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99.02 Series involving fixed-column decimal representations
Introduction

As an end-of-term piece of homework, I set the students in one of my
senior classes the task of devising their own question, along with its
solution, related to at least one of the mathematical topics we had covered in
the previous few months.  My intention was to give the students the
opportunity to tackle each other's questions.  One that immediately caught
my eye went, with a little bit of tidying up, as follows:

Let , , ,  be the increasing and infinite sequence of
all positive integers such that when each of these numbers is
written in decimal notation, there is an 8 in the hundreds
column.  Work out the sum of the infinite series

a0 a1 a2 a3, …

a0

20
+

a1

21
+

a2

22
+

a3

23
+  … .
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Unfortunately, despite a valiant attempt, the student who came up with this
question failed to provide a correct solution; it seems he had slightly
underestimated its difficulty.

It occurred to me though that the evaluation of the above sum would
make an interesting application of generating functions.  Furthermore, this
approach would readily allow us to obtain a solution to the corresponding
generalised problem in which the increasing and infinite sequence of
positive integers is such that when each of these numbers is written in
decimal notation, there is an  in the  column.  It is shown here how
these results may be derived.

m nth

A generating function
Let  denote the increasing and infinite sequence of all positive integers

such that when each of these numbers is written in decimal notation, there is
an 8 in the hundreds column, giving

S

S = (800,  801,  802, … ,  899,  1800,  1801,  1802,  … ,  1899,  2800, … ).
We require the sum of the series

∑
∞

k = 0

ak

2k
,

where , , , …, , ,
, and will evaluate this via , which is given by

a0 = 800 a1 = 801 a2 = 802 a99 = 899 a100 = 1800
a101 = 1801, … F (x)

F (x) = 800 + 801x + 802x2 +…  + 899x99 + 1800x100 + 1801x101 …

= ∑
∞

k = 0

akx
k,

the ordinary generating function for , noting that its radius of convergence
is 1.

S

First, we rewrite  asF (x)
F (x) = 1 + 2x + 3x2 + 4x3 +…

 + 799(1 + x + x2 +  …  + x99)
 + 1699(x100 + x101 + x102 +  …  + x199)
 + 2599 (x200 + x201 + x202 +  …  + x299)
 +  …

= 1 + 2x + 3x2 + 4x3 +  …  + ∑
∞

k=1




(900k − 101)∑

99

j =0

x100(k−1)+ j


.

Next, on using the formula for the sum to infinity of a geometric progression
[1], we have

x + x2 + x3 + x4 +  …  =
x

1 − x
.
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Since also

d

dx
(x + x2 + x3 + x4 +… ) = 1 + 2x + 3x2 + 4x3 +  … ,

it follows that

1 + 2x + 3x2 + 4x3 +  … =
d

dx ( x

1 − x) =
1

(1 − x)2
. (1)

Then, on using the formula for the sum of the terms of a finite geometric
progression [1, 2], we have

∑
99

j = 0

x100(k − 1) + j = x100(k − 1) (1 − x100

1 − x ) . (2)

In a similar manner to the way in which (1) was derived, it may be shown
that

∑
∞

k = 1

kx100(k − 1) =
1

(1 − x100)2. (3)

On combining (2) and (3) we obtain, after some simplification,

∑
∞

k = 1




(900k − 101) ∑

∞

k = 1

x100(k − 1) + j


=
799 + 101x100

(1 − x) (1 − x100),

which leads to the result

F (x) =
1

(1 − x)2
+

799 + 101x100

(1 − x) (1 − x100)

=
800 − 799x + 100x100 − 101x101

(1 − x)2 (1 − x100) .

The answer to the student's question is, with the help of computer
algebra,

F (1
2) =

800 − 799 (1
2) + 100 (1

2)100 − 101 (1
2)101

(1 − 1
2)2 (1 − (1

2)100)

=
27077016820874980015969580466834

16902008003043058686622709405

= …1602.000000000000000000000000001419

Notice that although the answer is non-integral, it is very close to 1602.  It is
worth pondering over this briefly, and deciding whether or not this will be
the case for other sums involving fixed-column decimal representations of
integers.
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A generalisation
Finally, let the integers  and  satisfy  and ,

respectively.  We generalise  here to , the generating function for
the increasing and infinite sequence of all positive integers such that when
each of these numbers is written in decimal notation, there is an  in the
column, noting that we adopt here the convention that the right-most column
is termed the 0th column (or units column), the next column is termed the
1st column (the tens column), and so on.  It is relatively straightforward to
show that this generating function is given by

m n 0 ≤ m ≤ 9 n ≥ 1
F (x) Fm,n (x)

m nth

Fm,n(x) =
10nm− (10nm− 1)x + 10n(9 − m)x10n − (10n(9 − m) + 1)x10n+1

(1 − x)2(1 − x10n) .

This could of course be generalised further by considering numbers written
in bases other than decimal.
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99.03 Quick proofs that certain sums of fractions are not
integers

We illustrate our method with the series of reciprocal primes

where  denote the primes in ascending order, so that

 .  The first few partial sums

support the inductive hypothesis that, for ,  where  is

odd and  is even.  Notice that we do not need to assume that  is in its

lowest form: any such representation suffices to deduce immediately (by

contradiction) that  is not an integer.  The inductive step is painless: if

, then  which is of

the required ‘Odd/Even’ form since  is odd.

∑ 1
pr

p1, p2,  …
2 = p1 < p2 <  …

1
2

,
1
2

+
1
3

=
5
6

,
1
2

+
1
3

+
1
5

=
31
30

n ≥ 1 ∑
n

r = 1

1
pr

=
On

En
On

En
On

En

∑
n

r = 1

1
pr

∑
N

r = 1

1
pr

=
ON

EN
∑

N + 1

r = 1

1
pr

=
ON

EN
+

1
pN + 1

=
pN + 1ON + EN

pN + 1EN

pN + 1

Our other examples below may also be set out in the same way but,
following the helpful suggestion of the referee, we can clarify and shorten
the exposition by focusing on the structural properties of the types of
rational numbers involved.  To that end, let  denote the set of rationalA
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