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Abstract. We consider stationary ergodic processes indexed by Z or Z" whose finite-
dimensional marginals have laws which are absolutely continuous with respect to Lebesgue
measure. We define an entropy theory for these continuous processes, prove an analogue
of the Shannon-MacMillan-Breiman theorem and study more precisely the particular
example of Gaussian processes.

1. Introduction

In [17] Shannon introduced a general theory of entropy designed to quantify the rate at
which information is produced through the evolution of a stationary stochastic process. He
gave two definitions: one for random variables assuming discrete values and the other for
random variables which assume real values or, more generally, values in R”. However,
these definitions represent but two aspects of a single notion.

In 1958 Kolmogorov adapted Shannon’s discrete version in his definition of entropy for
dynamical systems which enabled him to solve an important open problem concerning the
classification of measure-preserving transformations with continuous (in fact Lebesgue)
spectrum. Shortly afterwards Sinai modified and improved Kolmogorov’s definition so
that today one sometimes speaks of the Kolmogorov—Sinai, KS, invariant.

The KS entropy is also an invariant for stationary stochastic processes in as much as
they may be represented as measure-preserving transformations. However, these processes
frequently have infinite entropy, particularly when the random variables take their values
in a non-discrete space.

For example, all stationary Gaussian processes with absolutely continuous spectrum
have the same infinite KS entropy and indeed they are all measure-theoretically isomorphic
to each other (Ornstein [9]).

+ William Parry died on 20 August 2006, at the time when these notes were completed.
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For this reason we feel that a modification of the traditional definition of isomorphism
should be considered which distinguishes between various processes with infinite KS
entropy. This paper should be regarded as a move toward this end in that we produce an
‘invariant’ based on Shannon’s second version of entropy (designed for continuous valued
random variables).

Shannon’s entropy was extensively investigated, especially by the Russian school, in
the late 1950s and a thorough account appears in Pinsker’s book [14]. One of our main
purposes is to clarify and extend known results in this area.

The invariant investigated here (naturally referred to as Shannon entropy) is simply a
normalized limit of entropy for R” valued random variables, which we compute for all
stationary Gaussian processes in terms of their spectral measures. In general, this entropy
is finite even when the KS entropy is infinite. We show how this entropy changes when a
stationary Gaussian process is subjected to a linear transformation.

This is a topic closely related to the work of Wiener [20] and Kolmogorov [7] on
linear prediction theory. It is well known that stationary Gaussian processes may be
regarded as nonlinear extensions of stationary linear sequences in Hilbert space (i.e.
‘wide sense’ processes in the language of Doob [2]) and entropy theory may be regarded
as the prediction theory of nonlinear processes. Wiener was particularly interested in
nonlinear prediction and in [21] he attempted to prove that all stationary processes
satisfying certain mild conditions are isomorphic to independent Gaussian processes. As
shown by Rosenblatt [15], his proof was flawed and it is interesting to note that his
mistake, which concerned the behaviour of decreasing sequences of sigma-algebras, was
repeated by Kolmogorov (as shown by Rokhlin) in a different context some years later.
We now know through the work of Ornstein and his co-workers that Wiener’s claim is
actually false.

We shall be concerned almost exclusively with stationary stochastic processes X = (X,)
for which the distribution measure of (Xo, ..., X,) is absolutely continuous with respect
to (n 4+ 1)-dimensional Lebesgue measure for all n =0, 1, .. .. Our first theorem shows
that for any ergodic measure-preserving transformation 7' of a probability space there exist
functions F such that (F o T") satisfies the above condition. We prove thereafter that
an entropy ‘a la Kolmogorov’ can be defined using the continuous entropy definition of
Shannon. We prove that these averages of entropies always converge. The theory extends
naturally to Z" actions. In this framework, we prove a Shannon-Breiman—-MacMillan-type
pointwise theorem. However, if the Kolmogorov entropy of the transformation is finite,
then the limit above is always —oo. In general, this limit is majorized by (1/2) log(2m)
plus one half of the variance of the observable. In particular, the preceding inequality
reduces to equality if and only if the process is Gaussian independent (this generalizes to
processes a result of Shannon for the case of random variables). We also give a similar
characterization for a stationary process to be Markovian and, more generally, to be with
memory p. The theory applies naturally to Gaussian processes, for which we give a closed
formula for this continuous entropy. It turns out that, in the Gaussian Markovian case, this
entropy determines the process and, in the Gaussian case, when finite it determines the
process up to unilateral isomorphism.

We also give some relationships with the rate of entropy of Pinsker and with the rate of
generation of information as well.

https://doi.org/10.1017/50143385707001034 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707001034

Shannon entropy for stationary processes and dynamical systems 449

2. Absolutely continuous processes based on an ergodic system
We begin with the following.

Definition 2.1. A real valued discrete time process X = (X,)es, indexed by a countable
set I, is said to be absolutely continuous if for every finite subset K of I, with cardinality
|K|, the joint distribution of (X,),ck is absolutely continuous with respect to the |K|-
dimensional Lebesgue measure.

This implies that the underlying measure space is non-atomic, a hypothesis which will
hold throughout the paper.

We shall only be using I = Z, or I = Z>.

In this section we prove the following.

PROPOSITION 2.2. Let (2, T, i) be an invertible ergodic dynamical system. Then there
exists F € Lz(,u,) such that the process (F o T") is absolutely continuous.

Proof. Let (Y, S, y) be the independent Gaussian dynamical system: Y := RZ, S is the
shift transformation (Sy); = y;j4+1, for y € Y, j € Z, and y is the product measure of the
measures y;, j € Z, where, for every j, y; = )~ 12 exp(—(1/2)x?) di(x), [ being the
Lebesgue measure on R. Let Y, : ¥ — R be the projection onto the nth coordinate.

According to Dye’s theorem, [3], there exists an integer-valued measurable function
7:Y — Z such that if §;:Y — Y is the transformation defined by S;(y) = S7™(y),
for y-almost all y € Y, then the two dynamical systems (€2, 7, ) and (Y, Sy, y) are
isomorphic. Let 6 : Q2 — Y be a map giving the isomorphism: 6 o7 = S; 06 and y =
wob~ . Set F=Yyo6@ and Z,=Yyo0S", forneZ,sothat (F, FoT,..., FoT" 1)
and (Zo, Z1, ..., Z,—1) have the same law, say o;. We now show that ¢, is absolutely
continuous with respect to Lebesgue measure and this ends the proof. To do this, for every
k=(ki, ..., ko_1) € Z" !, put

Ei={t=k,toS" =ky, toShth =f3, .. rosht tha_f )

and let F} denote the sigma-algebra generated by Yo, Yx,, ..., Yk +..4k,_,. In view of
the definition of (Y, S, y), straightforward computations show then that ¢, is absolutely
continuous with respect to Lebesgue measure and has the density g := Y 7., g, Where
g]}()’O, R} Yn—l) = E}/[]E]; | ‘-7:]2] ()’0, )’17 ceey Yn—l)
x (2m) "D exp(—=3(OF + -+ ya_ )

and E,[1 E; | ] denotes the conditional expectation with respect to y of 1 E; given the
sigma-algebra F7. O
Remark 2.3.

(1)  The function F in Lemma 2 can be taken (as the proof shows) in the intersection of

{LP(n):p=1}.
(2) We can show that there exists an F such that, for every n, the law of (F, Fo T,
..., F o T" 1) is equivalent to the n-dimensional Lebesgue measure.

In the same way we have the following.
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PROPOSITION 2.4. If T and S are measure-preserving transformations which commute
on a probability space (2, F, i), such that the joint action is ergodic, then there exists
F € L2(w) such that the process (F o T"™ o S™) (m.nyez2 is absolutely continuous.

3. Notation, a few prerequisites and a lemma
3.1. Conditional entropy of probability measures. In this subsection we recall various
definitions attached to Shannon entropy [14].

Definition 3.1. Let P and Q be probability measures defined on the same measurable space
(2, F). Let P be the set of all finite measurable partitions of 2. If IT is in P let

P(E)
Sn(P = P(E)log| ——— ). 1
n(P | Q) EEEH (E) 0g<Q(E)) ey

Then, for I1; € P, I1; finer than IT implies that
Sn(P1Q)=Sm(P|Q). (@)
The entropy Hg(P) of P with respect to Q is defined by

Hg(P) := sup Su(P | Q). 3)
[eP

We list without proofs some results which we are going to use.

THEOREM A. (Gelfand et al [14]) Let P, Q be two probability measures on the
measurable space (82, F). Then, if the entropy Hg(P) is finite, P is absolutely continuous

with respect to Q and
dpP
Ho(P)= |1 — | dP.
olF) /Og<dQ>

(In particular, if P is not absolutely continuous with respect to Q, Hg(P) = +00.)

This was introduced first by Shannon [17], for densities: if f € L}r(dx) is such that
Jg f ) dx =1, Shannon considered [ f(x)log f(x) dx.
Let ¢ be the function defined, for x > 0, by

¥ (x) = —x log(x). “4)
Remark 3.2.
(1) If Hp(P) is finite then

HoP) = [10g( L) x ‘L ao=— [y (%L} ao. 5)
Q do dQ o

(2) In particular, Hp(P) =0if and only if P = Q.
(3) More generally, if P is absolutely continuous with respect to QO then

HQ(P)<oo<:>flog( Q)dP<oo<:>/( l/f)( g)dQ<oo (6)

The following theorem follows from the monotonicity property (2).
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THEOREM B. (Dobrushin [14]) Let P, Q be probability measures on (2, F), L an
algebra of sets belonging to F, which generates the sigma-algebra F, and let R be a
Sfamily of finite partitions of 2 whose elements belong to L. If every partition consisting of
sets from L has a finer partition in R, then

Hg(P) = sup Su(P | Q).
IeR

Note that, as remarked by the translator of Pinsker, in Theorem B of Dobrushin, the
condition that the elements of the partitions in R be in L is not necessary.

3.2. Alemma. The following lemma will play an essential role in the rest of the paper.

LEMMA 3.3. Let (2;; Fi, P;) be a probability space for i =1, 2, and v a probability
measure on (21 X Q, F1 ® F2) withmarginals vy on (21, F1) and vy on (22, F7). Then

HP1><P2(V) = Hlevz(‘]) + HP1 (V]) + HP2 (VZ)v (7)

and in particular
HP]XPQ(U) EHPI(UI)—}_HPz(UZ)a (8)
HP] ><P2 (V) 2 HU] b 9%) (V) (9)

Proof. By Theorem B of Dobrushin, Hp, x p, (V) is given by the supremum, over all finite
measurable partitions I of €21 and IT; of 2, of the sums Sp, xm, (v | P1 X< P2).

If v is not absolutely continuous with respect to vy x vp, then, by Theorem A,
H,, xv, (V) = 400, and thus

HP]XPZ(])) <4oo= HU]XVz(U) + HP1 (l)l) + HPz(v2)~

If v is absolutely continuous with respect to v; X 1o, the equalities

v(E x F) v(E x F) vi(E)
VWE x F)log ————— =Vv(E X F) [log ——————— + log
Py x P,)(E x F) v X 1(E x F) Pi(E)
t10e 290 pen, Fem,
P, (F)

imply
Syxm, (v | Pt X P2) =Sy xm, (v | vi X v2) + Sy (v | Pr) + S, (v2 | P2),  (EY)
and therefore
Sty xm, (v [ P1 X P2) < Hy, xv, (v) + Hp, (v1) + Hp,(12),
from which it follows that
Hp,xp,(V) < Hy xv, (V) + Hp, (v1) + Hp, (v2).
To prove the reverse inequality

Hp,xp, (V) > Hy v, (V) + Hp (v1) + Hp,(v2), (E2)
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consider four arbitrary finite measurable partitions: I1j, Ay of 21, and IT>, A, of Q23; note
that we can find a finite measurable partition I'; of €2; refining both I1; and A;, i =1, 2.
Then the partition I'y x I'y :={M x N | M €'y, N € I'»} also refines I1; x I1,. But, in
view of inequality (2), we have, fori =1, 2,

Sa; i | P) <8t (vi | Py).
Similarly,
Styxm, (v [ v X v2) < Sryxr, (v | v1 X v2).
So by summing we get, by (E),
Sa; (v | P) + Sa,(v2 | P2) + Styxm, (v [ vr X 12)
<Srixr, (V| P1 x Pp)) < Hp x p,(V),
from which (E;) follows. This proves (7). As trivially (7) implies (8) and (9), the proof

is finished. O

Remark 3.4. The inequality (9) implies that, for fixed v, the infimum, over all probability
measures Py and P, of Hp xp,(v) is attained for P; = vy and P, = v;, and formula (7)
shows that it is attained only for these particular values of P and Ps.

COROLLARY 3.5. Let v be a probability measure on a product measurable space. If the
entropy Hp, x p, (V) of v, with respect to a product probability measure Py x P, is finite,
then v is absolutely continuous with respect to the product vi X vy of its marginals, and
these marginals are absolutely continuous with respect to Py and P, respectively.

4. Shannon entropy of absolutely continuous processes
4.1. Notation. Let (2, T, u) be an invertible ergodic dynamical system. Let A=

{A1, ..., Ax} be a finite partition of 2. Let m on AZ be the product measure with
marginals giving equal weights to the atoms of A. Let F = Z];:() ajla; be discrete with
a; #aj fori # j, and F,(x) = (F(x), ..., F(T""x)), for x € Q. Then if y, = uF, !

and m,, respectively, are the restrictions of p and m to \/?;(1) T/ A, we obtain, with the
standard definition of entropy of a partition,

-1

n—1
: duF,
H“(\/ T_J.A):—/ log i oF,dpu.
=0 Q dm

n

In this paper we are interested in the case where F is continuous valued, say real valued,
with (F o T") absolutely continuous (cf. Definition 2.1). In this case, denoting " the
Lebesgue measure on R”, we consider the function Z,, = Z,,(F') defined by

duF, !
Z,(x) :=—log< ’;l: )an(x), xeQ, (10)
together with its integral
H, = H,(F) :=/QIndu. an
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Then, with i as in (4), it follows that

duF '\
H,,(F):/nw( o )dl. (12)

We focus on the asymptotic behavior of the sequences (1/n)Z, and (1/n) H,, which we
call, respectively, the sequences of Shannon information and Shannon entropy associated
to the process (F o T").

Let
1 1 2 ®n
yozﬁexp(—zx )dl(x), Ya=vy » n=1 (13)
The following quantities are closely related to Z,, and Hp,:
duF;!
T.6=Tna(P) =—log i, (Hn,c = Hoo(F) = [ Zo(F) du),
(14)
Tn.pm =1In PM(F)=—10gdM—FVT1 oF (H PM(F):/I PM(F)dM>~
’ ’ d(uF=her =0 T
15)

The link between these quantities, which behave very much the same, is made precise
in formulas (46) and (47).

We shall employ each of the above quantities as seems appropriate. It should be clear
that a result formulated using one is easily transformed into a result formulated in terms of
the other.

In the case of ergodic Z? action we shall use the following notation.

If F:Q— R is measurable and K is a finite subset of ZZ, let Fg(x)=
(F(T™S"X))(m,nyek» for x € Q. If the law of Fg is absolutely continuous with respect
to |K|-dimensional Lebesgue measure, we denote fx as its density. In particular, if
K:{(i,j)622:0§i§n— 1,0<j <n—1}, we denote Fx by F,» and fx by f,.
If the process (F o T™ o §"),, 4)ez2 1s absolutely continuous, as in the one-dimensional
case, we consider

h? = —log f2 0 F,, (16)
and its integral
2) . 2
H® .:/hfﬂdu. (17)

As our concern is the asymptotic behavior of (1/ nz)hflz), there is no loss of generality if

we suppose that Q = ]RZZ, F is the projection onto the zero coordinate, (Tx); = X¢1(0, 1)
(8x)g = xg4(1,0), for x € RZZ, g € 72, and that y is a probability measure whose finite-
dimensional marginals are absolutely continuous with respect to Lebesgue measure, and
which is invariant by the shifts 7 and S. In this case all the densities f,2, for various n,
will be denoted by f without subscript, so that, for every x € RZZ, we have

1 1
—hP ) = ——log F(X; 1), (18)

where

https://doi.org/10.1017/50143385707001034 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707001034

454 D. Hamdan et al

Xij = (xs,t)(s,t)el;fj’ (o)
and
Ii’fj ={(s, )Is=0,...,i}U{(,)|0<s<n—-1,0<t<j—1}, (ay)
forl <i,j<n-1, 16’,0 ={(0, 0)} and Il.’”o ={(s,0):5=0, ..., i}. For future use, let

Yl = (X5, (s.0)€ 1!, (5.0)7(0.0) -
In particular,

Xptl = ()s.i=0,m (a0)

and
Yl = (6s.0)5.020....m. (s.0)20- (ar)

Let
L:={G jn|0<i,j<n—-1,n=>1}. (@)

The set inclusion on the I{f | induces a partial order on L: we set
G jm =@ n) &= I Clly e (<jnsn) or
(=ji<i',n=n,
that is, the product of the lexicographical order on {(j, i)} and the usual order on {n}.
In the remark below, we single out two properties which we use later.

Remark 4.1.

(1) Lisdirected,and C :={n — 1, n — 1, n) | n > 1} is a cofinal subset of L.

(2) If {(ik, jk, nk) | k € N} is an infinite subset of L, then there is an infinite subset
J of N, such that the sequence ((ix, jk, nk))kes is strictly increasing in L, and
limgey ng + 0.

For [ = (i, j,n) € L, denote F; or a(X;fj), the sigma-algebra generated by {x;; :
(s, ) € I]';}. Then, for [, UVeL <l < F CF.

If m is a probability measure on RY, m! j will denote its restriction to F; = o (X} j),

and we then write
m=m|o(X!), (ro)

and, in particular, mZ_l’n_l will be denoted simply by m,,.

n .
Ly "

. oy 2 .
Two particular probability measures 77 and v on RN will be useful for our purpose.
Their finite- dimensional marginals 7, = 7" ;and v, = vy | are given by

n—1,n— n—1,n—
m= ] fGodnr, (19)
(.0€ly_y 4y
and
vn = f(x0.0) X fFOpy, 1) dh, (20)

where Y' | | isasin (a;) and A = 1,2 denotes n2-dimensional Lebesgue measure.
Recall also that

tn = f(Xy_y p_y) dX, ey

n . .
where Xn_l’n_1 is as in (agp).
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4.2. Convergence of the Shannon entropy. We now turn to the dynamical situation.
We consider a dynamical system (€2, 7, 1) and denote by AC(S2, T, ) the set of
functions F € Lz(,u) such that the process (F o T") is absolutely continuous (i.e. as in
Definition 2.1).

We establish the convergence of the sequence of Shannon entropy (H, (F)/n) defined
by (11), and give, as in the discrete valued case, an a priori upper bound for this limit and a
criterion implying that the process (F' o T") is Gaussian independent (Corollary 4.5). We
also identify this limit (Lemma 4.8).

In the same way, for 72 action, with T and S as generators, AC (2, T, S, i) will denote
the set of F € L?(u) such that the process (F o T™S8"),, nez is absolutely continuous (i.e.
Definition 2.1).

The next formula gives one of the announced links.

Recall that y,, denotes the independent Gaussian measure (cf. (13)), and v is as in (4).

LEMMA 4.2. Let F € AC(Q2, T, u). Then

H,(F 1 duF! 1 1
n )=_/ v 25 dy, + = log@m) + = || F I 22)
n n Jre dyy 2 2

Proof. From formula (12), we get

duF,; ' (dy, duF!
H, = dl" ") dy,.
n / v, (dl” +/ ) dy, VYn

But, if 2(¢) := (1/+/27) exp(—(1/2)12) for t € R, then
duF"  Cdy\ dyn n-l
[ (G )ar = [ <toe S - Z/IOg(h(x/))du ')

n—1
_Zflog(h(F(zj))) dp(x)
j=0

—n/IOg(h(F(X))) du(x)
= Liogm) - & [ Fayd
= —n|:—§ og(2mw) — E/ (x) u(x)]

—nx B log(27) + %nFll%]. O
Remark 4.3.
(i)  The preceding formula (22) can be written as
H,(F) = —Hy, (uF; ) + S(log 27 + | FI}). (23)
(i) If H,(F) is infinite then H,1(F) is infinite.
In fact, (ii) follows from (i), and (i) from formula (5).

LEMMA 4.4. Let F € AC(R2, T, ). Then (H,(F))nen is a sub-additive sequence: for
n,peN,
H,yp, <H,+ Hp. 24)
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Proof. Inequality (24) follows immediately from Lemma 3.3 and formula (23). O

The following corollary is the analogue for the Shannon entropy of the fact that the
Kolmogorov entropy of a countable states process is bounded by the entropy of the zeroth
coordinate. The equality case is analogous to the fact that, in the Kolmogorov situation,
the equality implies that the process is Bernoulli.

COROLLARY 4.5. Let (2, T, ) be a dynamical system. Then for any F € AC(R2, T, u)
the sequence (H,(F)/n) of Shannon entropies converges to Se(F, T), which may be
infinite. Moreover,

Se(F, T) < 5(log(27) + | FII3), (25)

and the equality holds if and only if for every n the law an_l of(F,FoT,...,FoT" 1
is the Gaussian independent measure y,.

Proof. The sequence (H,/n) converges to its infimum, since (H,) is sub-additive by
Lemma 4.4. On the other hand, formula (23) implies that (H,/n) < (1/2) (log(27) +
| F||3), which then yields the inequality (25).

To prove the other statement, note that, from formula (23) and the equality Se(F, T) =
inf{(H,/n) | n € N}, it follows that the equality in (25) is equivalent to the equalities
Hy, (wF,; ') =0, forall n. But this is equivalent to the equalities uF, ' = y,, foralln
by Remark 3.2(2). O

Note that the preceding corollary generalizes to processes a theorem of Shannon that
among random variables with fixed variance the maximum of the continuous entropy is
achieved by a Gaussian variable.

A similar proof can yield an n-dimensional version of this theorem of Shannon.

PROPOSITION 4.6. Let

Mi(n) = {peLL(ﬂ)

/ p(x)dl"(x) =1, / ||x||%p<x>dl"<x>=n}.
Rn ]Rn
Then

sup Y (p(x)) di* (x) = gu +1og(27)).
peMi(n) JR”

Furthermore, this supremum is attained for the Gaussian independent density
p(x) = 2m0) """ exp(—3 (x§ + - - + 7)),
for x = (xp, ..., x,—1) € R", and this is the only one.
We come to the main definition of this section.

Definition 4.7. The Shannon entropy Se(F, T) of the process (F o T") is defined by the
equality

H, (F)

Se(F, T) :=1lim
n n

(26)
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Next we identify the limit in Definition 4.7, the Shannon entropy Se(F, T) of the
process (F o T™), using conditional entropy (Lemma 4.8(b) (ii) and (iii)).
LEMMA 4.8.

(@) Suppose that Hy p is finite. Then
Hy gty WFL ) = Hy + Hy = Hygp, @7)

and, for fixed n, the sequence HﬂFn—l uFy! (/LF,;IP) is increasing in p.
(b) If H, is finite for all n, then:
(i) Se(F,T) is finite if and only if for every n, or for some n,
sup, H, i uFy! (,uF,;rlp) is finite;
(i)
81[17p Hy ot s (WF,} ) = Hy —n x Se(F, T); (28)

(iii) if v is the law of the process (F, F o T, .. .) and vy is the probability measure
on RN, with (n + p)-marginal given by /LF;I X /LF;l,fOV any p > 0, then
H,,(v) = H, —nSe(F, T).

In particular, if Se(F, T) is finite, v is absolutely continuous with respect to vy,.

Proof. (a) Formula (27) follows from Lemma 3.3 and formula (23). The other property
follows from the definition, since, when I1; and I1, are finite partitions of R" and R”,
respectively, we have

Sttty (WF )y |yt X ) < Sty (WFy oy | Fy X wF L),

(b) Put UZ := H, — H,4,, and in particular, forn = 1,

eyl — —
up:=—v,=Hpy — Hp.

Then, from (a) above, the sequence (u) is decreasing. So, as (1/N) Z,jy=1 u, converges
to Se(F, T), (uy,) also converges to Se(F, T) =inf, u,. This proves (i). (ii) follows from
(1) and the equality v;’, =—Up —Upy] — - — Upqp—1. (iii) follows from (ii). O

Remark 4.9. If Se(F, T) is finite then

Fl)y=0, (29)

1
lim — sup H ,.— _
non ])p MF,,IXMF,,I(M n+p

and, for fixed p, H

S . .
Wy Xy (MFner) is increasing in n, and

— -1
Zn = st;p HManXMF;l (WF, 3 p)

is sub-additive and increasing.

For the convergence of Shannon entropy in the case of Z? action, for F e
AC(R2, T, S, n), we have the following.
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LEMMA 4.10. Let yu, and m, be as in (21) and (19), respectively. Then

o1 1
lim — H® = — sup — Hy, () — / f@) log f(t)dt.
non n n R

n
n—1,n—

f(XZ—l n—l)
f(Xn_l _1) — 2 X f(xs,t)»
nehn l_[(s,t)ez;; S (x50 (s,t)ell,’,_l!,

—1,n—1

Proof. With notation as in (ag), we can write f (X 1) in the following form,

n—1
from which we get

FXa )

el f(xs,t)

/log fX i mpdu = [ log dpu

H(s,t)elr’,L

L,

Y [l st i

n
(S’t)eln—l,n—l

That is,

/ log f(X!_y ,_)dp=Hz, (ui_y , ) +n° / £ (x0,0) log f(x0,0) dxo,0-
(30)

Put z,, := Hy, (H'Z—l,n—l)' (One can see that (—z,) is sub-additive.)

Let R,’(’J =7%N [kn —1,(k+1)n—1]1x[ln—1,(+1)n—1] and denote by
w RZ’ ; the restriction of p to the coordinates in R,’(’, ; and similarly for 7 | RZ’ ;- Letn
be fixed and N > n be an integer. Write N = pyn +ry, where p=py, r=ry €N,
0 <r <nand p > 1. Then clearly we have, by the definition of the conditional entropy,

— N pn —
ZN = Hpy ('U“N—l,N—l) > an,, (I’Lpnfl,pnf]) =Zpn-

But, by Lemma 3.3 and invariance, we obtain
& 2 2
Zon= ) Hury, (| RY ) = p*Hajry (0| RG o) = PP
k,1=0
So

lim su —Lz <
N p N2 N1 = I’lz,

lim su —L <in _o ]
" p NZZN =m 2|

As a consequence, we can now define an entropy of an absolutely continuous process
indexed by Z? as follows.

which implies that

Definition 4.11. The Shannon entropy Se(F, T, S) of the absolutely continuous process
(F oT"™ o 8")y.nezz 1s given by the equality

. 1 1
Se(F,T,S):= ll}gn[—ﬁ / log f,2 0 F,2 d,u{I = hr{n ﬁHéZ)' (31)
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Note that here too it follows from Lemma 4.10 that Se(F, T, S) = — f f(t)log f(¢)dt
if and only if the process (F o T™ o §"),, »)ez2 is independent.

In order to identify the limit in Definition 4.11, for F € AC(R2, T, S, i), we need some
further notation. Let

n n
no._ f(X,"j) . dﬂl’yj
8i,j -

T fxoo) x fOY) T dv)

(32)

where i, v are as in (21) and (20), respectively, and ,ul’.f i vl.’fj are as in (rg).

Remark 4.12. With u, v, gﬁ jas in (21), (20) and (32), respectively, and L as in (a2), the
following properties hold: the family (gl’f j)(i, j,meL 1s a v martingale;

/ gi’fj log gﬁjdv < / ngl‘nfl log g;’h]’nfldv; (33)
sup /gﬁj log gﬁjdv = sup / g271’n71 log g, |, 1dv; (34)
(i.j.n)eL n
—hy =—— ‘ZO log g]'; — log f (x0,0). (E)
i,j=

Remark 4.13. The notation is as in Remark 4.12. Suppose

suip / gZ_l,n_l log 82—1,n—1d" < 00.
Then, if sy = (ik, jk, nx) 1S an increasing sequence in L, the martingale My := g;’k‘;jk is
uniformly integrable and converges v almost everywhere and in L' (v) to the density g, of
w restricted to o ({ My | k > 1}) with respect to v.

In particular, if U, := ngl,nfl’ then U, converges v almost everywhere to the
density g of p with respect to v on the sigma-algebra o ({xs; | s, # > 0}) and therefore
g,'rfj =E,(g| G(X,n/))

In fact, by (34), the hypothesis implies that sup; ; ez, i gﬁj |log g;fj| dv < 00, so that
the family (g;' j)(,-’ j.meL is uniformly integrable with respect to v. Here we have used the
following.

Remark 4.14. Let m be a finite measure and ® ={f; |i € I} be a family of positive
elements in L' (m) with the property

sup/ﬁlogf,-dm<oo.
i

Then:

(1) sup; [ fillog fildm < oo;
(2) the family {f; | i € I} is uniformly integrable;
(3) the family {(log f;)* | i € I} is uniformly integrable.

The following lemma identifies the Shannon entropy of (F o $™ o T"),, , 72, for 7?
action (the limit in Lemma 4.10).
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LEMMA 4.15. Let F € AC(R2, T, S), wand v be as in (21) and (20), respectively. Then
1
Se(F, T, S)=lim — H® = —H,(1) — / f@) log f(t) dt, (35)
n n

and, in particular, Se(F, T, S) is finite if and only if H,(u) < oo.

Proof. Equation (E) implies that

1 1 n—1
n—2H7§2)=—r? .ZO Hvﬁj(uﬁj)—/f(t) log f (1) dt,
1,j=
SO
1
—H = —Hy lwz_l,n_o—/f(r) log f (1) dtZ—Hu(M)—/f(t) log /(1) dt,

proving one direction. On the other hand, for everyn lets, = [ 8 1y logg | ,_4dv=

H"ﬁ—l,n l(un Ln_1)s and uy, = (1/n%) Zl o nj (H’l,j)' If k > p, then
| k=lk-l | k=lkod
p
Up = EZZHVﬁ/(M’/ Zk_2 H lpfl(up_l’P_l)
i=0 j=p ' i=0 j=p
k(k — p) p
) H”f»)—l p—I(MP‘l’P‘l)

_ i P —(1_2
_(1 k)Hp.,,l(“phpl)_<l k)tp.

Hence, lim infy uy > t,, which implies that lim inf; u; > sup pIps and proves the other

direction and also the equality H,(u)=lim, u,, or that (1 /nz)H,gz) converges to

—H,(w) — [ f(t)log f (1) dt. o
We give examples of non-Gaussian and non-independent processes with finite Shannon
entropy.

LEMMA 4.16. Let (2, u, T) be a dynamical system. Let F,G € L'(n). Let &, :=
(F,FoT,...,FoT™ ™, and n,:=(G,GoT,...,GoT" V). Suppose that &, is
absolutely continuous and that &, and n, are independent. Then &, + n, is absolutely
continuous and

H,(F + G) > H,(F). (36)

Proof. If H,(F) = —o0, there is nothing to prove. Suppose then that H,(F) > —oo.
Denote by f the density, with respect to /", of the law « of &,, by u the law of n,, and
by v the law of &, +n,. Then v=a*u=gdl", and g(t) = [p. f(t — y) du(y), for
["-almost all r € R”. Thus we can write

H,(F + G) :/ 1ﬁ(g)ﬂll'lZ/ lﬂ(/ f(t—y)du(y)) dl" (1)

= [ [ e aue]ara

=/ du(y)/ Y (f ) dl* (u) = Hy (F). 0
R R
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COROLLARY 4.17. Let F € AC(2, T, j1). Assume that G € Ll(u) is such that the two
processes (F o T") >0 and (G o T™), >0 are independent. Then

Se(F+G,T)>Se(F, T). 37
1If, in addition, G € AC(2, T, ), then
Se(F + G, T) > max{Se(F, T), Se(G, T)} > %(Se(F, T) + Se(G, T)).

4.3. Connections between Shannon entropy and Kolmogorov-Sinai entropy. We show
that if, for some F € AC(S2, T), the Shannon entropy Se(F, T) is finite then the
Kolmogorov entropy of (€2, T, u) is infinite (Corollary 4.21). We also give a new way
to describe the Shannon entropy for Z action (Theorem 4.20(b)), and for Z? action
(Remark 4.22). Finally, we obtain a criterion of Markovianness (Proposition 4.23).

The following lemma is important for comparing the Kolmogorov—Sinai entropy to the
Shannon entropy.

If P is a finite measurable partition of a probability space (€2, F, P) then the entropy
of P will be denoted by H(P), H(P, P) or H” (P).

LEMMA 4.18. Let & be the set of finite measurable partitions of R, and F~'€ = (F~1P |

P e&). Then
P .
)]
j=1

HMFn_IXMFp_] (/‘LFn_+1p) = sup SP] XPz(/LFn_Jrlp | /-’LF;;I X /-’LF;I)9

n—1 n—1
Hy bty WEailp) = sup [HM< TJB) - H“(V T/'B
BeF-1& -0 o

J

Proof. By Theorem B of Dobrushin,

the supremum being taken over all finite partitions P; of R” and P, of R?, of the following
particular forms: P; =P x --- x P, n times, and P, =P x - - - x P, p times, where P
run in £. But
Spyxpy (WFyity | Wy x wFy Yy = —H(Py x Pa, wFy )+ H(Py, wF, )
+ H(Py, uF; ),

holds and, for these particular forms of P;, i =1, 2, setting B := F -Ip. we easily have

that

n—1 )
H(Py, uF, = H“(\/ T—-/B),
j=0
n+p—1 )
H(Py, uF, ") = H“( \/ T—JB)

j=n

and

n+p—1
H(Py x P, anjp_l)zyl‘( \/ T‘-’B).
j=0
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It then follows that

n—1

n—1 V4
SPixpy (WFyy | Fyt x uFy ) = H"(\/ T/B> — H"(\/ T'B \/ T—JB). i
j=0 j=0 j=1

In the light of Lemma 4.18, formula (27) in Lemma 4.8 can be written as

n—1 n—1
sup |:H“<\/ TjB> - H“(\/ T/'B
j=0 j=0 j=

14
\/ T_JB> =Hy + Hy — Hyip. (38)
BeF-1& j=1

Remark 4.19. Formula (38) allows one to obtain conditions which ensure that H,
will be finite.
One can prove for instance that, for all N, the following are equivalent:
(i)  Hpn41 is finite;
(i) supgep-1glH*(B) — HM(B| \/}_, T7/B)] < +o0;

(i) H,po )uF! (WFy1,) < +oo.

The following theorem gives, in particular, the announced new description of the

Shannon entropy for Z action.

THEOREM 4.20. Let € be as in Lemma 4.18. Suppose H, are finite for all n. Then:
(a) the following are equivalent:
(i)  Se(F, T) is finite,
(i1) for every n (or for some n), supgeF_|g[H“(\/';;(l) T'’B) —nH*(B|B7)] <
+OO,
(iii) lim, (1/n) supBqug[H“(\/?;(l) T'B) —nH*(B|B7)]=0;
(b)  the following equality holds:

Se(F, T)Y=H; + inf [H*(B|B") - H*B)]. 39)
BeF-1&

Proof. Formulas (38), (27) and (28) imply that
n—1 n—1
Zni= sup |:H”<\/ TJB) - H“(\/ T/B| B)} = H, —n x Se(F, T),
B€F718 j:() j:0
inwhichasusual B-:=T-!Bv T 2Bv---. Now
n—1 )
i (\/ 178157 =n 515,
j=0
so we get the equality
n—1 )
H, —n x Se(F, T)= sup H“(\/ TJB) —nH*(B|B) |, (40)
BeF-l& j=0

which establishes the equivalence between (i) and (ii). As (i) implies (iii), by Remark 4.9,
and trivially (iii) implies (ii), the proof is finished, because taking n = 1 in formula (40)
yields equality (39). O
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COROLLARY 4.21. Let (2, T, ) be an invertible dynamical system. If there exists
F e AC(R, T, ) such that the Shannon entropy Se(F, T) of the process (F o T") is finite
then (2, T, ) has infinite entropy.

Proof. The corollary follows directly from the equivalence between (i) and (ii) in
Theorem 4.20. O

Now, for Z? action, we establish a formula analogous to (39) for Z action.

Remark 4.22. Let £ be as in Lemma 4.18. Then, for the stationary absolutely continuous
process (F o §™ o T™), indexed by 72, the following holds:

Se(F, T, S)
=- f f() log f(t) dt+7i)nfg[HM(F—1P |(F~'P)™) — HM(F™'P)].  (41)
€.
In fact, we have H,(u) = sup,, H,,(u,). But

an (tn) = sup Sma(pn | vu),
the supremum being taken over all partitions IT of the form
= { (1 ST7/F'E:E eP},
el

where P is a finite partition of R. But then, with E; ; = S™T~/ F~! E, from the definitions
of u, and v, (see (21) and (20)), it follows that

Sr(pn | v) = Z Mn( ﬂ Ei,j) log

EeP @ Nel_

E; ;)
E; i)

tn (i jyerr
V(i jyerr

1,n—1

1,n—1

= HMF'P) — H“( \/ S"TJ'F‘P> + HM

(i’j)EItlzll,nfl

><< \/ S"'T—J'F—lp)

G DET

= HY(F~'P) — H* (FIP

\/ s"Tf'F17>>.

(i’j)e‘,:fl,nfl
Hence

sup H,y, (ttn) = sup[H*(F~'P) — H*(F~'P | (F~'P)7)],
n P

where (F~'P)~ =\/,-, \/(i’j)e‘]n_l » T-iST/F~IPp.
By Lemma 4.15, we thus obtain (41).
The following proposition gives a criterion for the Markovianness of the process

(FoT™).
PROPOSITION 4.23. Let F € AC(2, T, m) such that Se(F, T) is finite. Then:
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(1)  the process (F o T™) is Markovian if and only if Se(F, T) = H, — Hy; or, more
generally,

(ii)  the process (F o T") has memory p if and only if Se(F, T) = H, 1 — H),.
Proof. We prove (i). The proof of (ii) is similar. If (F o T") is Markovian, taking n = 1
and n = 2 in formula (40), we see that Se(F, T) = Hy — Hj.

For the other direction, put, forn > 1,

ap:= sup [HA) —HA) | T 'Av.---vT A,
AeF-1€

R'=R"A) =T 2?Av.--.vT"Aand L=L,=E[ |T 'Al— E[- | T"'AVR".
Let f be a bounded F —l&_measurable function, where, as in Lemma 7, £ denotes the set
of finite measurable partitions of R. We shall show that L(f) =0 and the proof will be
finished. To do this, we use [19, Lemma 4.5 and Theorem 4.8], according to which, for
any € > 0, there exists §(¢€), 0 < &(€) < €, such that for any probability space (2, F, u)
and any finite partitions P and Q of €, the inequality H*(P) — H*(P | Q) < §(¢) implies
that P and Q are e-independent.

Recall that, following Ornstein [19, Definition 4.7], if P and Q are finite measurable
partitions of a probability space (2, F, u), then P is said to be e-independent of Q if

D lnple) — up)l <e,
peP

for all atoms ¢ except a set of atoms of Q the union of which has a measure less than €.
Fix € > 0. Then there exists A such that

ar—8()? <HA) —HA| T 'A),

for any A which is finer than Ay. But, by formula (15), the hypothesis Se(F, T) =
H, — Hj is equivalent to a; = a, for any n. Thus

HAIT'A) — HAIT ' AV R"(A) < 5(e)>.

So if we denote, respectively, by p, ¢ and r, the generic element of A4, T-'Aand R", we
get

> miq) [H™1(Ay) — H™ (A | R < ()7,
q

where mg (A) = (m(ANq)/m(q)), Ag ={pNq| p € A} and similarly for Ry.
Let Qc :={q | H"1(Ag) — H™1(Ag | Ry) = é(e)}. It follows that

D m@) <8(e), (e1)
q€Qe

and that, for g ¢ O, the partitions Aq and RZ are e-independent, under the measure n,;
that is, there exists Jy, a subfamily of R, such that

Z my(r) >1—e¢, (e2)

redy
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and

Z|m(p|qﬂr)—m(p|q)|<6 forallr € J,. (e3)
peA

Now we can find A finer than Ap, and g = g = ZpE.A ypl, such that || f — g||; < €, and
liglloo <2 x [ flloo- Then

IL@lh =Y

q,r

Zyp[m(pIq)—m(plqﬂr)]‘m(qmr)z Z + Z .
P qeQe q¢ Qe

In view of (e1), the first sum in the above equality is bounded by 2||g||cc8(€). By (e3) and
(e2), the second one is bounded by 3|/ g|lcc X €.
Therefore,

L1 =21 flloc[28(€) + 3€].

It follows that

ILCHOI <20 flloo[26(€) 4 3€] + 2.
This implies that L(f) = 0. O
Note that if (F o T") is Markovian then, for any p, Hyp11 = H| + 2p(H, — H;) and
Hypio=Hy +2p(Hy — Hy).
One might be tempted to introduce an isomorphism invariant Se(7"):

Se(T) = sup {Se(F,T)— H{(F, T)}. 42)
FeAC(Q,Tw)

It is indeed an invariant, but it can only take on the two values —oo and 0.

5. Entropy rate and Shannon entropy
We shall establish some connections between Shannon entropy and some concepts
developed by Pinsker such as information stability and entropy rate.

We recall some definitions from [14]. First recall that if Z is a random variable then its
law is denoted P .

Definition 5.1. Let & = (§,),>1 and n = (17,),>1 be discrete time stationary processes.
The entropy rate of & with respect to 7 is

defined when, for all j, &; and n; take values in the same measurable space, and when the
limit exists.

Remark 5.2. 'We can prove, using Lemma 1, that if  is the independent Gaussian process,
then for any discrete time real state stationary process &, the entropy rate of £ with respect
to n is well defined.
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LEMMA 5.3. Let n = (X,) be the independent Gaussian process, with law y and y,
its projection on the first n coordinates. Let (2, T, u) be a dynamical system, F €
AC(R2, T, u) and v the law of the process § .= (F, F o T, ...). Then:

(1)  Se(F,T) is finite if and only if sup,(1/n) Hy, (/,LFn_l) < 00;

(i) v =y ifand only iflim,(1/n)H,, (,an_l) =0;

(iii) if Hy, (v) is finite then v = y.

Proof. Formula (23) implies that
1 1 _
Se(F, T) = E(1og(2n) +IFII3) — lim —Hy, (1 F, b, (43)

from which we see that Se(F, T) is finite if and only if lim, (1/n)H,, (,an_l) is finite.
This proves (i) because, by super-additivity,

1 -1 ! -1
h,{n ZHy"(MF" )—Slyllp ;Hyn(an ).

Also this last equality together with Remark 3.2 (2) proves (ii).
To prove (iii) note that H,, (uF,” < H,(v), and formula (23) thus implies the
inequality

1 1 1
—H,(F) > ~(log27) + | F3) — = H, (v),
n 2 n
which in turn implies the following one:
Se(F. T) = 5 (log27) + | F|I3).

Hence, by Corollary 4.5, we have v = y. O

COROLLARY 5.4. Let the notation be exactly as in Lemma 5.3. Then:
(1)  Se(F, T) is finite if and only if the entropy rate of & with respect to 1 is finite;
(i) v =y ifand only if the entropy rate of & with respect to n vanishes;
(iii)
Se(F, T) = 3(log(2m) + || FI|3) — Hy(&). “44)

LEMMA 5.5. Let (2, T, ) be a dynamical system, F € AC(2, T, u) and v the law of
the process £ .= (F, Fo T, ...). Let P be the product measure P :=uF '@ uF~'®
- and P(n) = (uF —1y®n g projection to the first n coordinates. Then:

(1) iffor all n eN, Hy is finite (in particular, if Se(F, T) is finite), then v is locally
absolutely continuous with respect to P: for all n, an_l L (WF~hHen,

(1)  Se(F, T) is finite if and only if sup, (1/n)H, p-1yen (/LFn_l) is finite;

(i) v="P < lim, (1/n)H p-1yen (WF, ) =0 < Se(F, T) = fR V(duF~1/
dl) dl;

(iv) if Hp(v) is finite then v = P;

(v)

dufF! 1 1
Se(F,T)= /R w( i ) dl — sgp ;H(MF_1)®,, (LF, ). (45)
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Proof. Recalling that 7,,(F) and Z,, py (F) are defined respectively by (10) and (15), we
have the formula

n-l duF~! .
Ty(F) =T, pu(F) = ) _ log oFoT/, (46)
= dl
which can be written as
1. duF;! 12 duF! .
- log dl: 0 Fy(x) = —~ j;)mg T oFo T/ (x)
1 duF, !

— —log W(Fn(x)),

a proof of which is as follows.

First, by taking P; = (,U,F_1)®” and P, = /JLF_1 in formula (7) in Lemma 3.3, we find

1 -1 -1 -1
Hyp-vyonur-1(WF, ) = Hypov p WF ) + Hpnen (W) + Hy por (WFT)
-1 -1
= H;LF,TIXMF*I ('an-H) + H(MF71)®” (H’Fn )
Next, by taking p = 1 in formula (27), we find
H(MF71)®n+l (’LLFn_-i-ll) = Hn + H] — H,H_l + H(MF—I)®)1 (/LFn_l),

from which it follows, when H, is finite, that H, p-1)en+1 (;LF,;_II) is finite if and only
if Hyp-1yon ([,LFn_l) is finite. This, using Theorem A, implies, by induction on 7, that
if H,, is finite for all m, so, for every n, ,an_l is absolutely continuous with respect to
(wF~1®"_ Thus we can write

duF, ' duF,;! Xd(MF—l)W
dir d(uF-hHen din

So, by taking logarithms, we obtain formula (46), from which follow immediately formula
(45), (ii), (iii) and (iv). O

Remark 5.6. Formula (46) implies that
Hy = Hy py +n x [310gQ27) + 31 FII3 — Hyy(WF~H].
In the same way we have
T, (F) = T, (F) + g log(27) + % i F2oT/, @7)
j=0
and therefore (cf. formulas (22) and (23))
Hy = Hy, +n x [3 log2n) + 3| FII3].
As a corollary, we obtain the following criterion for independence.

COROLLARY 5.7. Se(F, T) = H{(F) if and only if the process (F o T™) is independent.
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Note that Corollary 5.7 can also be proved by using formulas (7) and (23).
Corollary 5.7 together with formula (23) give the following improvement of
Corollary 4.5.

COROLLARY 5.8. Let yy be the probability measure with density (1/(2mw)1/2))
. exp(—(1/2)x2) with respect to Lebesgue measure one on R. Let F € AC(2, T, ). Then

Se(F, T) < —Hy,(wF™") + S (log2m) + | F[3), (48)
and the equality

Se(F, T) = —Hy(WF™") + §(log(2m) + I F|13),
holds if and only if the process (F o T"™) is independent.

Note, once more, that we see from this corollary that Se(F, T) = (1/2)(log(27) +
||F||%) if and only if the process (F o T™) is Gaussian independent (cf. Corollary 4.5).

We can also prove the following, which, in particular, improves the inequality (48) in
the preceding corollary, and gives a link between the Shannon entropy and information
stability.

LEMMA 5.9. If & = (§,)n>1 and n = (nn)n>1 are discrete time stationary processes, the
rate of generation of information about n by & or about & by n (following Pinsker) is

The pair (£, 1) is said to be information stable if 1 (£, ) = 0.

Let (2, T, ) be an invertible dynamical system and F € AC(2, T, ). Let ¢ and
be the processes defined by ¢, = F o T™"T! andw, = F o T", forn =1, 2, . ... Then:
(1)  the pair (¢, ) is information stable if and only if lim,(H,/n — H>,/2n) =0, in

particular if Se(F, T) is finite then the pair (¢, ) is information stable;
(i) Se(F, T) is finite if and only if
o0
Z Q_pHuF{plquz’,,l (,UJFEPL) < 00;
p=0
moreover,

(iii)

1 5 _ I X1 1
Se(F, T) = 5 (log2m) + I FI13) = Hyy(WF ™) = 5 ZO 55 Hursteurg (HFpp)-
p:

We also have the following.

Remark 5.10. Let (2, T, n) be a dynamical system, F € AC(S2, T, ) and & the process
E:=(F, FoT,...). Then the entropy rate of & with respect to the independent Gaussian
stationary process 7 is given by

o0

3 —1 1 1 —1
Hy(®) = Hy (WF ™) + 2 )0 ool et et ).
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6. Application to Gaussian processes
In this section we express the Shannon entropy Se(F, T) in terms of the spectral measure
of the Gaussian process X = (X;,),ecz, When F = X is the zero coordinate function
(Lemma 6.3). This enables us (1) to prove that, in the class of Gaussian Markovian
processes, the Shannon entropy almost determines the process (Remark 6.4), (2) to
show how this entropy changes by linear change of variable (Corollary 6.5), and (3) to
prove that all unilateral Gaussian processes with finite Shannon entropy are isomorphic
(Theorem 6.6).

First, we need some preliminaries.

Let (vy)n=0 be a stationary sequence of unit vectors in the real Hilbert space H,
with (r(n)),ez a strictly positive definite sequence (defining r(—n) =r(n)), where
r(n) = (vn, v0) = (Vn+k, vk). Let R, be the n x n matrix (R,);; =r(i — j), for i, j =

0,...,n—1,andr be the vector r =[r(1), ..., r(n — 1)]*. Then
1 7
R, = .
n <r Rnl)
Evidently for each n there exists a unique vector a = [ay, . . ., a,]" such that the vector
n—1
Wy =V — Zaivi
i=1
is orthogonal to v; fori =1, ..., n — 1. Using the orthogonal decomposition

Vo =wy + (@1v1 + - -+ ap_1Vp—1),

we can prove, by taking scalar products (vg, vg), ..., (Vy—1, Vo), that a is given by the
equation r = R,_1a, or
—1
a=R, _r.

LEMMA 6.1. Forany X' = (xg, ..., xu_1) set Y = (x1, ..., x,_1). Then we have

-1
(xo — X iz) ajxj)?

X'R'X -Y'R 'Y= 5 , 49)
lwnl
and
det(R,) = [|[wp|* det(Ru—1). (50)
In the same way, note first that we have the equality
R —1 I’i
Ry, = ((:t)t 1) s
where r! is the vector whose transpose is DY =@m—=1),...,r)). Moreover, for any
n there exists a unique vector b = [by, . . ., by—3]" such that the vector u,, defined by
Up =vp—1 —bovo — -+ —bp_20,2
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is orthogonal to v; for j =0, ..., n — 2. S0 v,—1 — u, is the projection of v, onto the
subspace spanned by vy, .. ., v,—2, and u, is the projection of v,_; onto the orthogonal
of the linear span of {vg, . .., vy,—2}. Since

Vp—1 = Uy + (bovg + - - - + by_20,-2), (51)

an ‘orthogonal decomposition’, we obtain, by taking scalar products (vo, v,—1), - . .,
(Un—1, Un—1), the equality 7' = R,_1b, or

b= R;_llri.
We also have the following.
LEMMA 6.2. If X =[xq, ..., xs_1) and Y =[xg, . .., xy_2]', then
(n1 — Y125 byxj)?
X'R,'X —Y'R 'Y= . Z«’—;’ A (52)
llun
and
det(R,) = [lun|I* det(Ry—1). (53)
Proof. Let
. Ino1 0
Q - (_b[ 1 s
where I,,_1 is the identity matrix. Then
I,—1 O
-1 _ [(In—-1
o= (5" )
and we have .
R 0
I\t p—1p—1 _ 1
R = n ,
(@ )R, Q (O...O cx)
where & = 1/||uy||?. In fact this equality is equivalent to
Ry—1 0
R t — n
QR Q (o...o a‘)’
which can be easily verified. O

Now let Q =RZ, o be the shift transformation and u be a Gaussian ¢ invariant
probability measure determined by a (strictly) positive definite sequence (r(n)),c7, With
r(—n) =r(n) for any n, so when r(0) = 1 there exists a probability measure v on the unit
circle T such that D(rn) = r(n). In this case we shall call v the spectral measure. In other
words, each n-dimensional distribution has a density p, given by

1 1 n—1
pu(X0. - ¥aml) = G e xexp<_§ Z(Rn‘»,-xixj), (54)
n i,j=0

where

(Rn)ijzr(i—j):/;zx,-xjdpb(x), i,j=0,...,n—1.
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So, if F(x) = xg for x € €2, then, fori > j,
(Rp)ij = / Foo'/Fdu.
Q

LEMMA 6.3. Let P,, Q, and Q denote the orthogonal projections onto the linear span of

(X1, ..., X}, (Xontty oo, Xy and {X—q, X3, ...}, respectively. Then, we have the
following.
(a)
1 1
Se(F, @) = 5 log2m) +log | F = QF |2 + 3 (55)

(56)

1 1 1
3 log(2m) + 3 / log fdi + 3

where f is the density of v with respect to \.
In particular, if |F — QF|| =0 then Se(F, ) = —00
(b) IfIIF — QF]| > 0, the following are equivalent:

(i)  the Shannon information (1/n)Z,(F) converges almost everywhere (respec-
tively in L' )

@) (1/N) Z (F P;jF) 2(eN=7) converges almost everywhere (respectively
in L )

@iii) (1/N) 27;11 (F —P; F)2(o~7) converges almost everywhere (respectively in
Ll),'

@iv) (1/N) 27;11 (F—Q;F Y2 (o)) converges almost everywhere (respectively in
Ll),'

v) (1/N) 2,1:/:2 log (0, (x)/pn(ox)) converges almost everywhere (respectively
inL').

Proof. By formula (54) and Lemma 6.1, we get
X0, - v vy Xp— 1
Pnlo = _ Liog@n) +log IF — Pu i Flla
On—1(X1, ..., Xp—1) 2
| (F = P, F)*(x)
2 ||F = PiFI5

—log

(57)

Now, since the process is Gaussian, P,_1F converges to P F almost everywhere and
in L2, where P is the projection onto the linear span of {F oo, F o o2, .. .}, and PF =
E(F | 0~'B), where B is the Borel sigma-algebra. So, in the case where | F — P F||» > 0,
it follows from (57) that

pn(x)
Pn—1(0x)

1 1 (F - PF)? (x)
i| 210g(27'5)+10g||F PF|p+ =————.  (598)

lim| — lo
[ ® 2 1F = PFI2

Then the equality

pn(x) _ 1 Nl pn(x) 1 1
__r; on_ilocx) N ;l()g<pn(cx)> _ﬁlogpN(x)'i'Nlngz(Ux)

(59)
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proves that —(1 /N) log py(x) converges almost surely (respectively in L') if and only if
—(1/N) Zn -3 log(pn (x)/pn(0x)) converges almost surely (respectively in LY. Now, by
(57) and (59), we obtain the equality (56).

In the same way, we get, by Lemma 6.2,

on(x0s - )1 1 detR, 101 —Y1Zgbx)?
— log = —log(2m) + = log = 5 .
Pn—1(x0, - .+, Xp—2) 2 2 T detR,—1 2 lln I
But, if L,_; is the orthogonal projection onto the linear span of Xo, ..., X,,—2, we

have [[un|> = | Xp—1 — Ly—2Xn—113 = |F — @, F||3, and thus
1
m[— log pn (x0, . .., xy—1) + log p1(xp)]

1 R
= 5 log(2m) + —— n;bg IF — QuFll2

i (F = QuF)? 00" '(x)
2(N—1) —~ IF — Q.FII5

Then, in the case where | FF — Q F|| > 0, the sequence of Shannon information (1/n)Z, (F)
converges almost everywhere (respectively in L') if and only if (1/N) Z;v;ll (F —
Q;F)*(c”/) does so.

The other statements can be proved in a similar way. O

We can deduce easily the following observation from (55).

COROLLARY 6.4. Let (X,) and (Y,) be stationary centered Gaussian Markovian
processes, with the same L? norm. Then they have the same Shannon entropy if and only
if either they have the same law, or (Yy,) and ((—1)" X,,) have the same law.

Proof.  Let v be the spectral measure of X and V' be the spectral measure of Y.
Then if P.(t) =),z rinleint is the Poisson kernel, we have v = P, (¢) dA(r) for some
r and similarly v/ = P./(¢) dA(¢) for some r’. On the other hand, from (55), the
equality Se(Xg, o) = Se(Yy, o) holds if and only if | Xg — QXol|l = ||Yo — Q'Yo||, where
Q' denotes the projection to the negative coordinates of Y. But Q X = aX_; and similarly
Q'Yy = bY_y, for some constants a, b. Thus, the equality of the respective Shannon
entropies is equivalent to |a| = |b|, or to a(X_1, Xo) = b(Y_1, Yy), that is to ar = br’.
(Also, one can show by elementary calculus that f’Jl‘ log P-(t) d\(t) = f?l‘ log P/ (t) dA(t)
if and only if |r| = |r/|.) O

COROLLARY 6.5. Let (X,),cz be a Gaussian stationary process with spectral measure
v.Letg=) .7 ape™ e L2(v) and (Yy,),e7, be the stationary Gaussian process such that
Yo=2 ,c7 anXn. Then

Se(Yy, 0) = Se(Xo, 0) + / log(|gl) dA.
T
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Proof. By the spectral theorem, if v’ is the spectral measure of (Y,,), we have v/ = |g|?v.
So, by the Szego theorem

d
1Yo — Q'Yoll* = exp[/ log <|g|2d—z> dx] = exp[/ log(Ig|%) dk}llxo — 0Xoll*.

Thus, by (56), we get the result. O

Note that, if g € L'()), then f’[[‘ log(|g|) dA is finite if and only if there is an h € H'!
such that |g| = |h|, and in this case, [ log(|g|) dA > |h(0)| = | h dA|.

In particular, if a, =0 for n >0 (or for n <0) and ge€ L'(A) N L%(v) then
[ log(lgl) dx = log | g di| = log |aol.

More particularly, if g € H!(T) is an outer function, then [ log(|g|) dA =log | [ g dAl,
and when, in addition, [* g dA = 0, we obtain Se(Yy, o) = Se(Xo, o).

It is well known from Ornstein theory that a bilateral Gaussian process X = (Xy),ez
with spectral measure absolutely continuous with respect to Lebesgue measure on the
circle is isomorphic to the Gaussian independent process. There is interest in considering
isomorphism for non-invertible transformations (endomorphisms). The first examples of
such isomorphisms have been worked out by Parry [13] and elaborated by Hoffman and
Rudolph [6]. (All the endomorphisms they consider are finite to one.) We consider now the
unilateral transformation (endomorphism) associated to the Gaussian process with spectral
measure equivalent to Lebesgue measure A. For clarity, if X = (X,),>0 is a Gaussian
process with spectral measure v = fd\ we consider the endomorphism 7, defined on RN
by (Tyx), = xp+1, for x € RN and n > 0. Then the shift T, will be isomorphic to the shift
T). if and only if log f is Lebesgue integrable.

To prove this we recall some useful properties that functions in H' or in H? can have.
First recall that, for p =1, 2, H? is the closed subspace of all f € L?(T, (d6/2x)) such
that [T f(t)e™dt =0,n=1,2, ..., and that if 0 < f € L! then log f is integrable if
and only if there is an F € H? such that f=|F |2 [S, Theorem, p. 53]. Recall also
that an inner function f is an analytic function in the unit disc such that | f(z)| <1 and
| £(¢/?)| = 1 almost everywhere on the unit circle, and an outer function F is an analytic
function in the unit disc of the form

k4 ei(? 4z

1
F(Z):O{GXPI:E / ﬁk(Q) d9i|,

—TT

where k is a real-valued integrable function on the circle and « is a complex number with
modulus 1 [5, p. 63]. For a function F € H? to be an outer function it is necessary and
sufficient that the family {z"F :n =0, 1...} span H? [5, Corollary, p. 101]. Also any
non-zero function f € H' can be written in the form f = gF where g is inner and F is
outer [5, Theorem, p. 63, 4, Theorem 12].

In the next theorem the use of Shannon entropy is only to ensure that the logarithm of
the density of the spectral measure is integrable.

THEOREM 6.6. Let v be a probability measure on the unit circle, equivalent to Lebesgue
measure A, with density f. Then the unilateral shifts T, and T, are isomorphic if and only
if Se(Xo, Ty) is finite, or equivalently log f is Lebesgue integrable.
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Proof. Consider the two bilateral Gaussian processes X’ and Y’ with spectral measures A
and fdA, respectively. Then, on the cyclic space Zx, = {Xoo T" : n € Z}, T is unitarily
equivalent to the multiplication M. by z on L%(1). An isomorphism ¢ is given by ¢ (X,,) =
7", n € Z. Similarly, the same holds for T on the cyclic space Zy, = {Yp o T" : n € Z} and
the multiplication by z on L2(fd»), with isomorphism y: ¥ (Y,) = 7", n € Z. It follows
that the action of T on Zx, is unitarily equivalent to the action of T on Zy,. Suppose
first that log f is integrable. Then there exists F € H? such that \/f = |F|. Moreover,
there exist an inner function g and an outer function G € H? such that F = ¢gG and thus
|F| = |G|. Set x = ¢~ G, so that x belongs to the closed linear span of {X, X1, ...}, and
we have

(T"x, x) =(T"¢"'G,¢7'G) = (¢"'M"G, ¢ 'G)

= (M"G, G)=fz”|G|2dk=/z”fdA=(T"Yo, Yo).

On the other hand, if P =), az* is a polynomial, the equalities

HXO — Z akax
k

= H¢(Xo) — Y ap(T*x)
k

= H1 — Zakaqs(x)
k

= H1 —ZakaGH = Hl —ZakszH =|1 - PG|
k k

prove that X belongs to the closed linear space generated by {7"x | n > 0} if and only
if 1 belongs to the closed linear space Z(G) generated by {z"G | n > 0}. But, since G is
outer, Z(G) is equal to H? and thus X € lin{7"x | n > 0}. This proves that 7, and 7), are
isomorphic. The other implication follows from the Szeg6 theorem. O

We end this section with the following result concerning the speed of convergence in
linear prediction.

PROPOSITION 6.7. Let A be the Lebesgue probability measure on T, and v the spectral
measure of a stationary Gaussian process (Xp)ncz. Let Q denote the orthogonal
projection onto the closed (in L*(v)) linear span of the negative coordinates and let
Qn be the orthogonal projection onto the linear span of {X_,, ..., X_1}. Suppose
that Xy # QXo, or equivalently log(dv/d)\) is Lebesgue integrable. Then the series
Z,fil 10Xo— O, Xo ||% converges if and only if v is absolutely continuous and v = e’ d,
with Y-°° | n| f(n)|? < oo.

An equivalent form of Proposition 6.7 is the following.

Remark 6.8. Let v be a probability measure on T. Let H and H, denote the closed

subspaces of L2(v) spanned by {e”" | k> 1} and {eik’ | 1 <k <n}, respectively. Let F,

F, be the orthogonal projection of the constant function 1 onto H and H, respectively.

Suppose that 1 is not in H. Then the following are equivalent:

O X2 IF = Fal® < 003

(i) v is absolutely continuous with respect to the Lebesgue probability measure A and
v=e/dx, with 302, n| f(n)|?* < oo.
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7. 77 action, pointwise statement

In this section we consider specifically absolutely continuous Z" processes, for which
we prove pointwise convergence of the Shannon entropy. The case where n =1 has
already been considered by Barron [1]. However, his method cannot extend to the higher-
dimensional case; the idea of our proof is very close to that by Ornstein and Weiss [10]
for the Z" version of the Shannon—MacMillan-Breiman theorem. The proof is given for
n =2, but it can be easily generalized.

The notation is as in §4. In particular, we refer to (16) and (18) for h,(lz) and to
Definition 4.11, Lemmas 4.10 and 4.15 for Se(F, T, S). Namely, f,» is the density
with respect to Lebesgue measure of the law of F,» := (F o T 0 §") n=o0,...n—1, and
hf,z) = —log f,2 o F,2. The aim of this section is to prove the following theorem.

THEOREM 7.1. Let T, S be commuting measure-preserving transformations on the
probability space (2, F, ) with ergodic joint action. Let F € L?>(1v) such that the process
(FoT™oS8")ynez2 is absolutely continuous, with law v. Let vy be the law of the

process (F oT™o Sn)(m,n)eNz,(m,n);é(O,O)'

Assume that Se(F, T, S) is finite (which is equivalent to H), (v) <o0). Then

F~1xug
(l/nz)hf,z) converges almost everywhere and in L' (1) to Se(F, T, S).
In the case when Se(F, T, S) = —o00 the previous convergence still holds almost

everywhere.

Proof. We establish first the invariance of lim inf(1/ nz)h,(lz). Next, with the help of a
reduction, we prove that this lim inf is in fact almost everywhere a limit.

.....

CLAIM 7.2. Let h, :=1lim inf, (l/nz)hflz). Then h. is invariant by each action.

Proof. Let K(0,n)x(0,n) = X,’,’jll, Kanmxon-1=1{xij|1<i<n,0<j<n-—1} and
wp = (1/n)h?. Then

(n+1)?
wnOS_ n2 wn+1:yn+zﬂ’

where

S (K©.n)x0.n)
[Ti=o £ (o) x [Tz £ xin) X F(K1yx0.0-1))
and z, := (l/nz) log(]_[;'-=0 f(xo,j) x ]_[:’=1 f(xin)). Now z, converges to zero almost
everywhere by the pointwise ergodic theorems. For the first one y,, define, for € > 0,
Ap(€) = Ap by

yn i= (1/n%) log

Ay = {X : f(Xﬁj,l) <o l_[ f(xo,;) x l_[ Fxin) x f(K(l,n)x(O,n—l))}~
=0 i=1

Then, a simple calculation yields w(A,) < e‘”ze and thus, for p almost all x, there is
a p such that —y,(x) <e€ for all n > p, and this implies that 4, <€ + h, o S. Hence
hy < hy o S. It follows that Ay, = h, 0 S.

In the same way, we also have i, = h, o T and this proves the claim. O

We now prove the following.
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CLAIM 7.3. Iflim,(1/n2) H\> is finite then the family {(1/n2)h? : n > 1} is w uniformly
integrable.

Proof. Recall that v and pu are defined by their respective marginals v, and p, as in (20)
and (21), respectively, and gff j is as in (32). Also L is as in (ap) in §4.1. We prove that
the family {log g}’ e (i, j,n) € L} is p uniformly integrable, and this will imply, by the
equality (E) in Remark 4.12, that ((1/n2)h?) is y« uniformly integrable. For [ = (i, j, n),
denote g?y j by p;, and let Iy = (i, jk, nx) be an infinite sequence in L. We shall prove
that (log p,) contains a weakly convergent subsequence, and this proves the claim. By
Remark 4.1(2), (Ix) contains a strictly increasing subsequence which we still denote by
(k). Let Foo :=\/ Fi,. By the formula (34) and Remark 4.13, p;, converges v almost
everywhere to poo 1= dloo/d Voo, Where [Lso and v are the restrictions of w and v to Foo,
respectively. Also we have

0> / —log poo dit = —H,, (teo) = —H\, (1) > —00.

That is, log pso 1S 1 integrable.

But sup, f o, log pdp < sup, f p1log ppdp < oo. Hence, by Remark 4.14,
{(log py,)™ 1k > 1} is uniformly integrable with respect to wu. Set Y; =log p;, and
Y =10g poo, s0 that Yi, ¥ € L(1), Yx converges i almost everywhere to ¥ and f Yidu
converges to f Ydu. It follows that Yk+ converges  almost everywhere to YT, and thus,
because (Y k+ ) is u uniformly integrable, the convergence holds in L' (1) too. In particular,
[ Y du converges to [ YTdu. So [ Y, du converges to [ Y ~du, and thus, since ¥~
converges 4 almost everywhere to Y, it converges in L'(u). This proves that (Y})
converges in L'(i) and a fortiori it is j« uniformly integrable. a

Now we proceed to prove that (1/ nz)hf) converges w almost everywhere. We begin by
showing the following.

CLAIM 7.4. We can reduce ourselves to the case where the density of the law of the first
coordinate is greater than one on its support, and also where lim inf,, (1/ nz)h,(,z) <0.

Proof. Let F : RZ*Z R be the projection to the (0, 0) coordinate, with absolutely
continuous law with density fo =duF~'/dx, and « > 0. Let ¢ : R — R be the map
defined by

1 X
¢>(x)=—/ Jo(?) dt.
o J 0o

Put G = ¢ o F. Then the law of G is absolutely continuous and has density go given by
go=alo,1/a]-

Now let @ : RZXZ s RZ*Z pe the map defined by (®(x)); ; = ¢(x;,;), foralli, j €
Z, so that ®S"T" = S"T"®, andlet m := o @~ !, Define 0 by

O(x) =sup{t e R| ¢ (t) = x}.

Then the finite-dimensional marginals of m are absolutely continuous with respect to
Lebesgue measure and the following relationship holds between the densities f for u and
g for m:
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g((ui j)i,j=0,..n—1) = f((OWi ;)i j=0,...n-1) l—[ 6" (u; j),
i,j=0,....n—1
with the property that, for almost all ¢, go(t) > 0 = go(¢) > «. It follows that

n—1

But it is easy to see that log6’ o F € L'(m) if and only if f Sfo(?) log fo(t) dt is finite.
Also

/log 0 o Fdm=logoa — / Jo(®) log fo(z) dt.

So if f fo(?) log fo(¢) dt is finite, the sequence
1 1 o
EZ log 0’ (u; ;) = ?Z log6' o F o ST (u)
i,] L]

converges m almost everywhere to [ log 6’ o F dm.
only if —(l/nz) log f((@(u;,;))i,j=0,...n—1) also does so. In this case the corresponding
limits (or lim inf), &, and g, verify

ge=hy —loga + / fo(t) log fo(r) dt.

So if &, is at least zero, then if we take « such that

loga > i + / fo(o) log fo(r) dt,

we obtain g, < 0.

Therefore, we can suppose that, for almost all ¢, if fo(¢) > O then fo(#) >« > 1 and
hy :=lim inf (1/n%)h, < 0.

This finishes the proof of the announced reduction. o

As in the Ornstein—Weiss case, we prove the following.
CLAIM 7.5. lim inf (l/nz)hflz) is almost surely a limit.

Proof. Put a := h,. By Claim 7.4, we can and do suppose that a < 0. Let €3 > 0, and
O<e<es. LetlpeN, e, €2 > 0and §; > 0, to be chosen later.

First, by the pointwise ergodic theorem, we find two sequences (k;) and (m;) of natural
numbers converging to oo such that (m;/k;) converges to oo as fast as we wish, a set
Q! c @, with £(Q!) > 1 — 8y, and an integer No(e1) such that:

(i) forallx € Q!, forall N > Ny(e)), there exists Jy(x) C IY | y_;s N*(1 =8 —€1)
< card Jy(x); and
(i) forall, forall (i, j) € Jy(x), there exists n(i, j, [) € [k;, m;], e~ @i:D @+ ~
.. n(i,j,0)
JG D)+ X6 i D =1nG, -1
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Next, by repeated uses of a Vitali covering type lemma, we get an upper estimate of the
(Lebesgue) size of the set 2 é, which enables us to majorize the measure of the set

Wl fXN_ o) e Ve nal,

which will ensure the convergence of the series

a2
D oux | XNy e VeI,
N

in order to get lim sup,, (1/ nz)h,?) < hy. The details are as follows.

It is easy to see, from the definition of a, that, given €y > 0, there exist a set 2,
with u(2¢) > 1 — €, and two strictly increasing sequences of natural numbers k;, my,
with (m;/k;) converging to infinity as fast as one wishes, such that forall/, forall x €
Qc, there exists n; = n;(x) € [k;, my], enitate) o fx)= f(XZ;—l,nl—l)'

Let Jy(x):={@, j):0<i, j<N;T!S/x € Q.}. Then, by the pointwise ergodic
theorem, for any § > 0, there is a measurable set As with (As) > 1 — §, and a natural
number Ny(€q, €, §), such that for all N > Ny(eq, €, §), and for all x € Ag, the following
holds:

N2(u(Qe) — €1) < card Jy (x) < N2 (u(Qe) + €1).

Put§; =€ + 8, and Q! := Q. N As.
It follows that wu(Q!)>1-3;, and for x € Q! and (i, j) € Jy(x) there exists
n(, j, 1) =n(, j, 1) (x) € [k, m;] such that

20 .. i,j,l
e ID @O < £ )+ XD -1 (59)
where we have denoted f(S'T7x) by (i, j) + Xot 20y i 1y—1)-
Note that R; j;(x) := (i, j) + XZ((zl":j":g—l,n(i,j,l)—l is the square with first vertex (i, j)

and with side having length n(i, j, ). Then, for any I, {R; j;(x): (i, j) € Jn(x)} is
a finite cover of Jy(x) by squares. So, due to the freedom, mentioned above, in
the choice of k; and m;, by repeated applications of the Vitali covering lemma [8],
for any €; there exists Ni(ez, €) and Iy, ..., [ >lp, such that, for any N > Ni(e2),
there exist subsets Jy j, (x), ..., Jy . (x) of Jy(x), such that the squares {R; ;; (x):
(i, j)eJny(x),s=1,..., k} are disjoint, and there is a subset J](\), (x) C Jny(x) which
is covered by {R; j;,(x) : (i, j) € Iy, (x), s =1, ..., k} and with (1 — €2) card Jy(x) <
card J](\),(x). It follows that, for N > Ny(€q, €, §)) V Ni(€3, €) and x € Qé, we have

N2u < card JI(\),(x),
where u := (1 — €3) (1 — 81 — €1). Then

k
Nu<> Y ki j.ly) (). (60)

s=1 (i, j)eIn i

Thus, since a < 0, if € > 0 is chosen such that a + € < 0, then

k
Nou@@+e)=y " > n°(Q,j 1) &) (@+e). (61)

s=1 (. j)en g
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Let J 1{, (x) be the intersection with 7 11\,\/_ | nv— of the union of the squares {R; j (x):
i, j)edni(x),s=1,...,k}). Thenif (i, j) ¢ Jll,(x) we have that 1 < (1/a) f(x;,j). In
particular,

a>1=1<f(x;) forall(, j)¢Jyx).

Since o > 1, it follows, by (59), that

k
1sexp<2 Yoo kG gl () <a+e))( [ f(R,-,,-,zS(x))>
s=1,....k, (i, j)eIn 15 (x)

s=1 (i, ))en 1; (x)

X H J (i j).

(. ))¢JI %)

So by (61), we get, for x € Q!,

1< eNZ“(‘”E)( I1 T (Ri,ji (X))) < I rf@p. (62)

s=1,...k,(i,j)eIn 15 (x) (i,j)gylb(x)

2
But the number of all configurations of such disjoint squares is majorized by C 1[\1]\; p ], which
is majorized by ceNzh(ﬂ’l_ﬂ), where 8 = 1/¢2, ¢ being the smallest k;, and ¢ is a constant.
Then by (62), the Lebesgue measure )L(Ql) of Qé is, for N large enough, majorized by
ceN?hB1=P) 5 oN?u(a+€) Byt it can be easily shown that

WA XN_ o) < e V@t nQly < omViere)) @l

So for N large enough, we then obtain /VL({f(XfoNfl) < e’Nz(“*Q)} nelb < ce=No,
where w =a + €3 — h(B, 1 — B) — u(a + €). But there is a constant y > 0, such that, for
N large enough, the exponent w is greater than y. In fact, if we put v = €] + §1, then
u=1—v—e(l—v),andthusw=e3—€ —h(8,1 —B)+ (a+¢)(v+ (1l —v)), so
that, for 0 < y < (e3 — €)/2, we can choose €1, €3, 61, lp and N> > Ny v N, such that,
for all N > N,, we have the inequality

e3—€e>2y>y>hB,1—8)—(a+¢€) (v+e(l —v)).
Then the series

S uUf XNy <e V@ naly
N

is convergent. Letting §; — 0, we get lim supy wy(x) <a + €3, and this finishes the
proof in the case when —oco < @ :=liminfy wy < 0.

If liminfwy = —o00, taking a any negative number, the same proof gives
limsupy wy <a. O
This finishes the proof of Theorem 7.1. O
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