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Abstract. In this paper, we study carbon emission trading whose market is gaining in
popularity as a policy instrument for global climate change. The mathematical model
is presented for pricing options on CO; emission allowance futures with jump diffu-
sion processes, and a so-called fitted finite volume method is proposed to solve the
pricing model for the spatial discretization, in which the Crank-Nicolson is employed
for time stepping. In addition, the stability and the convergence of the fully discrete
scheme are given, and some numerical results, which are compared with the closed
form solution and the Monte Carlo simulation solution, are provided to demonstrate
the rates of convergence and the robustness of the numerical method.

AMS subject classifications: 65M12, 65M60, 91B28

Key words: CO, emission allowance, option pricing, jump diffusion, fitted finite volume method,
partial integro-differential equation, fast Fourier transform.

1 Introduction

Global climate warming and its dangerous ecological, social, and economic consequences
have gained increasing public attention in recent years. The increasing concentration
of greenhouse gases (GHGs) in the atmosphere over the past century is to some extent
related to human activities, among which, first of all, the emitted CO; characterized by an
essential increase in human fossil fuel consumption is. Now carbon emission allowance
trading has been accepted as a way to reduce emissions at the lowest abatement cost
by adding economic cost to carbon emissions, which is an environmental policy device.
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Up to now, emission trading schemes have been designed by introducing appropriate
market mechanisms. For example, the European Union emission trading scheme (EU
ETS), a cap and trade system, is the most prominent example. Within this scheme, each
member state receives a fixed amount of EUA (European Union Allowance), which is
called the cap. The European Union started with a pilot period, 2005-2007, followed by
the Kyoto commitment period 2008-2012. The third period will last from 2013 to 2020.

Also, the same efforts are being made in China. In fact, the emissions trading plat-
forms have opened in China in the cities/provinces undertaking pilot stage GHG miti-
gation, which are exclusive and are not yet linked. They will be linked within the na-
tionwide emissions trading system after 2015 or 2016. China’s trading programs are
now becoming the second largest emissions trading scheme following the EU ETS. Be-
fore the emissions trading platforms opened, China had already experienced with the
carbon market through the CERs (Certified Emissions Reduced) produced by the Clean
Development Mechanism (CDM) projects under the Kyoto Protocol. In addition, in Oc-
tober of 2011, the National Development Reform Commission (NDRC) designated sev-
en provinces and cities, Guangdong, Hubei, Beijing, Shanghai, Tianjin, Chongqing, and
Shenzhen, as regional mandatory ETS pilots (see Fig. 1). Most of the pilot regions should
submit their ETS implementation plans to the NDRC. A national ETS is also under con-
sideration.

Similar to all other financial or commodity markets, both regulated companies and
investors are subject to carbon trading risks and need suitable risk management tools.
As a result, some carbon derivatives have been developed. At the moment futures and
forwards on carbon emission allowances are fairly standard and are traded both over the
counter (OTC) and on exchanges. Moreover, in October of 2006, European-style call and
put options on EUA futures started trading in the European Climate Exchange (ECX). In
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Figure 1: The mandatory emissions trading cities/regions in China (The source is from P. R. Shukla’s report
on "Emissions Cap and Trade: Implemenltation Issues, Lessons and Recommendations”).
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order to hedge risks, a crucial problem is to capture the behaviour of carbon spot and
futures prices and investigate the valuation and hedge of carbon derivatives.

Obviously, the problem of pricing CO,-derivatives is important in theory and prac-
tice, and there are some works available on this problem. For the sake of completeness,
we now briefly review the recent literature on the relation between spot and futures
prices of EUAs. The paper [23] deals with risk-neutral allowance price formation within
EU ETS in terms of marginal abatement costs and optimal stochastic control using equi-
librium properties. Also, it has been showed that within the trading scheme the marginal
costs of abatement are equal for each company, and the discounted marginal costs of
abatement must be constant over time [19]. From a statistical point of view, the model-
s proposed in [11] demonstrate that the non-mean reverting models perform better than
the mean reverting ones in the EUA market and indeed confirm that a cost-of-carry model
with the zero convenience yield leads to significant pricing errors for inter-phase futures
contracts. However, they choose data from the first period to make the above analysis,
where the market is neither as liquid as the second period, nor do market participants
have sufficient experience with the underlying.

The valuation of option on emission allowances is addressed in [9], which considers
the endogenous emission permit price dynamics within an equilibrium setting to value
European options on emission allowances. On this topic, it is also worth highlighting
that [11] discusses the empirical evidence from existing markets and develops an empir-
ically and theoretically valid framework for the pricing and hedging of the intra-phase
and the inter-phase futures and options on futures, respectively. In addition, the pric-
ing equation has been derived and its numerical method has been developed in [21],
which, however, cares only about different hedging strategies to account for jump risk
and transaction costs. At the end of the first period, how to model the properties of CO,
spot returns is shown in [17] which treats econometric aspects of emission allowance
prices from the statistical distribution and their forecastability.

Generally, it is quite natural that the dynamics evolution of the emission price in the
economic activities is introduced directly. A stochastic process is proposed to capture
the behaviour of the unique equilibrium spot price, and the dynamics of carbon futures
is derived under risk neutral by using a no-arbitrage principle in [10]. Moreover, [8]
makes a rigorous analysis on a simple risk-neutral reduced-form model for allowance
futures prices, demonstrates its calibration to historical data, and shows how to price
European call options written on these contracts. The short-term spot price behavior
and characteristic properties for financial time series are observed for prices of emission
allowances from the new EU-wide CO, emissions trading system (EU ETS) in [5].

The classical log-normal diffusion model [7] cannot handle the “rare events”, which
have to do with the discontinuity of the observed price processes. There are several
empirical researches supporting the presence of jumps especially in the interest rates,
foreign exchange rates, and energy commodity price (see [11,21]), and the jump model
might explain the reason for the mispricing with respect to the Black-Scholes model [4].
In addition, different financial problems under jump diffusion processes are discussed
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in [1-3]. Also, it is important to know how jumps might influence option valuations and
investment decisions. Especially, in the presence of jump processes, the derivation of
formulas for the valuations of derivatives is complicated by several factors [11].

To the best of the authors” knowledge, option pricing within EU ETS is considered
only recently. Hence, the literature on the valuation of CO,-derivatives is still sparse.
The main contribution of this paper is to develop the model to price European option on
CO; emissions allowance futures under the Merton’s and the Kou's jump diffusions (see,
for example, [18] and [22]). It is crucial to provide some intuition to understand for nu-
merical method support by comparing with other results using different method. In fact,
using the risk minimizing trading strategy, we obtain the pricing model governed by a
partial differential equation (PDE). What is more, a so-called fitted finite volume method
is provided to solve the mathematical model numerically. As we all know, although some
option pricing models have exact solutions in terms of infinite series of special functions,
in general it is more efficient to solve these numerically from a partial differential equa-
tion formulation rather than to approximate the infinite series. Especially, computers are
very popular now, such that numerical methods are welcome for the computations of
option valuations. For a market participant, it will be important to provide a quantitative
framework for pricing emission derivatives by using an appropriate numerical method
rather than a closed form solution. Also, it is crucial to provide some comparisons among
some different numerical methods.

The reminder of the paper is organized as follows. Section 2 presents the necessary
frameworks, makes assumptions, and derives the pricing partial differential equation
based on the CO, emissions allowance in the EU ETS market, including the case in which
the underlying asset price follows a jump-diffusion process. Then, under the risk-neutral
measure and the jump-diffusion processes with various distributions of jump sizes, we
obtain the pricing formulas of the European options. The mathematical treatment in Sec-
tion 3 is primarily concerned with the approximation of the integral term arising from
the pricing equation by the fast Fourier transform (FFT) method. The fitted finite vol-
ume method is presented in Section 4, where the fully discrete scheme is provided. We
then proceed to give some numerical examples to confirm the theoretical results and the
efficiency of the numerical method for the valuation of European options with different
parameters in Section 5. Finally, Section 6 concludes this paper with some comments and
gives future research.

2 Futures stochastic process and option valuation

2.1 Futures stochastic process

In order to price options on futures, first we need to obtain the stochastic process followed
by the prices of futures. Next we will use It6’s lemma for jump processes in [20] and the
risk-neutralized processes for spot price to gain the risk-neutralized process for futures
price.
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In view of the arriving of some information which may arouse the CO, allowance
price to crash, or economical crisis and so on in the CO; derivatives market, we consider
the emergence of jump factor in the spot price stochastic process. Furthermore, under
the historical probability measure IP, the spot price stochastic differential equation can be
described as follows:

dSy=p(Se,t)dt+0(Se,t)dWe+] (St t)dqy, (2.1)

where S; is the EUA spot price at time ¢, W; is a standard Wiener process, u(S;,t) is the
drift, o(S;,t) is the diffusion coefficient, and J(S;,t) is the jump amplitude. The drift, the
diffusion, and the jump coefficients are assumed to be general functions of time and the
EUA spot price. The jump component is controlled by a Poisson process q; with constant
arrival parameter A, i.e., Prob (dg; =1)=Adt and Prob (dgq; =0)=1—Adt. In addition, dW;,
dq:, and y are assumed to be mutually independent. For instance, we have the following
concrete model of (2.1) (see [11]) given by

dSt:(]/l—/\k)stdt+0'5tde+(y—l)Stdqt, (22)

where dW; is an increment of the standard Gauss-Wiener process, u the drift rate, o the
volatility, y the jump size, and A the average number of jumps per year, k=E(y—1), and
E is the expectation operator. Especially, in (2.2) y can be chosen to follow the log-normal
density with y and ¢; being the mean and the variance, respectively,
1 (log(y) —p)*
= ex 2.3
8(y) VAo p( 27 ) 23)

and k=exp(u+0;2/2)—1.
For the jump diffusion in (2.2), under the risk neutral measure Q its equivalent process
is given as follows:

dSi = (r—0—A*k*)Sidt+0S;dW;+ (y* —1)Sdg;, (2.4)

where § is the current marginal net rate of convenience yield, and under the measure Q,
y*, A*, and k* have the same meanings as those in (2.2).
From [6] we know that the futures price F! at time ¢ with the expiration date T can be
obtained as follows:
Fl=8,elr=0)(T=1), (2.5)

which is called the well-known one-factor cost-of-carry formula.

Jump diffusion process is used further in order to develop a framework for pricing
both intra-phase and inter-phase options on futures. With a convenience yield J, spot
and futures prices are related through (2.5). However, it can be argued that for the intra-
phase futures J equals zero since storing permits within a certain period is costless and
EUAs are required only once per year for compliance. Hence, there should not be any
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advantage of holding a long futures position in comparison to holding a long spot posi-
tion, that is, the convenience yield should be zero. Also, this can be explained through
the cost-of-carry model, which states that if we assume a constant interest rate r and there
are no storage costs or dividends, the only costs of holding the underlying is the foregone
interest. Hence, the futures price F;(S;,T) at time ¢ for a contract on S; maturing at time
T is given by the standard cost-of-carry relationship:

Fr=8,e"T-1, (2.6)

Using Itd’s lemma for jump-diffusion processes, the dynamics of the futures price (2.6)
can be represented as

1
dF = Ft+§FSSa§s2+FS(r—A*k*)s} dt + F,0,SdW; + E,Sy*dq; 2.7)

in differential notation under the risk-neutral measure.
According to [14] and (2.4), substituting F;, F;, Fs, into (2.7), we can obtain the futures
price stochastic process as follows:

dF = —\*k*Fdt+0,FdAW, +F(y* —1)dg}. (2.8)

2.2 The valuation of option on futures

Let V(F,t) denote the value of a European contingent claim with striking price K on the
underlying asset F and time f. According to (2.8), using standard arguments (see [25]),
it is easy to show that V(F,t) satisfies the following backward partial integro-differential

equation (PIDE):
oV 1 , ,0*V . . 9V . « _
¥+§0' F ﬁ_/\ k Fﬁ—rV%—)\ E(V(Fy*,t)—V(F,t))=0, (2.9)
with the final condition
V(F,T) =max(K—F,0), (2.10)

where E(-) is an expectation operator given by
[e0]

E(V(Ey'0)= [ V(Fy)g(y)dy" @11)

—o0

In Merton’s model [16], g(-) is given by the log-normal density (2.3); in Kou’s model [15],
the log jump size is a distribution with the double exponential density, in other words,
g(+) is given by the log-double-exponential probability density function:

g(y)=pSrexp(—C1y)H(y) +982exp(ay) H(—y), (2.12)
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where p,g>0,81>1,6>0, p+g=1, k*=E(y*—1) = gféjl gzéfl —1 and H(y) is the
Heaviside function.

As mentioned before, although some option pricing models have exact solutions in
terms of infinite series, we would rather use numerical methods to solve them from a
partial differential equation formulation than approximate the infinite series. To this pur-
pose, we need to add artificial boundary conditions for the above problem (2.9). In fact,
for a European put option on futures, by virtue of its financial meanings, the boundary
conditions can be given by

V(0,t)=Kexp"(T=1, teo,T), (2.13a)
V (Fmaxst) =0, teo,T), (2.13b)

where Fax is a big number.

At present, we pay our attention to the relatively simple case of finite-activity com-
pound Poisson jump diffusion process for a single underlying stochastic variable under
Merton’s model and Kou’s model, deferring the treatment of the more complicated cas-
es of general Levy processes and multiple state variables to future work. As in [24], we
do not assume constant coefficients for the diffusion part of the process. Note that we
have recently become aware of a paper in [26] which is similar in spirit to the methods
suggested in this work, although the details of the implementation are different.

3 Jump integral discretization

In the section, we explore discretization methods for the integral or jump term in PIDE
(2.9). The FFT evaluation of the integral will turn the expression (2.11) into a correlation
product below. In fact, if let x=1log F and z=logy*, then we have the following correlation
product:

1= /_oo V(x+z)f(z)dz, (3.1)

where f(z) = g(e?)e* is the probability density of a jump of size z=1log(y*), and V(z) =
V(e*). In particular, the discrete form of the correlation integral (3.1) requires an equally
spaced grid in log F coordinates. However, a typical grid for the discretization of the PDE
part in (2.9) will be unequally spaced in F coordinates. Therefore, as mentioned in [12],
it is highly unlikely that two grids are fully compatible. Hence, we employ the linear
interpolation between the two grids to determine the appropriate values.

In the following discussions, we will drop the superscript * in the parameters to sim-
plify the notation. In fact, all the processes and parameters below are under the risk
neutral probability measure Q.

Conveniently, we can write the correlation integral (3.1) in discrete form at an equally
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spaced grid nodal point as

N/2

Qxi)~Qi= Y Viifidz+0((Az)?), 3.2)

j=—N/2+1

where V. denotes the nodal approximation of V(kAx) for any k, N a positive integer in
the above, and

1 zj—O—Az/Z p 33
fi=s /z,.Az/z f(2)dz. (33)

When N is selected sufficiently large so that the solution in the areas of interest is not
affected by the application of an asymptotic boundary condition for the large value of
F. In particular, we assume that V2 (j > 0) can be approximated by an asymptotic
boundary condition. In practice, since f; decays rapidly for |j| >0, this should not cause
any difficulty. In addition, notice that V_y2; (j <0) can be interpolated from the known
values V4, since these points represent values near F =0. In other words, since f(z)
decays exponentially as |z| goes to infinity, we expect that f(+N/2Az)~0. An important
property to note is
N/2
fi=0, Vj and ) fiAz<1. (3.4)
j=—N/2+1

This follows the fact that f(y) is a probability density function and f; is defined by E-
g- (3.3). The discrete form of the correlation integral (3.2) uses an equally spaced grid in
logF coordinates.

Assuming that f is real from a safe assumption for financial applications, the discrete
correlation of Eq. (3.2) can be evaluated using the FFT by

Q;=IFFT(FFT(V)-(EFT(f))*), (3.5)

where IFFT stands for the inverse of the FFT and (-)* denotes the complex conjugate.
FFT(f) can be pre-computed and stored for efficiency, since an FFT and an inverse of
FFT must be computed during each time step.
Now we summarize the steps needed to generate the required values Q; as follows.
First of all, in order to obtain approximation of V, we use linear interpolation of the
discrete values V on an equally spaced x grid. If F, ;) < e/A < E,(j)+1, where 7(j) is an

index depending on j, then this generates the required values of V;:

Vi= 3 Vi) + (1= y)) Va(raa + O((BEy (), (3.6)

where ¥ (i) is the interpolation weight, and AF; = F; ;1 —F; for any integer.
Similarly, for any integer i, we assume that (i) is an index such that e <F; <e™a()+1,
Then, we can define the approximation to Q(F;) given by

Q(F:) = bg() Q1)) + (1= 1)) Qg 1) + O((Ae10)?), (3.7)
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where ¢,(;) is the interpolation weight. It is clear that

0<¢;<1, 0<¢;<1. (3.8)
Finally, combining (3.6) and (3.7) with (3.2), we obtain an approximation of Q(F;) given
by
N/2 ,
QE)= Y, TL(V)fiAz+0((Az)?), (3.9)
j=—N/2+1
where
TG(V) =406 [$r000+) Vataire + 1= Paia(049) V (Frtaiy+1)]
+ (1= ¢y )[% i++1)V (Ey(giy+j+1)
+ (=90 +j11) V (Eygiy114j)41) - (3.10)

Algorithm 3.1. The method for computing the integral term in Eq. (3.1) by the FFT can
be represented as:

1. Interpolate the discrete values of V on an equally spaced logF grid, which can gen-
erate the required values of V.

2. Carry out the FFT on the V data. Compute the correlation in the frequency domain
(with pre-computed FFT(f) values), using (3.5).

3. Invert the FFT of the correlation.

4. Interpolate the discrete values of Q; back on the original F grid.

In addition, the matrix R arising from discretization of correlation product term is
dense, and applying the FFT approach to RV! will produce undesirable wrap-around
pollution. Therefore, in order to reduce the effect of FFT wrap-around, a commonly used
technique is to embed the Toeplitz matrix R into the circulant matrix C as the product of
a circulant matrix times a vector, where

[ o A fa o fN
f-1 fo i o fNa

f2 fa1  fo 0 fno
R=| . oL (3.11)

_f;N fl;N fz;N ];o
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and

fo f fo o N fN fin foon S0
f-1 o i N1 N fN fiin o fNaa
f2 fa1 fo - fn2 fna N fNor fNo2

c—| f-n fin fon o foo A s fN (3.12)
N f-n fin o fa1 fo f1 fa o N | ‘
N1 N fono f2 fa1 fo i o fN2
fN—2 fna1 fno0 f3 fo fa fo o fnos

L A 2o fs o foN fiin fooN faon 0 foo
Each row in the above circulant matrix is by definition a circular shift of the previous row,
a property that reflects the periodicity of the sequence in the convolution.

4 The fitted finite volume method

In this section, on the basis of the work in [24], we construct a fitted finite volume method
for (2.9). To this purpose, we first rewrite the problem (2.9) as the following divergent
form:

V3 ([ pdV
ot oF

aF+va> +cV—AQ(F)=0, (4.1)

where ,
2(72 b=—Ak—0?, c=r+A+b=r—c*>—A(k—1).

Let the interval I = (0,Fnax) be divided into N sub-intervals:
Ii:: (Fi/Fi+1)/ izolll"'/N_ll
with 0=Fy < F; < -+ < FNy = Fnax. For eachi=0,1,---,N—1, we put h; = F;;1—F, and
h=maxg<j<n_1h;. We also let F;_1,, € (Fi_1,F;) and F; 1,5 € (F;,Fi11) be two mid-points

for each i=1,2,---,N—1. These points form a second partition of (0,Fnax) if we define
F_1/,=Fyand Fy.1,, = Fy. Integrating both sides of (4.1) over (F;_1,2,Fi11/2), we have

, l E F
_/ i dV o I (FELVMV)} “/2+/ 2 VdF— A/ R O(F)dE=0,  (42)
F 1, ot oF Fi12 JF_1p F1p

fori=1,2,---,N—1. Applying the one-point quadrature rule to the first, third and last
terms, we obtain from the above
aV;

- T;li —[Fiy1/20(V)|Fprs = Fic1/20(V)|E_, ) +eiVili=AQili =0, (4.3)
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fori=1,2,---,N—1, where l; = F11,,—Fi_1,, ¢ci =c(F;,t), Qi = Q(F,t), V; is the nodal
approximation to V(F;,t) to be determined, and p(V) is a flux associated with V defined
by
oV
V):=aF==+bV. 4.4
p(V)i=aF—p+ (4.4)

We now need to find an approximation to p(V') defined above at the mid-point F; 1,
of the interval I; for all i=0,1,---,N—1. This discussion is divided into two cases thati>1
and i =0, respectively.
Case I. Approximation of p at F;1,, for i > 1. Let us consider the following two-point
boundary value problem:

aFv' 4+ b;.q,00) =0, Fel, (4.5a)
+1/
o(F)=V, 0(Fit1) = Vi1, (4.5b)

where b; 1/, =b(x;11,2,t). Integrating (4.5a) yields the first order linear equation
pi(’()) = LZF’U/ —|—b1‘+1/2’0 = Cl,
where C; denotes an additive constant. Solving this linear system gives

Fiﬁlvprl _Fimvi

i i
Pi+1_Fi

, (4.6)

0i(v) =C1=bj1,2

where 7, =b;11,2/a.
Case II. Approximation of p at F; /. Similarly, we can analyze the approximation of the
flux at F; /». Note that the analysis in Case I cannot be applied to the approximation of
the flux on I; = (0,F;) because (4.5a) is degenerate. To smooth away this difficulty, we
consider another ordinary differential equation with an extra degree of freedom in the
following form:
QFUI+bi+1/2Z):C, Fel, (4.7a)
U(FQ) =W, U(Fl) =V. (47b)

Solving this problem analytically gives
1
p1(v) = (aFv'+b1/50)F, , = 2 [((a+Db)Vi—(a—b)Vy], (4.8a)
V:V0+(V1—V0)F/F1, FEIlz(O,Fl). (4.8b)

Thus, it follows from substituting (4.6) or (4.8), depending on the value of i, and (3.9) into
(4.3) that fort=T—t

a‘/l N/2 )
57 —aiVit BiVityiVig +A Y. IL(V)fiAy, (4.9)
j=—N/2+1
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where
151 biv1/2F141 25
w1=—(a—by/n), = ,
G L(EF —F)
F bii1/2F1412F
—_“Yiaap _ _
T 41 (a+biy1/2) L(EP—F c1,
o bi_12F1/,F"]! - bi+1/2Fi+1/2Fl+1
CO(FT=FOL l L(Fl,—F")
e _bicapFiopF bigaFiaF e
1 i i i i v
(Pii7 ! _Fin—ll)li l (Fl’:—l Pii7 )
fori=2,---,N.

Next we discuss the time discretization of the linear ordinary differential equation
system (4.9). Therefore, insert N; —1 points in [0,T]: T=ty>t; >--->ty, =0, and choose
the two-level implicit time-stepping method with a splitting parameter 6=1/2, or Crank-
Nicolson scheme, to ensure that the time-stepping scheme is of 2nd-order accuracy. Thus,
the full Crank-Nicolson scheme is as follows:

AT, Y1 AT, A A N/2 .
v 1= S50 Sty SRy A5y v fay
i=—N/2+1
A A A A N/2 .
_Vn [1_’_ Tn’)/z:| + Zcfxl an—l— Tn,Bl 11_’_/\ Tn Z H}(V”)f]-Ay, (4‘10)

2 j=—N/2+1

for n=0,--,N;, where V" denotes the nodal approximation to V(F;,7,), ATy =t, —t,_1.
Note that the above expressions are invalid for i =0, N because of the Dirichlet boundary
conditions at the two points. To incorporate these boundary nodes in the second and
Nth equations in (4.10), we replace V”+1 and V”+1 in the two equations with the corre-
sponding Dirichlet boundary cond1t1ons in (2. 13) Denoting the vector V" = [V{},---,V{]]
and N x N matrices M and D = (d;;), such that

A A AT, Bi
[Mvn]i_ Tanz Vn Tn')’l Vn T;,Bl iyjrl’ (411&)
A N/2 A N/2 )
[DV"];=—A ZT Yy dVi=—A ZT Y. IE(V)fay, (4.11b)
J=—N/2+1 j=—N/2+1
we get the following matrix form of (4.10):
[[+M+D]V" =[I-M-D]V", (4.12)

where [ is the identity matrix.
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When using an implicit discretization to solve the system (4.12), it is computationally
inefficient to solve it because the correlation product term makes the system matrix dense.
Thus, in this section we will explore the use of iteration to solve the linear system (4.12).
First of all, we have the following stability result.

Theorem 4.1 (Stability of scheme (4.10)). The discretization scheme (4.10) is unconditionally
stable for the given 6 provided that

(1) a;, i 20;

(2) the discrete probability density f; has the properties (3.4);
(3) the interpolation weights satisfy (3.8);

(4) r,A>0.

Proof. Let V"'=[V{, V', V], V”] be the solution vector to (4.10). For any n=0,2,---,N;,
we suppose that the initial solution vector is perturbed, i.e., V? = VO4+E?, and E” =
[EZ,---,E%]T denote the perturbation vector in the nth time step with E} = E}, =0 due
to the Dirichlet boundary conditions. From (4.10) we have

. . N/2 ,
E?Jrl[l—AT;%}—AT;“lE?jll AT;‘BZEZjll )\A;—n Z H}(En+1)fjAy
j=—N/2+1
n ATn’)’z ATn“z n ATnﬁz ATn N2 i(n
=B |1+ = SR SR A Y INEN Ay, (419)
j=—N/2+1

Defining a discrete maximum norm by
|E"||o =max|E}|, (4.14)
1

it follows from the above condition that

AT, yi
1 n

) [1- =]
ATn')/i

2

+2Anmﬂyﬁw+ An¢|ﬂﬁﬂ+ ATy |EM 4|+ = Anﬁ|ﬂ+1 (4.15)

1 1
SIIE”Hoo[H ]%AWHE“H||oo+fArnAr|E"uoo

This implies

Ll

AT, 1 1 1
<HE”H0<>[1+ n')’z} +§ATH/\HEH+1HOO—I_EATHAHEHHoo—i_EATrllxiHEn+lHoo
+ AT E" oo+ S AT ]| E"[loo+ 5 ATuBi | E"[|eo, (4.16)
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which is valid for all i=0,1,---,N and n=0,1,---,N;. In particular, it is true for node i*,

where
max |E/ T = |ELT. (4.17)
1

i*

Therefore, it follows from taking i=i* in (4.16) and Theorem 1 in [26]: A+a;+Bi+vi=—7

that
Atyr ATyr
Bl [14 22 | = Bl [1- =],
1B oo [14 227 ] = %)l [1 -2
and thus
_ Atyr 1_A'rnr
B o < Bl gor << () IEle<l,
5 9
where
‘ 1_A’£nr n . 1_A12'nr
hm( Aw) =0, since ‘ e
e M4 1+53°
Thus, we complete the proof. O

Remark 4.1. Obviously, it is easy to derive from the proof of Theorem 4.1 that
IE" oo <IIE" |-
Also, we have the following convergence result.

Theorem 4.2 (Convergence of the iteration). Provided that
(1) aj,pi > 0;

(2) the discrete probability density f; has the properties (3.4);
(3) the interpolation weights satisfy (3.8);

(4)r>0;A>0,
then the iteration of (4.12) is globally convergent, and the maximum error at each iteration satis-

fies
1
*/\ATk
1€ oo < fl€F oo 12—
1+5(r+A)A7
Proof. As shown in Theorem 5.1 [13], we can easily get the proof of Theorem 4.2. O

Remark 4.2. According to Theorem 1 in [26], the matrix I4+M+D in (4.12) is an M-matrix
when I and At =max;{AT} are sufficiently small.
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5 Numerical experiments

In this section, some European option test problems with different parameters are p-
resented to show the efficiency, usefulness, and convergence rate of the proposed dis-
cretization method. Also, the pictures of hedging parameters A and I are plotted. For
each example, the number of grid points is doubled by dividing the time-step size (At =
0.01 on the coarsest grid) into half. Moreover, the convergence ratio is defined as follows:

VAT/Z_VAT
Ratio (|- [|eo) = | N Ahr/!w
HVh/4 _Vh/z

(5.1)

’
oo

where Vf denotes the computed solution on the mesh with spatial mesh « and time mesh
size B. In addition, the numerical order of convergence is then defined by

Rate =log, Ratio.

Test 1. Here we employ our numerical method discussed in the above to compute the
put option with the final condition and the boundary conditions (2.13) for the Merton’s
model. Moreover, the parameter values are used to value European vanilla put option
under the log-normal jump diffusion process: c=0.15, ¥=0.05, y=—0.90, A=0.10, T=0.25,
K=100, and Fy,x =256.

In the whole model, we choose Fnax =256 to ensure the accuracy of the computed
solution. In addition, the values of / are chosen to be multiples of 2, which is required by
the FFT algorithm. With the above parameters, the numerical results for the put option
are listed in Table 1.

From the above table we can see that our numerical scheme is convergent at the
quadratic rate, since the Ratios approximate 4. The iteration method is under the tol-
erance 1078, which shows the fitted finite volume method combined with the Crank-
Nicolson scheme is very efficient. Moreover, in order to compare the above results with
these by the the closed form method and the Monte Carlo simulation method, we com-
pute the option on future contract using the two algorithm to obtain the prices 3.6751

Table 1: The computed values of a European put option at F =100 under Merton's jump model using the
Crank-Nicolson time-stepping. The interpolation schemes are used to transfer data between the non-uniform F
grids and the uniform log-spaced FFT grids.

x-step | t-step Values at K I VhATZ/ >~ VAo | Ratio
64 25 3.452495194552296
128 50 3.589205720268297 | 0.136710525716001
256 100 | 3.619524797286868 | 0.030319077018571 | 4.5091
512 200 | 3.626942125909804 | 0.007417328622936 | 4.0876
1024 400 | 3.628787222958996 | 0.001845097049192 | 4.0200
2048 800 | 3.629247941271714 | 0.000460718312718 | 4.0048
4096 1600 | 3.629363085126250 | 0.000115143854536 | 4.0012
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Figure 2: Put option value, Delta and Gamma for log-normal probability density function under Merton's jump
diffusion model at t=0: (a) option value and payoff; (b) hedging parameter Delta Vf; (c) hedging parameter

Gamma Vgg.

i i i
60 70 80 920

from the closed form and 3.6338 from the Monte Carlo simulation, respectively. This
implies that the error between the closed form solution and the Monte Carlo method is
0.0413. However, the error between the closed form solution and the numerical method
is 0.0457, which essentially means that the numerical result is quite acceptable and rea-
sonable. In addition, the closed form pricing formula involves an infinite series, in which,
generally speaking, the first 100 terms are needed to compute the option values.

Also, in Fig. 2 we plot the option values and its first and second derivatives (Greeks),
Delta and Gamma, at t =0 for the European put vanilla option. Three figures show that
the option values and Greeks are very stable and no spurious oscillations occur, which
demonstrates that the fitted finite volume method combined with the Crank-Nicolson

scheme is quite robust.
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Test 2. Again we use our numerical method to compute the put option with final con-
dition and boundary conditions (2.13) and under the Kou’s jump model. Here the pa-
rameters, which are the same as those in [13], are chosen as follows: » =0.05, o =0.15,
¢1=3.0465, (,=3.0775, p=0.3445, A =0.1, T=0.25, K=100, and Fnax=256. The numerical
results are listed in Table 2.

Table 2: The computed values of a European put option at F=100 under Kou's jump model using the Crank-
Nicolson time-stepping. The interpolation schemes are used to transfer data between the non-uniform F grids
and the uniform log-spaced FFT grids.

x-step | t-step | ValuesatK | || VhAT2 2 VAo Ratio
64 25 3.091542923
128 50 3.178132626 0.086589703
256 100 | 3.197478907 0.01934628 4.475780449
512 200 | 3.202233537 0.00475463 4.068935017
1024 400 | 3.203418524 0.001184987 4.012390519
2048 800 | 3.203714606 0.000296082 4.002218747
4096 1600 | 3.203788611 | 7.40045x10~° | 4.000871221

Once again, from the above table we can see that the convergent rate of our fitted
finite volume method combined with the Crank-Nicolson numerical method is 2, and
the iteration tolerance is under 1078. In [15], the closed form formula is given to solve
option on futures contract price, and it is 3.22847 by the finite terms truncation. For the
sake of comparison, the option price is computed by the Monte Carlo method, and it is
3.259742. In contrast, the fitted finite volume method is effective and feasible.

In addition, in Fig. 3 we plot the option value, its Delta and Gamma at t =0 for the
European put vanilla option, from which we can see that no spurious oscillations occur.

6 Conclusions and further researches

In the most mature financial markets, a large volume of allowance futures is traded. Eu-
ropean options written on these futures are introduced and traded, although no solid
theoretical foundation for their valuations is available yet. On the basis of stochastic pro-
cess for futures of CO, permits, this paper applies options pricing theory, taking CO,
emission allowance futures as an underlying asset, to establish the mathematical mod-
el which reflects the value of options on CO, emission allowance futures with Merton’s
and Kou's jumps, respectively. Moreover, a so-called fitted finite element method com-
bined with the fast Fourier transform and the Crank-Nicolson time stepping is proposed
to solve the resulting option pricing model, and its stability and convergence are shown.

As mentioned before, the numerical method for the pricing model will be more vi-
able, accurate to make the carbon emission decisions if the investment is needed. To
some extent, quantitative analysis greatly reduces the error between theory and prac-
tice, and avoids the arbitrary individualism because of the lack of theoretical basis. We
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Figure 3: Put option value, Delta and Gamma for log-double-exponential probability density function under

Kou's jump diffusion model at t=0: (a) option value and payoff; (b) hedging parameter Delta Vf; (c) hedging
parameter Gamma Vpr.

hope that our findings are useful, and believe that quantitative modeling in the spirit of
our approach can help regulatory authorities or managers to accurately make decision-
s. Also, the sensitivity parameters, Delta and Gamma, are presented. In addition, some

numerical experiments are presented to demonstrate the efficiency and usefulness of this
established numerical method.

Nevertheless, real-world carbon finance problems are much more complicated. There-
fore, in the future works, we will consider the effects of stochastic convenience yields and
stochastic interest rates on futures option pricing. Furthermore, the one-factor model is
clearly inappropriate when there are abnormal conditions in the commodity market dur-
ing the term of the contract, e.g., when the convenience yield is far above or far below
its long-run mean. So, we will extend our study to the two-factor or three-factor models,

considering the stochastic convenience yields or interest rates, which is close to the real
situation.
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