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1. Introduction

The most important properties of any distribution are its moments. The
first four moments, for example, can be used describe any data set fairly
well. Moments can also be used for estimation.

So the calculation of moments needs efficient methods. The most
traditional method has been to integrate the probability density function or
the joint probability density function. But often distributions are more easily
specified by (joint) cumulative distribution functions or (joint) survival
functions. Since the early 2000s, several methods have been proposed to
calculate moments based on (joint) cumulative distribution functions or
(joint) survival functions. We mention Nadarajah and Mitov [1], Hong [2, 3]
and Chakraborti et al. [4]. But all of these methods suppose that the random
variables or the random vectors of interest are non-negative.

But certain results have been known for arbitrary random variables too.
Hoeffding [5] expressed the covariance between two arbitrary random
variables in terms of their joint survival function as

Cov(X.Y) = [, [ [Pr(X >x,Y > y) - Pr(X > 0)(Pr(Y > y)ldxdy. (1)

Mardia [6] extended (1) to Cov (X’, Y“), r > 1,s 2 1 in terms of joint
cumulative distribution functions. Block and Fang [7] extended (1) for
multivariate random vectors involving joint cumulants.

If X is a non-negative continuous random variable then it is well known
that

EX) = [, Pr(X > x)dx )
and
E(X") = n [ "Pr(X > xdx. 3)
Equation (2) follows by Fubini's theorem and

[P >de= [ [rovdvax= [ [irodedy= [ o) dy,

where f () denotes the probability density function of X assumed to exist.
Equation (3) follows by Fubini's theorem and

n f:xnfl Pr(X > x)dx = n f:an f:f(y)dydx

= nf: foyx"_lf(y)dxdy = f:y”f(y)dy-

oy
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Lo [8] proved that (2) can be extended to the following, applicable for
any integrable random variable X:

EX) = [, Pr(X > ndv - [, Pr(X > —xdu. 4

But (4) has been known at least since Block and Fang [7].

In (4), the two integrals on the right-hand side can be regarded as the
first moments of the right and left tails, respectively. Often, higher order
moments of the tail are of interest. Examples of applications of high order
tail moments include risk management (Berkowitz [9]), actuarial science
(Kim [10]), asset pricing theory (Zambrano [11]) and estimation under serial
dependence (Hoga [12]).

The aim of this Article is to extend (4) for moments of general order.
Theorem 1 in Section 2 derives an expression for E(X,) in terms of tail
moments when X is any integrable random variable. Theorem 2 in Section 2
derives an expression for E X"Y") in terms of tail moments when (X, ) is
any integrable random vector. Theorem 3 in Section 2 derives an expression
for E (X’I”‘X’z”z... Xl',"") in terms of tail moments when (X, X, ... , X,) is any
integrable random vector. The general multivariate case was not considered
in Lo [8]. Some illustrations of the theorems are given in Section 3.

A future work is to consider more general functions of random variables
or vectors than just powers. Some work in that direction is discussed in
Section 4.

2. Main results

Theorem 1 extends Proposition 2.1 in Lo [8] for moments of general
order. Theorem 2 extends Proposition 3.1 in Lo [8] for product moments of
general order.

Theorem 1

Let X be an integrable random variable up to order n on the real line.
Then

E(X,)=n [ ¥ "Pr(X > xdx +n(-1)' [ X" 'Pr(X < -vdx (3

forn > 1.

Proof:
Write X = X, — X_, where X, = max(X,0) and X_ =max (-X,0).
Then

n

E(x") = E[x. - x)] = Y, (Z)(—D’"E(XZ"”X’”).

m=0
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Since X, X_ = 0,
E(X") = E(X") + (-1)"E(x")

= [T Pr(X. > Ddr + n(-1)" [ 7 Pr(X. > x)de

= [L7TPr(X > X)dx + n(=1)" [ Pr(X < —x)dx.
The proof is complete.

Equation (4) is the particular case of (5) forn = 1.

Theorem 2
Let (X, Y) be an integrable random vector up to order (1, n). Then

E(X"Y") = mn f: f:xm_ly"_lPr(X > x, Y > y)dxdy

+ mn(-1)""" f: f:xm_ly"_l Pr(X < —x, Y < —y)dxdy
+ mn(-1)" f: f:xmflynfl Pr(X > x, Y < —y)dxdy
+ mn(=1)" f: f:xm_ly”_l Pr(X < -x, Y > y)dxdy (6)

form > landn > 1.

Proof:
Write X = X, — X_ and Y =Y, — Y_, where X, = max (X, 0),
X_ = max(=X, 0),Y, = max(Y, O)and Y_ = max(-Y, 0). Then

E(X"Y") = E[(X, - X))" (Y, - Y.)]

(-1 I E(XTPX Y YY),

I
M=

n
q

Since X,X_ = Oand Y,Y_ = O,
E(X"™Y") = E(X7YD) + (-1)"""E(X™Y") + (-1)"E(X7Y") + (-1)"E(X"Y?)

= mn f: f:xmflynflPr(XJ, >x,Y, > y)dx dy
+ mn(—l)m”f:f:xm*ly"*l Pr(X_ >x,Y_ > y)dxdy
+mn(-1)" f: f:xm_ly"_l Pr(X, > x,Y_ > y)dxdy

+mn(—l)mf:f:xm_ly"_lPr(X, >x,Y, > y)dxdy
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=mn f: f:xmflynflPr(X >x,Y > y)dxdy
+ mn(—l)"”"f: f:xmflynfl Pr(X < —x,Y < —y)dxdy
+mn(-1)" f: f:xm_ly”_l Pr(X > x,Y < —y)dxdy
+ mn(—l)"’f0 foxm_ly"_lPr(X <-x,Y > y)dx dy.
The proof is complete.
Theorem 3 extends Theorems 1 and 2 for multivariate random vectors.
Its proof is similar to that of Theorem 2. Lo [8] considered only the bivariate
case.

Theorem 3

Let (Xl, X, ... ,Xp) be an integrable random vector up to order
(ml, mp, ..., mp). Let Aj,() = {Xj > .Xj} and Aj,l = {X] < —Xj} for
j=1,2, ...,p.Then

4 g snl e
1

= i=1

3. Examples

In this section, we give two examples which illustrate the use of
Theorems 1 and 2. In both examples, the distribution is more easily
specified by the cumulative distribution function.

If X is a random variable such that Pr(X < —x) = Pr(X > x)forall x
then it is said to have a symmetric distribution. By Theorem 1, the nth
moment of any symmetric distribution can be written as

E(X") = n[1 + ~1y] [ ¥ Prex > wydx, 0

which is zero if n is odd. The even order moments are the same as those of |X] .
For example, consider the symmetric Weibull distribution specified by

Pr(X < —x) = Pr(X > x) = }exp(-=]nY)
for @ > 0 and all x. By Wikipedia [13],

E(wr) = 2r(2). ®)

where I" () denotes the gamma function.
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If (X,Y) is a random vector such that Pr(X > x, ¥V > y) =
Pr(X <—x,Y <—y)=Pr(X>x,¥ <—y)=Pr(X < —x,Y > y) for all x and y
then it is said to have a symmetric bivariate distribution. By Theorem 2, the
product moment of any symmetric bivariate distribution can be written as

ECC"Y")=mn] 1+(= 1"+ (= D'+ (=1 [ [y Pr(X>x, Y >y dy, (9)

which is zero if m is odd or n is odd. The other product moments are the
same as those of (|X], |¥]).

For example, consider the symmetric bivariate Pareto distribution
specified by

Pr(X >x, VY >y Pr(iX < —xY < -y

Pr(X > x, Y < -y

PriX < —xY >y

1
1 +x+y°
gd T+

for a > 0 and all x and y. By Section 3.1 in Sarabia et al. [14], the product
moment of (|X], |¥]) can be written as

E(XI"Y") = mnB(a - n, n)B(a — m — n, m) (10)
provided thata > m + n.

4. Discussion

There have been several proofs for (1). One simple proof is as follows.
Let (X;, Y;) and (X,, Y») be independent and identical copies of (X, ¥). We

can write

X - X, - = f(I{X1>u} - I{X2>u})du7
where 1, denotes the indicator function. Then the left-hand side of (1) can be
written as

Cov(X,Y) = E(XY) - E(X)E(Y)
= E[(X, - X,) (Y, - 1,)]

= 3E [ [(xsw = Tosa) Umsn = Tpysn)dudy

[ [ [1-Pr(X<u)—Pr(Y <v)+Pr(X<u,Y <v)-Pr(X>u)Pr(Y>v]du dv,

where the last step follows by Fubini's theorem. Hence we have the right-
hand side of (1).

As already mentioned in Section 1, (1) has been extended by several
authors. Theorem 1 of Cuadras [15] extended (1) to Cov (£ (X), g (Y)) when
f, g are of bounded variation, E ([f (X)g(Y)|) < e, E([f(X)|) < e and
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E (|g(Y)|) < oo, Cuadras showed that
Cov (f (X), g (V)
= [ [ [Pr(X>xY > )~ Pr(X > 0 Pr(Y > y]df @dg(y). (1)

Equation (11) may not hold if f and g are discontinuous or not
sufficiently continuous functions. Theorem 2.4 in Lo [15] considered the
case that f and g are non-decreasing real functions. In this case, the theorem
showed that the right-hand side of (11) can be expressed as a sum of four
double integrals taking the form of (11) with respect to left-continuous and
right-continuous parts of f, g. Theorem 3.1 and Corollary 2.7 in Lo [15]
showed that a double integral of the form of (11) holds if: (i) both f and g
are right-continuous; (ii) f is right-continuous and g is left-continuous; (iii) f
is left-continuous and g is right-continuous; (iv) both f and g are left-
continuous; (v) both f and g are continuous; (vi) joint cumulative
distribution function of (X, Y) is continuous; (vii) both f and g are
absolutely continuous functions. Remark 3.2 in Lo [16] considered the case
that f is non-decreasing and g is absolutely continuous. In this case, Lo[16]
showed that the right-hand side of (11) can be expressed as a sum of two
double integrals taking the form of (11) with respect to g and left-continuous
and right-continuous parts of f.

All of these papers involve the covariance between functions of two
random variables. A future work is to see if this can be extended for the
multivariate case, i.e. dependence between functions of three or more
random variables.
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