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99.02 Series involving fixed-column decimal representations
Introduction

As an end-of-termpieceof homework,l setthe studentsn one of my
senior classesthe task of devising their own question, along with its
solution,relatedto atleastoneof the mathematicatopicswe hadcoveredn
the previous few months. My intention was to give the studentsthe
opportunityto tackle eachother'squestions. One that immediatelycaught
my eye went, with a little bit of tidying up, as follows:

Let ag, &, &, &, ... be the increasingandinfinite sequencef
all positive integerssuch that when eachof thesenumbersis
written in decimal notation, there is an 8 in the hundreds
column. Work out the sum of the infinite series
a a a
& & A 3

? 21+?+§+....
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Unfortunately,despitea valiant attempt,the studentwho cameup with this
guestion failed to provide a correct solution; it seemshe had slightly
underestimated its difficulty.

It occurredto me thoughthat the evaluationof the abovesum would
make an interestingapplicationof generatingfunctions. Furthermorethis
approachwould readily allow us to obtain a solutionto the corresponding
generalisedproblem in which the increasingand infinite sequenceof
positive integersis such that when each of thesenumbersis written in
decimalnotation,thereis an m in the nth column. It is shownherehow
these results may be derived.

A generating function

Let ¢ denotetheincreasingandinfinite sequencef all positiveintegers
suchthatwheneachof thesenumberss written in decimalnotation,thereis
an 8 in the hundreds column, giving

¢ = (800, 801, 802, ..., 899, 1800, 1801, 1802, ..., 1899, 2800, ...).
We require the sum of the series

i &

k=02k
where ag = 800, a; = 801, a, = 802, ..., ag = 899, a0 = 1800,
a1 = 1801, ..., and will evaluate this vi& (x), which is given by
F(x) = 800 + 801x + 802¢ +... + 899x® + 1800x'* + 1801x™* ...

= Y ax
k=0
the ordinarygeneratingunctionfor &, noting thatits radiusof convergence
is 1.
First, we rewritd- (x) as
FO) =1+ 2X+ 3¢ + 4¢ +...

+ 7901 +x+X + ... +x9
+ 1699 (x'® + X + X% ¢+ ..+ x%)
F 2500030 4 A 4 4 )
+ ..
o % ’
=1+ 2X+3C+AC+ .+ Z{(QOOk— 101)2x1°°(k‘1)”}.
k=1 i=0
Next, on usingtheformulafor the sumto infinity of a geometrigprogression
[1], we have
R G L U
1-x
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Since also
%((x+x2+x3+x4+...) =1+ 22X+33+ 6+ ..,
it follows that
1
1+y+M+M+m=E(X)= . QL
dx\1 - x (1 - x7?

Then, on using the formula for the sum of the termsof a finite geometric
progression [1, 2], we have

§X100(k71>+j _ XlOO(k—l)(l - X100). 2
=0 1-x
In a similar mannerto the way in which (1) wasderived,it may be shown
that
- 1
locd0ok -1 _ ) 3
o] (1 _ X100)2 )

On combining (2) and (3) we obtain, after some simplification,

s > ; 799 + 101x°
(900k — 101) x“”“'l*”} = .
3| 2 T -0 -
which leads to the result

1 799 + 101x°

(1 - x? - (1 - x)(1 — x20)
800 — 799x + 100x'° — 101x0?
(1 -x?(1 - x19)

The answerto the student'squestionis, with the help of computer
algebra,

F(x) =

800 - 799(3) + 100(3)'* — 101 (3™
(1- 31 -3
27077016820874980015969580466834
16902008003043058686622709405

1602.000000000000000000000000001419

Noticethatalthoughthe answeiis non-integralijt is very closeto 1602. It is
worth ponderingover this briefly, and decidingwhetheror not this will be
the casefor other sumsinvolving fixed-columndecimalrepresentationsf
integers.

F() -
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A generalisation

Finally, let the integersm and n satisfy 0 < m< 9 andn > 1,
respectively.We generalisé- (x) hereto Ry, (X), the generatingunctionfor
the increasingandinfinite sequencef all positiveintegerssuchthat when
eachof thesenumberds written in decimalnotation,thereis anmin the nth
column,notingthatwe adoptherethe conventiorthatthe right-mostcolumn
is termedthe Oth column (or units column), the next columnis termedthe
1stcolumn (the tenscolumn),andsoon. It is relatively straightforwardto
show that this generating function is given by

10"m - (10"m - 1)x + 10"(9 — m)x*" — (10"(9 — m) + 1)x1"+1
(1-x2(1-x1) '

This could of coursebe generalisedurther by consideringnumberswritten
in bases other than decimal.

an x) =
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99.03 Quick proofs that certain sums of fractions are not
integers

: . . . . 1
We illustrate our method with the seriesof reciprocal primes ZE

where pi, po, ... denote the primes in ascendin% order, so that
i . 1 1 11 1 &

2=p<pp< .... Thefirst few partialsums=, =+ == —, =+ -+ - = —
22 31 6 % 3 5 30

supportthe inductive hypothesighat,for n > 1, z — = — whereQ, is

r=1 n

. . On. . .
oddandE, is even. Notice that we do not needto assumdhat E” isin its
n
lowest form: any such representatiorsufficesto deduceimmediately (by
n

contradiction)that 2 — is notaninteger. Theinductivestepis painlessif

n1oop L M o 1 On. 1Oy + E
Yy = N then Y = = =M 4 N N

= which is of
1P En ‘o1 P En  Pnez P+ 1En
the required ‘Odd/Even’ form sing® , 1 is odd.

Our other examplesbelow may also be set out in the sameway but,
following the helpful suggestiorof the referee,we can clarify and shorten
the exposition by focusing on the structural propertiesof the types of
rational numbersinvolved. To that end, let A denotethe set of rational
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