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This work focuses on the mass transfer around unconfined bubbles in cylindrical
microchannels when they are arranged in a train. We characterise how the mass
transfer, quantified by the Sherwood number, Sk, is affected by the channel and
bubble sizes, distance between bubbles, diffusivity, mean flow velocity, deformation
of the bubble, the presence of surfactants in the limit of rigid interface and off-centred
positions of the bubbles. We analyse the influence of the dimensionless numbers and
especially the distance between bubbles and the Péclet number, Pe, which we vary
over eight decades, identifying five different mass transfer regimes. We show different
concentration patterns and the dependence of the Sherwood numbers. These regimes
can be classified by either the importance of the diffusion along the streamlines or the
interaction between bubbles. For small Pe the diffusion along the streamlines is not
negligible as compared to convection, whereas for large Pe convection dominates in
the streamlines direction and, thus, crosswind diffusion becomes crucial in governing
the mass transfer through boundary layers or the remaining wake behind the bubbles.
Interaction of bubbles occurs for very small Pe where the mass transfer is purely
diffusive, or for very large Pe where long wakes eventually reach the following
bubble. We also observe that the bubble deformability mainly affects the S in the
regime for very large Pe in which bubbles interaction matters, and also that the rigid
interface affects the boundary layer and the remaining wake. The effect of off-centred
position of the bubble, determined by the transverse force balance, is also limited
to large Pe. The boundary layers on rigid bubble surfaces are thicker than those on
stress-free bubble surfaces, and thus the mass transfer is weaker. For centred bubbles,
the influence of inertia on the mass transfer is negligible. Finally, we discuss the
implication of our results on the dissolution of bubbles.

Key words: gas/liquid flow, microfluidics

1. Introduction

Nowadays, microfluidics is undergoing rapid expansion due to deeper control
of operating conditions and the possibility of continuous production. Microfluidic
devices are present in a wide range of applications, examples of which spanning from
dissolution of carbon dioxide in microchannels (Cubaud & Ho 2004; Chi et al. 2017,
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Durgadevi & Pushpavanam 2018), to culture of cells (Mehta et al. 2007), adsorption
kinetics of surfactants (Riechers et al. 2016), polymerisation of monodisperse beads
by solvent diffusion from droplets (Hung et al. 2010), and boiling and condensation
in microchannels (Kandlikar et al. 2005). Despite the apparent unrelatedness of these
examples, they have important similarities. In effect, objects such as bubbles, cells
or drops are immersed in a liquid flowing in small microchannels and there exists
an exchange of mass/heat between these objects and the surrounding liquid. Besides
microfluidics, other phenomena also rely on mass/heat transfer in microchannels such
as microrocket production (Gallino et al. 2018), oxygen transport by red blood cells
in capillaries (Vadapalli, Goldman & Popel 2002), and the control of the nucleation
and full dissolution of bubbles in extracorporeal medical devices, whose presence in
blood may lead to gas embolism (Barak & Katz 2005). Thus, it is of high importance
to control the transfer mechanisms governing all these processes.

Kuo & Chiu (2011) provide a review of available techniques for the control of
mass transport in microfluidics. Most of them rely on very sophisticated geometries
or on the tailoring of surface rheological properties (Beltramo et al. 2017). In
this work, we consider the mass transfer of bubbles in cylindrical microchannels
(i.e. straight microchannels with a circular cross-section) and study the influence of
all the properties of the system in a systematic manner using numerical means. To
understand this problem, the hydrodynamics and the dissolution are studied in two
different steps. The hydrodynamics has been previously reported in Rivero-Rodriguez
& Scheid (2018a,b).

The dissolution of CO, in water flowing in microchannels has recently drawn
the attention of many researchers (Cubaud, Sauzade & Sun 2012; Shim et al.
2014; Ganapathy et al. 2014; Mikaelian, Haut & Scheid 2015b). Despite the fact
that larger-scale systems, such as column reactors, have been studied for several
decades (Griffith 1960; Deckwer 1980), bubble dissolution is still a matter of active
research because of its rich dynamics (Auguste & Magnaudet 2018) implying various
dissolution regimes (Dhotre & Joshi 2004). The miniaturisation of bubble columns is
known to increase the mass transfer for both gas-liquid (Durgadevi & Pushpavanam
2018) and liquid-liquid (Xu et al. 2008) exchanges, which increases the reaction
rate in mass transfer limited reactors (Kashid, Renken & Kiwi-Minsker 2011). In
the case of bubbles in microchannels, few hydrodynamic regimes have been found
(Cubaud & Ho 2004; Abiev 2013) relative to the size and ordering of the bubbles, or
relative to coalescence (Cubaud & Ho 2004). Concerning the dissolution of a train of
bubbles, the pure diffusion has been considered by Shim et al. (2014) as well as its
dissolution through a boundary layer by Mikaelian, Haut & Scheid (2015a). However,
a characterisation of all the different dissolution regimes is lacking in the literature.

To understand the dissolution of a train of bubbles flowing inside a microchannel,
it is crucial to understand the mass transfer around each bubble. In this work
we provide a complete picture of the mass transfer of the gas around bubbles in
microchannels covering the entire range of experimentally relevant distance between
bubbles as well as Péclet numbers from small to large values. This is useful for the
control of this phenomenon in many applications such as reactions in bubbly flow
(Hashemi, Modestino & Psaltis 2015) or controlling the oxygen level of cells (Mehta
et al. 2007). Modelisation of similar situations has already been carried out for the
design of biosensors (Squires, Messinger & Manalis 2008), for the control of glucose
concentration in a culture of cells (Westerwalbesloh ef al. 2015) or drug delivery
(Gekle 2017).

Heat and mass transfers in fluid flows have been widely studied in many simple
geometries (Rohsenow, Hartnett & Ganic 1985) in which the relation between
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the transfer coefficient and the convection to diffusion ratio are provided by
analytical/numerical or experimental means. However, full numerical simulations
sometimes become an alternative for complex geometries despite the higher
computation cost. This cost can be decreased with the help of a multi-scale approach.
In this approach, small and large scales are considered separately. At small scale,
the local details of the geometries are considered and the relation between the mass
transfer coefficient and the convection to diffusion ratio is obtained. Then, using this
relation, the concentration of dissolved species is obtained for the large scale, taking
into account the entire geometry. At the large scale other domains and physical
behaviours can also be considered.

This approach has already been used for the dissolution of bubbles in microchannels
by Mikaelian et al. (2015a,b). The small scale is at the level of the bubble (Mikaelian
et al. 2015a), and they provide the correlation for the Sherwood number as a function
of the Péclet number for non-interacting bubbles and large values of the Péclet number.
A model is built for the large scale (Mikaelian et al. 2015b), at the level of the
position along the microchannel, in which, in addition to the previous correlation, also
the ideal gas law, Henry’s law and the mass balance of the bubble are implemented.
The concentration of gas in the carrier liquid and the size distribution of the bubble
along the channel can then be computed.

The aim of this work is twofold: to cover the entire range of Péclet numbers and
to investigate the influence of the distance between bubbles on the mass transfer rate
at the scale of the bubble, i.e. on the Sherwood number. The dissolution at the scale
of the microchannel is beyond the scope of this work, and we confine ourselves to
some comments in a section at the end of the paper.

The structure of the paper is as follows. In §2 we present the model we use
to describe the dynamics and mass transfer at the scale of a bubble of finite
size and explain the underlying hypotheses (§2.1), scaling (§2.2), models for the
hydrodynamics (§2.3) and mass transfer (§2.4). In §3 we present the results on the
transient behaviour of the mass transfer and motivate the modal expansion. In §4,
using the modal expansion, we study the effect of all the parameters on the mass
transfer of bubbles under the hypotheses of stress-free and spherical interface, Stokes
flow and centred bubbles. We provide a qualitative description of the different mass
transfer regimes and characterise it depending on the importance of diffusion along
the streamlines. On the one hand, the behaviour for small Pe numbers, implying that
the diffusion along the streamlines is not negligible as compared to convection, is
presented in §4.1, including a simplified model. On the other hand, the behaviour
for large Pe is presented in §4.2. In this case, convection dominates along the
streamlines direction, and thus crosswind diffusion becomes crucial to govern the
mass transfer through a boundary layer or the remaining wake behind the bubbles.
We also studied the effects of a small distance between bubbles in §4.3. In §5 we
show the contribution of the different modes to the mass transfer. In § 6 we consider
some extensions of the previous model, such as the limit of a rigid interface in § 6.1,
the deformability in §6.2, the inertial forces in §6.3 and off-centred positions in
§6.4. In §7 these results are brought to bear on the dissolution process at the scale
of a microchannel. Finally, Section 8 concludes.

2. Modelling

We study the mass transfer of a train of bubbles in a cylindrical microchannel at
the scale of the bubble. To model this situation, we solve the steady Stokes equations
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FIGURE 1. (Colour online) Sketch of the modelled segment of a train of bubbles in
a microchannel. A typical concentration field obtained from numerical simulations is
represented in the colormap, where dark red corresponds to saturation concentration and
light yellow to lower concentration.

and the unsteady advection—diffusion equation on a periodic volume V of length L
containing one single bubble of volume Vs, attached to it and delimited by the walls
of the channel, Z~‘W, two cross-sections of the channel, X,y and Yo7, and the surface
of the bubble, ¥p, as schematised in figure 1. Equlvalent diameters are defined as
referred to the volume, VB = (7[/6)d3 or to the surface, X = Ttd We consider a
liquid of constant propertles such as viscosity ft, surface tensmn v, isotropic gas
diffusivity in the hquld D, saturation concentration of the gas in the liquid Cm, and
initial concentration Co It flows inside a channel of diameter dh with a mean flow
velocity J. This flow produces a pressure drop along the period L of the microchannel
in the axial direction %, due to the Poiseuille flow, —Ld:pp, modified by the presence
of one bubble, Ap. The bubble travels at the velocity V, resulting from the equilibrium
of the bubble in the axial direction, and the mass transfer is characterised by the mass
transfer coefficient 7(43. Consequently, the three values, v, ]NQ and Ap, are numerically
determined. First, we consider a stress-free and non-deformable spherical interface, in
the case of a Stokes flow and centred bubbles. Later, in § 6, we extend the model to
consider a rigid interface, deformable interface, inertial forces and off-centred bubbles.

2.1. Hypotheses

It is assumed that (i) the bubble size in a dissolving train of bubbles decreases much
more slowly than the mass transfer time scale. It allows us to freeze the bubble
diameter, and consequently also the flow field, to characterise the mass transfer.
The hydrodynamics and the geometry are quasi-steady, and quasi-periodic as a
consequence of the quasi-steadiness. In addition, we assume that (ii) the difference
between the transferred mass of two consecutive bubbles, which is due to the
difference in time they have been transferring mass, is small compared to the mass
to be dissolved. This allows us to consider that the concentration of gas in the liquid
around the bubble is also quasi-periodic. These hypotheses are referred hereafter as
(i) quasi-steadiness and (ii) quasi-periodicity. They allow us to decouple the mass
transfer (i.e. the mass transfer coefficient) and the dissolution process (i.e. the change
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of bubble size), as already done in work by Mikaelian et al. (2015a,b). In the present
work, we focus on the mass transfer.

Additionally, since the mass transfer is decoupled from the dissolution of the bubble,
different physical phenomena can be studied in addition to the bubble dissolution, such
as the polymerisation of monodisperse beads by solvent diffusion from droplets (Hung
et al. 2010), nutrient intake by cells (Michelin & Lauga 2011) independently of its
metabolism, cell breath, drug delivery, bioreactions, etc.

2.2. Scaling

In this work, quantities with tildes are dimensional and quantities without tildes are
their dimensionless counterparts considering the characteristic length, velocity and
pressure as the hydraulic diameter of the channel d,, the mean flow velocity J and
the viscous stress jiJ/d,, respectively. Note that J (it /4)c~l,f =0, + Qg, where Q; and
Qg are the liquid and gas flow rates, respectively. We then have the dimensionless
numbers

pe=td g4 _E
D dy, dy
where Pe is the Péclet number. The choice of the convective velocity as the
characteristic one does not allow the numerical limit of Pe — 0. However, the results
are independent of the Pe numbers for sufficiently small Pe which then represents
the limit Pe — 0.

It is worth noting that ¢ is the time made dimensionless with the convective time
scale whereas tPe”! is the time made dimensionless with the diffusive time scale. The
dimensional mass transfer coefficient can be written as k, = ShD/d, where Sh is the
Sherwood number, defined later by (2.12) in §2.4.

(2.1a—c)

2.3. Modelling of the hydrodynamics

According to the previous description, the liquid flow around the bubble in a channel
segment of length L, L being the distance between two consecutive bubbles from
centre to centre, can be analysed by solving the continuity and the steady Stokes
equations,

V.v=0 atV, (2.2a)

0=—Vp+V.t atV, (2.2b)

where p, v and T = Vv + (Vv)T are the pressure, the velocity vector and the viscous
stress tensor, respectively.

In the reference frame attached to the bubble moving at the velocity V in the axial
direction, the velocity of the liquid at the wall is written as

v(x) =—Ve, at Xy. 2.3)

The velocity V is the one leading to the hydrodynamic equilibrium in the axial
direction for the bubble,

(—pn+n-1)-e,dx =0, (2.4)

Xp

where n and dX are the outer normal and the differential surface, respectively.
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The velocity profile and pressure gradient are periodic in the axial direction with
period L. Consequently, the pressure field between two different cross-sections differs
by a constant pressure, and the boundary conditions are

p(x + Lex) :p(x) - AP + LaxpP at Ecmss’ (2561)
v(x +Le) =v(x) at X, (2.5b)
axv(x + Lex) = 8xv(x) at Ecmma (256)

where X, 1s any cross-section and the pressure drop along the period L is due to the
Poiseuille flow, i.e. d,pp = —32 in cylindrical microchannels, modified by the presence
of the bubble, Ap. The mean flow velocity is defined by

/ vee,+V—-1)d¥ =0, (2.6)
Zeross

where it is worth noting that since the mean flow velocity has been chosen as the
characteristic velocity, it corresponds to the unity term. Note that Ap is unknown and
that (2.5)—(2.6) must be imposed only at one arbitrary cross-section because of the
periodicity. The solution is independent of the convenient choice of the position of
X oss = Zour and the centre of the bubble at x =0.

The stress-free boundary conditions involve no stresses in the tangential direction
and the impermeability condition in the normal direction, which are written as

—pn—+n-1=—pgn at Xp, (2.7a)
n-v=0 at Xp, (2.7b)

where ps is a surface variable that represents the Lagrange multiplier for the
impermeability condition (2.7b). Projecting (2.7a) onto n, it can be obtained that
ps is the pressure that the liquid exerts on the bubble surface. This pressure is
provided by surface tension and the pressure of the gas even for non-deformable
bubbles, i.e. very large surface tension as compared to viscous stresses, as shown
in Rivero-Rodriguez & Scheid (2018a,b). It should be noted that these boundary
conditions also correspond to inviscid droplets, as considered by Hyman & Skalak
(1972).

In the system (2.2)—(2.7), p and v are domain-dependent variables, ps is a boundary-
dependent variable and V and Ap are global variables, whereas the rest are parameters,
such as d and L.

2.4. Modelling of the mass transfer

"l:he concentration of the gas dissolved in the liquid, C(x, t) = [C’m, — é(x, 1/ [Csa, —
Cyl, is governed by the unsteady advection—diffusion equation

3C+v.-VC=Pe 'VC atV, (2.8)
together with the impermeability of the gas through the wall,
—n-VC=0 at Xy, (2.9)
the saturation concentration at the bubble surface,

C=0 at X, (2.10)
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FIGURE 2. (Colour online) Axisymmetric flow field represented by the streamlines for
d=0.45, L=12d. Triangles and squares refer to stagnation points and rings, respectively.
Blue and red colours refer to convergent and divergent, respectively. Arrows show the
direction of the flow.

where we assume that Xy is steady, and the periodicity conditions
Cx,)=Cx+Le.,t) and 0,C(x,1)=0,C(x+ Le., 1) at X.,. (2.11a,b)

The Sherwopd number depends on time Sh(f) and can be defined from the mass
transfer rate M,

MPe = ndsSh(1)C(t) = / —n-VCx,1)dX, (2.12)

Xp

where MPe is the mass transfer rate based on the diffusive time scale and the overline
represents mean value obtained by the volume average (-) = (1/)V) fv(') dV, hence C(¢)
is the mean concentration.

In the system (2.8)—(2.11), C is a domain-dependent variable and Sh is obtained
from its definition (2.12).

3. Transient behaviour

In this section we look at the transient evolution of the concentration field C(x, )
for very small and very large Pe numbers and uniform initial concentration

Clx,0)=1. (3.1)

For this purpose, first the steady hydrodynamics, governed by (2.2)—(2.7), is solved
(see Rivero-Rodriguez & Scheid 2018a,b). In figure 2, we depict the flow-field
structure for a bubble of size d = 0.45 and L = 12d, which is the axisymmetric
case we take as a reference throughout this work. We can observe that the bubble
is fixed and the wall moves towards the left. Reminiscent of the case of the Stokes
flow around a sphere in an infinite medium, two stagnation points occur, which are
convergent and divergent at the front and rear part of the bubble. In this case, since
the bubbles are confined and travel faster than the mean flow, V > 1, the convergent
and divergent characteristics of the stagnation points are exchanged. In addition, the
effect of the confinement creates a recirculation zone of diameter d,, and, therefore,
also two stagnation rings, which are convergent and divergent at the front and rear of
the bubble, respectively. This structure is very important for the concentration field
and the mass transfer, as we shall discuss later.

Once the flow field v is known, the unsteady advection—diffusion equation (2.8)-
(2.11) is solved as depicted in figure 3, together with the streamlines of figure 2. In
figure 3(a) we depict the transient for Pe — O where we can discern different stages.
First, we observe (i) the mass transfer in the radial direction in spherical coordinates
attached to the centre of the bubble, until (ii) the penetration length is of the size of
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FIGURE 3. (Colour online) Transient evolution of the concentration field C(x, ¢) for
d =045, L=12d and (a) Pe=0 or (b) Pe = 10°. The values of time are (a) t; =
4 x 1072, t5) =4 x 1072, 1) = 4 x 107" and f4, = 2, for Pe — 0 as well as (b)
to = 2 X 10_4, tay = 2 x 10_3, iy = 6 x 107 and (d) Ly = 3 x 10_2, for Pe = 10°.
The axisymmetric concentration field obtained from numerical simulations is represented
in colormap where dark red corresponds to saturation concentration and light yellow to the
initial concentration. The flow field is represented by the same streamlines as in figure 2.

the channel radius and the whole cross-section saturates. Then, besides local distortion
close to the bubble, (iii) the mass transfer occurs in the axial direction whereas the
concentration is uniform in the cross-section. Once the axial penetration length is of
the size of half the distance between bubbles, (iv) bubbles interact with each other,
establishing an axial concentration field that decays exponentially following a given
concentration pattern, i.e. the normalised concentration C(x, t)/C(t) does not change
in time.

In figure 3(b) we depict the transient for Pe = 10° where, again, we can discern
different stages. First, we observe (i) the very fast establishment of the boundary layer
by diffusion. Then (ii) the fluid convects concentration out of the boundary layer from
the divergent stagnation ring and point until it reaches the following bubble which
is fed through the convergent stagnation ring and point. Then (iii) the concentration
inside the recirculation zone saturates and (iv) it establishes a radial concentration field
out of the recirculation zone that decays exponentially following a given concentration
pattern, i.e. the normalised concentration C(x, f)/C(f) does not change in time.

In figure 4, we depict the instantaneous Sh number for the two situations considered
in figure 3. In both cases, we can observe an initial transient which damps out into a
non-vanishing S# number for large time, i.e. Sho, = Sh(f — oco). This time-independent
value Sh., is reached for the last stage of the mass transfer when the normalised
concentration C(x, t)/C(f) no longer varies in time and then both C(f) and C(x, 1),
appearing in both sides of (2.12), decay to zero with the same time dependency.
The transfer scenario can thus be separated into short- and long-time behaviours, ¢*
being the threshold which we characterise later in §5. In the case (a) of short-time
behaviour, we observe that, initially, the mass transfer is self-similar in the radial
direction in spherical coordinates, C(x, 1) = erf[(1/2)(\/x2 +y>+ 22 — d/2)t7"/?]
and the Sh number scales approximately as #~'/2. Once the penetration length is
comparable with the bubble radius (i), the self-similarity solution does not hold
exactly, leading to a slight increase of the Sh number with respect to the self-similar
one due to the change of the curvature of the dissolution front. The penetration
length increases in the radial direction in spherical coordinates until it reaches the
wall (ii). After this time the penetration length increases only in the axial direction
(iii) and the self-similar solution C(x, ) = erf[(1/2)xt"'/?] is recovered except in the
vicinity of the bubble, which explains the discrepancy with the #~'/? trend. Once the
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FIGURE 4. (Colour online) Transient evolution of S4 number as a function of time for
d=0.45, L=12d and (a) Pe — 0 or (b) Pe=10".

bubbles begin to interact (iv), the long-time behaviour establishes. In the case (b) of
short-time behaviour, the mass transfer is governed by the boundary layer and the Sh
number has a constant value Shp;. In this case, the additional mass is stored in the
wake (i) which increases until reaching the following bubble (ii). Then the transferred
mass is stored in the recirculation zone (iii) and decreases the Sh number because
mass transfer in the boundary layer inside the recirculation is inhibited. Finally, the
long-time behaviour is established (iv), and the mass diffuses radially in cylindrical
coordinates. rendering Sh constant. -

The independence of the normalised concentration field C(x, ¢)/C(f) with time in
the long-time behaviour suggests eigenmode decomposition of the form

Cex, )= Coufhy(@x)e" (3.2)

n=1

where 6,(x), o, and C,, are the mass transfer mode, the decay rate whose real part is
always positive and the initial amplitude of the nth mode ordered such as Re(o,) <
Re(o,,) for n < m. Introducing (3.2) into (2.8)-(2.11) gives the eigenvalue problem

—0,0,+v-V0, =P 'V?0, atV, (3.3)

subject to the boundary conditions

0,=0 at Xjp, (3.4a)
n-vVo,=0 at Xy, (3.4b)
0,(x)=0,(x+ Le,) and 0.6,(x)=0.0,(x+ Le,) at X..,. (3.4¢)

The system of (3.3)-(3.4) sets an eigenvalue problem, with 6, the eigenmode and
o, the eigenvalue. Once the eigenvalue problem is solved, one can obtain the initial
amplitudes Cj, as done in §5.

For long time, the concentration field C(x, ) and its average C(f) decay exponenti-
ally dominated by the slowest mode, as shown by the limits

. Cx, D
lim

t—oo g~ oul

C(t _
= Co,10,(x), tli%lo @ = Co,10,(x), (3.5a,b)

e*Ult -
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provided it has a contribution, i.e. Cy; # 0. The mass transfer is also dominated by
the slowest mode. In effect, substituting (3.2) in (2.12) and taking the limit as ¢ tends
to infinity, the Sh number for long time, Sh.,, can be written as

Sheo / —n-Vo,dxY, (3.6)
Py

- glﬂdz‘

where Sh, is independent of the normalisation of the mode. In addition, the
normalised concentration field coincides with the slowest mode,

tlim Cx,1)/C(H) =6,(x)/0, 3.7

and therefore Sh., is independent of time, whereas both the mass transfer and
concentration field decay exponentially as e,

Furthermore, integrating (3.3) for n =1 over V, applying the divergence theorem
together with (3.4), and substituting the result in the right-hand side of (3.6), one can
relate Sho, to the decay rate of the first mode, oy, as

B o PeV

ShOO ’
T[dz

(3.8)
where o) Pe is the decay rate based on the diffusive time scale. Taking the long-time
behaviour of the mass transfer M, the slowest decay becomes dominant and the
mass transfer decays in time as

MoPe = 1td5SheCo 10,6, (3.9)

Since the relation between Sh,, and o is given, the mass transfer in long time is

univocally represented by Sh,. Deriving (3.9) with respect to oy, one obtains, using

(3.9), .
oMo

o))

=VCo.10,(1 —o1t)e” ", (3.10)

which changes sign at t=1/0;. This means that an increase in o; leads to either an
increase or decrease in M depending on time, for r < 1/0; and t > 1/0y, respectively.
In addition, the total transferred mass associated to the first mode can be obtained by
taking the time integral of M, from 0 to oo in (3.9), leading to foooMoo dt=VCy,0,,
which is independent of o;.

It is very important to mention that Sh for a short time is dependent on the initial
conditions, whereas Sh,, is not.

4. Long-time mass transfer regimes

In this section we study the long-time behaviour and for that purpose we carry out
a systematic and exhaustive analysis of the effects of the dimensionless numbers d,
L and, especially, Pe on Shy for centred and non-deformable bubbles with stress-free
interface, with the aim of identifying the different mass transfer regimes.

In figure 5, we schematise the influence of the Pe number on the Sh., number,
including representative concentration patterns in the different regimes. We classify
these regimes relative to two criteria. The first is the importance of diffusion along
the streamlines compared to convection gauged by the magnitude of Pe. For small Pe
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FIGURE 5. (Colour online) Influence of Pe on Sh,, for bubbles with stress-free interfaces,
diameter d =0.45 and L = 12d. Classification of regimes attending to the size of the Pe
number and the interaction between bubbles. The first mode 6, is represented in colormap
where dark red corresponds to saturation 6, =0 for given Pe number denoted by e in the
different regimes: (PD), pure diffusion, (CD), convection—diffusion, (T), transition, (BL),
boundary layer and (PC), pure convection. The flow field is represented by the streamlines.

numbers, the diffusion along the streamlines is dominant or comparable to convection.
For larger Pe numbers, convection is dominant as compared to diffusion along the
streamlines, which can then safely be neglected. The second criterion is the interaction
between bubbles, gauged by the comparison of the magnitude of L and any other
characteristic convection—diffusion length. If L is smaller than or comparable to the
relevant convection—diffusion length, bubbles interact and the Sh,, number depends on
L. If it is larger, no interaction occurs.

In the small Pe regimes, there exists a characteristic convection—diffusion length
fcp~D/J over which convection and diffusion along the streamlines are of the same
order of magnitude. On the one hand, when this distance is larger than the distance
between bubbles, Z/ECD ~ Pe Z/Zih <« 1, diffusion along the streamlines along a distance
L dominates over convection and then the Sh,, number and the concentration field
become independent of Pe, i.e. convection is negligible. This regime is named the pure
diffusion (PD) regime. On the other hand, when the convection—diffusion length fits
between two bubbles, L/fcp ~ PeL/d, 2 1, the streamwise diffusion occurs along the

distance ZCD, and Sh,, increases with Pe as ZCD/ZIh ~ Pe~! decreases. This regime is
named the convection—diffusion (CD) regime. In §4.1 we characterise these regimes.

In the large Pe regimes, diffusion along the streamlines is negligible as compared
to convection and the crosswind diffusion becomes crucial. In effect, there appears

a boundary layer around the bubble of width £z ~ 1/Dd/J, where convection and
crosswind diffusion are of the same order of magnitude, together with a wake whose
width is of comparable size to the bubble diameter d. On the one hand, if the wake
length is smaller than the distance between bubbles, the mass transfer occurs mainly
in the boundary layer and we name this regime the boundary layer (BL) regime. On
the other hand, when the wake length, which increases with the Pe number, becomes
similar to the distance between bubbles L, the mass transfer through the wake becomes
dominant as compared to that through the boundary layer, and both concentration
pattern and Sh,, number become independent of the Pe number. In contrast to the
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FIGURE 6. (Colour online) Influence of Pe and L on Sh,, for bubbles of diameter d =
0.45.  (yellow online) represents the value of Shg, from figure 4(b).

BL regime, the concentration at the streamlines is not determined by the balance
between convection and crosswind diffusion, and hence, remains unchanged. For this
reason we name this regime the pure convection (PC) regime. In § 4.2 we characterise
these regimes. The regime between small and large Pe regimes is referred to as the
transition (T) regime.

In figure 6, we depict the influence of the Pe number and the distance between
bubbles L on Sh, for bubbles of diameter d =0.45. We observe that the Sh., strongly
depends on the distance between bubbles in the ‘interacting’ regimes, PD and PC.
In particular, we observe that the Sh, in the PD regime decreases with the length,
since axial concentration gradients, represented by the first mode 6,/6,, are smaller,
whereas it increases in the PC regime because of the concomitant increase of the
wake length. In the ‘non-interacting’ regimes, CD, T and BL, the characteristic length
for the mass transfer is due to the convection—diffusion balance in the streamline and
crosswind directions respectively, and hence independent of L. It can also be observed
that values of Pe for which the cross-over between ‘interacting’ and ‘non-interacting’
regimes occurs also depends on L. In particular, a decrease in L shifts the cross-over
value of the Pe towards the T regime, eventually making all regimes collapse into
a single one as L becomes sufficiently small. The system then behaves like a gas
cylinder diffusing radially into an annular liquid (see §4.3). A 1/1 slope emerges
for the cross-over between PD and CD regimes, while a 1/2 slope emerges for the
BL regime, in agreement with the theory of boundary layers. Sh depends on Pe as
Sh=1+kPe® in an infinite medium (Taylor 1963; Clift 1978), where the mass transfer
is due to pure radial diffusion for small Pe and through a boundary layer for large Pe.
These two different regimes are analogous to the PD and BL regimes in the present
situation. Note that the BL regime does not depend on L, whereas the PD does. In
an infinite medium, the PD regime is transient and the role of L is played by the

diffusion length \/5? In the case of a confined train of bubbles the dependence of
Sh., on Pe is more intricate because of the additional regimes.

It is worth noting that the values of Sh,, shown in figure 4 correspond to the values
of Sh,, shown in figure 5. Furthermore, in the transient of the PC regime, the initial
Shg;, number corresponds to the Sh,, of the BL regime for a bubble of the same size,
same Pe but L sufficiently large to be in the BL regime, as shown in figure 6. This
means that the BL regime also describes the short-time behaviour of the PC regime.
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4.1. Small Pe

In this subsection we study both small Pe number regimes, PD and CD. For this
purpose, we observe that if the distance between bubbles is much larger than the
channel diameter, L > 1, the diffusion is mainly in the axial direction in the far field,
i.e. sufficiently far from the bubble, and two-dimensional in the region close to the
bubble, i.e. near field. Thus, the concentration is uniform within any cross-section
located at x except in the vicinity of the bubbles, as quantified later. The mass transfer
modes are therefore governed by the one-dimensional counterpart of (3.3) in the axial
direction and together with the boundary condition at the bubble surface (3.4a) and
periodicity (3.4c). Note that (3.4b) is automatically fulfilled since the mass transfer
mode is considered as uniform in the cross-section. In addition, it is worth noting
that the convection is imposed by the difference between the mean flow velocity and
the velocity of the bubble such that the relevant Péclet number becomes Pe(V — 1),
whose sign is chosen to be positive. Consequently, if the bubble travels at the mean
flow velocity, the mass transfer is purely diffusive. Then the one-dimensional model
can be written as

—&,Pef, — Pe(V —1)3.0,= 0.6, and 6,(0)=6,(L)=0, (4.1a,b)

where é,,(x) is the axial mass transfer mode at the cross-section located at x and the
velocity of the bubble, V, is obtained from the hydrodynamics. The domain in this
model is the one between two bubbles, which are then located at x =0 and x = L.
Although the periodicity (3.4c) is not imposed, it is automatically fulfilled because
of the continuity of the solution. However, in model (4.1) there is a discontinuity of
fluxes which is regularised by the near field which is not modelled by (4.1). Model
(4.1) is referred to hereafter as the ‘axial model’, as opposed to the ‘full model’
corresponding to (3.3)-(3.4).
The analytical solution of the eigenvalue problem (4.1) is written as

2

L L] . b
G,Pe— =n*+ |Pe(V—1)—| , 6,=e V"D <u> . (4.2a,b)
2 27 L

Since the long-time mass transfer is governed by the first mode (3.8), it is depicted
for n=1 in figure 7. The eigenvalue is depicted in figure 7(a) where the cross-over
between the PD and CD regimes is marked with —@— and occurs for Pe(V — 1) =27/L
and & Pe(L*/7*) = 2. For large L, the volume is approximately V ~ nL/4 and the
relation (3.8) between the Sh,, and the eigenvalue o, is written as (4/m%)ShoLd ~
o1Pe(L?/m*). The eigenmode 6, is depicted in figure 7(b—c) conveniently scaling the
x variable, with either L or fp, to represent the eigenfunctions in the two regimes,
PD or CD, respectively. In the PD regime, which occurs for Pe(V — 1) <« 2n/L,
She, depends on the distance between bubbles as Sho, ~ L~'. The concentration
pattern spans the distance between the bubbles as shown in figure 7(b) and becomes
asymmetric due to convection. In contrast, in the CD regime, which occurs in the
other limit, Pe(V — 1) > 2mn/L, the diffusion is concentrated in a region of size
x~Lep~ Pe”! as shown in figure 7(c).

In figure 8 we compare the Sh., obtained from the ‘axial model’ and the ‘full
model’. For this purpose, in figure 8(a) we conveniently rescale the data of figure 6,
i.e. Pe and Sh,, with (V — 1)L/27 and 4Ld/m?, respectively. In figure 8(a), we can
observe that the transition in the small Pe regime is governed by the far field, as in the
Stokes drag problem, provided L/d is sufficiently large, and then is recovered by the
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FIGURE 7. (Colour online) Transition between the PD and CD regimes of the ‘axial
model’ (4.1). (a) Eigenvalues and (b,c) eigenmodes represented with two different scalings
suitable for PD and CD, respectively.

‘axial model’. In figure 8(b) we can observe that, again, the ‘axial model’ is recovered

by varying the bubble diameter, hence the bubble velocity. Indeed, the effect of the
bubble diameter is considered through the bubble velocity as determined by solving
the hydrodynamics, which is reported in our previous work (Rivero-Rodriguez &
Scheid 2018a). In figure 8(c) we observe that the minimum value of L to reproduce
the ‘axial model’ depends on Pe. We observe that the near-field effect is more
important for small values of L and d, whose influence can be either to increase or
decrease the mass transfer.

4.2. Large Pe

In this subsection we study the two large Pe number regimes, BL and PC. In figure 9
we can observe the influence of Pe, d and L on Sh,, and the transition between both
regimes. In figure 9(a) we depict the effect of the Pe number and bubble size for
a sufficiently large distance between bubbles, L = 1.2 x 10?°, to have the transition
of the PC regime at a larger Pe such that Pe = 10° still lies in the BL regime. For
this value of L, the BL regime is exhibited for values of Pe over a few decades. We
can observe a 1/2 slope for the scaling of Sh., as a function of Pe similarly to the
case of an infinite medium (Haas, Schmidt-Traub & Brauer 1972), which differs from
the work by Mikaelian et al. (2015a) who reported a slope of 2/5. However, in this
model we can observe that the effect of the confinement through the dependency on
d of Shy, is by the group Ped® which emerges from the balance of convection and
diffusion in the BL region. Actually, in shear flows where the velocity is of order J
and changes within distances of order d, such a balance is written as

i i ~ Q (4.3)

dpd, &

where J/d, represents the far-field velocity gradient and d/d, represents the change
of the velocity in the boundary layer due to the shear that occurs within the direction
tangential to the bubble of size d, since in the normal direction there is no change of
velocity due to the stress-free boundary conditions (2.7), and diffusion occurs within
the boundary layer thickness 8. Given that k, ~ D/3, or equivalently She, ~ (8/d)~",
(4.3) can be rewritten as Sho, ~ (Ped’)'/.
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FIGURE 8. (Colour online) Transition between the PD and CD regimes of the ‘full model’
and ‘axial model’ (4.2) for (a) bubbles of diameter d = 0.45 and several distance
between bubbles or (b) for distances between bubbles L/d =1.2 x 10*° and several bubble
diameters. (¢) Influence of d and L in the PD regime, Pe — O.

In figure 9(b) we conveniently rescale the data of figure 6, taking into consideration
the 1/2 slope in the BL regime obtained from (4.3), i.e. Pe and Sh,, rescaled with
L= and L', respectively. This results in a collapse of the curves for sufficiently large
L, where we can observe that the transition between the BL and PC regimes occurs
for Pe L=> ~ 10°. For larger values of Pe L™, the mass transfer becomes independent
of the Pe number and depends only on L as Sh.,, ~ L. This can be explained by the
fact that the bubble mainly dissolves radially through the wake whose length is L in
the PC regime. The small discrepancy might be due to near-field effects close to the
bubble, i.e. thicker wakes in this region.

In effect, the concentration pattern in the PC regime is mainly uniform in the
axial direction, except in the vicinity of the bubble as shown in figure 5(e). In
figure 10(a) we depict the concentration profile of the slowest mode 6, in an arbitrary
cross-section far from the bubble where the wake is uniform, r being the cylindrical
radial coordinate. We can observe that the core of the wake is saturated, i.e. 8; =0,
and diffusion is maximal at the contour of the wake of diameter d,, decaying as it
gets closer to the wall where it vanishes, i.e. —n - V6, =0. The radial counterpart of
(3.3)—(3.4), corresponding to uniform velocity and concentration in the axial direction,
can be written as

.1 . . (d, . (1
— 6,Pef,=~3,(r3,6,) and ¥, <2> = 9,0, (2) =0, (4.4a,b)
r
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FIGURE 9. (Colour online) Influence of the Pe number on the Sh.,, number in regimes
with large Pe number. (a) Scaling for the BL regime for a large distance between bubbles
L/d=1.2 x 10*° and several bubble diameters and (b) transition to the PC regime for a
bubble of diameter d =0.45, and different lengths L/d.

where é,,(r) is the radial mass transfer mode at r. Model (4.4) is referred to hereafter
as the ‘radial model’. The solution of this equation is written as

6.(r) = Y, (\/6nPe d;) T (\/8,,Pe r> — 7y (\/6nPe dzw) Y, (\/8,,Pe r> . @45)

where J, and Y, are the Bessel function of the first and second kind and o, are
obtained from the zeros of the expression

JQ (\/ 6',,P€ d2w> Yl (\/ 6’,1P€;> — YO (\/ 6nP€6§V> J] (\/ 6’nP€;) =0. (46)

As shown in figure 3(b)(iv), the diameter of the wake d,, coincides with the diameter
of the recirculation region schematised in figure 2. Then the ‘radial model’, 6,
reproduces the ‘full model’, 6, as we show by dashed lines in figure 10(a). The
value of d,, depends on d as shown in figure 10(b) where we can see that it is always
smaller than d. It also corresponds to the size of the wake defined by the width of
the recirculating regions shown by the streamlines in figure 5(PC). In figure 10(c) we
depict the relation between &, Pe and d,,. In effect, the decay rate increases for larger
bubbles as d, increases with d. Since o;Pe does not depend on L, the Sh,, number,
related to o,Pe by (3.8), is thus proportional to L as chosen in the scaling of the PC
regime shown in figure 9(b), i.e.

Sheo(d, L) = %8, [d,,(d)]Pe. 4.7)
It can be also observed that since the recirculation zone is saturated in the slowest
mode, the mass transfer rate at the bubble surface (2.12) is the same as the mass
transfer rate at the surface of the recirculation zone. For the latter, the concentration
gradient is independent of L whereas the surface is proportional to L, which explains
that Shy, ~ L in the PC regime as shown in (4.7).
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FIGURE 10. (Colour online) Radial diffusion in the PC regime for L = 3.
(a) Concentration in a cross-section far from the bubble for different bubble diameters.
(b) Relation between the bubble diameter and the width of the wake d,. (¢) Influence of
the diameter d,, on the decay rate &,.

It is worth noting the different dependency of Sh,, on L in the different ‘interacting’
regimes, PD and PC, because of the different mechanisms. In the PD regime, the
concentration gradient along the axial distance is modified while the bubble surface
is kept constant, and thus Sh,, is proportional to L', whereas in the PC regime, the
surface of the recirculation zone is modified while the radial gradient is not affected,
and hence Sh., is proportional to L. In both cases, the total transferred mass is
independent of Sh., and proportional to V, which increases as L increases.

The BL regime was previously studied by Mikaelian et al. (2015a). Despite the
fact that in the model by Mikaelian the mass is steadily advected behind the bubble
and in our model the concentration field is periodic and the transferred mass is
stored at the liquid in a transient way, there is good agreement between both models
in the BL regime, as shown in figure 11. In this figure, we compare our solution
in the BL regime with the results of Mikaelian er al. (2015a). We observe good
agreement for large Ped® where the bubble is in the BL regime, whereas the power
law slightly overestimates the results of Mikaelian et al. (2015a) for smaller Ped® in
the T regime, especially for stress-free boundary condition as expected outside the
BL regime (see figure 9a). It also explains the 2/5 power found by Mikaelian et al.
(2015a) by fitting their data in a wider range than the BL regime for which the 1/2
power should rigorously apply in the case of bubbles with stress-free interface. The
cross-over between the T regime and the BL regime depends on d, and we have
identified with a double-arrowed line the region of Ped® where the BL regime occurs
independently of the value of d within the considered range 0.15 <d < 0.75.

4.3. Dominating near-field effects: small L

In this subsection we quantify the near-field effects which dominate for small distance
between bubbles, i.e. L ~ d, already shown in figure 8(c) for the PD regime. We
observed in figure 6 that the range of Pe for ‘non-interacting’ regimes vanishes for
sufficiently small L, showing almost no influence of the Pe number. Consequently,
we can restrict the analysis to the PD regime without loss of generality. In figure 12
we depict the slowest eigenvalue of the full model (3.3)-(3.4) in the PD regime
for several diameters and small values of L. In figure 12(a) we observe that for
sufficiently separated bubbles the ‘axial model’ (4.2) is recovered (dashed line).
However, when the size of the gap between bubbles L —d is smaller than the bubble
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FIGURE 11. (Colour online) Comparison with Mikaelian et al. (2015a) in the BL regime
for (a) stress-free and (b) rigid bubble surfaces (see the model extension in §6.1).
Solid lines correspond to the best fit in the BL regime of (a) figure 9(a) and
(b) figure 15(b).

diameter, there is no more influence of the distance between bubbles. This is because
the diffusion takes place mainly in the radial direction, as happens in the mass
transfer of the wake in the PC regime, which leads to very similar Sh,, in both
regimes. The effect of the bubble diameter is depicted in figure 12(b), where we
observe that o; exponentially increases with d as o;Pe = exp(1.1966 + 3.8318d). In
this situation, diffusion occurs at a distance that decreases as the bubble diameter
increases, thus o) increases. The solution of the ‘radial model’ (4.4), with boundary
conditions én(a’/Z) = 3,0,(1 /2) =0, is depicted by a dashed line. Examples of the
mass transfer modes for small and large bubbles are given in figure 12(b). We observe
that for small bubbles the diffusion is mainly radial (cylindrically) since near-field
effects are smaller than the distance between the bubble and the wall, thus showing
a good agreement with the radial model. However, for large bubbles near-field effects
induce axial concentration gradients, increasing the diffusion length and decreasing
more significantly the Sh,, number with respect to the ‘radial model’ (4.4).

5. Short- and long-time contribution to total mass transfer

The maximum transferred mass, i.e. the maximum amount that the liquid can
absorb, is M =V (Cy, — Cp), i.e. M =V in dimensionless form. First, the mass M, is
transferred in the short-time behaviour and once the faster modes are damped out, the
long-time behaviour is established and the rest of the mass M, =M — M, continues
to be transferred. We have characterised the Sh number for the short-time behaviour
in §3 and for the long-time behaviour in §4. In this section we investigate the
proportion of the total mass transferred by each mode ¥,, which fulfils > >~ ¥, =1.
In particular, we quantify the mass transferred during the short-time behaviour,
M= (1 —=¥)M, and the long-time behaviour, M, = ¥; M.

As in § 3, we assume a uniform initial concentration field (3.1), which, substituted
in (3.2) for r=0, leads to

1= Coubu(x), (5.1)
n=1
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FIGURE 12. (Colour online) Near-field effect in the PD regime. Influence on the decay
rate of (a) the distance between bubbles for several diameters d, and (b) d in the limit of
small distances L —d < 1. Two examples of the mass transfer modes are also provided.

where Cy, can be obtained from the projection of (5.1) onto 6,, already computed
and non-orthogonal in general,

/ OndV =" Con / 6,0, AV,  Vm. (5.2)
1% el %

Once the iEitial modal amplitudes C;, are obtained from (5.2), the mean
concentration C(f) can be obtained by averaging (3.2) over the domain )V as

C(ty=>>_ Coue™, (5.3)
n=1

where Cy, = Cy,0, is independent of the mode norm 6,,.

In figure 13(a) we depict the decay rate of faster modes, where we can observe
that the contribution of the short-time behaviour, represented by the faster modes o,
with n > 1, is much faster than the long-time contribution, o;. We can observe that the
second slowest decay rate is around one order of magnitude larger, while in the PD
regime we consider the third slowest mode for which o3/0; =8.9346 since the second
mode does not contribute to the mass transfer due to the antisymmetry, and in the PC
regime o,/0; = 14.99. The threshold between short and long, previously depicted in
figure 3, can be related to the second slowest eigenvalue as t* = 2/0,. During the
short-time behaviour, a decay of around 20 %, estimated as 1 — e ] —e V5 of
the slowest mode occurs. In figure 13(b), we depict the proportion of the total mass
transferred in the long run, computed as ¥, = Cy;, and using a sufficiently large basis
to obtain results independently of its size, i.e. for n up to 16 in this work. It is worth
noting that the deviation with respect to unity represents the contribution of the rest of
the modes, i.e. during the short-time behaviour. These contributions vary significantly
in the different regimes, gauged by the Pe number and whose transition depends on
L, the labels of the regimes in figure 13 being merely indicative.

We can observe that the contribution for the PD and PC regimes does not depend
on Pe as Sh,, and 0, do not. However, in the CD regime the long-time contribution
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FIGURE 13. (Colour online) (a) Comparison of faster modes with the slowest one for
d=0.45 and L/d=5. (b) Contribution of the first mode to the total transferred mass for
a bubble size d =0.45.

decreases, as we can see in figure 7(b) that the saturated regions, i.e. 51 =0, increase
with Pe. In the BL regime the saturated region is constrained to the BL region
which is small as compared to the total volume and thus ¥; is almost unity, but
slightly increases as the BL gets thinner for larger Pe. The transition zone connects
the decreasing long-time contribution in the CD zone to the maximal contribution
corresponding to the BL regime. For larger Pe and as the wake length increases, the
long-time contribution decreases down to the value for the PC regime.

Since the PD and PC regimes are well represented by the one-dimensional models,
it is possible to obtain the long-time contribution for large L. For the PD regime, the
solution of the ‘axial model’ is written as én(x) =sin(nmx/L), and, since fOL énémdx=0
for n # m, the modal contribution in the PD regime is written as

L 2
/ éndx] R
YD — [ 0 :41 — D , (5.4)

n L 22
L[| 6 dx
0

where the regime is indicated by the superscript. This vanishes for even values of
n and for odd ones it yields 0.8106, 0.0900, 0.0324, for n =1, n =3 and n =5,
respectively. In figure 13(b) it can be observed that the modal contribution of the first
mode tends to 0.8106 as L increases. L

For the PC regime, the ‘radial model’ applies and, since fOL 0,0,dx =0 for n #£m,
the modal contribution in the PC regime is written as

12 2
[/ 0, rdr}
dy/2
1 7z
- / 67 rdr
8 Ja,

where the regime is indicated by the superscript. Note that only the first mode has
no contribution in the recirculation zone and the ‘radial model’ applies. In figure 14,

Yre = : (5.5)
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FIGURE 14. (Colour online) Modal contribution of the first mode to a uniform initial
concentration field in the PC regime obtained from the ‘radial model’ (5.5).

we depict the long-time contribution to the total mass transfer out of the recirculation
zone, 1.e. M§§ /(1 — dﬁ,), obtained using (5.5). We can observe that the contribution
of the first mode out of the recirculation zone is larger for smaller bubbles and
remains above MZXP. This value is attained for bubbles for which the wake diameter
d, reaches the diameter of the channel, i.e. for which the width of the region out
of the recirculation zone is much smaller than the diameter of the channel and the
influence of the curvature of the dissolution front becomes negligible.

In conclusion, despite the fact that short-time mass transfer is always present,
it represents a small proportion of the total mass transfer, and this proportion is
minimum for the BL regime, maximum for the PC regime and intermediate for
PD and PC regimes as analytically quantified with the axial and the radial models,
respectively.

6. Model extensions

In this section we consider some extensions of the hydrodynamic model described
in §2. We study the influence of a rigid interface, the deformability of the bubble,
inertial forces and the off-centring of the bubble. The origin of rigid interface can be
due to the presence of surfactants in the limit of rigid interface or the substitution of
the gas by either a high-viscosity liquid or a solid particle. For further details on the
hydrodynamics of the model extensions, the reader is referred to our previous work
(Rivero-Rodriguez & Scheid 2018a).

6.1. Influence of a rigid interface

Tailoring the surface rheology is known to modify the mass transfer, either because
of mechanical modification of the surface by adding surfactants (Atasi et al. 2018)
or solid particles (Beltramo et al. 2017) or because of chemical modification of the
mass transfer through the interface. In this subsection we consider the effect of the
former in the limit of spherical bubble with rigid interface, which is exhibited in the
presence of sufficiently large Marangoni stresses (Atasi et al. 2018). For this purpose,
the hydrodynamics is governed by (2.2) together with (2.3)—(2.6) and substituting (2.7)
by the non-slip condition at the bubble surface,

v(x) =0 at X3 (6.1)
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It is worth noting that (2.7b), which is used in the derivation of (3.8), is fulfilled, thus
(3.8) also holds in this case.

In figure 15 we depict the influence of Pe on She,. First, we compare it with the
stress-free case (dashed lines) in figure 15(a). We observe that the small Pe regime is
not affected by the boundary conditions of the bubble surface, and thus it is also in
agreement with the ‘axial model’, which would also describe the PD and CD regimes
for other boundary conditions such as those corresponding to viscous droplets or
finite Marangoni stresses. Nevertheless, for large Pe the mass transfer decreases with
respect to the stress-free case due to smaller velocities close to the bubble surface
as a consequence of the no-slip condition. In particular, the slope is 1/3 in the BL
regime for large L as shown in figure 15(b), as already reported by Mikaelian et al.
(2015a) and in general agreement with mass transfer in shear flow (Clift 1978). It is
worth noting that the interaction of bubbles reduces the slope in the BL regime and
makes the PC regime disappear at least in the range of Pe considered. In figure 15(b)
it can also be observed that in the BL regime, Sh., depends on d proportionally,
She ~ Pe'?d. In effect, in shear flows where the velocity is of order J and changes

within distances of order 5, such a balance is written as
i g ~ Q (6.2)
dpd, 6
where J/d, represents the far-field velocity gradient and §/d, represents the change
of the velocity in the boundary layer due to the shear that occurs in the normal
direction among the boundary layer thickness & due to the rigid boundary condition
(6.1), and diffusion occurs within the boundary layer thickness 5. Given that k, ~ D/$,
or equivalently Sho, ~ (8/d)~", (6.2) can be rewritten as Sho, ~ (Ped?®)"/>.

In order to understand the interaction between bubbles it is convenient to depict the
concentration patterns in the large Pe regime. In figure 16, we depict the concentration
pattern of bubbles with d =0.5, and distance between bubbles L =2 for different Pe
numbers. We can observe the strong influence of the flow pattern on the concentration
pattern. A mass transfer boundary layer appears with very narrow concentration wakes
around the streamlines originating from stagnation points and rings. When wakes
extend up to the following bubble, the boundary layers are fed with mass coming
from the previous bubble, but the recirculation region is not as saturated as in the
case of bubbles with stress-free interface as shown in figure 16(b—e). Consequently,
the influence of interaction between bubbles weakens the mass transfer, decreasing
Shs. It is worth noting that in the case of bubbles with stress-free interfaces, the
wakes are of a similar size to the bubble, hence having a stronger impact on the
boundary layer. Additionally, the interaction between bubbles does not impose a
concentration pattern independently of the Pe number as it occurs in the PC regime,
at least for the Pe numbers considered in the present work.

6.2. Influence of a deformable interface
In this subsection we consider the effect of deformable bubbles governed by surface
tension. For this purpose, we consider the Young-Laplace contribution for the stress
balance in the normal direction. Thus, the hydrodynamics is governed by (2.2)
together with (2.3), (2.5), (2.6) and substituting (2.4) and (2.7a) by the equations for
the bubble size and position, i.e.

/ dV = VB, (63&)
Vg
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FIGURE 15. (Colour online) Influence of the Pe number on the Sh,, number for bubbles
with rigid interface. (@) Comparison with respect to stress-free bubbles (dashed lines) for
diameter d = 0.45 and several L. (b) Influence of the diameter for L =379.43d.
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FIGURE 16. (Colour online) Streamlines and mass transfer mode 6, (dark red corresponds
to saturation #; = 0) in the case of bubbles with rigid interface, diameter d = 0.45 and
distance between bubbles L =2.

/ xdyY =0, (6.3b)
Vg

as well as the stress balance at the bubble surface,
1
—pn+n-r+pGn:—FnV-n at X, (6.4)
a

where pg is the pressure of the gas. In (6.4), Ca = iJ/y is the capillary number.
This system of equations is solved using the boundary arbitrary Lagrangian—Eulerian
method developed by Rivero-Rodriguez, Perez-Saborid & Scheid (2018) for the
solution of partial differential equations on deformable domains, and outlined in
appendix A.

In figure 17 we plot the influence of the deformability of the bubble gauged by
the Ca number. In figure 17(a) the influence of Ca number for the different regimes
is depicted, conveniently scaling the Pe number by the relative flow velocity V — 1.
We observe that the Sh,, number does not depend on Ca except in the PC regime. It
is worth noting that the surface of the bubble Xy and its equivalent diameter dy, on
which the mass transfer coefficient and Sh., numbers are based, as well as the velocity
of the bubble significantly depend on the Ca number and volume of the bubble, Vi =
nd’/6, as depicted in figure 17(b), respectively. The bubble surface increases (see
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FIGURE 17. (Colour online) Influence of the deformability of bubbles, as gauged by Ca
for bubbles with diameter d =0.45 and distance between bubbles L= 12d, on (a) the Sh.,
number and (b) the bubble surface.
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FIGURE 18. (Colour online) Streamlines and mass transfer mode 6, (dark red corresponds
to saturation 6; =0) for deformable bubbles with d =0.5, L=1.5 and in the PC regime,
with Pe=10°.

figure 17b) as well as the velocity of the bubble which can even increase above the
maximum velocity of the Poiseuille flow for sufficiently large Ca as already shown in
our previous work (Rivero-Rodriguez & Scheid 2018a), i.e. V > 2. It is worth noting
that the deformable case reduces, for Ca — 0, to the bubble with stress-free spherical
interface.

To understand the influence of Ca in the PC regime, we depict the concentration
pattern in this regime in figure 18. We can observe how bubbles and wakes stretch as
Ca increases. Since we have seen that Sh., diminishes in the PC regime when wakes
stretch, Sh., thus diminishes as Ca increases.

6.3. Influence of inertia

In this subsection we study the effect of inertia in the mass transfer around the bubble.
To consider inertia, the hydrodynamics is governed not by the Stokes equations (2.2),
but by the Navier—Stokes equations

V.v=0 atV, (6.5a)
Rev-Vv=—Vp+V.t at), (6.5b)
where Re = ﬁjglh/ i is the Reynolds number, together with (2.3)—(2.7).

After simulations for Re up to 100, we observed that changes in the hydrodynamics
have no influence on Sh,, within a 1 % error. This is due to the fact that for small Pe
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the system behaviour is well described by the ‘axial model’ which only considers the
effect of the hydrodynamics through the velocity of the bubble. In regimes with large
Pe, the Schmidt number Sc = u/(Dp) is much larger than unity, Sc > 1. Thus, the
viscous boundary layer is much thicker than the diffusive one, and hence the details
of the viscous boundary layers tuned by the Re do not affect the diffusive one.

Thus, the influence of inertia is through the inertial migration force, responsible
for the off-centre position of the bubbles. This effect was first reported by Segré
& Silberberg (1962). In the next subsection we consider the effect of off-centred
positions of the bubble on the mass transfer.

6.4. Effect of off-centred positions

In our recent work (Rivero-Rodriguez & Scheid 2018a), the equilibrium positions of
deformable bubbles and rigid particles in inertial flows in the presence of an outer
uniform force as a function of the diameter and the Re and the Ca numbers are
reported. In this subsection we consider the effect on mass transfer of off-centred
positions of the bubble, ¢, measured from the centre of the microchannel. In the case
of stress-free bubbles the governing equations remain the same. However, in the case
of rigid spheres in an off-centred position, the velocity at the bubble interface (6.1) is
modified as

vx) =2 x (x—¢&) at X, (6.6a)
0=/ n-tx(x—e)dX, (6.6b)
B

where §2 is the rotational velocity of the bubble which results in moment equilibrium,
and € = ¢e,.

In figure 19 we plot the influence of off-centred positions for bubbles with both
stress-free and rigid interfaces. On the one hand, we can observe that in regimes with
small Pe the Sh, is affected by the eccentricity through the velocity of the bubble. On
the other hand, the velocity field slightly affects the Sh., in the regime with large Pe.
In particular, the effect on bubbles with stress-free interfaces is non-monotonic. For
bubbles with rigid interface the effect is monotonic, tending to decrease the slope and
even revealing the PC regime for large Pe in the range of Pe considered.

In figure 20, we can observe the influence of the eccentricity ¢ on the flow structure
and hence on the mass transfer modes, which we depicted in the region with large Pe
number, Pe = 10*. We can observe how the stagnation regions, either points or lines,
detach from the bubble surface. Observe that the divergent stagnation points/lines
extract concentration from the boundary layer at the bubble surface. This intricate
effect on the hydrodynamics might explain the non-monotonicity of the mass transfer,
which makes it difficult to quantify by analytical means.

7. Discussion on dissolution

In this section the dissolution of a train of bubbles is investigated. For this purpose,
the previous model for the mass transfer is extended to take into account the change in
size of the bubble. First, we discuss the different scenarios regarding the steady state,
being either (i) complete dissolution when the bubble is fully dissolved or (ii) partial
dissolution when the liquid saturates before the full dissolution occurs and bubbles of
given size remain. Secondly, we investigate the transient behaviour and compare Sh(r)
with Sh, to quantify the fact that the quasi-steadiness assumption does not strictly
hold because the mass transfer and the change in size of the bubble take place on the

same time scale. The concentration and density are made dimensionless with Cm, CO.
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FIGURE 19. (Colour online) Effect on Sh., of the off-centre position for bubbles with
diameter d = 0.45 and distance between bubbles L = 20d. (a) Stress-free and (b) rigid
interfaces.
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FIGURE 20. (Colour online) Streamlines and mass transfer mode 6, (dark red corresponds
to saturation 6; = 0) in the case of bubbles with stress-free interface, diameter d = 0.45,
distance between bubbles L =20d and Pe = 10%.

7.1. Steady state

Different scenarios arise depending of the comparison between the amount of
gas that the liquid can potentially absorb, V(Cyur — Co), which is written as V' in
dimensionless form, and the initial amount of gas in the bubble, pz(1/6)d;, available
for dissolution, pz = pp/ (Cm, — f?o) being the dimensionless counterpart of the density
of the gas inside the bubble, pp, and d, its dimensionless initial diameter. On the
one hand, if the liquid cannot absorb all the gas, pp(m/6)d; > V), there is partial
dissolution and the amount ,oB(n/6)d(3) — YV will remain undissolved in a bubble of
size d(t — 00)/dy = Q/l —V/(pp(/6)d3). The amount V dissolves first according
to the short-time behaviour by an amount (1 —¥;)) and then according to the
long-time behaviour by an amount ¥;V. During the short-time behaviour, a small
portion of ¥V is also dissolved. On the other hand, if the liquid can absorb all the
gas, the dissolution is complete and bubbles vanish. In figure 21 we schematise this
process. The symbol @ represents the initial conditions, and the vertical line from 0
to pp(m/6)d; represents the initial amount of gas in the bubble. This amount is the
total amount of undissolved and dissolved gas. The latter can be divided in short- and
long-time behaviour. If the operating conditions are below the complete—incomplete
dissolution line -—-—, the bubble completely dissolves. If the operating conditions
are within the short-time region, only short-time dissolution matters. However, this is
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FIGURE 21. (Colour online) Map on the dissolution process. After the dissolution process,
the amount pg%dg — YV remains undissolved, the amount ¥}V dissolves in the long-time
behaviour and the amount (1 — ¥;)) dissolves in the short-time behaviour.

only found for gas with high solubility, pp(7t/6)d; < (1 — ¥;)V. The threshold for
partial or complete dissolution is pp(7/6)dy =V, whereas the threshold for short- and
long-time dissolution is pg(7w/6)dy = (1 —¥))V.

It is worth noting that for pg(m/6)d; > V), bubbles do not completely dissolve
through the mechanism studied in this work, especially for a finite train length for
which there is a collective dissolution behaviour (Michelin, Guérin & Lauga 2018)
such as the gas diffuses in the liquid out of the train of bubbles. This collective
mode is much slower than that presented in this work since the distance that the gas
needs to be transported becomes much longer and of the order of the bubble train.
An increase in the distance between bubbles can lead to a decrease or increase in the
Sh number in the PD and PC regimes, respectively, and has no influence on the other
regimes. In addition, it is associated with an increase in V and hence a decrease in
pp(1/6)d; — V), and it might lead to an increment of the undissolved amount of gas
which remains to be dissolved in the collective mode. For instance, in the PD regime,
it initially leads to a faster saturation of the liquid inside the train, decreasing the
dissolved amount and an increment of the amount to be dissolved in the collective
mode. It thus yields a large increment of the total dissolution time.

7.2. Transient dissolution
Although in many situations the change in size is very small as compared to its
initial value as V < pp(7/6)d3, changes in bubble size can be important. Nonetheless,
its effect might be limited, as shown in what follows. To study its influence on
the dissolution process, changes in bubble size must be taken into account. For this
purpose, the mass balance of gas is applied:

d(ppind®)
at

Since (1/4)mL(t) =V + (4/3)nd*(t) and the volume V does not change in time, the
distance between bubbles can be obtained from
3 (nL/4 M
LD _ M 1) =L, (7.2)
ot P8

=—M, dO0)=d,, (7.1)
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FIGURE 22. Influence of bubble size changes in the (a,b) PD regime for Pe — 0 and
(¢c,d) PC regime, Pe=10% for dy=0.6 and Ly=3. (1/6)d*/V =0.05042.

where L, is the initial distance between bubbles. In addition, Cy, depends on the
Henry’s constant, H, and the pressure of the bubble, pp, through Henry’s law, C,, =
Hpg. In this work, we consider it as constant as well as pg. However, it might change
because of change of Laplace pressure, as shown in Mikaelian et al. (2015b).

In figure 22 we show the influence of the change of bubble size on the mass transfer.
We depict the solution of the full transient problem considering bubble size changes,
for values of pp in the partial dissolution region of figure 21, and in the PD and PC
regimes. In figure 22(a) we depict Sh(¢) and Sh., as depending on time because d and
L also do. We can observe in the PD regimes that for short times the Sh decreases
towards the Sh,, value in the case where the bubble does not change size, 1/pp =0, as
shown in figure 22(b). As 1/pp increases, changes in bubble size becomes relevant and
the Sho, changes, whereas Sh(r) tries to follow such changes with a small discrepancy,
around 10 % in the worst case. This behaviour reveals that the change in bubble size
triggers or excites faster modes but its effect is limited and smaller than the influence
of other geometrical quantities. In the PC regime, we can observe that for short times
the mass transfer through the boundary layer is not affected, as compared to Shg,
whereas the discrepancy with Shy, is very small, as shown in figure 22(c), even for
large changes in the bubble size, shown in figure 22(d).

The governing equations for the full transient problem are constituted by the system
of (2.2)—-(3.1) together with (7.1)—(7.2). Note that the impermeability condition has not
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been changed. It has no effect in the PD regimes, since the convection is negligible.
In the PC regime it should not affect the boundary layer much since it is very thin,
and then the normal gradients of normal velocity are very small and the boundary
layer is simply advected with the bubble surface and not squeezed.

8. Conclusions and perspectives

In this work the dynamics and mass transfer of a train of bubbles in a liquid of
constant properties was studied. We modelled the system under the assumption of
quasi-steadiness of the bubble size and periodicity of the concentration field.

We found, after transient analysis, that the mass transfer exhibits two different
behaviours: (i) for short time, the Sh is time-dependent; and (ii) for long time, the
Sh number tends to a constant value Sh.,. The short-time behaviour is self-similar
for small Pe numbers and features a boundary layer for large Pe numbers. We
demonstrated that the long-time behaviour is well described by the slowest mode of
a modal decomposition. For larger Sh or decay ratio, represented by the rest of the
eigenvalues, mass transfer is initially larger but decays faster to a vanishing value. It
is very important to mention that S during the short-time is dependent on the initial
conditions, whereas Sh, is not.

In the long-time behaviour, we found five different regimes — pure diffusion (PD),
convection—diffusion (CD), transition (T), boundary layer (BL) and pure convection
(PC) — ordered by increasing Péclet number. This classification is made with regard
to two criteria: (i) the relative importance between diffusion along the streamlines
and convection gauged by the Péclet number; and (ii) the interaction between bubbles
gauged by the distance between bubbles.

The T regime separates regimes with small and large Pe. In the regimes with small
Pe the diffusion is mainly axial, whereas in the regimes with large Pe the diffusion
occurs mainly in the crosswind direction. In the CD and BL regimes, as well as in
the transition regime T, the Sh,, increases with Pe and is independent on the distance
L between bubbles, whereas in the PD and PC regimes the Sh., is independent of Pe
but depends on L, meaning that there is interaction between bubbles.

We characterised the Sh., number with the help of scaling arguments and simplified
models, and summarise the results in table 1 for the reference situations of spherical
and centred bubbles with stress-free or rigid interfaces. The scalar quantities, V(d) and
d,(d), needed for the axial and radial models respectively are also reported.

We then considered model extensions: the rigid (no-slip) interface, deformable
(surface tension) interface, inertia and off-centred bubbles. The main results are
that there is no PC regime with the rigid interface, and the scaling in the BL regime
changes. The Sh., number is only affected by capillary deformation in the PC regime,
inertia does not affect mass transfer up to Re = 100 and off-centred position affects
only regimes with large Pe.

The dissolution process strongly depends on the operating conditions, i.e. the mass
of gas to dissolve and the capacity of the liquid to absorb gas. Despite the fact that
short-time behaviour is always present, the long-time behaviour is shown to contribute
to most of the dissolution process. This contribution usually exceeds 80 % and may
reach almost 100 % in the BL regime. In the dissolution of a bubble, considering
bubble size change, the small discrepancy between the Sh number and Sk, justifies
the quasi-steadiness assumption, even though it rigorously does not hold. When the
short-time regime is dominant, the full transient simulations should be carried out to
characterise the mass transfer.


https://doi.org/10.1017/jfm.2019.136

https://doi.org/10.1017/jfm.2019.136 Published online by Cambridge University Press

Mass transfer around bubbles flowing in cylindrical microchannels 139

Regime  Model Stress-free interface Rigid interface

' L 1/2 2
PD, CD  ‘axial’  Sho, = {1 + {Pe(v(d) - I)ZJ } iLd
BL scaling  Sho = 1.2(Ped®)*  Shy, =2.0(Ped®)'
PC radial Sho= Lold@IPe

TABLE 1. Characterisation of the Sh,, number as a function of d, L and Pe in the different
regimes: pure diffusion (PD), convection—diffusion (CD), boundary layer (BL) and pure
convection (PC).

The results reported in this work provide a theoretical framework to understand
the mass and identically the heat transfer in microchannels, which might be very
useful for the optimisation of devices involving these phenomena. An example is the
dissolution of bubbles, whose dependence on the operating conditions such as liquid
and gas flow rates and distance between bubbles, among others, is far from trivial.
Knowing in which regime the device is operating and understanding such regime are
crucial for efficient optimisation.

This work can be extended to take into consideration other boundary conditions
at the bubble surface to consider other objects such as cells modelled as elastic
membranes. Other possible extensions might be to consider the dissolution of bubbles
within the complete dissolution region or dissolution and reaction, as for CO, capture.

Finally, it is important to mention that the initial conditions are normally not
known, either for the transient or for the modal expansion analysis, and the uniform
concentration field is just a reasonable approximation. To overcome this uncertainty,
one would have to simulate the whole process that ends up with a train of bubbles.
By doing so, one would have the initial conditions for the mass transfer process,
but it is not a practical manner to proceed due to its additional complexity. In a
real situation, even though the uncertainty of the initial condition might lead to
larger errors than predicted in this work, our present approach has been proven to be
practical for the characterisation of the mass (or heat) transfer in microchannels.
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Appendix A. Numerical method

In this work we use the finite element method to discretise the spatial coordinate
of the partial differential equations appearing in the different models using the
software COMSOL. Convergence with the mesh has been checked and results for
the hydrodynamic part for stress-free and rigid bubble interfaces are successfully
compared with the results by Hyman & Skalak (1972). The very good comparison
with one-dimensional models and the collapse on the master curve for the BL regime
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(Mikaelian et al. 2015a) also demonstrate the convergence of the mesh for the mass
transfer problem. We use linear Lagrange elements for the variable p and quadratic
Lagrange elements for the variables v, C and 6. The time integration is carried out by
the implicit backward Euler method. The time step is chosen to accurately describe
the very fast self-similar mass transfer for which we have ensured that there are
at least 10 elements within the self-similar region, i.e. the mesh size is at least 10
times smaller than the penetration length. For the slowest mode, we have solved the
stationary nonlinear equation using a continuation method together with an arbitrary
normalization since it does not affect the results, i.e. , = 1. As for the initial guess,
we use ) =1 and o; =0, which always converges to the slowest mode, since it first
converges to this mode for the limit Pe — O and Pe is then used as the continuation
parameter. For the mesh, we use elements smaller than 0.2 with growth rate 1.3,
ensuring that at the bubble surface the maximum element size is wd/40. We use
eight layers of rectangular elements, at the bubble surface, the maximum size in the
normal direction being determined to be 8 times smaller than the thickness of the
concentration boundary layer for the largest Pe number considered. To obtain the
faster modes, we have used the same mesh and the iterative generalised eigenvalue
solver implemented in COMSOL.

For the case of deformable bubbles, in which the domain is a priori unknown,
we have used the arbitrary Lagrangian—Eulerian (ALE) method implemented in the
moving mesh module of Comsol. We considered quadratic geometry, and the Laplace
equation for the change of variable between the material frame X and the spatial
frame x,

Vie—X)=0 atV, (A1)

together with the boundary conditions
Vix—X)=gn at Zp, (A 2a)
x—X=0 at Xy, (A2b)

where Vs =(Z —nn) -V, and the scalar g = g(x) is the variable that takes into account
the deformability of the boundary Xp. The method to handle deformable boundaries
(A 2), referred to as the boundary arbitrary Lagrangian—Eulerian method, is described
in Rivero-Rodriguez et al. (2018).

REFERENCES

ABIEV, R. S.2013 Bubbles velocity, Taylor circulation rate and mass transfer model for slug flow
in milli-and microchannels. Chem. Engng J. 227, 66-79.

ATASI, O., HAUT, B., PEDRONO, A., SCHEID, B. & LEGENDRE, D. 2018 Influence of soluble
surfactants and deformation on the dynamics of centered bubbles in cylindrical microchannels.
Langmuir 34 (34), 10048-10062.

AUGUSTE, F. & MAGNAUDET, J. 2018 Path oscillations and enhanced drag of light rising spheres.
J. Fluid Mech. 841, 228-266.

BARAK, M. & KATZ, Y. 2005 Microbubbles. Chest 128 (4), 2918-2932.

BELTRAMO, P. J., GUPTA, M., ALICKE, A., LIASCUKIENE, 1., GUNES, D. Z., BAROUD, C. N. &
VERMANT, J. 2017 Arresting dissolution by interfacial rheology design. Proc. Natl Acad. Sci.
USA 114 (39), 10373-10378.

CHl, J. J., JOHNSTONE, T. C., VoIcu, D., MEHLMANN, P., DIELMANN, F., KUMACHEVA, E. &
STEPHAN, D. W. 2017 Quantifying the efficiency of CO, capture by Lewis pairs. Chem. Sci.
8 (4), 3270-3275.


https://doi.org/10.1017/jfm.2019.136

https://doi.org/10.1017/jfm.2019.136 Published online by Cambridge University Press

Mass transfer around bubbles flowing in cylindrical microchannels 141

CLIFT, R. 1978 Bubbles, Drops and Particles. Academic Press.

CuBAUD, T. & Ho, C.-M. 2004 Transport of bubbles in square microchannels. Phys. Fluids 16 (12),
4575-4585.

CuBAUD, T., SAUZADE, M. & SUN, R. 2012 Co2 dissolution in water using long serpentine
microchannels. Biomicrofluidics 6 (2), 022002.

DECKWER, W.-D. 1980 On the mechanism of heat transfer in bubble column reactors. Chem. Engng
Sci. 35 (6), 1341-1346.

DHOTRE, M. T. & JosHI, J. B. 2004 Two-dimensional CFD model for the prediction of flow pattern,
pressure drop and heat transfer coefficient in bubble column reactors. Chem. Engng Res.
Design 82 (6), 689-707.

DURGADEVI, A. & PUSHPAVANAM, S.2018 An experimental and theoretical investigation of pure
carbon dioxide absorption in aqueous sodium hydroxide in glass millichannels. J. CO2
Utilization 26, 133-142.

GALLINO, G., GALLAIRE, F., LAUGA, E. & MICHELIN, S. 2018 Physics of bubble-propelled
microrockets. Adv. Funct. Mater. 28 (25), 1800686.

GANAPATHY, H., SHOOSHTARI, A., DESSIATOUN, S., ALSHEHHI, M. & OHADI, M. 2014 Fluid flow
and mass transfer characteristics of enhanced CO2 capture in a minichannel reactor. Appl.
Energy 119, 43-56.

GEKLE, S.2017 Dispersion of solute released from a sphere flowing in a microchannel. J. Fluid
Mech. 819, 104-120.

GRIFFITH, R. M. 1960 Mass transfer from drops and bubbles. Chem. Engng Sci. 12 (3), 198-213.

HaAs, U., SCHMIDT-TRAUB, H. & BRAUER, H. 1972 Umstromung kugelférmiger blasen mit innerer
zirkulation. Chemie Ingenieur Technik 44 (18), 1060-1068.

HASHEMI, S. M. H., MODESTINO, M. A. & PSALTIS, D. 2015 A membrane-less electrolyzer for
hydrogen production across the pH scale. Energy Environ. Sci. 8 (7), 2003-2009.

HUNG, L.-H., TEH, S.-Y., JESTER, J. & LEE, A. P. 2010 PLGA micro/nanosphere synthesis by
droplet microfluidic solvent evaporation and extraction approaches. Lab on a Chip 10 (14),
1820-1825.

HYMAN, W. A. & SKALAK, R. 1972 Viscous flow of a suspension of liquid drops in a cylindrical
tube. Appl. Sci. Res. 26 (1), 27-52.

KANDLIKAR, S., GARIMELLA, S.,LI, D., COLIN, S. & KING, M. R. 2005 Heat Transfer and Fluid
Flow in Minichannels and Microchannels. Elsevier.

KASHID, M. N., RENKEN, A. & KIWI-MINSKER, L. 2011 Gas-liquid and liquid-liquid mass transfer
in microstructured reactors. Chem. Engng Sci. 66 (17), 3876-3897.

Kuo, J. S. & CHIu, D. T.2011 Controlling mass transport in microfluidic devices. Annu. Rev. Anal.
Chem. 4, 275-296.

MEHTA, G., MEHTA, K., SUD, D., SONG, J. W, BERSANO-BEGEY, T., FutAal, N., HEO, Y. S.,
MYCEK, M.-A., LINDERMAN, J. J. & TAKAYAMA, S. 2007 Quantitative measurement and
control of oxygen levels in microfluidic poly (dimethylsiloxane) bioreactors during cell culture.
Biomed. Microdevices 9 (2), 123-134.

MICHELIN, S., GUERIN, E. & LAUGA, E. 2018 Collective dissolution of microbubbles. Phys. Rev.
Fluids 3 (4), 043601.

MICHELIN, S. & LAUGA, E. 2011 Optimal feeding is optimal swimming for all Péclet numbers.
Phys. Fluids 23 (10), 101901.

MIKAELIAN, D., HAUT, B. & SCHEID, B. 20154 Bubbly flow and gas-liquid mass transfer in
square and circular microchannels for stress-free and rigid interfaces: CFD analysis. Microfluid
Nanofluid 19 (3), 523-545.

MIKAELIAN, D., HAUT, B. & SCHEID, B. 20150 Bubbly flow and gas-liquid mass transfer in square
and circular microchannels for stress-free and rigid interfaces: dissolution model. Microfluid
Nanofluid 19 (4), 899-911.

RIECHERS, B., MAES, F., AKOURY, E., SEMIN, B., GRUNER, P. & BARET, J.-C. 2016 Surfactant
adsorption kinetics in microfluidics. Proc. Natl Acad. Sci. USA 113 (41), 11465-11470.


https://doi.org/10.1017/jfm.2019.136

https://doi.org/10.1017/jfm.2019.136 Published online by Cambridge University Press

142 J. Rivero-Rodriguez and B. Scheid

RIVERO-RODRIGUEZ, J., PEREZ-SABORID, M. & SCHEID, B. 2018 PDEs on deformable domains:
boundary arbitrary Lagrangian—Eulerian and deformable boundary perturbation methods.
J. Comput. Meth. Appl. Mech. Engng (submitted) arXiv:1810.10001.

RIVERO-RODRIGUEZ, J. & SCHEID, B. 2018a Bubble dynamics in microchannels: inertial and
capillary migration forces. J. Fluid Mech. 842, 215-247.

RIVERO-RODRIGUEZ, J. & SCHEID, B. 2018b Bubble dynamics in microchannels: inertial and
capillary migration forces. J. Fluid Mech. 855, 1242-1245.

ROHSENOW, W. M., HARTNETT, J. P. & GANIC, E. N 1985 Handbook of Heat Transfer
Fundamentals. p. 1440. McGraw-Hill.

SEGRE, G. & SILBERBERG, A. 1962 Behaviour of macroscopic rigid spheres in Poiseuille flow part
2. Experimental results and interpretation. J. Fluid Mech. 14 (1), 136-157.

SHIM, S., WAN, J., HILGENFELDT, S., PANCHAL, P. D. & STONE, H. A. 2014 Dissolution without
disappearing: multicomponent gas exchange for CO, bubbles in a microfluidic channel. Lab
on a Chip 14 (14), 2428-2436.

SQUIRES, T. M., MESSINGER, R. J. & MANALIS, S. R. 2008 Making it stick: convection, reaction
and diffusion in surface-based biosensors. Nature Biotechnol. 26 (4), 417.

TAYLOR, T. D. 1963 Heat transfer from single spheres in a low Reynolds number slip flow. Phys.
Fluids 6 (7), 987-992.

VADAPALLI, A., GOLDMAN, D. & POPEL, A. S.2002 Calculations of oxygen transport by red blood
cells and hemoglobin solutions in capillaries. Artif. Cells Blood Substitutes Biotechnol. 30 (3),
157-188.

WESTERWALBESLOH, C., GRUNBERGER, A., STUTE, B., WEBER, S., WIECHERT, W., KOHLHEYER, D.
& VON LIERES, E. 2015 Modeling and CFD simulation of nutrient distribution in picoliter
bioreactors for bacterial growth studies on single-cell level. Lab on a Chip 15 (21), 4177-4186.

Xu, J. H, TAaN, J, L1, S. W. & Luo, G. S.2008 Enhancement of mass transfer performance of
liquid-liquid system by droplet flow in microchannels. Chem. Engng J. 141 (1-3), 242-249.


http://www.arxiv.org/abs/1810.10001
https://doi.org/10.1017/jfm.2019.136

	Mass transfer around bubbles flowing in cylindrical microchannels
	Introduction
	Modelling
	Hypotheses
	Scaling
	Modelling of the hydrodynamics
	Modelling of the mass transfer

	Transient behaviour
	Long-time mass transfer regimes
	Small Pe
	Large Pe
	Dominating near-field effects: small L

	Short- and long-time contribution to total mass transfer
	Model extensions
	Influence of a rigid interface
	Influence of a deformable interface
	Influence of inertia
	Effect of off-centred positions

	Discussion on dissolution
	Steady state
	Transient dissolution

	Conclusions and perspectives
	Acknowledgements
	Appendix A. Numerical method
	References


