation to this household’s utility function
is proportional to the loss function:

Eo Z B' (Armf + Axx}), 3)

t>0

where A, = 0k, Vand A, = w+o~!. Here, it is important to stress that when the
inflation weight A, is uncertain, the widely used relative output-gap weight A, 1!
yields a misleading implication for optimal monetary policy. This is because in
that case the ratio of the central bank’s expected value of the output-gap weight to
that of the inflation weight differs from the bank’s expected value of the relative
output-gap weight.
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3. UNCERTAINTY ABOUT FUNDAMENTAL MODEL PARAMETERS

We now consider the central bank’s uncertainty about parameters of the micro-
founded model. Previous studies have analyzed the bank’s uncertainty about policy
multipliers (e.g., o, k in the model). By contrast, this paper examines its uncer-
tainty about fundamental model parameters (e.g., «, 8, 6, ®, o). These determine
the multiplier o and the NRI shock r;' in the household’s spending equation (1),
the multiplier « and the supply shock u, in firms’ pricing equation (2), and the
weights A, A, in the welfare loss function (3). The bank’s uncertainty about the
fundamental parameters thus generates its uncertainty not only about the transmis-
sion of monetary policy but also about the transmission of shocks and about the
welfare loss function. Therefore, taking proper account of the relationships via the
fundamental parameters is crucial in examining optimal policy under uncertainty
about parameters of the microfounded model.

This paper focuses on two key fundamental parameters: the frequency of price
adjustment o and the intertemporal elasticity of substitution . This is because
actual values of these two parameters are issues around which there is great
uncertainty. As Walsh (2005) indicates, the early estimates of the frequency «
[Gali and Gertler (1999)] are much larger than the micro evidence [Bils and
Klenow (2004)] or the recent estimates [Eichenbaum and Fisher (2004)]. Also,
there are several estimates of the intertemporal elasticity o. The estimates of
McCallum and Nelson (1999) are much smaller than those of Rotemberg and
Woodford (1997).

It is assumed that the central bank knows the current state of the economy,
except the uncertain parameter, when determining the current nominal interest
rate. This assumption implies that current values of the inflation rate, the output
gap, and the fundamental shocks are included in the bank’s current information

set, i.e., 7, x;, 7", i, € QB0

3.1. Uncertainty about the Frequency of Price Adjustment

We begin with the case of uncertainty about the price adjustment frequency o ¢
QCB. In the face of this uncertainty, the central bank has a probability distribution
of the frequency «. The bank then confronts uncertainty not only about the policy
multiplier « and the supply shock u, in firms’ pricing equation (2) but also about
the inflation weight A, in the welfare loss function (3), i.e., u;, k, A, ¢ Q. In
what follows, &, &, A, denote the bank’s expectations of «,, k, A, based on its
probability distribution of the uncertain fundamental parameter. (Here, it is «.)
Under parameter uncertainty the principle of certainty equivalence ceases to
hold. This is because future variability of inflation and the output gap in the
welfare loss function (3) is no longer independent of monetary policy. It is also
because there is uncertainty about the inflation weight A,, which has not been
considered in previous studies. Under the timing assumption (i.e., 77; € QSB), we
have ECB[), 2] = ECB[A,]n? = A, 72 Then, taking expectations of the welfare
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loss function (3) conditional on the bank’s information set Q§® yields

EGPEY B (Aatt] + 1aX]) = Ra7tg + Aoy + B(Rn Vi P + A2 Vs Py

t>0

+ EgB Z ﬂl[)_‘rr (E,C_B]”z)z + Ay (E,C_ler)z

>1

+ BV P + 0V Pa)], @
where V,CB is the variance operator conditional on QFB. Moreover, from (1) and
(2) we have

VT =0 + (@ + o~ H7 i)+ tip., 5)
KCBx[+1 = UzVZCBmH + ti.p., 6)

where &/, | = z;41 — E;z;11, 2 = 7, X, are private agents’ expectation errors,
v, is the variance of « based on the bank’s probability distribution of the uncer-
tain fundamental parameter, and “t.i.p.” represents terms independent of policy.'’
Substituting (5) and (6) into (4) leads to the loss function that the bank seeks to
minimize under uncertainty about the frequency «:

)_Lﬂfrg + )Lxxg + v,(,B_l()_Ln + O—ZA.X){.XO + (w + 0_1)_1110}2 + EgB Z B!

>1
x [ (ESB ) 420 (ESB x, ) 40 B Cn o2 i H + 0D 7 )2]. (7)

To set up the central bank’s problem under the parameter uncertainty, we also take
expectations of private agents’ equations (1) and (2) conditional on Q¢B:

Xy = E[CthJrl -0 (it - E,CB7T1+1 - r[n)s ®
T, = ,BEtCBn,H + K x; + K, 0. 9

Here, it is important to stress that the central bank cannot observe private agents’
expected inflation and output gap (i.e., E; 7,41, E;Xx;+1) nor can the bank extract
these expectations or the uncertain parameters from current information avail-
able to the bank. This is because the bank has less information by the uncertain
parameters than private agents, i.e., Q8 C Q.

3.2. Uncertainty about the Intertemporal Elasticity of Substitution

We turn next to the case of uncertainty about the intertemporal substitution elas-
ticity o ¢ QCB. Under such uncertainty the central bank has a probability dis-
tribution of this elasticity with a mean & > 0 and a variance v, > 0. The bank
then faces uncertainty about the policy multiplier o and the NRI shock r;' in
the household’s spending equation (1), about the multiplier « in firms’ pricing
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equation (2), and about the output-gap weight A, in the welfare loss function (3),
ie,rl Kk, Ay & Q?B. From (1) and (2) we have

VBx 1 = vo{iy — B~ (1 — kywx, — up)}* + tip.,

V,CBJT,H = v,(,B_zxt2 + ti.p.

Thus, it follows that under uncertainty about the intertemporal elasticity o, the
central bank’s expectations of the welfare loss function (3) conditional on Q§®
can be rewritten as

Aty + (A + vanﬁ")xé + Vo B lio — B (0 — Kuwxo — )}

ECBZ,B 171, + b (EtC lx,) + VA BTN+ v, B,

t>1
x (i — B~ (mr — kuwx; — up)}?], (10)

where X, denotes the bank’s expectations of A, based on its probability distribution
of the elasticity o. Taking expectations of private agents’ equations (1) and (2)
conditional on QB yields!!

X = EPx1 — 6 (i — E P mg) + 687 HR — k(o + 6 D + 77, (1)
= BEBm 4+ /X + uy. (12)

4. OPTIMAL DISCRETIONARY POLICY

This section examines optimal discretionary policy under uncertainty about each
of the two fundamental parameters. In line with previous studies, it is assumed that
the central bank does not revise its prior distribution of uncertain parameters in
later periods. That is, the issue of the bank’s learning about uncertain parameters
is beyond the scope of the paper.

We first consider the case of no uncertainty about parameters of the model.
In each period, optimal discretionary policy minimizes the welfare loss func-
tion (3) subject to private agents’ equations (1) and (2), taking their expecta-
tions as exogenously given. As Clarida, Gali and Gertler (1999) point out, this
discretionary-policy problem can be reduced to a sequence of the static minimiza-
tion of the current period welfare loss in (3), A, + A,x?, subject to (2). Thus,
since A, A7k ~! = 67!, the optimality condition for the minimization problem is

7 +6"'x, = 0. (13)

A rational-expectations equilibrium (REE) attained by the optimal discretionary
policy is a solution to the system consisting of the central bank’s optimality
condition (13) and private agents’ equations (1) and (2). Because this system has
a unique solution, we can obtain the unique REE process of the nominal interest
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rate, given by
R—— pu+90_1(1 _pu)
R

(14)

4.1. Uncertainty about the Frequency of Price Adjustment

In the face of uncertainty about the price adjustment frequency o, optimal discre-
tionary policy minimizes the current-period loss in (7), ):nnf + )»thz + T A {x; +
(0 + 0771, )2, where ¥, = v, (0% + A, A1), subject to (9). The optimality
condition for discretionary policy is

7+ (e '® )+ 0% + 0 (A 'R (@ + 07 d, =0 (15)

Solving the system that consists of the central bank’s optimality condition (15)
and private agents’ equations (1) and (2) leads to a unique REE attained by the
optimal discretionary policy under uncertainty about the frequecy «. Consequently,
the unique REE process of the nominal interest rate is given by

n ,0u+()ux):;1,2—1)—10-—1(1 - pu){] + ﬁk)\x)_\;l(KIZ)_l(l _ ,3,0,,)}
t (1= Bp)(1 + D) + K(AXX;1E71)71

it=r Uy.

(16)
By comparing the REE processes (14) and (16), we have the following result.

PROPOSITION 1. In the presence of uncertainty about the frequency of price
adjustment «, the optimal discretionary policy responds to inefficient supply shocks
u, more aggressively in every period than in the absence of such uncertainty if

(I'=p)(1 = Bpu) = puok > 0; a7

otherwise, the policy responds to the supply shocks less aggressively. This uncer-
tainty, however, has no effect on optimal discretionary policy responses to NRI

shocks rl'.1?

Condition (17) depends crucially on the persistence of inefficient supply shocks
pu and the magnitude of policy multipliers o, k. This condition illustrates that in
the presence of uncertainty about the price adjustment frequency «, the optimal
discretionary policy adjusts the nominal interest rate more aggressively for low
persistent supply shocks in every period than it does in the absence of such
uncertainty, but it adjusts the interest rate less aggressively for high persistent
supply shocks if the policy multipliers are sufficiently large.

Here, it is important to stress that taking no account of uncertainty about the
transmission of supply shocks and about the inflation weight of the welfare loss
function yields the exactly opposite implication for the optimal discretionary pol-
icy. To see this, suppose that the central bank knows the supply-shock coefficient
and the inflation weight with certainty even in the presence of uncertainty about
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the frequency «. Then, the optimality condition for discretionary policy and the
unique REE process of the nominal interest rate are given by

_ ~ . pu(l + i}K) + 90_1(1 - ;Ou)
o+ +5)x =0, i =r"+ —
' ( M T (= B+ T + kb

I

Consequently, the optimal discretionary policy responds to inefficient supply
shocks more aggressively in every period than under no uncertainty about pa-
rameters if

(I =)A= Bou) — puok < 0; (18)

otherwise, the policy responds to the supply shocks less aggressively. Condition
(18) is exactly opposite to (17). Therefore, the consideration of uncertainty about
the transmission of supply shocks and about the inflation weight of the welfare loss
function is of crucial importance for the precise policy implications of uncertainty
about the frequency of price adjustment.

4.2. Uncertainty about the Intertemporal Elasticity of Substitution
In the case of uncertainty about the intertemporal substitution elasticity o, the
optimality condition for discretionary policy is given by

(14 Bow, "), + {89, (1 + Do) — kuo}x, — Biy —u, =0, (19)

where ¥, = v, 08 'k~ and ¥, = v,6'(B + K,). Solving the system of the
central bank’s optimality condition (19) and private agents’ equations (1) and (2)
leads to the unique REE process of the nominal interest rate given by

_ [l + ﬂa{er - 0_1(1 B pr)(l B ﬂpr)} i|rn
(1= Bo) (1 +0) + k0 + Too ' (1 = Bp) (A — p, +iu D) ]

pu(l+0) + 60‘71(1 —pu) + i}apuail(l — pu+ Kuﬁil)
(1 - ,Bpu)(l + ﬁ/() + K6 + ﬁaa_l(l - ,Bpu)(l — Pu + Ku/g_l)
Comparing the REE processes (14) and (20) yields the following result.

u;.  (20)

PROPOSITION 2. In the presence of uncertainty about the intertemporal elas-
ticity of substitution o, the optimal discretionary policy responds to inefficient
supply shocks u, more aggressively in every period than in the absence of such
uncertainty if (18) holds; otherwise, the policy responds to the supply shocks less
aggressively. Also, the policy responds to NRI shocks r]' more aggressively if

(I = o) = Bor) — prok < 0; 21

otherwise, the policy responds to the NRI shocks less aggressively.

Both conditions (18) and (21) show that in the presence of uncertainty about the
intertemporal substitution elasticity o, the optimal discretionary policy adjusts the
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nominal interest rate less aggressively for low persistent supply and NRI shocks
in every period than it does in the absence of such uncertainty, but it adjusts the
interest rate more aggressively for high persistent supply and NRI shocks as long
as the policy multipliers are sufficiently large. This policy implication is opposite
to that given by (17), the condition under which optimal discretionary policy
responds to supply shocks more aggressively in the face of uncertainty about the
price adjustment frequency «. What causes these opposite policy implications?
This is due to the fact that uncertainty about the frequency « generates uncertainty
about the transmission of supply shocks and about the inflation weight of the
welfare loss function as examined in the preceding section, but uncertainty about
the elasticity o does not.

Uncertainty about the intertemporal elasticity o generates uncertainty about
policy multipliers o, k. Clarida et al. (1999) examine optimal discretionary pol-
icy under uncertainty about policy multipliers of a model that has the same
form as that of the present paper but no explicit microfoundation. Comparing
an optimality condition for this policy with that for discretionary policy under
no such uncertainty, Clarida et al. conclude that “parameter uncertainty may
reduce the response of the policy instrument to disturbances in the economy”
(Result 11, p.1688). This conclusion holds in the present paper’s analysis of
uncertainty about the intertemporal elasticity o if the persistence of shocks is
sufficiently low. However, when the shock persistence is sufficiently high and the
policy multipliers are sufficiently large, Proposition 2 claims a more aggressive
policy response to shocks under uncertainty about o . This difference between Clar-
ida et al. and this paper is due to the fact that this paper takes account of the relation-
ships among the policy multipliers, the NRI-shock coefficient, and the output-gap
weight via the fundamental parameter o, given by the microfoundation of the
model.!3

5. CONCLUDING REMARKS

This paper has examined optimal monetary policy under uncertainty about funda-
mental parameters of a canonical DSGE model in the recent literature. In contrast
to previous studies, a microfoundation of the model leads this uncertainty to
generate uncertainty not only about the transmission of monetary policy but also
about the transmission of shocks and about a social welfare loss function. In the
presence of such uncertainty, this paper has found conditions under which optimal
discretionary policy responds to shocks more aggressively than in the absence of
the uncertainty. These conditions depend crucially on the persistence of shocks
and the magnitude of policy multipliers. To obtain the conditions, the paper has
stressed that taking proper account of uncertainty about the transmission of shocks
and about weights of the welfare loss function is of crucial importance. No con-
sideration of this uncertainty causes a misleading implication of the parameter
uncertainty for optimal monetary policy.'*
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NOTES

1. See Chow (1975), Craine (1979), Clarida et al. (1999), Estrella and Mishkin (1999), Svensson
(1999), Sack (2000), Rudebusch (2001), Soderstrom (2002), and Wieland (2003), among others.

2. See, e.g., Stock (1999), Tetlow and von zur Muehlen (2001), Onatski and Stock (2002), Onatski
(2000), Onatski and Williams (2003), and Giannoni (2002, 2007).

3. Using the Bayesian approach, Craine (1979) and Soderstrom (2002) find that in backward-
looking models, uncertainty about the persistence of a variable targeted by a policy maker leads to
a more aggressive policy response to shocks. Kimura and Kurozumi (2007) confirm this finding in
a forward-looking model with inflation and output persistence. Taking the robust-control approach,
Onatski (2000) shows that the Brainard principle holds in a backward-looking model.

4. Walsh (2005) utilizes such relationships to examine the consequences of basing optimal monetary
policy on misspecified fundamental parameters of a microfounded model. See also Angeloni, Coenen,
and Smets (2003), Amano (2007), and Leitemo (2007).

5. Uncertainty about the frequency of price adjustment has no effect on optimal policy responses to
the NRI shock, because this uncertainty generates no uncertainty about the transmission of this shock.

6. Using a model that has the same form as that of the present paper but no explicit microfoun-
dation, Clarida et al. (1999) analyze implications of uncertainty about policy multipliers for optimal
discretionary policy. As shown later, such an analysis, however, does not necessarily provide accurate
implications of uncertainty about fundamental parameters of the microfounded model.

7. This factor represents time variation not only in price markup but also in a labor-market fric-
tion that pushes real wages away from their competitive-equilibrium values as in Clarida, Gali, and
Gertler (2001).

8. This paper does not consider the central bank’s uncertainty about the other fundamental pa-
rameters, S, 6, w. The existing literature has a consensus on the quarterly value of the discount factor
B of 0.99. As for the steady-state price elasticity of demand 6 and the inverse of the labor-supply
elasticity w, the effects of the bank’s uncertainty about these parameters are very similar to those of
its uncertainty about the price adjustment frequency «, because uncertainty about each of these three
parameters has the same features.

9. In the model the natural rate of output depends on the parameter o. Yet this dependence
unnecessarily complicates the analysis of the central bank’s uncertainty about fundamental model
parameters, and thus this paper assumes that x, and 7" are included in Q,CB.

10. For each z = m, x, note that E[CBz;“f+1 =0, COVFB[K, sfﬂ] = 0, and sfH is independent of
monetary policy.

11. To obtain (11), we use the following three equations: E,CB [0Eimip1] = 6E,CBJT,+1 +
CovCB(o, E;m41], CoveBlo, Ejmi1] = —B7'CoveBlo, klx,, and CovBlo, k] = &k, (0 +
) — k).

12. This is because uncertainty about the price adjustment frequency o generates no uncertainty
about the transmission of the NRI shock, and thus the optimal discretionary policy can offset this shock
perfectly.

13. The difference may also be ascribed to the difference in the way that determines the effects of
parameter uncertainty. This paper compares a unique REE process of the policy instrument under the
uncertainty with that under no such uncertainty, but Clarida et al. (1999) do not.

14. A longer version of this paper analyzes optimal commitment policy as well and finds numeri-
cally that such an optimal policy responds to inefficient supply shocks more aggressively but to NRI
shocks less aggressively. This longer version is available on request to the author.
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