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ABSTRACT

The attractive feature of the singularity method for steady Stokes flows is that the hydrodynamic forces
acting on the particle can be calculated by the total strength of distributed singularities. For unsteady
Stokes flows, however we have to derive hydrodynamic forces acting on a solid body in terms of the
strengths of both unsteady Stokeslets as well as unsteady potential dipoles if mass and force sources are both
taken into consideration. Since the hydrodynamic force formulation results in a Volterra integral equation
of the first kind, and the strengths are numerically approximated by means of the Lubich convolution quad-
rature method (CQM) in this study. As far as the numerical solutions of time-domain integral formulations
of the unsteady Stokes equations are concerned, this paper requires only the Laplace-domain instead of the

time- domain fundamental solutions of the governing equations.
posed method are verified through some well selected numerical examples.

The stability and accuracy of the pro-
In total we include two exam-

ples presenting the accuracy of Lubich CQM, and another two examples for calculating general hydrody-

namic forces of a sphere in oscillating or non-oscillating unsteady Stokes flows.

It is concluded that this

study is able to extend the unsteady Stokes flow theory to more general transient motions instead to limit to

the oscillating flow assumption.

Keywords: Fundamental solutions, Stokeslets, Dipole, Volterra integral equation, Convolution quad-

rature method, Singularity methods.

1. INTRODUCTION

In most engineering applications such as rheological
properties of colloidal systems, microorganisms, sedi-
mentation and nanotechnology, and so on, the approxi-
mate analysis of hydromechanics at Stokes or low-
Reynolds-number flows is based on the assumption of
quasi-steady approach. If we let Re — 0, the inertia
term is completely neglected, and the time variable is
implicit in these equations. The steady Stokes equa-
tions are then reduced to the followings:

0=-Vp+uVu Veu=0 (1)

From analytical points of view, only for several sim-
ple specific geometries in translating, rotating and
shearing flows, or parabolic flow pasting the regular
solid body, solutions of exact steady Stokes flows were
able to be obtained. In general the analytical methods
include but not limit to the conventional harmonic
functions method with the choice of a suitable coordi-

: Corresponding author (dlyoung@ntu.edu.tw)

Journal of Mechanics, Vol. 30, No. 2, April 2014
DOI : 10.1017/jmech.2013.56

nate system; the well-known classical methods and the
singularity method as explored by Chwang and Wu [1].
In particular, the singularity methods provide the possi-
bility to address problems in which the traditional ana-
lytic methods are either very hard or unable to solve.
The basic idea is to simulate the flow in terms of dis-
crete or continuous distributions of fundamental solu-
tions of Stokes equations to satisfy the appropriate
boundary conditions at the surface of the solid body.
Moreover finding the hydrodynamic forces of arbitrary
shape of solid body by the singularity methods is
proved to be feasible. For examples, Dabros [2] dis-
tributed fundamental solutions of Stokes equations in-
side the particle, not particle surface, to estimate hy-
drodynamic forces and torques. Zhou and Pozrikidis
[3] developed adaptive singularity method which moves
the position of singular points inside the particle, and
investigated the accuracy and performance of solutions.
Young et al. [4] also developed a numerical scheme
based on the method of fundamental solutions for the
steady Stokes equations. They tested lid-driven flows
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in a square cavity and a cubic cavity to show that the
scheme is computationally efficient than the finite ele-
ment method in dealing with irregular domain. How-
ever the aforementioned collocation scheme is only
focused on steady Stokes flows. The objective of this
paper is motivated by two major concerns: (1) to study
fluid unsteady inertia term Ou/0t in more general mo-
tion instead of limiting to the oscillating motion and (2)
to investigate the important properties of the singularity
methods for steady and unsteady Stokes flows by theo-
retical and computational approaches.

The first motivation arises from the fact that alt-
hough quasi-steady approach can simplify physical
problems. For example, Feng and Joseph [5] studied
the accuracy of using the quasi-steady scheme in track-
ing unsteady particle motions. However they found
out significant discrepancy exists in the presence or
absence of fluid unsteady term. Numerical results also
showed vivid fact that the quasi-steady approach is
never able to approximate truly unsteady model appro-
priately, since the unsteady inertia term ou/ot plays an
important role in modeling the general motion of the
particles.  Therefore, for general unsteady Stokes
flows, we will establish a strategy to calculate the flow
field and hydrodynamic forces acting on particles by
considering the unsteady inertial force in this paper.
We use analytic space-time fundamental solutions of
the unsteady Stokes equations. Namely, the flow due
to an impulsive point force Fo(x)3(¢) is computed. A
time-space domain formulation is expressed based on
the unsteady fundamental solutions of Stokes equations
with appropriate boundary conditions. This results in
convolution integral equations, or the Volterra integral
equations of the first kind, for the strength of unsteady
Stokeslets. In general, the numerical solution of a
convolution integral equation is a well-studied problem,
and a large variety of numerical methods have been
developed to rapidly and accurately obtain approxima-
tions. Collocation methods (Brunner [6]), Sinc collo-
cation methods (Muhammad et al. [7]), convolution
quadrature method (CQM) (Lubich and Schadle [8]),
and Galerkin methods (Bedivan and Fix [9]) are availa-
ble in the literature. In this study we will employ Lu-
bich CQM for the time discretization to solve the con-
volution integral equation in the target object. Lubich
CQM is solved numerically by using a quadrature for-
mula. Their weights are determined by the Laplace
transform of the kernel function and a linear multistep
method. The numerical results show good stability
and accuracy. However the drawback of CQM is also
sensitive to the shape of Talbot contour, which is a de-
formation of the Bromwich contour.

The second motivation of this paper is to investigate
the important properties of the singularity methods for
steady and unsteady Stokes flows. We follow the vital
rule that hydrodynamic forces acting on a particle in a
viscous fluid are relative to the total strength of distrib-
uted Stokeslets as studied by Dabros [2]. For any
shape of a solid body in an oscillatory flow, we also can
obtain the hydrodynamic force formula as presented by
Pozrikidis [10]:
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F =-8ma+)\V, U(t) ()

in which a is the total strength of the distributed
Stokeslets, U(#) the particle velocity, V. the volume of
the particle and A is a dimensionless parameter given by
A = —iod*/v and o is the oscillation frequency by as-
suming u and p are under oscillatory motions. How-
ever, the above formula is not applicable to an arbitrary
time-dependent motion with general non-oscillating
velocity U(f). In present paper, unsteady fundamental
solutions and Laplace transform will be used to find the
hydrodynamic forces for any general non-oscillating
velocity field. This paper extends and generalizes the
unsteady results of Pozrikidis [10] from oscillatory flow
to a general arbitrary motion.

The organization of the paper is as follows. In Sec-
tion 2, we will present the fundamental solutions of
unsteady Stokes flow due to a concentrated point force
and is called an unsteady Stokeslet. The total forces
exerted by unsteady Stokeslets for arbitrary particle
shape is obtained. In Section 3, a review of Lubich
CQM, the methodology for solving the convolution
integral equation is presented. In Section 4, we pro-
vide four examples using CQM works. Two examples
are that the behavior of the CQM are analyzed and
tested numerically; include their main properties and
accuracy. Another two examples, space-time Volterra
integral equation and the hydrodynamic forces will be
calculated for a translating sphere by CQM. Our con-
clusions are summarized in Section 5.

2. STRENGTH THEOREM

The fundamental solutions of unsteady Stokes flow
represent the solutions due to a concentrated point force
o, with a singularity at the point x,, and at time ¢ = 0.
It is noted that the fluid is treated as incompressible so
that there is no mass source in the continuity equation.
Under such assumptions, the governing equations of
unsteady Stokes flow are then written as:

Veu=0 3)
ou 2
p— = —Vp+uViu +ad(x — Xy )3(7) S

where u = (u, v, w) is the velocity vector; p the constant
density; p the pressure; u the constant dynamic viscos-
ity; X=x-Xx,,andr=|X| an Euclidean
o = (o, 0y, a3) a constant vector and stands for the
strength of the point force locating at x, in a three- di-
mensional Euclidean space, respectively. The funda-
mental solutions of unsteady Stokes flow in the Carte-
sian coordinates are obtained by the techniques of inte-
gral transforms (see Banerjee [11]; Tsai et al. [12]) and
are listed as follows:

norm;

1
w(x,)=—@GE (X, 1) o 5
P (X, 1) I i (X, 1) o (5)
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G; (k. 1)
1 (r8,-%% 2 3r°8, — %, %))
= v 2§+ —L T exp(—\
m( 2ver? Y r P(=1")
erf(M)(r?8; —3%, %)

5
7

(6)
where A =r/+4vt and G; (X,7) is a free-space
Green’s function, also called a fundamental solution or
an unsteady Stokeslet. The induced pressure is

PP n=20% %)
4n r

In principle, the flow fields can be expressed as the
convolution integral in time using the fundamental so-
lutions in Eq. (5). Thus the induced velocity and
pressure are given as follows:

L ofse
u,.(x,z)_%joq,(x,t D), (1) dt 8)

And
1 x
p(x, 1) =——=0,(t) )
dn r

Now, making use of Eq. (8), and considering the
problem that a particle translates with the prescribed
boundary condition U(f) as shown in Fig. 1. The flow
field can be approximated by superposition from all
unsteady Stokeslets. The velocity field is evaluated as

1 N
ui(xst):%;_[;

where N is the number of Stokeslet points; x; is the
position of the kth Stokeslet point, oc’;(t) is the jth
coordinate component of strength for the kth Stokeslet
point collocated in the interior of particle. The meth-
od of using Eq. (10) is called the method of fundamen-
tal solutions (MFS), the singularity method (SM), the
fundamental collocation method (FCM) or the charge
simulation method (CSM) in the literature. For illus-
tration Tsai et al. [12] have used the MFS to solve the
2D and 3D unsteady Stokes flow problems. The basic
idea and feature of the singularity method is to distrib-
ute proper strengths of Stokeslets to satisfy the bound-
ary conditions of regular or irregular solid bodies. For
any given velocity ui(x, f) = U(¢) at the boundary, Eq.
(10) is a Volterra integral equation of the first kind. In
principle, by taking the Laplace transform of Eq. (10)
with respect to ¢, we can obtain the strengths of un-
steady Stokeslets. The singularity method has been
considered to be an efficient numerical and analytical
method for solving both steady and unsteady Stokes
flows.

G,-f(x—xﬁ,t—r) a’;(‘c) dt (10)
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U (X’t)

Fig. 1 Schematic diagram of the nodes distribution of

Stokeslets

It should be mentioned here that for a steady flow,
specifically, the attractive feature of the singularity
method is that the force acting on the body is relative to
the total strength of the distributed singularities as giv-
en by Dabros [2]. The surrounding fluid exerts a force
on the particle like:

F=->d (11)

The feature can be called a strength theorem. For
unsteady Stokes flow, the strength theorem may be not
yet validated. Next, we will address the strength the-
orem. If the strength of unsteady Stokeslets has
known parameters, it can represent the flow field.
Thus the flow field can be simulated by the superposi-
tion of the fundamental solutions. The momentum
equation with finite point forces is expressed by:

ou 2 S k k
—==-Vp+uVu+» o d(x—x)o(t 12
P, P+ E (x—x,) 8(2) (12)

k=1

The fluid force
H (—p+T)en, dA and 7 is the viscous stress tensor, V,
Sb
the interior of volume, n; is the unit outward normal at
Sb and n, is the inward unit at Se. For the definitions
shown in Fig. 1, because the interior of volume ¥, has
no singular points X! existing, we use the divergence
theorem and obtain

exerted on the particle is

”’( p+r)on,dA+ﬂ( p+T)en,dA

_m( Vp+Vo‘c)dV M( —Vp+uViu)dv  (13)

Applying Eq. (4), the Equation is
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H(—p+‘r)onldA-l—ﬂ(—p+‘r)on2dA
Sb Se

=IH [‘g“ka(X-Xﬁ) 8(t)+p2—‘t'j dv (14)

Ve

Because singular points do not exist in V,, Eq. (14) is
further deduced to the following form:

g(—p+‘t)0n1dA = I\!;Jpg—?dV—J;!(—p+r)onsz (15)

The surrounding fluid exerts a force on the control
surface Se of sphere with radius € centered at the point
force a due to an unsteady Stokeslet is given by the
integral

F§0)=—%u0)+15 (") (_ g ]e“LT’dr

Jov(e-1) | 6v(t—1)
(16)
Taking the Laplace transform of Eq. (16), we obtain:
R = La()+ =] - Jag)
s 3 Jrv 6y

3

2 _|gp
g my y vlpm eE (17)

T 2
2 & €

If we let € »> 0 and then by taking the inverse La-
place transform of Eq. (17), we therefore obtain

Fy (1) = —a(1) (18)

By referring to Eq. (15) and n, is the inward unit at
Se, hence the second term of Eq. (15) is given by:

lin(}”(—p—i-r)onz dAziak(t) (19)

Hence the surrounding fluid exerts the force acting
on the particle as:

J.J.(—p+‘r)on1dA:—Z]f:ak(t)+H paa—l;dV (20)

Sh

The volume integral of Eq. (20) means the rate of
change of momentum of fluid with volume of particle is
V.; and u is in the interior of the particle and is equal to
U(¢), the particle moving velocity. The surrounding
fluid exerts a force on the particle as

F:—iak(mn-p% (21)
k=1

where V. is the volume of the particle. This result
agrees with Pozrikidis [10] (in Eq. (2) by some manip-
ulation) that in the original notation the force on a par-
ticle with oscillating Stokeslets as a function of fre-
quency ®. Moreover, if both unsteady Stokeslet and
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unsteady potential dipole are taken into consideration,
we will have to add the inertia force due to the unsteady
term. That is, if we consider both the mass and force
sources, we can simply obtain the hydrodynamic forces
of a sphere with radius a, from the following formula by
adding the dipole into Eq. (21) to get the following
formula (see also Eqs. (34) and (35) below for more
descriptions):

4, du@)

N o 4
F=—a(?) 3dt(d(t))+3nap 0 (22)

o(f) and d(¢) are the strengths of unsteady Stokeslet and
unsteady potential dipole, respectively.

3. CONVOLUTION QUADRATURE METHOD

To find the hydrodynamic forces acting on particles
is essential to the study of mass transfer, rheology and
micro-organism locomotion. Making use of Eq. (21),
Eq. (10) and appropriating boundary conditions to be
fulfilled, we can obtain the hydrodynamic forces. A
fast and stable algorithm for computing convolution
integral was proposed by Lubich and Schadle [8]. The
convolution integrals in Eq. (10) can be expressed

u; (Xa t)
1 N

:%“(J‘:AIG;(X_X:;’ t—1) OL/;(‘C) dt

t—At 23
+j0 GS(x—xt, 1-1) o () dt (23)

Thus in the RHS of Eq. (23), the first integral is calcu-
lated as follows:

J.;At G (x—x;, 1)’ (1) dt
o (1) — ol (1 - Ar)

k
~ ©, ak(t-An)+ D, "

(24)

where

M
@~ Y o, 1G] (x—xi, 1) /A, exp(Arh,)  (25)
h=-M

M
0, ~ Y o, IG5 (x-x5,4,) Al exp(Arh,)  (26)
h=-M

The kernel IG,.f (x—x!,s) is the Laplace transform
of Gj(x—x,,1), the weights w, and quadrature points
An correspond to a Talbot contour I', 2M + 1 is the
number of quadrature points on I'. Since direct nu-
merical integration along Bromwich contour in calcu-
lating inverse Laplace transform is difficult, we employ
the Talbot contour, a special contour integration I' to
numerically solve the inversion problem of the Laplace
transforms. The Talbot contour I is illustrated in Fig.
2, the Talbot contour is given by
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Fig. 2 Illustration of Talbot contour

I'>y(0)=0c+AS,(0) =c+A(0cotO+ivO)
0e(-mm) (27)

The real parameters A(> 0), v(> 0) and o determine
the geometry of curve. The second integral in Eq. (23)
is

t—At
jo GS (x—xt,1—1) ok (1) dt
M

Q

L
£=1 h=—M

(28)

Because the shape of Talbot contour is fundamentally
important to obtain good results and the numerical over-
flow problem may happen for larger ¢, so the choices of
wi? and A" corresponding to the differential Talbot
contour I'} in every interval of time by Lubich and
Schadle [8] must be carefully undertaken. The [0, —Af]
time interval is split into a sequence of L number time
intervals and [, =[t,,,t,], T,=t—At,andt, =0.
Another variables y(t, ,,t,,A\’) is the solution of
initial value problem at time 7t,_,

d
d—f=x§f>y+a’;<t) ¥(t,)=0 (29)

For given velocity of the particle u,(x, £) = U(¢) in Eq.
(23), the no-slip condition leads to the following
Volterra integral of the first kind for the strength oc’]‘.

1 &g
U(t)=— Gi(x—xt t—1)ak(1)dr 30
0= 2,6 ) o (%) (30)

By applying Egs. (26), (28), (29) and (30), the
strength oc’j‘. can be solved. This explains the method
of fundamental solutions or singularity method in the

literature. Furthermore we can substitute otlj‘- into Eq.

(21) to obtain the hydrodynamic drag on the particle.

4. NUMERICAL EXAMPLES

In this section, a Volterra integral equation of the
first kind with a weakly singular kernel function and
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DT 1G] (x=xt, L) exp(t—t,) Ay, 1, A))

another Volterra equation of the second kind are con-
sidered. And the accuracy of Lubich CQM is pre-
sented. We also give another two examples to illus-
trate the application of strength theorem with Lubich
CQM for unsteady Stokes flows. Strength theorem
with Lubich CQM is used to calculate the strength of
unsteady singularities and also to obtain the hydrody-
namic forces acting on the particle for unsteady Stokes
flows. Numerical results are compared with some
exact solutions.

4.1 A Volterra Integral Equation of the First Kind.
We Consider a Volterra Integral Equation with
a Weakly Singular Kernel Function for y(7).

[ K@v @ di=g0 3D

The kernel K(¢, T) and g(¢) is given by

K(t,1)=

L (t)zz\ﬁ
Jn(t—r)’ g T

The Laplace transform is K(s):l/\/; and exact

solution is y(f) = 1.0. In the numerical example we
use Lubich CQM to accurately obtain approximations
to y(¢). The Talbot contour is shown in Fig. 2, the
choices of parameters were found to give good results
with A = 8.0/¢, v= 0.6, o = 0.0, the base B is an integer
and B =2 was found to be a good choice in our numer-
ical experiments, time step A¢z = 0.001 and the number
of quadrature points on Talbot contours is N = 15.

Figure 3 shows the comparison of the exact solution
and the numerical solution of Lubich CQM and abso-
lute errors | y,(¢) — ¥(¢,) | versus time. The approxima-
tion error is about 107 to 107 and the accuracy is very
good.

4.2 A Volterra Integral Equation of the Second
Kind. We Consider Now a Volterra Integral
Equation of the Second Kind.

Y[ K1) y(x) dT=g(0) (32)
The kernel function K(¢, T) and g(¢) are given by
K(t,1)=cos(t—1), g(t)=sin(?)

The exact solution is y(t) = 24373
sin(x/3/2¢)e”> and the Laplace transform is
K(s)=s/(s*+1). In this numerical example we use
Lubich CQM to accurately obtain approximations to
y(f). The choices of parameters were found to be A =
8.0/t, v = 0.6, o = 0.0, the base B = 2, time step
At =0.001 and the number of quadrature points on Tal-
bot contours is N = 15. Figure 4 shows the compari-
son of the exact solution and the numerical solution of
Lubich CQM and absolute errors | y,(f) — y(¢,) | versus
time. The approximation error is about 107 to 107
and the method performed quite well.
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Fig.3 Lubich CQM absolute error versus time for
N =15 and B =2 for case 4.1

absolute error
2
1

Fig. 4 Lubich CQM absolute error versus time for
N =15 and B =2 for case 4.2

4.3 A Sphere Moving in Viscous Flow

To the best of our knowledge, there exist only a few
solutions of the forces and torques (couples) acting on
bodies obtained only for special geometries in unsteady
Stokes flows. For example, due to the pioneering
work of Stokes [13] the hydrodynamic forces of a
translating sphere were obtained with the function of
the frequency of oscillation ®. The inverse Fourier
integral was used to derive the famous formula of the
drag force F acting on a sphere in a time- dependent
motion with velocity U(?) as given by Basset [14]:

:—6nuaU(t)——7tpa ——6 pa ,f I ~
0 ’C
(33)

In this famous equation the first term is the quasi-
steady Stokes drag, the second is the added mass force
and the last term is so-called the Basset force which
stands for the growth of the time-dependent boundary
layer at the body surface. By the singularity method
given by Chwang & Wu [1], in the above problem we
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can employ an unsteady Stokeslet, an unsteady poten-
tial dipole with poles at the center of the sphere, to con-
struct the solutions. The flow fields can be expressed
as the convolution integral in time using the fundamen-
tal solutions. Thus the induced velocity is described

by

1ot 1 .
u(x, 1) = yos j G Ri-Da, (r)d‘c+4—nGPDij (%) d, (1)
(34)

Where the first term is an unsteady Stokeslet and the
second term represents an unsteady potential dipole.
Here, a,(?), di(f) are the strengths of the unsteady sin-
gularities, respectively. The fundamental solutions
G,.]S. (X,¢) can be found in Eq. (6). An unsteady poten-
tial dipole is shown as

>
>

d.. X
GIP (%)= ——L+3- 35)
r r

Without loss of generality, we consider a sphere of
radius a centered at the origin which translates with
velocity U(¢) in the z-direction, where U(¢) is not a
necessary time period but arbitrary and is differentiable
and continuous. For the reason of simplicity and
comparison with Eq. (33) purposes, there are two sim-
ple, but typical examples to be calculated.

4.3(a) An oscillatory motion

It is assumed that the isolated sphere moves with os-
cillatory translational motion and the boundary condi-
tions are then

u=U({)e, =U, sin(ot)e, at r=a
u=0 at r—>o (36)

4.3(b) A non-oscillatory or general motion

The isolated sphere moves with arbitrary translation-
al motion and the boundary conditions are assumed to
be then

u=U(t)e, =Ugerf(kt)e, at r=a
u=0 at r—> o (37)

where U, is velocity amplitude, ® is angular frequency,
erf(?) is Error function, k is the constant, and e, denotes
a unit vector in the z-direction and the initial condition
fort=01is

u=U=0 (38)

In 4.3(a) oscillatory motion case, the exact Basset
integral in Eq. (33) is given by
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dr

jt@ 1  cos(mt)
0dtt-1 0 Jt-t

=U,V2no (cos((ot) Fresc ( ﬂj
T

+sin(wt) Fress[, /ﬂn (39)
T

Here Fresc(¢) and Fress(¢) denote the Fresnel cosine
and sine functions, respectively. However, in (b) gen-
eral motion case, the exact Basset integral only can be
solved with numerical scheme.

Hence all the variables are dimensional, in our nu-
merical experiments silicone oil is used with large vis-
cosity (v =0.01m*/s, p =980.0kg’/m’), the radius of
sphere is 7 = 0.006m, the amplitude U, = 0.01m/s, an-
gular frequency o = m rad/s, k=3.0. In order to obtain
oy(1), di(t) in Eq. (34), we use Lubich CQM and collo-
cation method. The choices of Talbot contour param-
eters were found to give good results with the base B =
2, A=16.0/2BYAt), v = 0.6, ¢ = 0.0, time step
At =0.01. The integration is carried out from ¢t =0
until ¢ = 2, and the number of quadrature points on Tal-
bot contours is N = 101. The surface of sphere is di-
vided into n = 12 boundary points. There are three
components of velocity, so that there are 3n = 36
boundary equations. Since there are two coefficients
o,(f) and di(¢) for a singular point at the center of the
sphere, we need 6 unknown coefficients, as 3n =36 > 6.
Therefore, singular value decomposition (SVD) is used
to obtain af), di(¢). In (a) oscillatory motion case,
Fig. 5 shows the strengths of unsteady Stokeslet a;(f)
and the dipole d;(¢) as denoted by solid line and dashed
line, respectively. The strong oscillating behaviors of
physical characteristics of the strengths of unsteady
Stokeslet and dipole are vividly illustrated in Fig. 5.
The dipole strength ds(¢) is far less than the Stokeslet
a;3(?), the ratio of d3(¢) / as(¢) is about equal to the order
of 107, and the phase difference is m. The relative
error between the numerical results defined by Eq. (22)
and exact solution in Eq. (33) is shown as Fig. 6. Here,
it can be seen that the accuracy of numerical scheme is
stable and accurate except for the maximum relative
error is found to be the time when the hydrodynamic
force approaches zero at t =0, ¢=1,¢=2. The reason
is likely to be still difficult to calculate accurately the
force when the value approximates zero with numerical
method. The relative error is very small in the time of
our computation coverage.

In 4.3(b) non-oscillatory or general motion cases, Fig.
7 shows the strengths of unsteady Stokeslet o;(¢) and
the dipole ds(f) which are denoted by solid line and
dashed line, respectively. The strong decaying be-
haviors of physical characteristics of the strengths of
unsteady Stokeslet and dipole are vividly illustrated in

Fig. 7. The relative error between the numerical
results and

dt=U, oaj
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Fig. 5 The strengths of unsteady Stokeslet o;(¢) and
the dipole d5(¢) as denoted by solid and dashed
lines for case 4.3(a)
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except for the maximum relative error is found
to be the time when the hydrodynamic force
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Fig. 7 The strengths of unsteady Stokeslet o;(f) and

the dipole d5(f) as denoted by solid and dashed
lines for case 4.3(b)
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exact solutions in Eq. (33) is shown as Fig. 8. Here, it
also can be seen that the accuracy of numerical scheme
is still stable and accurate except that the maximum
relative error is found to be the time when the sphere
starts suddenly. The reason is likely to be still diffi-
cult to calculate accurately the force when the value
approximates zero with numerical scheme. The rela-
tive error is very small in the time of our computational
coverage. The novel method of the formula in Eq. (22)
combining with Lubich CQM might be considered as
excellent and efficient for calculating the hydrodynamic
forces in unsteady Stokes flows.

numerical solutio!

-0.002 ——— € X8 Ct SOlUtiON

—————— relative error

-0.004 - 10?

-0.006 =

force
relative error

001 |- !

- ~—
ool o 0 b b g

0.5 1 15
t

Fig. 8 The numerical scheme is stable and accurate
except for the maximum relative error is found
to be the time that the sphere starts suddenly
for case 4.3(b)

5. CONCLUSIONS

The singularity method is a classical method to be
applied to obtain exact solutions of Stokes flows.
More importantly, it provides the possibility of solving
problems that the traditional analytical methods cannot
solve. If the singularities are adaptively chosen,
namely by combing proper singularities, we are able to
simulate the Stokes flow fields, and find hydrodynamic
forces and flow fields. It also provides the alternative
using numerical method to solve more complicated un-
steady Stokes equations. In theory, if the strength of
singularities is known, by referring to Eq. (5) as well as
Eq. (7), we can describe the velocity fields induced by
arbitrary motion of solid particles, including the pres-
sure. In particular, the hydrodynamic force is related
to the total strength of the distributed singularities in
unsteady Stokes problems. A novel technique for the
analysis of hydrodynamic force problems with Lubich
CQM coupling fundamental solutions has been pre-
sented in this work. The main advantage of this ap-
proach is that it requires only Laplace transform of
fundamental solutions without worrying about the time
discretization to obtain stable and accurate results.
Therefore, the proposed formulation may be used as a
powerful simulation tool for Stokes or low-Reynolds
number flow systems.
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