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In this paper, we propose a mean curvature flow equation with nonlocal nonlinearities
for an image processing model on noisy surfaces, which corresponds to the negative L’-
gradient flow of surface energy functional in (1.4). We investigate the initial value problem
mathematically. Furthermore, numerical simulations are shown, which exhibit that the model
performs smoothing operation on a complicated level surface of a given image data while
preserving its geometric shape feature under suitable parameters chosen.

1 Introduction

In the field of image processing, PDE (partial differential equation)-based methods have
been intensively studied during the past two decades [3, 6, 7]. Many important PDE
approaches for two-dimensional (2-D) image processing have been presented, such as the
nonlinear diffusion equations of the Malik-Perona type [5, 11], the geometric flow of mean
curvature type [1, 2], and variational methods such as the Mumford-Shah [10] and TV
(total variation) type [13].

On the other hand, three-dimensional (3-D) image processing has also had an attraction
from the point of view of not only a mathematical viewpoint, but also in real fields such
as medical image analysis [12, 8]. Suppose that a complicated, closed level surface (or
curve) is somehow extracted from given noisy image data at high resolution. Then we
generally wish to smooth the complicated surface while preserving its geometric shape
feature as much as possible. This task is important from the point of the mathematical
morphology (see Alvarez et al. [2] and Cao [4]).

In this paper, we propose an anisotropic mean curvature flow equation with a nonlocal
repulsive term to process a complicated level surface (or curve) of image data obtained
for the elimination of geometric tiny features. To describe our image processing model
precisely, we begin with the mathematical setting in any space dimensional situation.

Let

X M"> ]Rn+l

be a smooth, closed, embedded hypersurface into R"*! for an n-dimensional differentiable
manifold M" with the induced metric g = (g;;). Let oy be a characteristic function on
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R"*! defined by
1 if x € Ext(X),
ox(x)=¢0 ifxeX, (1.1)
—1 if x € Int(X),

where Ext(X) (resp. Int(X)) is the exterior (resp. interior) region of X. Set y be a binary
function on {—1,0, 1} such that

(=1 =1, %(0)=x(1)=0. (1.2)
We denote by {¢™}.>9 a heat semigroup generated by the Cauchy problem on X :
0
M _Au on X x[0,0) (1.3)
ot
subject to the initial condition u(0) = uy. Here, A denotes the Laplace-Beltrami operator
on X, ie. in local coordinates (¢1,- -+, &™) on M”,

A =g"(DiDj —I'\Dy),

where D; =0/0¢, (g¥)=(gi;)~' = ((D:iX,D;X))~", and I'} are the Christoffel symbols of g.
Given Xy : M" — R™! with the metric go, let us introduce the following energy

functional E for X associated with Xj:

T

w(ox axo)dx} , (1.4)

n+1

E(X; Xo) =/

G(1V(e™ o)) dA + K [ /
X R

where

e V is the gradient operator on Xy, and |Vu|? = > ggiDiuDju;

e A and the Laplace-Beltrami operator on Xo;

e Hj is the mean curvature on Xj;

o dA = \/@dfl ...d&" is the area element on X, where |g| = det(g;;);

e ((s) is a nonincreasing, positive, smooth function on [0, o0) with G(0) = 1;
e 7 and K are positive parameters.

Practically in 3-D (resp. 2-D) image processing, X corresponds to an input complex,
noisy level surface (resp. contour) extracted from a raw image data, and X is the output
image to be processed.

Roughly speaking, each term of E(X; X() performs as follows:

(a) The first term represents a generalized area depending on the weight G. The
argument |V(e®Hy)| is approximately a local mean value of the gradient of mean
curvature Hy in a neighborhood of a point Xj.

(b) The quantity [g... 2(0x, 0x)dx corresponds to the volume of such an enclosing
region, only if X is sufficiently close to X(. Then the integral is considered as a
distance-like function between X and Xj.

(c) If G = 1, then the first term and second one have the same homogeneous degree
under the dilation {x+ ix | x € R™!, 1> 0} in virtue of the exponent n/(n + 1).
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The plan of the paper is as follows. In §2, as a multi-dimensional image processing
model we present some nonlocal mean curvature flow based on functional E. §3 is
concerned with the local existence and uniqueness of classical solutions of the initial
value problem. Finally, in §4 some numerical simulations are exhibited in the case of 2-D
processing (n = 1), where the experimental results obtained by our model are compared
with the curve shortening flow (K = 0) for several complicated original curves.

2 The model

In this section, we shall propose a curvature flow equation based on energy (1.4) for
applying the discretization to image processing as a multiscale method. For the derivation,
we begin to recall the fundamental variation formulae.

For a hypersurface X : M" — IR"! and a smooth function ¢ on X, consider the
one-parameter variation

Xip = {x+1p(x)N(x); x € X},

where N is the outward unit normal vector field on X. It is well-known that the first
variation formula of the area |X| = [, dA4 is

X d
Sov(X) = 5| Xegl = [ Han
t=0

where H is the mean curvature on X. On the other hand, the first variation formula for
Int(X)| = [gu1 2(0x) dx, the volume of interior region of X, is given by

d
Ogn([Int(X)]) = 7

Int(X, )| = n / b dA.
=0 X

t
Thus, by letting

dist(X, Xo) = /

Rn+l1

ylox ox,)dx = / dx, 2.1)

{ox X, =—1}
we obtain the first variation for the second term on the (1.4):

n
n—+

Sgn (dist(X, Xo)" D) = 1dist(X, Xo)~ VD / ¢ oy, dA.

X
We are now in a position to mention our nonlocal mean curvature flow. We propose the
following regularized flow equation of the negative L*-gradient flow of the Euler-Lagrange
equation of E:

%X(t) - [ G(IV(e™ Ho)?) H + K dist(X, Xo) /" Vg, } N, (22)

0

where % 1is some regularization of oy, by a smooth function ¢ as follows. For two
parameters €, d with 0 < e < d, suppose that ¢(r) is a nondecreasing C>-function on R
such that f€ =0 (Jr| <€), = —1 (r < —d), f =1 (r = d). Thus, the regularization of

https://doi.org/10.1017/50956792505005863 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792505005863

24 D. Hirata

oy, 1s defined by

(2.3)

Xo

¢ (x) = B¢ (ox,(x)dist(x, Xo)) if dist(x, Xo) < d,
B Tx,(X) otherwise,

where d is small enough for the consistency in general.

Our purpose in the sequel is to consider the initial value problem of a family of smooth
embedding

X :[0,T) x M" — R"*!

such that X (r) := X(M" x {t}) is driven by (2.2) satisfying initial hypersurface X (0) = Xo.

Although the regularization procedure through function f¢ is necessary for solving the
Cauchy problem mathematically, the role of the function is still more important in the con-
text of image processing. If we wish to process a noisy original image by applying the dis-
cretization of (2.2), the parameter ¢ should be chosen as a minimal scale of the locally
tiny geometric features that we desire to neglect. Therefore, mostly details of the image
will be forced to smooth as much as possible. On the other hand, if € is smaller (and K
is relatively large), and the processed image will remain close to an original image. For
instance, see Figure 4 in §4, in which the amplitude of noisy part is about 0.2, and thus
it is reasonable to choose € = 0.2.

We finish this section with observing the spherical situation of our model as a simple
illustration. If X = {|x| = Ry}, then X(¢) is a sphere of radius R(z), satisfying

d n Kp“(Ro—R)

ER(I) = _ﬁ - (wn|R6H-1 _ Rn-‘rl‘)l/(n-‘rl) =:f(R), R(0)=Ro, (24)

where w, denotes the measure of unit sphere. If we choose K > 0 such that f(Ry—d) > 0,
ie.
n(w,,(R('}“ _ (R() _ d)n+1))1/(n+l)
Ry—d ’
then f(R) has at least two zeros R and {Ry,---,Ri} in (0,Ry — €) such that 0 < R <
Ry—d < R; < -+ < Ry < Ry —e. Then, R(t) globally exists and converges to R; as
t — oo. If K is small enough, satisfying the inequality converse to (2.5), X(t) = {|x| = R(1)}
shrinks to a one-point in finite time. Additionally, consider the problem (2.4) with general
initial data R(0) = 4 > 0. Then one easily see that if 4 > R, the solution globally exists,
and besides if 4 ¢ {R, Ry, -, Ry}, then the solution converges to the nearest stable point.
On the other hand, if 4 < R, a finite-time extinction occurs.

K >

(2.5)

3 Mathematical analysis

In this section, we shall prove the short-time existence and uniqueness of a family of
smooth hypersurface X, evolved by the motion of (2.2). The proof of local existence
given here is two steps: we first give a representation of the moving surface X(t) as a
normal graph over a smooth reference manifold 2. Secondly the proof of the existence
part is given within the framework of Holder space (see the precise definitions below) as
in Lunardi’s parabolic PDE theory [9].
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Theorem 3.1 Suppose that Xo is a closed, embedded hypersurface in Rt of class C*+*.
Then there exists sufficiently small T > 0 and a unique family of closed, embedded X =
(X(1);0<t < T} of (22) in C'H¥/22+%([0, T] x M"). Moreover, X(t) is of class C* for
t>0.

For a given initial hypersurface Xy, we can always find a smooth reference hypersurface
X < R™! such that Xy is a graph over X in the outer unit normal direction N € C*(X,S")
with distance less than d to X, precisely as follows: for &g > 0 small enough, then the
distance from s € X to Xy is a function uy € C***(X) with ||ug||., < & , i..

D5 (s,up(s)) == s+ uo(s)N

is a C?**-diffeomorphism from X to X, such that Xy = @5(X,u(Y)). Furthermore, as its
extension, there is some d > 0 such that

Dy 1 2 x (—d,d) > R"™,  &s(s,r) =5+ rN(s)

is a C*-diffeomorphism from X X (—d,d) onto # := its image by ®@y. That is, # consists
exactly of those points in IR"*! with distance less than d to X. We may assume that & is
so much less than d without loss of generality.

Since that X (¢) is obtained by a smooth, small deformation of X in %, the parametriz-
ation is represented by a graph u as follows:

x =s+u(s,t)N (3.1)

where u : ¥ x [0,T) is a smooth function with [[ul|. < d. Let {e;; 1 < i < n} be an
orthonormal basis for the tangent space T2, and denote the derivative in direction by e;
by x; = e;j(u) = V,u, etc. Then one obtain

Xi=u;N+ (u+1e,
and the induced metric g = (g;;)
gij = <x,is x,j) = Uju; + (u + 1)251'],
and the inverse is
T S
(u+1)? (u+ 1) + [Vul?
The normal vector of X = X(¢) is given by

NX _ (M + I)N — Uu;e;
VD2 | Vu

and hence, the second fundamental forms metric (h;;) is

_ ~ 2uguy A (u 1) — uy;
hij = (x;, Nx ;) = (u+ 1)+ |Vul?
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26
and the mean curvature is
H= trace(gi-fhjk) = gijhji
n 1 . Vu
= — div .
V+1)2 4+ [Vu>  utl V(u+1)? + [Vul?

Furthermore, the square norm of the gradient of a function f on X is
. 1 Wil
Vv 2 _ ,iJ fi=—(|V 2 Wy R
| Xf‘ g f,f,] (u+1)2 (| u| (u+1)2+|vu|2f,f,j

and the Laplacian on X is given by

Af = gij(f,ij - Fi’}f,k)
1 Ul

— A _ ;1] ;= Fk ,

(u+ 1)2< S 0+ vapt lff”‘>

where I"i’; is the Christoffel symbols of (g;;),

1
]“1_1; = Egkl(gjl,i + git,j — &ij1)

_ o uk VP 4 (4 D)Quauj — [Vul*y)
(w+12 " (u+1)2 4 |Vul?
1
+ m(u’iéjk + u,jéik — M’kéij).

By taking R"*!-inner product of the flow equation (2.2) and N, we have

(X, N) = —(G(V(e* Ho) ) H + K dist(X, Xo) 7705, ) (Nx, N).

Note that 0,X = (0,x, N) Ny, and hence
(0%, N) = —=G(IV(e™)H ) H — K dist(X, Xo) #10%,.

On the other hand, we know
(u+ 1)0;u

(0,x,N) = .
v/ (u 4+ 1) + [Vul?

Moreover, one sees
1

dist(X, Xo) 105, = [ / x(a[u]a[uondx} B — o),

where

1 ifr>u,
0 if r=u,
—1 ifr<u.

olu](x) =oul(s+rN) =
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Hence, we get the governing equation of u:

du oo o [T DR VAP ( vu >_ L }
o = G(‘V(e HO)' )|: (u+ 1)2 div (u+ 1)2 + ‘Vulz u+1
—T 1) 3
K |:/@ X(O,[u]o.[uo])dx] (u +u-)+_ ;’ |VU‘ ﬁs(u _ uO)- (32)

Conversely, if u solves this equation with supy 7y«s |u| < d, then X(t) having the para-
metrization s + uN, evolves by (2.2).

To show the local existence for the Cauchy problem of (3.2), we now introduce the
space of Holder continuous functions. For an n-dimensional, closed, differential manifold
M with a smooth atlas (Q, ¢k )res, let us denote the local coordinate of the point in Qy
by & = (&L, ,E") € oi(Qk) (often, the index k is omitted). and D;f denotes the first
order derlvatlve of f w.rt. &'-coordinate, and also D = (Dif,---,D,f), Dijf = D;(Dif),
D? = (D;j). For a < b, we set

C"2([a,b] x M) = {f € C([a,b] x M); 8,f, Dyf € C(la,b] x () ¥i, j, ¥k € 4},

where

fllere = 11 1oo + 110:f lloo +Z||Df||@ +Z\|D,]f||m

i=1
For 0 <o < 1, we set

C*>*([a,b] x M) ={f € C(la,b] x M); f(-,&) € C**([a,b]) V¢ € M,
f(t,7) € C*(o()) Vt € [a,b], Yk € A, ||fllcoraapm < 0}

where

S lcxraapyxary = N oo + Ulemroqapcmy + Ulcoxqaprxans

If (£, &) — (£, &)l
212 =max su e2el LRl
flcwroqap ) = i t/e[abl])kt (1)

If(t, &) — f(t, )]
U]CO#([a,b]xM) H}?al?f » sup W
t€lablhed ¢ orcoan), exe

Now we define the parabolic Holder space C!*%/>2%%([a,b] x M) as follows:

CHH22([q,b] x M) = {f € C'*([a,b] x M) ;

0ufs Dyjf € C*>*([a,b] x @i(Q)) Vi, j, Yk € A},

where

1l asson = 1fllo + 110:f s + Z 1Dif 1 + Z 1D3f | oz

i,j=1
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We will use the following existence and optimal regularity result in class C*>* (see
Lunardi [9]). Note that such results still hold on a general, closed manifold M.

Theorem 3.2 Let M be a sufficiently smooth, closed manifold of dimension n, and let
aij, bi, ¢, f € C*>*([0, T] x M). Suppose that a;j satisfies the uniform ellipticity condition:

D ayt, o' =il 0<i<T, (€M, neR’,
i,j=1

for some v > 0. Set

A8 =3 ay(t.ODy + 3 bilt,E)D; + (2, £),
i=1

ij=1
and consider the Cauchy problem:

o =ou+f, u(0)=up. (3.3)
If ug € C***(M), then there is a unique solution u of (3.3) in C'**/22+*([0, T] x M) such
that

[ull cronzen < Cllluollcx + 1Sl ana)-

Especially, if coefficients aij, b, ¢ are time-independent in C*(M), then for every ug €
C*(M) there is a unique mild solution u of (3.3) in C*>?*([0, T]x M)NC**/22+%((0, T] x M)
such that

[l cxae < C(luollc2e + [If o),

where C is depending only on mai<||a,'j||cx, malx||bi||cx, and ||c||c.
i,j= i=

Proof of Theorem 3.1 We shall start to rewrite equation (3.2) in local coordinates £ on
the reference hypersurface 2 with g = gx. For the principal term in (3.2), define

h(u,Du,Dzu) = (u+ 1)2 + |Vu|2div< : Vu ) n

(u+1) Ut 12 F Vup) u+l

Set
(o) = G(|V(e™ Ho)P),
and put the mapping

1
—w 12 2
7 s 70 ==K | [ ot ot x| "IN ey
% u+1
Then we obtain the following evolution equation, corresponding to (3.2)
Ot = Y(uo)h(u, Du, D*u) + F (u). (3.4)
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We shall look for the solution to (3.4) by applying the contraction mapping principle in
the following space:

Y(T) = {ue CH2X[0,T] x ) ; u(0) = u,

[luollc2v+ < €0, [l — to|c1var2ex < R, u = —2/3}.

Note that (Y (T),d) is a complete metric space with the distance d(u,v) = ||u — v||c122.242.
Suppose that .7 is the linearization of h = h(u, p, q) at the point (ug, Dug, D*up), i.e.,

n n
o =) hg,(uo, Duo, D*uo)Dij + ) _ hy(tto, Ditg, D*ug)D; + hu(uip, Dutg, D*uo).
i,j=1 i=1

Now we define the operator I' by I' (1) = w, where w is the solution of the linear problem

{alw = G(u)Aow + G(uo)h(u, Du, D*u) + F (u) — G(ug)Aou, 0<t<T, (35)

w(0) = uyg.

Here, let us see that I' is well-defined on Y (T). Concerning to the coefficient (uo),
e Hy =: v(t, &) is the solution of the Cauchy problem of the linear heat equation:

0.0 = Av, v(0) = Hy,

and let &;;(uo) and bi(uo) be the coefficients determined by

A 1 U iUo,j K
Av = ———5 | Asv — - Ik
v (up + 1)? ( xv (uo + 1) + |Vu0|20” ij(uo)vk

= Z Zlij(uo)DijU + Z Ei(uo)DiU.
i=1

ij=1
One see that @;;(uo) satisfies a uniformly elliptic condition, and &;;(uo), INJ,»J-(uO) and the
mean curvature Hy are contained in C*(X). Hence, by Theorem 3.2 there is a unique mild
solution v(t) in C>**(X), and for some C = C(||ug]|c2+) > 0,

V(e Hy)[| 1o < C.
Then we have %(up) € C*(2) such that

119 (uo)|l14c+ < C

for C = C(||ug||c2++) > 0, and there is v = v(||ug]||c2+«) > 0 such that

G(ug) =v > 0.

By virtue of Theorem 3.2, for every u € Y (T), there is a unique solution w = I' (u) to
problem (3.5), belonging to C!*+#/%2+%,
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We first show that if T is small enough (depending on R), I" is a contraction, that is,
for every u,v € Y(T),

I () — T (0)|| croa22es < C(R)T?||tt — 0| o220

Let w =TI (u) — I' (v). w satisfies

(3.6)

ow=%uy)dow+vy, 0<t<T,
w(0) =

where we set

hlu(t, &) = h(u(t, €), Du(t, &), D*u(t, £)).

By Theorem 3.2, there is a C > 0 such that

{ (£, €) = G(uo)(&) (Rlu(t, )] — hlv(t, &)] — Lo(u(t, &) — v(t,€))) + F (u)(t, &) — F (0)(t, €),
9] ),

||WHcl+a¢/2,2+a < C||lp||ca/2.a.
So, we must estimate ||y|]|cs2.. Set p = G(up)1 + 2, that is,
w1 =h[u] = h[o] — Ao(u—v), yr=F(u) — F(v).

To estimate ||1]|cw2x, We rewrite g as
1 ~ ~
v = [ G0+ (1= 00 = i) — ) do
0

1 n
+ / >0+ (1= 0] = Fy )i =) 0

/Z [0u + (1 — 0)0] — hy, [uo])Dij(u — v) do.

i,j=1

One can see straightforwardly that i = h(u, p,q) is smooth and the first derivatives are
globally Lipschitz continuous on [—2/3,00) x R" x R", ie. for some L > 0,

|hu(u9 D, CI) - hu(ulap/a q/)| + |hp[(u: P, q) - hupi(u/ap/: q/)| + |hq[,-(”ap: Q) - hq,','(u/a p/a q/)‘
L(lu—u'[+|p—p'| + g —4'].
Then, the way of the C*-estimate in Lunardi [9, Theorem 8.5.4] is available for ||p1]|cwz.e-
Hence we obtain
il conn < CTY?||u — v]| cren2ea- (3.7)

To estimate ||z]|ce2x, We let

(u+1)2 + |Vu)?
u+1 ’

flul = f(u,Du) =
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The function f = f(u,p) is smooth on [—2/3,00) x R”, on which there is a L' > 0,
independent of u, p such that

|fult, p) — fu(u, p) + Z [fpi(ut, p) — £, , )| < L'(Ju— '] + |p = P']).
i=1

Moreover, we set the mapping

) == —K B*(u — o) { /j 1o lu] o o)) dx} o

That is, 7 (u) = 2(u)f[u]. Note that and 2 is Fréchet differentiable from C'+%/22+* into
itself, whence we denote the derivative at u by 2,[u]. Then we obtain the following formula
a [uo]

2,[ulp = 2 44y + 25[u] o,
[ulp = 21[u] . 7o) Ay + 22[ul¢

for any ¢ € C'+/%/22+2 where

ot = L [ ot stulas]

25(u) = —K B (u — o) [ /j J(olu ouo]) dx} o

and X, corresponds to the hypersurface with a graph ¢ over X, dAy is the area element
on X,. Similarly, by computing the Fréchet derivative of 2,[ulu straightforwardly, one
can see that there is a L” > 0, depending on ug such that

a [ug] a [uo]
,@1 [L[] ‘/X“ mdAu —,@1 [U] /)\(r ~—]dAU

L +120ul = L]l < L'u—vl  (38)

for any u,v € C'*/*/%2+% with u,v > —2/3. Now, we have

1
Yy =Fu)—Fv) = 6%97[9144—(1 — O)v]do
0

[, a [uo] > _ _
= /0 21(0u+(1—0)) (/XOH“W Flout(1— 0] dAgu_ng)U)f[Hu—i-(l Ow](u—v)do

1 n
+/ 22(9u+(1—0)v)<fu[0u+(1—0)1)](14—1))—{-Z]Fpi[@u—i-(l—e)v]Di(u—v)) do.
0

i=1

Thanks to (3.8) and the Lipschitz continuity of f, similarly as in the case of [lp1ll ez, WE
find a C > 0, depending on R and [|uo||c1+s224. such that

wallconn < CTY2) 1 — 0] | cranzn. (3.9)
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Hence, there is a C > 0 such that
W]l crinzain < CTY?|[u— 0|| cronzzin,
and, if T is small enough, I" is a 1/2-contraction:
I (u) — T (0)]|creanaee < 1/2|| — 0| creo2.24a.

On the other hand, we shall see that I' is a mapping Y (T) into itself, if R is suitably
large. For every uy € C>**(2) with up > —2/3,

11 (u) — uol|croanze < R/2 4 ||I (o) — tho|| crea/. 24
Let v = I' (ug) — ug, and then v satisfies

{azu = Y(uo)-L o0 + G(v)h(uo, Dug, D*ug) + F (ug) — G(uo)Aoup, 0<t< T,
v(0) = 0.

By Theorem 3.2, there is a C > 0, depending on ||ug||c1+s22+- such that
||UHC1+°‘/2»2+“ < C(||§§(U)||Ca/z,a||h(u0,Duo, D2u0)||ca/2,1 + ||97(u0)\|)

Since v(0) = 0, similarly arguing, there is a C > 0 (depending on [[v]lcinzie and
sup,>o |G'(s)|) such that
19| < CT.

Once again, by choosing T small enough (depending on ||ug||c1122:), then we have
[|0]|craanzee < C|IF (wp)]] =: C',
where C’ is independent of T and R. Thus, we obtain
IIT (1) — upl|crsu2es < R/2+C'.
We find a small T > 0 again such that I'(u) > —2/3 on [0, T] x 2 from the continuity.
Then it follows that I" is a contraction mapping on Y (T) for R is so large (R > 2C’), and
hence, I' has a unique fixed point in Y (T).

As for uniqueness, let u,v be solutions with the same initial data uy. Then w = u —v
satisfies

n n
ow = %(uo) Z a;jDijw + Z biDiw+cw |, 0<t<T,
ij=1 i—1
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where

1 n
a; =/ S iy, [0 + (1 — 0)0] do,

i,j=1

1 n
bi= [+ Fy)l0u-+ (1= O] o,
0 =

and

e o] o
Cc = A (hu + . m dA(),@lf + ’@qu) [91/! + (1 — Q)U]dg

Since a;; satisfies the uniformly elliptic condition on Y (T), the standard contradiction
argument of the maximum principle yields w = 0, i.e., uniqueness holds. Finally, we get

the C*-regularity of u(t) for t > 0 from the bootstrap argument. Hence, we complete the
proof of Theorem 3.1. O

We should notice that especially if G = 1, equation (3.2) satisfies the comparison
principle, from which it follows that if Xy is so large, (where the meaning of “large” is
determined by not only X, but also K and d), the one-point shrinking phenomenon does
not occur in contrast with the usual mean curvature flow (K = 0).

Theorem 3.3 Let G = 1. Suppose that there is a solution to f(R) = 0 as in (2.4), and let
us denote the minimal one by R. If Xo contains in a sphere of radius R, then the solution
X (t) remains surrounding the sphere.

4 Experimental results

In this last section, we shall show numerical experiments in the case when 2-D image
processing. For simplicity, we put G = 1 and € = d in (2.3), whence f“(r) is a step function.

Suppose that X is a quite complicated or noisy initial hypersurface. Then we must take
regularization width d in (2.3) small enough for the consistency. However, this restriction is
not so pleased for the purpose of denoising, and moreover the computation of dist(x, Xg)
is very hard in practice. Thus, in order to avoid these unfavorable difficulties let us replace
by the another (considerably rough) approximation:

0%, (X) = f(ox, (X)X — Xol). (4.1)

o 1 2 3 a

FiG. 1. Evolution when K = 0 (curve shortening flow).

https://doi.org/10.1017/50956792505005863 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792505005863

34 D. Hirata

o 1 2 3 4

F1G. 3. Evolution by (2.2) with K =10 and € = 0.2.

o
T
I

L L L L L
0 1 2 3 4

F1G. 4. Original image curve with an anisotropic noise.

For comparison we exhibit numerical simulations by varying parameter K > 0 and the
vanishing case K = 0, that is, the so-called curve shortening flow for the same original
image and time-increment.

The method of the discretization for our mean curvature flow model (2.2) with specific
regularization (4.1) should be precisely manifested, but the details will be discussed
elsewhere.

In Figure 3, it can be seen that the evolved curve by (2.2) does not shrink (cf.
Theorem 3.3). In the region such that the distance from the initial curve is less than
or equal to e = 0.2, the second integral term on the RHS of (2.2) does not work, that
is, the curve shortening flow. On the other hand, on the exterior region the repulsive
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o 1 2 3 4

o 1 2 3 4

F1G. 7. Evolution by (2.2) with K = 10 and € = 0.2.

effect on account of the term clearly appears since K is large enough, and thus the curve
asymptotically converges to the inner curve (probably stable equilibrium).

In Figure 5, the moving speed of the upper side is slower relative to the lower side due
to the noise. As a result, a cusp on the upper right appears.

5 Conclusion

The surface energy E(X ; Xo) in (1.4) associated to a given initial surface Xy was introduced,
and then we obtain a mean curvature evolution equation with nonlocal nonlinearities as
a the negative gradient flow. It have shown that the Cauchy problem is locally wellposed
on a family of closed, embedded hypersurface of class C>**. Furthermore, we perform the
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numerical simulations, which show that the repulsive effect of the second term of RHS in
(2.2) plays an important role in preserving its geometric shape features while smoothing
tiny ones under parameters K and e chosen suitably.
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