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Abstract. We introduce the notions of directional dynamical cubes and directional
regionally proximal relation defined via these cubes for a minimal Z¢-system (X, Ti,
..., Tg). We study the structural properties of systems that satisfy the so-called unique
closing parallelepiped property and we characterize them in several ways. In the distal
case, we build the maximal factor of a Zd-system (X, Ty, ..., Ty) that satisfies this
property by taking the quotient with respect to the directional regionally proximal
relation. Finally, we completely describe distal Z¢-systems that enjoy the unique closing
parallelepiped property and provide explicit examples.
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1. Introduction
The study of cubical structures or cubespaces was initiated by Host and Kra in [18] as
a fundamental tool to show the L? convergence of Furstenberg multiple averages for a
single transformation. Later, Host, Kra and Maass in [19] introduced cube structures in
topological dynamics given by a single homeomorphism proving a structure theorem for
transitive systems with the unique completion property (this condition is referred to in this
work as the unique closing parallelepiped property). The main result is that this property
characterizes inverse limits of minimal rotations on nilmanifolds.

Soon after, the notion of cubespaces became a major theme of research in the
development of higher-order Fourier analysis, starting from Antolin Camarena and
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Szegedys’s axiomatic formulation of them [1]. Further description of such theory was
given by Candela in [6, 7] and another point of view was developed by Gutman, Manners
and Varji in [14-16]. In all these works a key feature is the study of the unique closing
parallelepiped property and the conclusion (roughly speaking) is that a compact space
whose cubes have the unique closing parallelepiped property has a nilstructure.
Interestingly, the study of dynamical cubes (i.e., those defined in [18] and [19]) has
become of interest in its own right, mainly because of applications such as the construction
of nilfactors, recognizing patterns in number theory, the study of recurrence in topological
dynamics and even the study of pointwise convergence of averages in ergodic theory [9-
11, 14, 20]. Also, extensions to general group actions have recently been carried out in [13].
In this work we consider a slightly different (but related) notion that we call directional
dynamical cubes. Such a notion first appeared (without a name) in the work of Host [17],
where he gave a proof of Tao’s L2 convergence of Furstenberg multiple averages for
commuting transformations [24]. Motivated by those works, the study of directional cubes
in topological dynamics started in [8], where the authors introduced for a minimal Z>-
system (X, T1, 1) a space of cubes denoted by Qr, 7, (X) and proved a structure theorem
for systems with the unique closing parallelepiped property (here X is a compact metric
space and 71, T : X — X are commuting homeomorphisms). Additionally, the authors
introduced the notion of (77, T>)-regionally proximal relation Ry, 7,(X) associated to
the cube structure Q7, 7,(X). This is a strong variant of the classical regionally proximal
relation of order one, RP[”(X , (T, T»)), for Zz-systems. In the distal case they proved
that Ry, 1,(X) is an equivalence relation and that (X/R7, 1,(X), T1, T>) is the maximal
factor with the unique closing parallelepiped property. The purpose of this article is to
extend the program of research started in [8] to arbitrary Zd—systems, that is, d commuting

homeomorphisms 71, ..., T;: X — X of a compact metric space X with d > 2. We

define the space of directional cubes Q... ,(X) as the closure in X 2 of the points
(Tln181 . T;dgdx)ge{o,l}d»

where x € X andn= (ny, ..., ng) € Z%. Here we point out that since the transformations

T; could be different, the space of directional cubes Q... 1,(X) has considerably fewer
less symmetries than the ones defined for a single homeomorphism. As in previous works
we are interested in Z¢-systems with the unique closing parallelepiped property, as a way
of understanding the topological counterpart of the characteristic factors introduced by
Host in [17] for an arbitrary number of commuting transformations. We also introduce the
,,,,, 7,(X) of (X, Ty, ..., Ty) associated to
these cube structures in order to give a complete description of systems with the unique
closing parallelepiped property and define the maximal factor with this property for any
Z4-system. We defer the precise definitions of the relation to §4.
We show the following structure theorem for minimal distal systems.

(T, ..., Tq)-regionally proximal relation R,

THEOREM 1.1. Let (X, Ty, ..., Ty) be a minimal distal Zd-system. The following
statements are equivalent.
() X, T, ..., Ty) has the unique closing parallelepiped property, that is, if X,y €

Qr,...1,(X) have 24 — 1 coordinates in common, then X =y.
(2) RT] ..... Ta (X) = AX-
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(3) The structure of (X, Ty, ..., Ty) can be described as follows: (i) it is a factor
of a minimal distal 7¢-system (Y, Ty, ..., Ty) which is a joining of 7¢-systems
M, T, ....Tp), ..., Ygq, Th, ..., Tg), where for each i € {1, ..., d} the action
of T; on Y; is the identity; (ii) for each i, je€{l,...,d}, i <j, there exists
a Zd-system Yi,j, Th, ..., Ty) which is a common factor of (Y;, Th, ..., Tq)
and (Y, Ty, ..., Ty) and where T; and T; act as the identity; and (iii) Y is
Jointly relatively independent with respect to the systems ((Y; j, T, ..., Ty) :i, j €

(1,....d},i <.

We will see in §7 that Y, the Y; and the Y; ; are given explicitly by the cube structure.

When d =2 we have that (Y72, T1, T2) is the trivial system (because it is minimal
and the actions are identities). Then relative independence implies that (Y, 77, 72) can be
seen as the direct product of the systems (Yy, 71, T2) and (Y», T1, T>), so Theorem 1.1
generalizes the structure theorem proved by Donoso and Sun for minimal distal systems
in [8] when d =2. Also, the structure in the previous theorem can be thought of as a
topological version of pleasant extensions developed in a measure theoretical setting by
Austin in [3, 4].

We also prove the following theorem.

THEOREM 1.2. Let (X, Ty, ..., Ty) be a minimal distal Zd-system. Then the relation
Rr,....17,(X) is an equivalence relation and (X /Rr,,... 1,(X), T1, . . ., Tq) is the maximal
factor of (X, Ty, ..., Ty) with the unique closing parallelepiped property. This means
that (X/Rr,,..17,(X), T1, ..., Tq) has the unique closing parallelepiped property and
that any factor of (X, Ti, ..., Ty) that enjoys that property is necessarily a factor of
X/Rry,..1,(X), Ty, ..., Ty).

Finally, we develop interesting applications of directional dynamical cubes to study
recurrence properties of systems with the unique closing parallelepiped property. It turns
out that this property can be characterized by studying the sets of return times of a Z4-
system.

In the previous results, we do not know if the assumption of distality is essential or not.
The main feature we use about distal systems is that they enjoy the gluing property (we
start its discussion in §3) most of proofs only use this property. We pose the following
problem.

Problem. How much of our theory can be extended for general minimal Z?-systems? In
particular, is the unique closing parallelepiped property preserved under factor maps? We
show in this article that this is true for factor maps between minimal distal systems, but we
do not know if it holds for general minimal Z¢-systems.

1.1. Organization of the paper. In §2 we give some basic material used throughout the
paper. In §3 we present directional dynamical cubes for a 74 -system (X, T, ..., Ty),
introduce the main terminology and give their general properties. Then in §4 we
introduce the associated (77, ..., Ty)-regionally proximal relation and establish some
general results. In §5 we give a characterization of Z?-systems with the unique closing
parallelepiped property in the distal case and in §6 we show the structure of a minimal

https://doi.org/10.1017/etds.2019.33 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.33

3260 C. Cabezas et al

distal system with the unique closing parallelepiped property. Section 7 is devoted to
the proof of Theorem 1.1. Then in §8 we study the sets of return times for minimal
distal systems with the unique closing parallelepiped property and give a theorem that
characterizes these systems using their return time sets. In §9 we provide a family of
explicit examples of minimal distal Z¢-systems with the unique closing parallelepiped

property.

2. Preliminaries

2.1. Basic notions from topological dynamics. A topological dynamical system is a pair
(X, G), where X is a compact metric space and G is a group of homeomorphisms of the
space X into itself. We also refer to X as a G-system. We use px (-, -) to denote the metric
of X and we let Ax = {(x, x) : x € X} denote the diagonal of X x X.

If d>1 is an integer and T, ..., Ty : X — X are d commuting homeomorphisms
of X, we write (X, Ty,...,Ty) to denote the topological dynamical system
X, (Th, ..., Ty)), where (T, ..., Ty) is the group spanned by 71, ..., T;. Throughout

this paper those systems are called Z¢-systems.

A factor map between the dynamical systems (Y, G) and (X, G) is an onto and
continuous map 7 : ¥ — X such that 7 o g = g o 7w for every g € G. We say that (Y, G)
is an extension of (X, G) or that (X, G) is a factor of (Y, G). When 7 is bijective we say
that 7 is an isomorphism and that (Y, G) and (X, G) are isomorphic or conjugate.

Let (X1, G), ..., (Xk, G) be k topological dynamical systems. A joining between
them is a closed subset Z € X X - - - x Xj which is invariant under the diagonal action
g X - -+ x g (k times) for all g € G and projects onto each factor.

Suppose the systems (X1, G), ..., (X, G) are extensions of a common system
(W, G) and fori €{1, ..., k} denote by m; : X; — W the associated factor map. We say
that a joining Z C X1 X - - - X X is relatively independent with respect to W if for every
(x1,...,xx) € Z,foreveryi € {1, ..., k} and for every x/ € X; with 7; (x]) = m; (x;) we
have

(X1y e vy Xim1y Xy Xig 1y -, Xk) € Z.

That is, we can freely change coordinates of points in the joining when the corresponding
projections to the factor W coincide.

Given a topological dynamical system (X, G) and a point x € X, we denote by
Og(x) ={gx : g € G} the orbit of x. We say that (X, G) is transitive if there exists a
point in X whose orbit is dense. We say that (X, G) is minimal if the orbit of any point
is dense in X. A system (X, G) is pointwise almost periodic if for any x € X the system
(Og(x), G) is minimal.

A topological dynamical system (X, G) is distal if for every x, y € X such that x # y
we have
inf d(gx, gy) > 0.
geG
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Distal systems have many interesting properties that we will use in the sequel (see [2, Ch. 5
and 7]). We now recall some of them.

THEOREM 2.1. (1) The Cartesian product of distal systems is distal.

(2) Distality is preserved by taking factors and subsystems.

(3) A distal system is minimal if and only if it is transitive, that is, a distal system is
pointwise almost periodic.

4 If(X, G) isdistal and G’ is a subgroup of G, then (X, G') is distal.

(5) Factor maps between distal systems are open maps.

If (X, G) is a topological dynamical system, we can see G as a subset of XX. We
define the enveloping semigroup E(X, G) of (X, G) as the closure (for the pointwise
convergence) of G in X X We have that E(X, G) is compact and Hausdorff, usually non-
metrizable. Algebraic properties of the enveloping semigroup have a precise translation
into dynamical properties of the system. For example, a topological dynamical system is
distal if and only if its enveloping semigroup is a group.

A left ideal in a enveloping semigroup E (X, G) is a non-empty subset [ € E(X, G)
such that E(X, G)I € I. A minimal left ideal is one which does not properly contain a
left ideal. An idempotent in a enveloping semigroup E (X, G) is an element u € E(X, G)
such that u? = u. We denote by J(E(X, G)) the set of idempotents in E(X, G). We can
introduce a quasi-order < on the set J(E (X, G)) by defining v < u if and only if vu = v.
If v <u and u < v we say that u and v are equivalent and we write u ~ v. An idempotent
u e J(E(X, G)) is minimal if whenever v € J(E(X, G)) andv < uthenu < v (oru ~ v).

We recall some results about the enveloping semigroup that we use later.

THEOREM 2.2. Let (Y, G) and (X, G) be topological dynamical systems.

(1) If m:Y — X is a factor map, then there exists a unique continuous semigroup
homomorphism 0 : E(Y, G) — E(X, G) such that 7 (py) =0(p)n(y) forally € Y
and p € E(Y, G). Ifu € E(Y, G) is a minimal idempotent then 0(u) € E(X, G) is a
minimal idempotent too.

(2) x,x’ € X are proximal if and only if there exists p € E(X, G) such that px = px'.

(3) x € X is an almost periodic point (i.e., its orbit is minimal) if and only if there exists
a minimal idempotent u € E(X, G) such that ux = x.

2.2. Cubes and faces. For an integer d > 1 we write [d] = {1, .. ., d}. We view {0, 1}"
in one of two ways, either as a sequence ¢ =¢;...¢&4 of Os and 1s written without
commas or parentheses, or as a subset of [d]. A subset ¢ C [d] corresponds to the sequence
e1...eq €10, 1}d such that for each i € [d], i € ¢ if and only if &; = 1; that is, seen as a
vector it is the sum of the canonical vectors indexed by the set ¢.

For any set X we write X4l = X 2 A point x € X“! can be described in one of two
equivalent ways, depending on the context and convenience:

X = (xs: 6 €{0, 1} = (x, : £ C[d]).

For x € X we write x[9! = (x,...,x)€ x41 and the diagonal of X1 is denoted by
A[)?] = {xl9: x e X}.
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A point x € X!“I can be decomposed as x = (x/, x”) with X/, x” € X[?~1l where
X' =(xy0:n€f0, 197 and x"=(x;:n€{0,1}71). We also isolate the first

>[kd] = de_l and a point x € Xl ag x = (xg, Xx), where xg € X and

coordinate, writing X
Xe = (X 16 C[d], & £ 0) € X\

Forr <d,let J C [d] with |J| =d — r and & € {0, 1}¥~". A face of dimension r of X is
an element of the form (x; : ¢ € {0, 1}‘1, eg=§&)e X1 where ¢; = (gi:ield).

Let (X, T\, ..., T;) be a Z4-system. For j € [d], the jth face transformation Tj[d] :

x4l — x14] is defined for every x € X4 and every ¢ C [d] by

Tix. ifjee,

gy _
; X)g_{xg ifjde.

The face group of dimension d is the group Fr, . 7, of transformations of X [4] generated
by the face transformations. Let G be the group spanned by 77, ..., Ty and set G[Ad] =
{g'¥: g € G}. We denote by Or,
and G[Ad].

7, the subgroup of Gl generated by Fry,.. Ty

.....

3. Directional dynamical cubes for Z¢-systems

In this section we present the notion of directional dynamical cubes for Z<-systems
(X, T1, ..., Ty) together with their main properties. This is a generalization of the
dynamical cubes introduced by Donoso and Sun in [8] when d = 2.

Definition. Let (X, Ty, ..., Ty) be a Zd—system. The set of directional dynamical cubes
associated to (X, T, ..., Ty) is defined by
QT1 ,,,,, Td(X) = {(Tlnlgl o T;dng)Ee{O’l}d xeX,n=(ny,...,ng) € Zd} - X[d].

Additionally, given xo € X, we consider the following restriction of these cubes to X Ld]:

. d
KP o 0={am"... T3 X0) geqo.nand) S M= (11 -+ ma) € 74} c x4,
Given {ji,..., jk} €[d] and xo € X, since (X, Tj,...,Tj;) is a Zk—system, we

will often consider the set of cubes QT/I""’Tjk (X) C X1 and K)}‘j) T (X) C XLk]. For
k

,,,,,

example, if k = 3 and ji, j2, j3 € [d] then erl T}, Tjs (X) is the closure of the set of points
ni ny ny pno n3 ny N3 ny N3 Ny Ny N3
o, Ty, T, T T, Tyt T3 T30, T T3 0x, 15 T3 500,

forx € X and ny, no, n3 € Z.
Observe that the generators of Z are given in a precise order. A different order produces
a different set of dynamical cubes. This is the reason why we call them directional cubes.

3.1. Basic structural properties.

PROPOSITION 3.1. Let (X, Ty, ..., Ty) bea Zd—system and take k € [d].
(1) x4l € Qry,..1,(X) for every x € X.
(2) Forallx,ye X andforall j €[d], (x,y) € QTj (X) ifand only if (y, x) € QTj (X).
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(3) The set Qr,

yeee
......

...........

are topological dynamical systems.

(4) (Projection) Let x € Qr,,_.1,(X), {j1, - -, jx} C[d]and & € {0, 1}¥*. Then
(e 18 €40, Y, epan g, j) = §) € Qry, 1, (X,

(5) (Duplication) Let x = (x; : 1 € {0, l}k) € QTfl""’Tfk X) with {j1, ..., jkx} < Id]. If

y € XV is defined such that for every ¢ € {0, 1}¢,

Ye =xy = forallt e{l,... k}, &;, =nq,

then VAS QT] ,,,,, Td(X)

Proof. Properties (1)—(3) follow directly from definitions. We only prove properties (4)

and (5). For property (4) let x € Q7y...7,(X), {ji, ..., ji} S [d] and & € {0, 1}*7*. By
definition, there exist (x');ey € X and (n(i));en < 74 such that

forall e € {0, 1}4,  xo = lim 7" ... ppa@eayi,
11— 00

Now consider 7 € {0, 1}¢ such that

W:{o, Celin .k
g, Celd\ - i),

and set yi = 7{1" .. 71O i Then, for & € {0, 1} such that eay ;... ) = &. we
have
xe = lim 7@ e @ea
11— 0
— lim 7P D% yi.
i—>oo Jk

This implies, by definition, that (x; : ¢ € {0, 1}d, E[dN\i1sonji) = &) € QT_/.1 ,,,,, T, (X).
We now prove property (5). Let

with {ji, ..., jk} € [d]. By definition, there exist (xjeny € X and m(i))jen € ZF such
that

forall p € {0, 1%, x, = lim T/ Om .. 7@ i,
i—soo J1 Jk

Define n(i) € Z¢ by

: me(i) if p = jo for some jo € {j1, ..., ji},
np(i) =

0 if peldl\{ji,---, Jk}-
Then, for & € {0, 1} and n € {0, 1}* such that e, = n, forall € € {1, .. ., k}, we have
e =x, = lim m@me o pm Ok i

1 ’
i—oo /1 Jk

’

— lim Tlnl(i)sl L T;d(i)dei
i—00

which implies (5). O
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Proposition 3.1(3) tells us that (Qr,,.. 7,(X), Gr,,....,1,) is a topological dynamical
system. The following proposition states a little more. Its proof requires the technology
of the enveloping semigroup. Basic properties of enveloping semigroups were considered
in the preliminaries; for a complete exposition see [2].

PROPOSITION 3.2. Let (X, Ty, ..., Ty) be a minimal Zd-system. Then (Q7y,...1,(X),
Or,,..T;) is a minimal system. Furthermore, if (X, Ti,...,Ty) is distal, then
Q... 7,(X), Gry.....1,) is distal too.

Proof. Let EQry,..1,(X), Gr,....T;) be the enveloping semigroup of the system
Qr,....1,(X), Gry.....1,). Forevery ¢ € {0, l}d let e : Qry,.... 7,(X) — X be the projection
onto the eth coordinate and let 7} : E(Q7,,.. 1,(X), Gr,,..1;) > E(X, T1, ..., Tq) be
the corresponding semigroups homomorphism.

Let ue EQr,.. 1,(X), G[Ad]) denote a minimal idempotent for the system
Q... 1, (X), G[Ad]). We show that u is also a minimal idempotent in E(Qr,,... 7,(X),
Or,.... ;). It suffices to show thatif v € E(Qr,,..., 7,(X), G7y,....1,) With vu = v, then uv =
u. Projecting onto coordinates, we deduce that ) (vu) = 7} (v)7}(u) = 7} (v) for every
& € {0, 1}¢. Since the action of G[Ad] is diagonal, the projection of a minimal idempotent of
EQr,..1,(X), G[%i]) is a minimal idempotent in E(X, T1, ..., Ty). Then we have that
wr ()} (v) =} (u) for every ¢ € {0, 1}4. Since Qr,.1,(X) C X9 we can view the
elements of E(Qr,,...7,(X), Gr1y,...,1,) as vectors of dimension 24 Thus the projections to
the coordinates determine an element of E(Q7,,... 7,(X), Gr,,....1,). We have deduced that

uv = u, which implies that u is a minimal idempotent in E(Q7,, ... 7,(X), G1,....7,)-
Let x € X. Since (X, Ty, ..., Ty) is minimal, there exists a minimal idempotent
ue EX, Ty, ..., Ty such that ux = x. Consider !4l € EQq,,...1,(X), G[Ad]). We have

that uldxl4) = xl41 g0 x4 is an almost periodic point in X 41 (so in Q... 1, (X))
under the action of G[Ad]. We observe that the point x!?! is minimal under the action
,,,,, 7, since, by the property proved before, ull is also a minimal idempotent
in EQry,...1,(X), Gry,...1,). As O, Gr,  1,) =Qr;,...7,(X), we conclude that
Qr,,...7,(X), G1y,...,1,) is a minimal system.

Now if (X, T1, ..., Ty) is distal, then (X'9], G!9) is also distal by Theorem 2.1(1),
which implies that (X'9!, Gz, 7,) is distal by Theorem 2.1(4). Additionally, since
Qr,,...7,(X) is invariant under Gr, .1, we also get that (Qr, . 7,(X), G, ...1,) is
distal. O

The following proposition states that directional cubes pass through factors.

PROPOSITION 3.3. Let w:Y — X be a factor map between the 7°%-systems
Y, Ty, ..., Ty) and (X, Ty, ..., Tq). Then

7 NQr,. 1,(¥) =Qpy..1,(X),

where 'l : Y14l . x4 is defined from 7 coordinatewise.

Proof. 1t follows directly by definition that wld] Q7. 1;,(¥)) €Qry,...1,(X). Then, if
(X, T1, . .., Ty) is minimal, by Proposition 3.2 the proof follows directly. If not, let x €
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Q... 7, (X) and take sequences (x)jen € X and (n(i))jen < 74 such that

forall e € {0, 1}4, x, = lim 71O ... ppa@eayl,
11— 00

For each i € N take y' € 7! ({x'}). By compactness, we can assume that lim;_ o, y' =y

and

lim M@ pra®eayi

i— 00

for all € € {0, l}d. Now, by continuity of 7, we have that lim;_, n(yi) =m(y) =x and

7(ye) :”(ililgo e “.Tgfl‘ld(i)adyi> — lim TN O iy

i—o00

forall ¢ € {0, 1}. Then, y € Qr,...7,(Y) and rldl(y)y=x¢e Qr,,...7,(X). This proves the
lemma. O

We finish with two crucial properties that appear in the different cube theories developed
in topological dynamics [1, 8, 13-16, 19]. We need to introduce some terminology.

Definition. Let x = (x, : € € {0, 1}9), y = (ys : € € {0, 1}%) in X! and j € [d]. We say
that x and y coincide in the jth upper face if

(e:ee{0, ), e =1)=(::e€{0, 1}, ¢;=1).

We define when x and y coincide in their jth lower face similarly. Also, we say that the
jth upper face of x coincides with the jth lower face of y if

(xe:e€{0, 1), e;=1)=(ye:e €{0, 1}9, &; =0).

Definition. (Gluing operation) Letx = (x, : € € {0, 1}¥) andy = (y, : € € {0, 1}¢) in X191,
Suppose that the jth upper face of x coincides with the jth lower face of y. We define the
gluing of x and y along the jth face as the point z = (z; : ¢ € {0, 1}¢) € X! such that

Xe, 8j=07

g =
Ye, €j= 1.
Definition. (Crucial properties) Let (X, T1, ..., Tg) be a 74 -system.
(1) Unique closing parallelepiped property. We say that (X, Ty, ..., Ty) has the

unique closing parallelepiped property if whenever X, y € Qr,, ... 7,(X) have 24 — 1
coordinates in common then x =y.

(2) Gluing property. We say that (X, T1, ..., Ty) has the gluing property if for every
Jjeldl,ifx,y € Qr,,...1,(X) are such that the jth upper face of x coincides with the
jth lower face of y, then the point given by the gluing of x and y along their jth face
belongs to Q7. 7, (X).

In the measure-theoretical category the unique closing parallelepiped property is
exactly the property that characteristic factors for multiple averages for systems with
commuting transformations satisfy [17, §2.6]. In the minimal distal case the gluing
property always holds.
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LEMMA 3.1. (Gluing lemma) Let (X, T1, ..., Ty) be a minimal distal Zd—system. Then,
(X, Th, ..., Ty) has the gluing property.

Proof. We write the proof for j = d. The general proof is the same modulo a small change
of notation. Let X', x”, y” € X!“~!l be such that x = (¥, x"), y = (x", y") € Qry....1,(X).
By definition, the point given by the gluing of x and y along their dth face is z = (X, y).

Pick any a € X. Then, by Proposition 3.1(1), (a“~! al?=y e Qyz, . 1,(X). By
Proposition 3.2, there exists a sequence (g,)neN = ((g),, &))neN € Gry,...1, such that

en X, X" = (g X, g/x") — (@41, gl4=1) We can assume, by compactness, that

gry” —u and thus (g.x", g/y") — @911 u) e Qr,,...17,(X). Now we have that
an (X, y") = (g,X, glly") — (a!¥=!, u), and this point belongs to the closed orbit of
(x', y") under G, . 1,. By distality (see Proposition 3.2), this orbit is minimal and thus it
follows that (x/, y”) is in the closed orbit of (!~ w), which implies that z = (x', y”) €

Q7. 1, (X). O

.....

Remark. Notice that the same property holds for a subset of the transformations.
That is, if (X, Ty, ..., T;) is a minimal distal Zd-system, then (X, T;,, Tiy, . . ., Tjy),
1<k<d, 1<ij<ip<---<iy<d, also has the gluing property in its space of

.....

,,,,,

.....

Proposition 3.1(4)).

3.2. Symmetries of the Euclidean cube and directional cubes. ~ As was mentioned above,
a different choice of the order of the transformations in a Z?-system produces a different
set of dynamical cubes. Thus, in order to simplify some proofs in the next sections
we introduce the terminology proposed in [18] for Euclidean permutations of the d-
dimensional cube {0, 1}4.

3.2.1. Digit permutations. Letd > 1 be an integer. Given a permutation o : [d] — [d],
we consider the symmetry that it induces in the Euclidean cube {0, 1}, which is defined
by setting o (¢); = &5(;) for i € [d]. Here we slightly abuse of the notation and continue
calling this transformation o. Let o, : X141 — X14] denote the transformation

0 ((xs 1 £ €10, 1)) = (xo(e) 1 € € {0, 1}%).
We refer to it as a digit permutation of X4

LEMMA 3.2. Let (X, Ty, ..., Ty) be a Zd-system and o : [d] — [d] be a permutation.
Then

a*(QTg(]) ..... To’(([) (X)) = QT],...,Td(X)'
Proof. First we prove that for x € X and (ny, ..., ng) € Z¢ the point

O (T)g) -+ Thix e € 0, 1))
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belongs to Q7. 7,(X). This will prove that G*(QTJ(I) ,,,,, Tyt (X)) €Qr,....17,(X). The
other inclusion follows analogously by considering the inverse of .
Let n € {0, 1}¢. Since o () = No(ly * * - No(d) We have that

ow (T} - T x e € {0, 1Y)y = (1" - T s e € {0, 1)) o p,s

_ pltNo(1) NdNo(d)

=T,qy  Tow ’

_ mn mang

=ML
where m; = n,-1(; forall i € [d]. It is then clear that (7*((T:(118)1 e T;Ei;)“x e €{0, 1}9))
belongs to Q7. 7, (X). O

We remark that Q7 . 7,(X) and QTa(l),-.-,T(r(d) (X) need not (and usually do not)
coincide. This lack of symmetry is one of the main differences from the case where all
transformations are powers of a given transformation 7', that is, when 7; = T fori € [d].
In the latter case, all digit symmetries hold. We think this is one of the reasons why we
cannot expect the unique closing parallelepiped property to imply the strong algebraic
consequences that one obtains in the single transformation case [18, 19], or more generally,
when the whole group is acting in all directions [1, 13, 14]. Nevertheless, we still have a
reduced number of symmetries that leave Qr, .. 7,(X) invariant and that we describe in
the next section.

,,,,,

3.2.2. Reflections. Forevery j € [d] we consider the following Euclidean permutation:
®;: {0,1}4 — {0, 1}¢

[, 2

1—g ifk=j.
The transformation @ ; is the one that takes the upper jth face and turns it into the lower
jth face and vice versa. We naturally define the induced action @, : X!4! — X14I by

setting
(®)4(X))e =Xq,() foralle e {0, 1}%,

where x = (x; : ¢ € {0, l}d). We have the following lemma.

LEMMA 3.3. (Face permutation invariance) For every j € [d] the transformation @ j,
leaves Q7 ... 1,(X) invariant.

Proof. Since @, is clearly continuous, it suffices to show that for every x € X and
(n1, ...,nq) € Z% the image of (T Tj*x s e € {0, 1}¢) under @, belongs to
Qr,,...,7,(X). We have that

(T T x 1 e € {0, 1))

= (@ T e e e g0, 1))

= (1M ...Tj(‘”f”f T (TMix) s e € {0, 1))

and this point clearly belongs to Qr .. 7,(X) since 7" x € X and (ny,..., —nj,
..., ng) € Vi O
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Definition. (The insertion procedure) Let X = (x¢ : ¢ € {0, 1}¥) and y = (y; : € € {0, 1}¢)
be points in X“). We say that the point z = (z, : € € {0, 1}¢) € X!] is the result of
inserting the jth upper face of x into the jth lower face of y if

Ve ife; =1,

g = .
xcl)j(g) if &j = 0.

One defines the insertion of the jth lower face of x into the jth upper face of y similarly.
From Lemma 3.3 and the gluing property we get the following result.

LEMMA 3.4. Let (X, Ty, ..., Ty) be a Z4-system where the gluing property holds (in
particular, when the system is minimal and distal). If X, y € Qr,,... 1,(X) coincide in their
Jjth upper face, then the point obtained by inserting the jth lower face of X into the jth
upper face of 'y also belongs to Qr, ... 1,(X).

4. The (Ty, ..., Ty)-regionally proximal relation

Let (X, Ty,...,Ty) be a Zd-system. We define a relation in X associated with the
cube structure Q7 .. 7,(X) established in §3. This relation generalizes the definition
given by Donoso and Sun for two commuting transformations in [8]. The motivation
is to find precisely the relations producing the maximal factors with the unique closing
parallelepiped property. We start by defining for j € [d] the following transformations:

wj?: {0, 1191 = {0, 14
> Wi(e)=¢162...6j-10¢; ... 841,
\1:}: {0, 1341 = {0, 1}4

J
er>Yy(e)=¢e162...¢6j—11ej ... 64-1.

The maps \IJ? and ¥ ]1 are used to replicate a face. Let j € [d] and x € X[4~ 11 If we define

y e X4 by y, = xyife= \Dg(n) Ve= ‘-IJ]l (), we have that both the jth lower face of y
and the jth upper face of y are equal to x, that is,

e:e€{0, 1), e, =0)=(ye:e€{0, )%, e, =1) =xe X197,

]

Definition. For x,ye X, a, € X" and je[d], define z(x, y, a., j) € X9 with

coordinates
X ife =0,
(Z(x7 y, a*5j))€= y 1f8:{.]}7
(a0, ife=W0() Vve=Wim.

Definition. For each j € [d] we define the T)j-regionally proximal relation as

.....

For j € [d] let o : [d] — [d] be the permutation that interchanges j and 1 (and is the
identity everywhere else). By Lemma 3.2, we have that o, maps QTj ,,,,, 1y....7,(X) onto
Qr,....7,(X). It then follows that (x, y) € R/T_, if and only if (x, y) € Rr;, where R/Tj is
the same relation but in the cube QTj 7;....7,(X) (so the order of the transformations is

.....
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C———x C
($7y) € RTl (X) : b | b € QTl,TQ,Ts (X)
/L7777777 a
x Ll ()
b c
(l’,y) € RTQ (X) : b | ¢ € QT1,T27T3 (X)
/L7777777 a/
X ' a
b c
a

($7y) € RTa (X) : Y € QTl,Tz,TS (X)

r a

FIGURE 1. Representation of the relations Ry, (X), R, (X) and ’RT3 (X) in the case d = 3.

changed, interchanging 77 and 7). The advantage of doing so is that (modulo changing
the order of the transformations) we can assume that the points (x, y) are in Ry,, where
T is the first transformation. This point of view is only esthetical, but it will sometimes
lighten the notation in proofs in the next sections.

Finally, we define the (77, . .., Ty)-regionally proximal relation as

j=1
As an example, for d = 3 the relations are defined as follows:
RX)={x,y)eX xX:(x,y,a,a,b,b,c,c)eQr 1,7,(X) forsomea, b, c € X},
RX)={x,y)eX xX:(x,a,y,a,b,c, b, c)eQr 1,1;,(X) forsomea, b, c € X},
R,(X)={x,y)eX xX:(x,a,b,c,y,a,b,c)eQr. 11(X) forsomea,b, c e X}.
Graphically we represent these relations as shown in 1.

It is easy to see that these relations are reflexive, symmetric, closed and invariant under
the action of (71, ..., Ty). In the next section we prove that they are transitive in the
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¢ c b c
b i b €Qn X)) = € Q1 (X)
q,»: ————— ---Ja
v x a
z L Y (b)
(a) c‘ c
— 0 i b e Q115,13 (X)
S )
x al T
(c)

FIGURE 2. Illustration of the proof of Proposition 4.1 in the case d =3 for j = 1. We have the existence of a
cube as in (a) because (x, y) € RTI (X).

minimal distal case, but we do not know yet if they are transitive in the general minimal
case.

The next proposition shows that the relations Rr; (X) for 7% -systems with the unique
closing parallelepiped property are trivial.

PROPOSITION 4.1. Let (X, T1,...,Ty) be a Zd-system with the unique closing
parallelepiped property. Then, for every j € [d], we have that Rr;(X) = Ax.

Proof. Take (x,y) € Rr;(X) for a given j € [d]. Then, by definition, there exists
a, € ngl_l] such that z(x, y, a,, j) € Qr,,...,7,(X). By Proposition 3.1(4), we have that
(x,ay) € QT1,...,T_,~_1,T_,~+1 ,,,,, 7,(X). Define w € x4l a5

x ife =10,

We=13xX if e = {j},

(@), ife=wI0)ve=vim.
By Proposition 3.1(5), we have that w € Q7,, . 7,(X) and therefore the unique closing
parallelepiped property implies that x = y. O

The proof of Proposition 4.1 in the case d = 3 and j = 1 is illustrated in Figure 2.
In the literature [8, 13-16, 19, 23], when defining these types of relations one also
looks for the following properties: (i) if w : ¥ — X is a factor map between the minimal

Zd—systems (Y, Ty, ..., Tp)and (X, Ti, ..., Ty), we would like to have 7 (9] (RTj Y)) =
RTJ, (X) for every j € [d] and
N Ry, 1, (V) =Ry, 1,(X);

and (ii) we also would like to have that Ry, . 7,(X) is an equivalence relation to study
the factor system (X/Rr,,...7,(X), T1, . . ., Tg). Nevertheless, for the moment we cannot
prove these properties. In §5 we will prove that they hold for minimal distal systems.
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5. Characterizing the (Ty, . . ., Ty)-regionally proximal relation for distal 79 -systems
We study the properties of the (71, . . ., Ty)-regionally proximal relation for minimal distal
systems that will be used in the proof of Theorem 1.1.

We start with the following theorem, which was proved in the case d =2 by Donoso
and Sun in [8].

THEOREM 5.1. Let (X, Ty, ..., Ty) be a Zd-system where the gluing property holds.
Consider x, y € X. The following statements are equivalent.

M (x, Y)deRT1>...,Td(X)-

@ ) eQr.. 1, (X).

(3) There exists a, € XLd] such that (x, ay), (y, a,) € Qry,...1,(X).

@) Foreverya, e X\, (x.a,) € Qq,....7,(X) if and only if (v, a,) € Qr.....7,(X).

(5) There exists j € [d] such that (x, y) € RTj (X).

Proof. We start with the easy implications and then show the two main ones.

(1) = (5). This follows by definition.

(2) = (1). Let j € [d] and a, = y[4=1 € X911 Then z(x, y, a, j) = (x, yl¥) e
Qr;,...17,(X). Hence (x,y) € Rr;(X) and since j is arbitrary we get that (x, y) €

4) = (2).Since ! = (y, yi) € Qp,
to get (x, y¥') € Qry....7,(X).

(2) => (3) This follows directly since y = (y, ') and (x, y) € Qr, _.1,(X).

(3) = (5) Let a, € X' be such that (x, a,), (v, a,) € Qr,.._.7,(X). Then the dth
upper faces of (x, a,) and (y, a,) coincide. By Lemma 3.4, the point obtained by inserting
the dth lower face of (y, a,) into the dth upper of (x, a,) also belongs to Qr,,...7,(X).
But this point can be written as (x, by, y, by) for some b, € X [d=1] Thjs implies that
(x, y) € R, (X).

We now prove the main implications, namely, (5) =— (2) and 2) — (4).

(5) = (2). The idea of the proof is to use the gluing property to construct a sequence
of points ', ..., %€ Qr,,.... 7, (X) so that we increase the number of times that y appears
as a coordinate of z' until we obtain z¢ = (x, yLd]) € Q7y,...1,(X). We suggest that the
reader look at the illustration of the proof in Figure 3 while reading it.

.....

.....

By the discussion right after the definition of the 7'j-regionally proximal relation, we
can assume for the moment that (x, y) € Ry, (X). So there exists a, € X [4=11 for which
Z(x, y, ay, 1) € Qr,,...1,(X). We denote 7! = z(x, Y, ay, 1).

Let v! be the duplication of the 1st upper face of z!. Then z! and v' coincide in their
2nd upper face. By Lemma 3.4, we can insert the 2nd lower face of v! into the 2nd upper
face of z!, obtaining a point z? that belongs to Qr,,....7,(X). The point 22 has the property
that

.....

ze=yife#¥ and e;=0forall j > 3.

To put it another way, the lower face of codimension d — 2 of z” (i.e., the one associated
to the face {0, 1}> x {0} x - - - x {0}) is (x, y, y, y).

Now suppose that for 1 < k < d — 1 we have constructed ZF e Qr,,.... 7, (X) such that its
lower face of codimension d — k (i.e., the face associated to {0, 1}¥ x {0}¢~%) coincides
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C

FIGURE 3. Illustration of the proof of (5) = (2) of Theorem 5.1 for the case d =3 and j = 1. The dark gray
faces are always duplicated and the other faces serve to pass to the next step using Lemma 3.4.

with (x, yLk]). Let v¥ be the duplication of the kth upper face of zt. Then v¥ and z* coincide
in their (k 4 1)th upper face. By Lemma 3.4 we can insert the (k + 1)th lower face of v¥
into the (k + 1)th upper face of z¥, obtaining a point z*! that belongs to Qr,,..1,(X).
This point satisfies that its lower face of codimension d — (k + 1) (i.e., the one associated
to the face {0, 1}¥1 x {0}4=*+D)is (x, y* 1), With this procedure we build a sequence
of points which ends up in z¢ = (x, yid]) as desired.

As was stated before, the assumption (x, y) € R, (X) is irrelevant. Indeed, modulo
changing the order of the transformations, we get that (x, yid]) € Qr,,...7,(X). But, for
every permutation o : [d] — [d] we have that o, (x, yy[ﬁd]) = (x, yid]). Hence, this point
also belongs to Qr, Wy Tl (X) by Lemma 3.2. This shows that the order considered for

the transformations is not important.

.....

We remark that a consequence of this implication is that (x, yid]) €Qr,...1,(X) is
equivalent to (y, xid]) € Qr,...1,(X).

(2) = (4). Here we advise the reader to look at Figure 4 while reading the
proof. Assume that (x, y,Ed]) € Qr,...1,(X) and let a, € XE:” be such that z= (y, a,) €
Q... 1, (X). We have to show that (x, a,) € Q7. 1, (X).

Consider the d points wh ... ,wle Qr,,...7,(X) such that for every 1 <k <d the
point wX is the replication of the lower face of dimension k of z (the one associated
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fI g Y Yy
Yy
c vl = Yy
x Yy
a Y a
Y a
:}7a v = |
a x a
b c
A AR
wi=l e vi= b e
y’/ a x’/ a
/. g
d — e
V4: b/:____-__ C
x’/ a

FIGURE 4. Illustration of the proof of (2) = (4) in the case d = 3.

to {0, 1}* x {0}=% or to [k] in the subset notation). This means that for every
=61 &kl - ea €10, 1}9,

k
Wy = Zgy 400+

Such points can be obtained using Proposition 3.1(5). We remark that w = z.

Next we construct d + 1 points vl .., vitl ¢ Qr,,...1,(X), starting with vli=
(x, y!,f”) and transforming it step by step into vatl = (x, ay).

We have that the 1st upper face of v! and the 1st lower face of w! coincide (they are
equal to y!“~11). Hence by Lemma 3.1, the point v obtained by gluing the Ist lower face
of v! and the 1st upper face of wa belongs to Q7. 7,(X). We claim that the point v2 is

equal to w! everywhere but in the 0 coordinate, where it is equal to x. To see this, note that
in the Ist lower face (i.e., if e = 0 and ¢ # 0) we have

.....
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while if 1 = 1 we have

proving the claim.
Now assume that we have constructed v¥ such that it coincides with w*~! up to the 0
coordinate, where it is equal to x, that is,

vi=x and of =wf' foralle € {0, 1)\ {0}.

We now construct vt satisfying the corresponding properties. We have that the kth
lower face of wX coincides with the kth upper face of v¥. To see this, note that

k —
w81‘~8k7108k+1~~84 = Zey--10--0
and
k k=1 .
Veyer_tlegsreq — Perepoilepsreq — <E16k-10--0-

Hence the gluing property ensures the existence of a point v<*! e Qr,,....7,(X) whose kth
lower face is equal to the one of v¥ and its kth upper face is equal to that of w€. We now
check that this point is equal to w* everywhere but in the 0 coordinate.

In the kth lower face (i.e., if ¢ =0 and ¢ # 6) we have

k+1 k k—1 k
Ve =V, = wgl..igko..i() = Zgy-65_10--0 = Zgy--g4_1840--0 = Wy,

while in the kth upper face (i.e., if ¢y = 1) we have by definition that

k+1 _ ok
vy =W,

d+1 d

which is equal to w* =z everywhere but in the 0 coordinate,
d+1 = (x, a,) € Qry...1,(X), finishing the proof. O

We end up with v
where it is equal to x. That is, v

We can prove that Ry, 1,(X) is an equivalence relation in the minimal distal case.

THEOREM 5.2. Let (X, Ty, ..., Ty) be a minimal distal Zd-system. Then Ryy,...1,(X) is
a closed and invariant equivalence relation on X.

Proof. Tt suffices to prove the transitivity of Ry, . 7,(X). Let (x,y), (y,2)€
,,,,, 7, (X). By Theorem 5.1(2) we have that (y, z!kd]) € Q7y,...1,(X). Now, by Theorem
5.14), (x, 21 € Qry....1,(X) and thus (x, 2) € Ryy.....1,(X). O

We also have the following property which allows us to lift the relation Ry, .. 7,(X) by
a factor map and to prove our main theorem.

THEOREM 5.3. Let 7w:Y — X be a factor map between the 7%-systems
Y, Th,...,Tg) and (X, Ty, ..., Ty). If (X, T1, ..., Ty) is minimal and distal, then
7 X 7(Ryy,..1,(Y)) =Rry,...1,(X).

Proof. The proof is similar to that of [23, Theorem 6.4]. It is a direct consequence of
the definition that = x w(Ryz,,..1,(Y)) € Ryy,....1,(X) and so we are left to prove the
reverse inclusion. Let (x, z) € Ry,,... 7, (X). By Theorem 5.1 we have that (x, ..., x, z) €
Qr,,...7,(X). Replacing Y by a minimal subsystem if needed, we may assume that
(Y, Ty, ..., Ty) is minimal.

.....
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By Proposition 3.3, there exists y0= (1, ax) € Qpy,...1,(Y) such that n[d](yo) =
(x,...,x,2). Let y(I) = (yg :e4 =0)and y(I)I = (yg : &4 = 1) the dth lower and upper faces
of y¥, respectively. We have that y(I) €Qr,... 1, (Y). Let g/Tl.,...,Td_l denote the projection
of the action of Gz, .. 1, onto Qr, .7, ,(Y). Thatis, Q’Tl .... T, is generated by G7,,.. 1,
and the diagonal action G[Adf”. By minimality of (Q7,,..7,(Y), Gr,,....1,) wWe have that
Q.1 (Y), Gy,
such that gOyI — y[d . By compactness we can assume that g yII — zII for some
z(I)I €Qr,..1,,(Y). Let go (QIO, QO) that is, the transformation that involves applying

go to both the dth upper and dth lower faces of a point in Q7, .. 7,(Y). Thus, we have

that gO 0— (goyl, goy ) converges to a point y!in QTl .1,(Y) whose dth lower face is
[d-1]

. .. . 05 . . ’
TL{ 1) is minimal so there exists a sequence (gi )i>1 in ng;-de—l

equal to y1 and whose dth upper face is equal to zH. Notice that

Ay =x'=(x, ..., x, 21),

for some 71 € X.
CLAIM. The point (x, z1) belongs to O((x, z), G[Az]).

Proof of the claim. To prove the claim, remark that the projection of Q?yo onto the
coordinates O11...1and 1... 1 is of the form (gx, gz) for some g € G. By construction
these coordinates converge to (x, z1), proving the claim. O

Now assume we have constructed points yj €Qp,..1;(Y) for 1 <j=<d—1 with
dl(yj) = x/ such that y{ = y| if there exists some k withd — j + 1 <k <d and ey =0
(i.e., y/ coincides with yl¥! in all kth lower faces ford — j + 1 <k <d),z; = x[jd], xl =x
for all & # [d] and (x, z;) € O((x, zj-1), G{3)-
Let yj = (3l :e€{0, 1}, e4-;=0) and yjj=(v!:e€{0,1}% 4-j=1) be the
(d — j)thlower and upper faces of y/, respectively. Let Q’Tl T, (excluding

Ty4—;) be the group generated by ng,--.,Td_j_l,Td__,-H 7, and the diagonal G[A(F”. By a

.....

minimality argument (identical to that written for j = 0), there exists a sequence (Qi] )i>11n

/ o [d-11 . o
ng _____ Ty it Tyt Tat? such that G; yI -y as i goes to infinity. By compactness

we can assume that gijyfl — Z{I for some zII €Qry,.., Ty i1, TujitrenTa (Y). Let QNZJ be the
transformation which involves applying g;.’ to both the upper and lower (d — j)th faces of

apointin Qr,._7,(Y). We have that g~"yj converges to a point y/*! € Qg 7,(Y) whose

(d — j)th lower face is equal to yl ! and whose (d — j)th upper face is equal to zII

Let us analyze the properties of y/*!. We show that y/ coincides with yl Vin all kth
lower faces for d — (j + 1) + 1 =d — j <k <d. By construction of y/, this is true for
the (d — j)th lower face. For d — j <k <d, let ¢ € {0, 1}¢ with g = 0 and notice that
yg equals y ., for all &’ differing from & at most in the (d — j)th coordinate, where
it is equal to O (i.e., ed_j = 0). Since yg equals to a value in the (d — j)th lower face,
we have that it is equal to y;. Set x/*! = 7[4l(y/+1) and notice that since x/ is equal to
(x, ..., x, zj) we have that x/H s equalto (x, ..., x, zj41) forsome z; 1 € X.

CLAIM. The point (x, zj41) belongs to O((x, z;), G[Az]).
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Proof of the claim. To see this, remark that the projection of g”l-." y/ onto the coordinates
1...0...1 (where the Ois in the (d — j)th position) and 1. .. 1 has the form (gx, gz;)
and these coordinates converge to (x, zj+1). This allows us to conclude the claim. O

Repeating this process, we construct the points yl, ce, yd €Qp,..1,(Y) and
x', ..., x4 €Qr..1,(X) such that 7[4I(y/) = x/ for all j € [d]. The point y¢ satisfies
that it is equal to y; in all kth lower faces, k € [d]. That is, yf =y if e =0 for some
k € [d]. That means that y? is equal to (y, . . ., y1, y2) for some y, € Y. By Theorem 5.1,
01, y2) € Rey,...1,(Y).

Also, by construction we have that 7(y;) =z4, and from the condition (x, z;) €

O((x, zj-1), G[Az]) for j € [d] we get that (x, z4) € O((x, 2), G[AZ]). Now, by distality, we

,,,,,

have that (x, z) € O((x, zq), G[Az]), and thus there exists a sequence (g;);>1 in G such that
(g'x, g'z4) = (x, z). By compactness we may assume that (g'yi, g'y2) — (v}, ¥5) for
some y{, y5 € Y. Then, as Ry,,... 7,(Y) is closed and invariant, the point (y], y5) belongs
,,,,, 7,(Y). It is immediate that 7 x 7 (y], y5) = (x, 2), finishing the proof. O
6. Structure of systems with the unique closing parallelepiped property
In this section we describe the structure of a minimal Z¢-system with the unique closing
parallelepiped property (for a given choice of generators). To do so, we need first to
introduce some terminology.

6.1. The Qg (X) relations and classes Zéi. Let (X,Ty,...,T;) bea Zd—system and
let H be a subgroup of (T1, ..., Ty). We define

QuX)={(x,hx):xe X, he H}.
With a slight abuse of our notation, notation, we have that Qr;(X)=
{(x, Tj"x) tx € X, n € Z}, defined in §2.2, is nothing more than Qr;) (X).

Itis easy to see that Qg (X) is a closed, H -invariant, reflexive and symmetric relation. In
[12] Glasner proved that for a Gs-dense subset X of X, (Xo X Xo) N Qg (X) is transitive.
But in general this relation is not an equivalence relation (for an example see [25]).
Nevertheless, transitivity of Qg (X) is satisfied when the system is distal, because it is a
particular case of the gluing property: if (x, y), (v, z) € Qn(X) then (x, z) € Qg (X). The
proof of the gluing property in this context is almost a verbatim copy of that of Lemma 3.1
SO we omit it.

PROPOSITION 6.1. Let (X, T1, ..., T;) be a minimal distal Z%-system. Then, for every
subgroup H of (T, . .., Ty), we have that Qg (X) is a closed and invariant equivalence
relation of X.

We now define the following classes of Z?-systems that will be useful to characterize
systems with the unique closing parallelepiped property. For H as before, let
Z(If ={(X, T, ..., Ty): H acts as the identity in X}.

This definition and notation is analogous to that used by Austin in [3, 4] when studying
the L? convergence of multiple ergodic averages in the measure theoretical setting. Using
a Zorn’s lemma argument it can be proved that every Z¢-system possesses a maximal
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26{ -factor [2, Ch. 9]. That is, any factor of a given Z?-system in the class Z(If factorizes
through its maximal Z(I)'I -factor. In addition, this factor can be characterized precisely. To
this purpose, for a minimal Zd—system (X, T, ..., T, let og(X) denote the smallest
closed and invariant equivalence relation containing Qg (X).

LEMMAG6.1. Let (X, Ty, ..., Ty) be a minimal Zd-system. Then (X /oy (X), T1, ..., Tg)
is the maximal Z(I){ -factor of (X, Ty, . .., Ty).

Proof. Let w:X — X/og(X) be the natural factor map. First we prove that
X/og(X), Ty, ..., Ty) € Z(I)’. Let h € H. If [] denotes the equivalence class of a point
for the relation oy (X), then h[x] = [hx]. Since (x, hx) € og(X) we get that h[x] = [x].
So H acts trivially on X /oy (X). Now let (Z, Ty, . .., Ty) be a factor of (X, T1, ..., Ty)

that belongs to Z(I)’ and let 7’ : X — Z be the corresponding factor map. Let R, =
{(x,y) € X : 7' (x) =n'(y)}. We have to prove that o (X) C R,. In fact, since R,/ is
a closed and invariant equivalence relation, it suffices to prove that Qg (X) C R,/. Since
(z, Ty,..., Ty € Z{)17 we have that forevery h € H, w’ o h = h o n’ = nr’. Hence, for any
x€X,{(x,hx):he H} C Ry, and thus Qg (X) C R, as desired. O

In the distal case, by Proposition 6.1, Qg (X) is an equivalence relation and thus
Qpy(X) = oy (X). In this case Lemma 6.1 can be stated as follows.

COROLLARY 6.1. Let (X, Ty,...,Ty) be a minimal distal Zd-system. Then
X/Qu(X), T, ..., Ty) is the maximal Zg’-factor of X, Ty, ..., Ty).

This result generalizes to iterated quotients.
PROPOSITION 6.2. Let (X, Ty, ..., Ty) be a minimal distal Zd-system and let H, H;
and Hy be subgroups of (T, ..., Ty) such that H = H1Hy. Let Y = X/Qpu,(X). Then
(X/Qu(X), T1, ..., Ty) is isomorphic to (Y /Qu,(Y), T1, ..., Ta).

Proof. Letm : X — Y(=X/Qp, (X)) and 7 : X — Y/Qp,(Y) be the natural factor maps
and Ry = {(x, x") :w(x) =n(x")}). We have that Y/Qpg,(Y) is a factor of X where
the action of both H; and H is trivial. Hence, the action of H is trivial as well. It
follows that Qg (X) C R;,. For the converse inclusion, assume that (x, x’) € R;. Then

(m1(x), T (x")) € Qm, (Y).
CLAIM. There exists x" € X such that (x, x") € Qu,(X) and w1 (x") = w1 (x').

Proof of the claim. To prove the claim, consider € >0 and let ¢ >§ >0 so that
m(B(x, €)) contains B(my(x), 8). This can be done by the openness of m; (recall the
systems are distal). Since (1 (x), 71(x")) € Qp,(Y), there exist ¥ € X and hy = hy(8) €
H> such that 71 (%) is §-close to mq(x) and homy(X) = 71 (haX) is §-close to mq(x"). We
can find a point X’ that is €-close to x such that 71 (X") = 71 (¥) and so 71 (h2X") is 5-close
to 71(x’). A compactness argument allows us to find x” as a limit point of hy%’, thus
satisfying the claim statement. O

Using the claim, notice that (x, x”) € Qg,(X) C Qg (X) and (x”, x) € Qn,(X) C
Qpu(X). Since Qg (X) is an equivalence relation we conclude that (x, x") € Qg (X),
finishing the proof. O

https://doi.org/10.1017/etds.2019.33 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.33

3278 C. Cabezas et al

(X, Th,....,Ty) Y, Th,...,Tq)
(Y1, T, Ta) (Yo, T1,...,Ty) (Yo, T, ..., Ta)
FIGURE 5. Structure of a minimal system (X, 77, ..., Ty) with the unique closing parallelepiped property.

To ease notation, we let X/Qpu,/Qpn, denote the quotient Y /Qp,(Y), where ¥ =
X/Qp, (X). We naturally extend this notation to iterated quotients X /Qp, /Qm,/ - - - /QH,
that are defined in the obvious way.

Notice that if {j1, . .., jx} € [d] we have that

Q(le’__,,Tjk)(X) = {(x, hx) xeX, he (Tj], e, T/k)}

We warn the reader that the sets Q<Tj1 ""’Tjk)(X ) and erl T, (X) are different. The first
one is a subset of X2 while the second one is a subset of X!,
Following the notation in [4], we denote by Zgj the class Z(<)T"‘> and by Zg’ 1R the

. . e e . (T, T, )
intersection of the classes Z," and Z;”?, which corresponds to the class Z, "' """,

6.2. Dynamical structure of systems with the unique closing parallelepiped property.
We describe first a soft structure theorem for minimal systems with the unique closing
parallelepiped property.

PROPOSITION 6.3. Let (X, T1, ..., Ty) be a minimal (not necessarily distal) Zd-system

with the unique closing parallelepiped property. Then

(1) foreach j € [d] there exists a Zd—system (Y;, T, ..., Ty) such that T; is the identity
transformation on Y ;;

(2) there exists a joining (Y, T1, . . ., Ty) of the systems (Y1, T, ..., Ty), ..., (Yq, T1,
..., Ty) which is an extension of (X, T1, . . ., Ty).

To put it another way, (X, T1, ..., Ty) has an extension which is a joining of systems,

where on each one a different transformation acts as the identity (see Figure 5).

Proof. Let (X, Th, ..., Tg) be a minimal z4 -system and let xo € X. Consider the Z¢-
system (K;?,...,T(,’ Tlld], s, T[}‘”) (recall the face transformations defined in §2.2).
Such system is similar to that considered in [8] when d =2. Let Y C K’}‘;W’Td be a

,,,,,

consider the natural factor map from (Y, Tl[d], e, T}d]) to (X, T, ..., Ty) given by
the projection onto the last coordinate of points in Y. We analyze how Y looks like when
(X, T1, ..., Ty) has the unique closing parallelepiped property and show that Y can be
‘naturally decomposed’ as a joining of some factors where on each one the action of one
transformation is the identity. That is, Y is a joining of lower-dimensional actions.

We proceed as follows. Points in ¥ have 24 _ 1 coordinates and since X, Ty, ..., Ty
has the unique closing parallelepiped property, the last one is determined by the others.
Hence, we can think of points in ¥ having only 2¢ — 2 coordinates.
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ApointinY: w00 **° Yoo ‘v Y1101 Y11
|
Tl[d] . T1 cee ld v T1 1 T1
|
T[d} '- PR " A . I .
a1 id id Td—l : Td—l
T id e Ty id 0 Ty

FIGURE 6. How a point in Y and the face transformations appear.

In Figure 6, the dashed vertical line separates the last coordinate of a point in ¥ that is
determined by the others. From now on we omit this coordinate. Now we describe how to
build the factors Y7, . . ., Y7 whose joining is Y.

For j € [d], let Y; be the projection of Y onto the coordinates where Tj[d] is trivial,

that is, onto the coordinates ¢ € {0, 1} \ {6} such that ¢; = 0. We leave the reader to
verify that Y; is a subset of K;?,....,T_,'_l,T_m ’’’’’ 7, (the face orbit where we forget the
transformation 7).

Because we are forgetting the last coordinate, for all coordinates of a point in Y at least
one of the transformations acts as the identity. It follows that the projections of a point
y € Y into the factors Y;, j € [d], determine the point y itself, that is, Y is a joining of the

systems Y, j € [d]. This finishes the proof. O
Remark that by definition, for j € [d] the system (Y}, T1, . .., Ty) belongs to the class
Zgj . The next result shows that in the distal case (Y}, T1, . . ., Ty) is actually the maximal
factor of (Y, T1, ..., Tg) with respect to this class.
PROPOSITION 6.4. Let (X, Ty, ..., T;) be a minimal distal Zd—system and xo € X.
. d dl\ . . .
Then, for any j € [d], (K;? ..... Ty Ty T][ [ Td[ ]) is isomorphic to (K;? _____ T,/
d d . d d]\ .
QT}d] (K)}?’..',Td), Tl[ o Td[ ]). In particular, (K)}(l’ ..... Ty Tt Ty Tl[ o T} ]) is
the maximal Zgj ~factor of (K)}(: ’’’’’ T Tl[d], R T‘Ed]).

Proof. We follow the notation introduced in Proposition 6.3. We start by recalling that in
the distal case, by minimality we have that ¥ = K)}(l)

,,,,,

for every j € [d]. Let j € [d]. We know by Corollary 6.1 that (K;w?“.”Td/QT}d] (K);?’..',Td),

KX
7, and Y = Krl,..,,Tj,l Tjs1

,,,,,

Zgj we only need to show thatif X,y € K)}? .1, are such that

(xe e €40, 1} \ {0}, &5 =0) = (e : £ € {0, 1} \ {0}, ¢, = 0)

(i.e., they have the same projection on Y;), then (X, y) € QT][d] (K?O,...,Td)'

. 10 X0
: —
Let§ > 0and let KT1,...,T,1 KT1 ..... Tyt Tyt

openness of 7 (recall the systems are distal), we can find 0 < 8’ < § such that

7, be the natural projection. By the

B,OX[([,” ((xé‘ RS {07 l}da &j = 0)7 8/) - JT(BledJ (Xa 6)) N n(B,DX[dJ (yv 6)) (1)
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Here we recall that if p is a metric on X, px, is any metric that generates the product
topology on X Efl] = x2'-1 (e.g, the sum of the metrics in each coordinate).
pXLdl((Tlnlel e T;dedX())gE{Oyl}d\{()}, x) <&
Callz = (1" ... Td”d“xo)se{0 1)4\(5)- Then we have that

pyia-n((zs 1 8 €40, 14\ {0}, &; = 0), (xe 16 € {0, 1}¥\ {0}, &, =0)) < &

(@l e €0, 1J\ {0}, 8, =0) = (z¢ s ¢ € {0, 1} \ {0}, £; = 0)
and Plal (zl, y) < 6.

.....

ne ne
Pyl (T} LT dxo)ge{o‘l}d\{()}, zh) < 8.

Write 72 = (Tlnls] . T;dgdxo)ge{oyl}d\{a} (i.e., Plal (Zz, Zl) < 38" and define 2=

(T[d])n.ifn;zz

] .

Notice that the jth lower face of z3 coincides with that of z* which is (8" + §)-close
to that of x (here we are slightly abusing terminology; the jth lower face should consider

avoid introducing more terminology). On the other hand, the jth upper face of (Tj[d])fn;' z?
coincides with the jth lower face of 72 (with xg in the 0 coordinate) and then it is §”-close
to the jth lower face of z! and thus to the jth lower face of z. By the definition of §”, and
using that the jth upper face of z is obtained by applying (T}d])”d to its jth lower face, we
get that

= (Tj[d])”f' (Tj[d])7”3 z>  is 38-close to x.

Now observe that the point (Tj[d])n} Mg =17%1is 8" + 8 < 28-close to y. As§ >0 is

.....

X0 X0 X0 . . .
— .
KTI’_“’Td/QT}d] (KTI’_._qu) KT1 77777 Tj_1.Tjs1...Ty 15 A0 isomorphism O

We use Theorem 5.1 to prove the following theorem, which gives deeper information
about the structure of the systems with the unique closing parallelepiped property,
introducing independence with respect to further factors.

To state the theorem, let us introduce another definition. Let (X, Ty, ..., Ty) be a 74

.....

,,,,, 7,(X). The set of continuity points xo € X is a dense
G set of points of X [12, Lemma 4.5]. Note that if x¢ is a continuity point, then any
point in its orbit (i.e., Tln1 s T;dxo withny ..., ng € Z) is also a continuity point. For a
continuity point xg, we have that QTj (x0) = O(xo, T;) for j e [d].
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xo
KT1 Ty
. ////:\m
KTQ,...,Td KTl,Tg,M,Td T T KTl,...,Td,1
xq o 0 xo
KT3,~-de KT27T47-~7T,1 KTI Ty T e e KT1~,<--7T::I—2
xo o o o
K7, K7 | K7, e .. K
FIGURE 7. Decomposition of the system (KXO rldl T[d]) as the joining of the systems
. oS BE T, Ty 1 s i S j g systems

K;? Ti 1 Tis1 Td.Theorem 6.1 asserts that the joining is relatively independent with respect to the factors in
..... G 1oLl

the ‘second level’, that is, K)}(? T ,1 <iy <---<ig_p <d.Inthe diagram further factors are also shown.
1

1 tig—
A system in the kth level is an action of 74—k (k transformations are the identity, and K);? Ty corresponds to
the 0 level).

THEOREM 6.1. Let (X, Ty, ..., T;) be a minimal distal Zd-system and xo€ X a
continuity point. Suppose that X has the unique closing parallelepiped property. Then

X0 . o e e . X0 . . . .
KTI ..... 7, IS a joining of its factors KT1 _____ Ty TjsrnTy I € [d], and it is relatively

independent with respect to their maximal Zgj "'A Zgj2 -factors, for all ji, j» € [d] with
J1 < ja.
The structure mentioned in Theorem 6.1 is shown in Figure 7.

Proof. The fact that K? . is a joining of its factors K;'?w-,Tj—lyTj+lv--,Td’ jeld,
was already shown in Propositions 6.3 and 6.4, so all that is left is to show the relative
independence.

Letx,ye X Ld] be such that the following statements hold.
(1) xe K)}?’_._’Td.
(2) Forevery j €[d], (ys:€€{0, 139\ {6}, e;=0)¢ K)}?

i ) ) i v Tjm 1, Tjg 1o Ta
(3) Forevery ji1, j» € [d], j1 # jo,

(xe 16 €40, 19\ {0}, &/, =0, 8, =0) = (¢ : £ € {0, }¥ \ {0}, &, =0, &, =0),

that is, x and y coincide in the coordinates associated to the maximal ZS'/ 12 actor.
Roughly speaking, this condition says that given x € K;?,...,T(,’ one considers its projection
into the systems of the ‘second level’ and the relative independence means that one can
freely change all the coordinates of x of the form [d] \ {j} with j € [d], as long as the
resulting point (the point y in the statement) has valid faces. We leave the reader to verify
that these are the conditions we need to look at to check the relative independence.
So, given (i), (ii) and (iii), we want to show that y € K;(l)qud' By (iii), the only
coordinates ¢ C [d], ¢ # @, such that x; # y, are the coordinates ¢ = [d] and ¢ = [d] \ {j}
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for j € [d]. The program of the proof is to construct points x?, x!, ..., x? € K)}?

x? = x and such that for every k € [d],

xe €< [d], e #[d]\{j} for some j € [d],
xk=1y. e=[d]\{j} forsomeje(l,...,k}
ak e =1d],

.....

for some a* € X. Notice that since X has the unique closing parallelepiped property, the
point a* is unique. The point x¢ coincides with y in all coordinates ¢, & # [d], so the
unique closing parallelepiped property implies that they are equal. This would conclude
thaty € Kx0 . To construct the points mentioned above, assume we have constructed

.....

the point xk e K T for 0 < k < d. Notice that (x ce € {0, 1}9\ {6}, ex+1 =0) and
(ye 1€ € {0, 1}4\ {0} ex+1 = 0) differ at most in the coordinate [d] \ {k + 1}.

CLAIM. There exists a € X such that if we replace the coordinate ¢ = [d] \ {k + 1} of x*
by the corresponding coordinate of y and the coordinate [d] of X* by a, we obtain a point

k+1 X0
X" that belongs to KTl,...,Td'

We suggest that the reader look at Figure 8 while reading the proof of the claim. There
we have illustrated the proof in the case d = 3. We show how to change the coordinate
[d]\ {1} of x by the corresponding one of y (at the minor cost of also modifying the [d]
coordinate).

Proof of the claim. We first remark that it is enough to show the statement of the claim
for k =0 (i.e., for the first step). Indeed, by Lemma 3.2, after proving the case k =0 we
can permute the transformations and assume that now the second transformation is the first
one, apply the case k = 0 again and repeat this argument as many times as needed. So we
have to show that from x? = x we can change its [d] \ {1} coordinate to the corresponding
one of y and obtain a point in K;? ’’’’’ 7, In the process we also allow ourselves to change
the [d] coordinate of x.

In this claim it will be convenient to work in Q7 7,(X) instead of in Kx0 ’’’’’ T,

so we identify x,y € K’}‘l’ ,,,,, T, with (xp, X), (x0,y) € Qr,,...1,(X), respectlvely. This
identification will do no harm because of the unique closing parallelepiped property and
avoids introducing more notation.

Consider the system (X, T3, ..., Ty). Since the points (x; : ¢ € {0, 1}4, 1 = 0) and
(ye 1€ € {0, 1}, &, = 0) differ at most in one coordinate (the coordinate [d]\ {1}), by
Theorem 5.1(2) applied to the system (X, T», ..., Ty) (see the remark right after the

Gluing Lemma) we have that
Gean1ys - - -5 X1y Yian{1y) € Qn,... 7, (X). 2

Now, duplicating this point along the Ist face, we obtain the point v! € Qr,,...1,(X).

This point is characterized by
xangy if &1 =0 Athereexists j # 1, &; =0,

vy ife=[d]\ {1},
angy ifer =1Athereexists j #1,¢; =0,
yangy if e =[d].
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T{23) — 5 T{1,23} Yi2,3} Y{1,2,3}
{3} 3 L{1,3} {3} 3 {1,3}
(20, %) = {2};) ————— ---7 21,2} (20, y) = {2];) ————— -7 Y12}
Zo a {1y Zo a L{1}
(a) (b)
Y{2,3} a T3} ——— T{1,2,3}
T{23} 1 {1,2,3} T{23} : L{1,2,3}
— ul= vl = }
90{2,3;5) ————— ---72{1,2,3} 13{2,3}/) ————— ---72{1,2,3}
(2,3} a 2{1,2,3} T{2,3} a T{1,2,3}
(c) (d)
Y23y —a T{23} T{1,2,3}
T{2,3} l €L{1,2,3} T{2,3} : L{1,2,3}
| 2 _ :
2 — | Ve = |
— " {2} r -~ -~ - T ({2} Fom e ——Jray
Ty L T{1,2} oy L T{1,2)
(e) (f)
Y23y, ——a
{3} 1 L{1,3}
— wi
({2} » -~~~ ---72{1,2}
w0 L L1y
(2)

FIGURE 8. Illustration of the proof of the claim in Theorem 6.1 for the case d = 3. We change the [d] \ {1} =
{2, 3} coordinate of x to the corresponding one of y.

CLAIM. There exists a € X such that the pointu', defined as

Xan\{1y ife1 =0 A thereexists j #1,¢; =0,

1 Pang fe=1d1\ {1}
X[d) ifer =1 Athereexists j #1,e; =0,
a ife=|[d],

belongs to Qr, ... 1,(X).
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Proof of the claim. 'To prove the claim, notice that (x(gp\(1}, X[¢]) € Qr; (X), because the
point x belongs to Qg . . 7,(X). Now we analyze separately two cases, namely the

case Qr, (xan{13) = O(xap 1y, T1) and the case Qr, (xjap\(11) 2 OCxapn gy, 71). By [12,
Lemma 4.5], there is a Gs-dense set of x € X such that Q7, (x) = O(x, T1).

Case 1. QT1 (x[d]\{l}) = O(X[d]\ , T1). Since ()C[d]\ ) € QT1 (X), by the assumptlon
of this case we can find a sequence (n;);ecNn € Z such that

Ty xtan\(1) = Xid)-

By compactness we can assume that 7' y[dl\{ 1} — a for some a € X. Thus, applymg the
transformation (T1 )"' to the point v! and taking the limit, we obtain a point u' of the
desired form that belongs to Q7. 7, (X).

Case 2. Qr, (xtap\{1y) 2 O(xpan(13, T1). We define the following projection maps.
e Let ¢1 be the projection from K)}(l’ 7, onto the coordinates ¢ € {0, 1}¢ where &; =0

and the coordinate ¢ = [d]. That is,
G1((ze 16 €40, 1) = (ze 16 €{0, 1}%, &1 = 0 Vv & = [d]).

e Let ¢ be the projection from K;‘l’ 7, onto the coordinates ¢ € {0, 1}" where €1 =0,

and set ¢ 2, the map from ¢ (K)}‘l) 7,) onto ¢2(K’}(l’ 7,)> such that ¢1 2 o ¢1 = 2.

That is,

,,,,,

$2((ze 6 €0, 1}) = (ze 16 €10, 1}, 61 = 0),
$12(Ge e €{0, 1}, 61 =0V e=[d]) = (zc : £ € {0, 1}, &1 =0).
o Let ¢3 be the projection from K7, 0 .1, onto the coordinates ¢ € {0, 1}¢ such that &; =

0 and such that there exists j € [d] J # 1, such that ¢; = 0. Set ¢ 3, the map from
0K 1,.-.,Td) onto ¢3(K T Td)’ such that ¢, 3 o ¢ = ¢3. That is,

$3((ze e €{0, 1)) =(ze:e€{0, 1}, 61 =0A3j #£1,6; =0),
$23((ze e €{0, 1}, 61 =0) = (z: 16 €{0, 1}%, 61 =0ATj #1,¢; =0).

,,,,,

Note that when we write an expression like (z; : € € {0, 1}4, 1 = 0) we implicitly assume
that this point is the restriction of a point z = (z, : & € {0, 1}). By distality, all functions
described above are open. Let § > 0. Because of the openness of ¢ 2 and ¢ 3, we can take
0 < 8’ < & such that

B((xe:e€{0, 1}, 61 =0),8) Cp12(B((xe 16 €{0, 1}, e1 =0ve=[d]). 8, (3)
and 0 < §” < &’ such that
B((x;:e€{0,1}%, 61 =0A3j#1,6;=0),8")
C 23 (B((xe e €0, 1}, £1=0),8). 4)

Let a= (a; : € € {0, 1}¥) be such that Qr, (apap1y) = Oagap 1y, T1) and such that
the points are 8”-close to (x. : & € {0, 1}¢). This point exists because xq is a continuity
point (and we may take a € K)}?’__”Td in the face orbit of (xg, ..., xg); see the
remarks before the statement of Theorem 6.1). The point (a; : ¢ € {0, 14, e1=0A3j #
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1,e;=0) is 8”-close to (x;:¢ € {0, 1, e1=0A3j #1, €j=0) and then, by (4),
there exists a point (b; : ¢ € {0, l}d, &1 =0) such that (b, :¢ € {0, l}d, g1 =0) is §'-
close to (ys:e€{0,1}9, &1 =0) and (a;:e€{0, 1}9, e =0A3j #1,6; =0) = (bs :
ee{0,1}4, e =0A3j #1, e; =0). Therefore, the points (a; : ¢ € {0, 1}4, & = 0) and
(be : & € {0, l}d, €1 = 0) differ at most in one coordinate (the coordinate [d] \ {1}) and
we can repeat the argument started in (2). The point (a; : € € {0, l}d, g1 = 0) satisfies the
assumption of case 1 and thus we can construct w € Qr,, . 7,(X) such that

aanf1y if e1 =0 Athere exists j #1,¢; =0,

brany ife =1[d]\ {1},

agd) ifeg =1 Athereexists j #1,¢; =0,

Ug if e =[d],

We =

for some u, € X.
Letting 6 — 0, by compactness we can assume that u, converges to some a € X. Thus
we have that there exists u' € Qr,,.... 7, (X) such that

xangy  if 1 =0 Athereexists j # 1, &, =0,
1 yiangy ife=I[d]\ {1},

¢ X[d] ife; =1 Athereexists j #1,¢; =0,
a if e = [d].
This finishes the proof of the claim in case 2. O
From u! we aim to construct points w?, ..., u?in Qr,,.... 7, (X) where at each step they

increasingly coincide with x, but having their [d] \ {1} coordinate equal to y;4\(1) and their
[d] coordinate equal to a. We suggest that the reader keep in mind that the [d] \ {1} and
[d] coordinates are special.

Consider the face (u ; :e2 =0). Since x € Q... 7, (X), duplicating the restriction of
x to the coordinates [d]\ {1, 2}, [d]\ {1}, [d]\ {2} and [d], we get the point vZe
Qr,,...., 7, (X) characterized by

Xan{1,2y ifer=0Ae=0,

2 xangy  ifer=0Ae=1,
Vg = .
aney ifer=1Ae=0,

[

X
X[d] ifer=1Aeg=1.

Hence, (vf 1e €{0, l}d, e=1)= (ué 1e €0, 1}", e2 =0). By Lemma 3.4, we can
glue the 2nd lower face of v to the 2nd upper face of u' and obtain the point u? that
belongs to Qr, ..., 7, (X). The point u? is characterized by

Xan1,2y ifer=0Ae=0,
xangy  ifer=0Ae=1,e#[d]\ {1},
2 xangey ifer=1Ae=0,

e = X[d] ifer=1Ae =1,
yangy € =I[d1\ {1},
a e =[d].

The value of ug for & # [d] and & # [d] \ {1} can only take the values xa\ (1,2}, X[aq\ (1}

X[a\{2} OF X[q]. Furthermore, u? coincides with x in the coordinates [d] \ {1, 2} and
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[d]\ {2} while u%d]\{l} = ylan\1) and u[zd] = a. Note that u? does not depend on {3, . . . , d},
meaning that u% = X¢U{3,....d} for any &, except for ¢ = [d] \ {1} and ¢ = [d].

Now assume that we have constructed uX € Qr,,..17;(X) for 2 <k <d such that u
coincides with x in all coordinates of the form [d] \ A where A C {1, ..., k}, except for
A= {1} and A =, where u’[‘d]\{l} = ylan\{1} and u’[‘d] = a. Assume also that u* does not

depend on {k + 1, ..., d}, meaning that for any ¢ (except for ¢ = [d] \ {1} and ¢ = [d]),

Uk = xeUgt1.ay- &)

Consider the (k + 1)th lower face of u* (ie., (ulg‘ e €{0, 1}9, ex+1 = 0)). Since
x€Qr, .. 1,(X), duplicating the restriction of x to the coordinates [d]\ A, AC
{1,...,k+ 1}, we get the point vkt that belongs to Q7. 7,(X). This point is

characterized by

k+1

Vg = XeU{k+2,...,

Note that if eg+; = 1 (or equivalently k 4+ 1 € ¢) then

VA = XUt 2,d) = X\ 1)UL A2, d) = Mﬁ\{k+1}, (6)

where in the last equality we used (5) with ¢ \ {k + 1}, which is different from [d] \ {1}
and [d].

From (6) we deduce that (v’g”‘l ce €0, 1}9, ek+1=1)= (ulg e €{0, 1}9, ek+1 =0).
By Lemma 3.1, we can glue the (k + 1)th lower face of v¥*! to the (k 4 1)th upper face of
u¥ and obtain the point u**! that belongs to Qr,....,7,(X). The point ult! is characterized
by

.....

N

¢ uk  if ey =1

We check that the point uf*! satisfies the conditions needed to continue the process,
assuming obviously that k + 1 <d. Let AC{l, ..., k+ 1} with A # {1} and A #@. If
k+1¢ Athenk+1€[d]\ A and ul[{;i\lA = u][cd]\A = X([d\A)U{k+1,....d} = X[d]\A- On the
other hand, if k + 1 € A then k + 1 ¢ [d] \ A and u][‘(m A= vﬁ;;\l 4 = X(ANAYKA2, . d) =
X[ana- We deduce that u coincides with x in all coordinates [d] \ A, with A # {1} and
A # . Itis also immediate to check that u][;;{{l} = “][(d]\{l} = ylan\{1} and u][‘j]l = “ﬁz] =a.
We now check that u*! does not depend on the coordinates {k +2, ..., d}. For & #
[d]\ {1} and ¢ # [d] we have

S — {UIQH = XeU(k+2.....d) if ex41 =0,
¢ UK = XeU(kt1,...dy = XeUpt2,.ay  if &1 =1,
and we conclude that w**! does not depend on the coordinates {k + 2, ..., d}.
We proceed with the process until we construct u e Qr,,...,7,(X). This point coincides

with x in all coordinates [d]\ A for A € {1, ..., d} =1[d] except for A={1} and A =
@, where u‘[id]\{l} = ylan\1} and u‘[id] = a. We therefore conclude that u? coincides with x
everywhere but in the coordinates [d] \ {1} and [d]. In particular, uj = x¢. Using that x¢

,,,,,

the claim. O
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To finish the proof of Theorem 6.1, use the claim for 0 < k < d to construct the points

xh,...,xle K)}(l’ .1, As mentioned before, the point x? coincides everywhere with y,
except for the [d] coordinate. The unique closing parallelepiped property implies that y =
x4 € K’}? Ty O

7. Proof of Theorem 1.1

We now have all the ingredients to prove the structure Theorem 1.1. We restate it here
for the reader’s convenience. Interestingly, after the work of previous sections, all the Z¢-
systems that appear in the theorem can be described explicitly from the directional cube

structures of (X, T4, ..., Ty).

THEOREM 1.1. Let (X, Ty, ..., T;) be a minimal distal Zd—system. The following
statements are equivalent.

(1) (X, T,...,Ty) has the unique closing parallelepiped property, that is, if X,y €

Qr,,..1,(X) have 24 — 1 coordinates in common, then X =y.
(2) RT],...,Td(X) = AX~

(3) The structure of (X, T1, ..., Ty) can be described as follows: (i) it is a factor
of a minimal distal 7¢-system (Y, Ty, ..., Ty) which is a joining of 7¢-systems
M, T, ....Tp), ..., Ygq, Th, ..., Tyg), where for each i € {1, ..., d} the action
of T; on Y; is the identity; (ii) for each i, je€{l,...,d}, i <j, there exists
a Zd-system Yi,j, T1, ..., Ty) which is a common factor of (Y;, Th, ..., Tq)
and (Y, Ty, ..., Ty) and where T; and T; act as the identity; and (iii) Y is
Jointly relatively independent with respect to the systems ((Y; j, Th, ..., Ty) :i, j €
{1,...,d},i<]).

. 3o L _ 1o . ,
More precisely, Y_KT1 T, and Y; _KT1 .... Tj 1 TjstvnTs with xo being a

.....

continuity point. Relative independence of Y is with respect to its maximal ZO’I A

Z(e)"’2 -factors, for all jy, j2 € [d] with ji < ja.

Proof. (1) = (2). This follows from Proposition 4.1.

(2) = (1). Suppose that (X, Ty, ..., Ty) does not satisfy the unique closing
parallelepiped property. Then there exist x, y € X with x %y and a, € XLd] such that
(x, a,), (v, a,) € Q... .1,(X). By Proposition 5.1, we have that (x, y) € Ry, 7,(X).
Then x = y, which is a contradiction.

(1) = (3). This is a consequence of Theorem 6.1.

(3) = (1). We show that the system (Y, T1, ..., Ty) given by (3) satisfies the unique
closing parallelepiped property.

Letye QT]’__,,T]. (Y). By definition, for every j € [d] we have that (y4], Ya)\(j}) €
Qr;(Y). But T; acts as the identity on the jth coordinate of points in Y, and then
(O j» Gangy) ) € Qr; (¥Yj) = Ay, This implies that (ya1); = (yian\(;)),- Hence, yia)
can be determined from previous coordinates of y, which proves the unique closing
parallelepiped property for (¥, T1, ..., Ty).

Since (1) is equivalent to (2) we have that Rr, . 7,(Y)= Ay. By Theorem 5.3,
,,,,, 1,(X) =Ax. This proves the unique closing parallelepiped property for
X, Th, ..., Ty). O
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The following two corollaries can be deduced from Theorems 1.1 and 5.3. The first one
was implicitly proved in the previous proof.

COROLLARY 7.1. Let w:Y — X be a factor map between minimal distal 7°-
systems (Y, Ty, ..., Tg) and (X, T1, ..., Ty). If (Y, T1, . .., Ty) has the unique closing
parallelepiped property then (X, Ty, . . ., Tg) has it too.

COROLLARY 7.2. Let (X, Ty,...,T3) be a minimal distal Zd-system. Then
X/Rry,..1,(X), T, . .., Tg) has the unique closing parallelepiped property. Moreover,
this system is the maximal factor with this property, that is, any other factor of
(X, T, ..., Ty) with the unique closing parallelepiped property factorizes through it.

Proof. Observe that if (Z, Ty, ..., Ty) is a factor of (X, T1, ..., Ty) with the unique
closing parallelepiped property, then, by Theorem 1.1, Ry, . 7,(Z) = Az. Now, by
Theorem 5.3, m x n(Ryy,...1,(X)) =Rr,,..17,(Z) = Az. That is, there exists a factor
map from (X/Rr,,..1,(X), T1,...,Tq) to (Z, Ty, ..., Ty). It remains to prove that
Rey,..ty(X/Ry,...1,(X)) = AX/RTI 7,(X) (i.e., the quotient system has the unique

,,,,,

RT[ .....
Ray,...17,(X/Rr,,...1,(X)) coincides with the diagonal relation of X /Ry, .. 1,(X), which
proves the corollary. O

8. Recurrence in minimal distal 7%-systems with the unique closing parallelepiped
property

As an application of previous work, in this section we study sets of return times for minimal

distal Z“-systems with the unique closing parallelepiped property. In particular, we get a

characterization of minimal distal systems with this property using return time ideas.

Definition. Let (X, Ty,...,Ty) be a Z4-system. Let x € X and U be an open
neighborhood of x. The set of return times of x to U is defined as

Nty oz, U ={(n1, .o ong) € 24 T -+ T)4x € U},

A subset B of Z? is a set of return times for a Z?-system if there exist a Z¢-system
(X, T, ..., Ty), x € X and an open neighborhood U of x such that N7, 7,(x, U) € B.

.....

We are able to characterize sets of return times for minimal distal Z?-systems via the
unique closing parallelepiped property. For this we consider the following definition.

Definition. Let d > 2 be an integer and By, ..., By C 741 We define the d-joining of
Bi, ..., B; as the set
B=A{(n,...,ng) €Z:Vi e[d], (n1,...,ni—1,nit1, ..., nq) € Bi} CZ°.

We remark that the 2-joining of By, By C Z is the Cartesian product By x B;.Ford >3
the set B might be empty for general sets. For instance, let

By ={(n1,n2) € Z*:n; —nyiseven}, By ={(n1,n2) € Z*:n| — ny is odd},
Bs = B;.
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Then (n1, ny, n3) € B if and only if n, — n3 is even, n; — n3 is odd and n; — ny is even,
which leads to a contradiction. However, if the building sets By, . .., By are return times,
then the set B is always non-empty (it contains a vector of 0s). With the help of this notion
of joining of sets we can obtain a nice relation with the unique closing parallelepiped
property in the minimal distal case.

THEOREM 8.1. Letd > 2 be an integer. A subset B C 7¢ contains a set of return times for
a minimal distal 74 -system with the unique closing parallelepiped property if and only if
B contains a d-joining of sets that are return times of minimal distal 74~ -systems.

Proof. Let B be a subset of Z¢ that contains a set of return times of a minimal distal
7Z4-system (X, Ty, ..., Ty) with the unique closing parallelepiped property. Let x € X
and U an open neighborhood of x such that Ny, 7,(x,U)={(n,...,nq) € 74 .
Tl”1 e Td""x € U} € B. We want to show that B contains a d-joining of sets that are
return times of minimal distal Z¢~!-systems.

Let (Y, Ty, ..., T;) be an extension of (X, Ty, ..., Ty) as in Theorem 1.1. Recall that
(Y, Th, ..., Ty)isajoining of systems (Y;, T, . .., Ty), where for each j € [d] the action
of T; on Y; is the identity.

Let (y1, ..., y4) € Y be such that w(y1, ..., y4) = x and let U be a neighborhood of
(1, ..., y4)in Y such thatn(U) C U. We may assume that U= ([71 X - X Ud) ny,
where for each j € [d] the set U j 1s an open neighborhood of y;. We have

Nryo 1, (O - ¥a), U) = Nry 1, (1 ooy ya), (Uy X - x Ug) N Y)

= m NT1,‘.,,Td(yj7 U])
Jjeld]

Recall that on each Y; the action of T is the identity, so the action of 77, ..., Ty on Y;
can be seen as a Z4~! action and

(1, ...,nq) € Ngy.. 1, (15 - . va), U)

— (ni,..., Nj1, Mjtls s ng) € 1\77"1’”.,TJ.71,TJ.Jrl Td(yj, Uj) for every j € [d].

.....

Thus the sets

Bj={(ni,....nj_1,njt1,....nqa) € Nty .1, T;41,...7,(Vjs Uj)}

are return times of minimal Z9!-systems whose d-joining coincides with
Nty ... 1,(1, .., ya), U). Since w(U) € U, we have that

Nry..t, (01, -+ ya), U) S Nyy._1,(x, U) C B,

which serves to conclude.

Conversely, assume that a set B C 74 contains a d-joining of sets Bj, j € [d], where
each Bj is a set of return times of a minimal distal Zd"—system Y, Sj1, -5 Sja-1).
We want to show that B contains the set of return times of a minimal distal Z¢-system with
the unique closing parallelepiped property.

For convenience, for each j € [d] we write (Y;, Ty, ..., Tj—1, Tjy1, Ty) instead of
(Y;, Sj1, ..., 8ja-1). By doing so, we stress the fact that we are viewing the 74-1 action
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as a Z¢ action where one of the transformations is the identity. We will see below that using
the same set of transformations 71, . . . , T4 for all systems will not be a notational problem
since we will consider a product system.

Let y; € Y; and let U; be an open neighborhood of y; such that

N7y, T T, T (0 Uj) € By (7

yeues

We now construct a minimal distal Z¢-system with the unique closing parallelepiped
property and a set of return times for this system that is contained in B. Consider the
product system ]—[‘;?=1 Y; and the diagonal action of Ti, ..., Ty on it. For the point
y=01,...,Yq) € ]_[j-l:1 YiletY =0(, T, ..., Tg). The Z4-system (Y, Ty, ..., Ty)
is minimal and distal (see Theorem 2.1), and contains the point y= (yi, ..., yq).
For any j €[d], the transformation T acts trivially in the jth coordinate of Y
and thus, by Theorem 1.1, (Y, Ty, ..., T;) has the unique closing parallelepiped
property. Now consider the open neighborhood of y given by U = (]_[‘;=1 upny

and note that (ny,...,nq) € Ny,,..1,(y,U) if and only if for every jel[d],
(i, . .onj—1,njt1, .o ng) € N1y, 1, Ty, (3, Uj). Thatis, Ny 1,(y, U) is
the d-joining of the sets N7y, . Tj 1. Tj 1 7,(vj, Uj). Using (7), we conclude that
N7,,...1,(y, U) is contained in B. 0O

We denote by B, the family generated by sets of return times arising from minimal
distal Z?-systems with the unique closing parallelepiped property and by B the (dual)
family of subsets of Z¢ which have non-empty intersection with every set in B;.

LEMMA 8.1. Let (X, Ty, ..., Ty) be a minimal distal Zd—system. Suppose that (x, y) €
Rry,..1,(X). Let (Z, Ty, . .., Tyg) be a minimal distal 74 -system with the unique closing
parallelepiped property and let (J, Ty, . . ., Ty) be a joining between (X, T1, . . ., Tz) and
(Z, T1, ..., Ty). Then, for zo € Z, we have that (x, zo) € J if and only if (v, z0) € J.

Proof. The proof is similar to that of [8, Lemma 6.19], which is an adaptation of
the corresponding statement in [20]. We provide it for completeness. Let W = ZZ and
TIZ, AU TdZ : W — W be the corresponding commuting transformations. Let w* € W be
the point satisfying w*(z) = z forall z € Z and Zo, = O(w*, GZ), where G is the group
generated by T7, . . ., TdZ . Then Z, is minimal and distal. So for any w € Z, there exists
p € E(Z, G) such that w(z) = pw*(z) = p(z) for any z € Z. Since (Z, T1, ..., Ty) is
minimal and distal, E(Z, G) is a group and thus p : Z — Z is surjective. This implies that
there exists z,, € Z such that w(z,) = zo.

Take a minimal subsystem (A, T1 X TZ, ..., Ty % TdZ) of the product system (X x
Zoo, T1 X TZ, ..., Ty % sz). Let 7x : A— X be the natural coordinate projection.
Then, mx is a factor map between two distal minimal systems. By Theorem 5.3, there
exist w!, w?* € W such that ((x, ®'), (y, ®?)) € Rfled (A), where f"j =T; x T].Z, for
jeld].

Let z; € Z be such that w!'(z)) =z9. Weite 7 : A > X x Z, 7(u, ) = (u, w(z1))
for (u,w)e A, ueX and weW. Consider the projection B =m(A). Then
(B, Ty xTy, ..., Ty x Ty) is a minimal distal subsystem of (X x Z, Ty x T1, ..., Ty X
T;), and since 7(xp, ') = (x, z0) € B we have that J contains B. Suppose that
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(x, @) = (x,z2). Then ((x,20), (¥, 22)) € Rryx7y....1,x7,(B) and we conclude
that (zo, z2) € Ryy,....1;(Z). Since Rry,... 1,(Z) = Az we have that zgo =z and thus
(y,z0)e BC J. O

LEMMA 8.2. Let (X, Ty, ..., Ty) be a minimal distal Zd—system. Then, for x,y € X,
(x,y) € Ryy,..1;(X) if and only if Ny, . 1,(x,U) € B“d“ for any open neighborhood U
of y.

.....

Proof. The proof is similar to that of Theorem 6.20 in [8]. Suppose N7, .. 7,(x, U) €
T, for any open neighborhood U of y. Since (X, Ti,...,7Ty) is distal,
7,(X) is an equivalence relation. Let w be the projection map 7 : X — Y =
,,,,, 7,(X). By Corollary 7.2 we have that Ry, . 1,(Y) = Ay. We also have that
the factor map m is open and 7w (U) is an open neighborhood of m(y). In particular,
N7,,..1;(x, U) € Nyy,...1,(m(x), 7(U)). Let V be an open neighborhood of 7 (x). By
hypothesis, we have that N7, 1,(x, U) N N7, . 1,(w(x), w(U)) # @, which implies that
Nr,,..1,(m(x), m(U)) N N7y, 1,((x), V) # @. This implies that 7(U) NV # @. But
this holds for every V, so we have that 7w (x) € 7(U) = 7(U). Finally, since this fact
holds for every U we conclude that 77 (x) = 7 (y). This shows that (x, y) € Ry, .1,(X)
as desired.

Conversely, suppose that (x, y) € Ry, 7,(X). Let U be an open neighborhood of
y and A be a B set. Then there exist a minimal distal system (Z, 71, ..., T;) with
,,,,, 1,(Z) = Az, an open set V C Z and zp € V such that N7, 71,(z0, V) € A. Let
J be the orbit closure of (x,zo) under T; x T; for j €[d]. By distality we have
that (J, Ty x Ty, ..., Ty x Ty) is a minimal system and (x, zg) € J. By Theorem 5.3
we have that_ (y, z0) €J a_nd, in _particular, there exists a sequence (ni),-GNgZd

such that (7," - - T)%x, T," - - - T;*z9) — (y. z0). This implies that Nz, _7,(x, U) N
N7y,...1,(z0, V) # @ and the proof is achieved. O

,,,,,

.....

.....

.....

.....

We get the following characterization of the unique closing parallelepiped property for
minimal distal Z¢-systems.

COROLLARY 8.1. Let (X, Ty,...,Ty) be a minimal distal Zd-system. Then,
(X, T, ..., Ty) has the unique closing parallelepiped property if and only if for every
x € X and every open neighborhood U of x, Nr, .. 1,(x, U) contains a d-joining built
from d sets of return times of minimal distal 7.4~ -systems.

Proof. The implication that N7, . 7,(x, U) contains a d-joining of d sets of return
times for minimal distal Zd_l-systems whenever (X, T, ..., Ty) has the unique closing
parallelepiped property follows immediately from Theorem 8.1. Then we only need to
prove the other implication. Let us suppose that there exists (x, y) € Ry, 7,(X) \ Ax
and let U, V be open neighborhoods of x and y respectively such that U NV = @. By
assumption, N7, .. 1,(x,U) is a By set, and by Lemma 8.2, N7, 7,(x, V) has non-
empty intersection with N7, . 7,(x, U). This implies that U N V # @, a contradiction. We
conclude that Ry, 7,(X) = Ax and therefore (X, T1, ..., Ty) has the unique closing
parallelepiped property. O
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As an application we get the following criterion for a minimal distal system (X, T) (so
defined by a single transformation) for being topologically conjugate to an inverse limit of
d-step nilsystems, that is, to an inverse limit of systems that can be written as X = G/ T,
where G is a d-step nilpotent Lie group and I" is a cocompact subgroup of G, and T is
a left translation by a fixed element in G. For an integer d > 1, let ¢ : Z¢ — Z be the
morphism (n1, ..., ng) —>ny +---+ngy.

THEOREM 8.2. Let (X, T) be a minimal distal system. Then (X, T) is topologically
conjugate to an inverse limit of d-step nilsystems if and only if, for all x € X and U an
open set containing x, the set of return times Nt (x, U) ={n € Z : T"x € U} contains the
image under ¢q41 of a (d + 1)-joining of d + 1 sets of return times for distal 74 -systems.

Proof. We regard (X, T) as the Zd+1-system (X,T,...,T). Then we have that
(X, T, ..., T) has the unique closing parallelepiped property if and only if, for all x € X
and all neighborhoods U of x, the set {(n1, ..., n4+1) € 74+l 2L Tty €
U} € 74! contains a (d + 1)-joining of d + 1 sets of return times for 74 -distal
systems. But, since all transformations are the same, {n € Z: T"x € U} contains the
image under ¢g41 of {(ny, ..., n44+1) € Z4+l i L Thavix € U}. On the other
hand, (X, T, ..., T) has the unique closing parallelepiped property if and only if it is
isomorphic to an inverse limit of d-step nilsystems [19, Theorem 1.2]. This finishes the
proof. O

9. Examples of systems with the unique closing parallelepiped property
In this section we provide a family of examples of systems with the unique closing
parallelepiped property.

9.1. Affine transformations in the torus. Let r > 1 be an integer. Consider different
affine transformations 7; : T" — T", x — A;x + «;, where A; is an unipotent integer
matrix (i.e., (A; — I)? =0 for some p € N) and «; € T" for every i € {1, ..., d}. The
74 -system (T", T1, ..., Ty) can be seen as a nilsystem as long as the matrices commute
(we will not give all details concerning this fact, but ideas can be found in [22]).

Let G be the group of transformations of T" generated by the matrices Ay, ..., Ag
and the translations of T". Then every element g€ G is a map x+— A(g)x +
B(g), where A(g) = A'l'11 e AZ” with my,...,mg€Z and B(g) €eT". A simple
computation shows that if gi, go € G then the commutator [gq, g»] is the map
x+— x4+ (A(g1) — DB(g2) — (A(g2) — I)B(g1) and thus it is a translation of T". On
the other hand, if g € G and B € T, then [g, B] is the translation x — x + (A(g) — ).
It follows that if g1, ..., gr € G then the iterated commutator [- - - [[g1, g2], g3] - - - g«
belongs to T" and is contained in the image of (A(g3) — 1) - (A(gx) — I). If k is
large enough, this product is trivial. So G is a nilpotent Lie group. The torus T” can
be identified with G/I", where I" is the stabilizer of 0, which is the group generated
by the matrices Ay, ..., Ag. We refer to (T", Ty, ..., Ty) as an affine nilsystem with
d transformations. It is worth noting that the transformations 7; and 7; commute if and
only if(A,' — [)Olj = (Aj — [)Oli inT".

From results in [21] one can deduce the following proposition.
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PROPOSITION 9.1. Let (T", Ty, ..., Ty) be an affine nilsystem with d transformations.
Then the properties of transitivity, minimality, ergodicity and unique ergodicity under the
action of (T, . . ., Ty) are equivalent.

We consider some conditions on the commuting transformations 71, ..., T; under
which the system (T”, Ty, ..., T;) has the unique closing parallelepiped property. We
start by presenting examples whose elementary proofs are deliberately omitted. Interested
readers can find them in [5]. For the sake of clarity we first consider the case d = 2.

LEMMA 9.1. Let (T", Ty, T>) be an affine nilsystem with two commuting transformations,
where Tix = Ajx + «; fori € {1, 2}. Then we have that for every n, m € Z,

N'L'x=T'x +T,'x — x
if and only if
(A1 =D(A2 - 1) =0, ®)
(A1 — Doaa = (A2 — Day =0. ©)
In particular, if conditions (8) and (9) are satisfied we have that

Qnn(X)={(x, T{'x, T,)"x, T{'x + T,'x —x) : x € T", n, m € Z},

and thus (T", Ty, Tz) has the unique closing parallelepiped property.

Example 9.1. Consider the matrices

1 0010 2 1 00 11 2
01031 4 010 2 2 4
Al — 0 01 6 3 6 A — 001123
"“looo 100" ®T]ooo 100
00 0O0T10 000010
000 O0O0°11 0 00 O0O0°1
For A1, the eigenspace (associated to the unique eigenvalue 1) is given by
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2
0 0 0 1
For A, the eigenspace is given by
1 0 0 0
0 1 0 0
0 0 1 0
WI(AZ)—< 0 ’ O ’ 0 El _1 >
0 0 0 —1
0 0 0 1

It is easy to see that (A} — I)(A2 — I) =0 and we can choose o) € Wi (Ay) and o; €
W1 (A1) such that (TS, Ty, T>) has the unique closing parallelepiped property.
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Conditions (8) and (9) can be generalized as follows. Again, the simple but tedious
proof of this result can be found in [5].

LEMMA 9.2. Let (T",Ti,...,Ty) be an affine nilsystem with d commuting
transformations such that Tix = Ajx +«; for i€{l,...,d}. Then, for every
(ny,...,ng) €24

d—1
T Tt = (DT D™ Y Oker s
i=0 Ilgl[d]
I=i

if and only if

d
[[ai - D=0, (10)

i=1

d
forall je(l,....d}, []i—Da;=0. (11)
i=1

i#]

In particular, if conditions (10) and (11) hold, the system (T", Ty, . .., Ty) has the unique
closing parallelepiped property.
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