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EMPIRICAL LIKELIHOOD
ESTIMATION OF CONDITIONAL
MOMENT RESTRICTION MODELS
WITH UNKNOWN FUNCTIONS

Talsuke OTsu
Yale University

This paper proposes an empirical likelihood-based estimation method for condi-
tional moment restriction models with unknown functions, which include several
semiparametric models. Our estimator is called the sieve conditional empirical like-
lihood (SCEL) estimator, which is based on the methods of conditional empirical
likelihood and sieves. We derive (i) the consistency and a convergence rate of the
SCEL estimator for the whole parameter, and (ii) the asymptotic normality and ef-
ficiency of the SCEL estimator for the parametric component. As an illustrating
example, we consider a partially linear regression model with nonparametric endo-
geneity and heteroskedasticity.

1. INTRODUCTION

This paper studies a general estimation method for conditional moment restriction
models with unknown functions:

Elp(z,00, ho)|x]1 =0, @)

where z = (y',x])’, x; is a subset of x, p is a vector of known functions up to
(@o, ho), O is a vector of finite dimensional unknown parameters (the parametric
component), and fo(-) = (ho1(-), ..., hog(-)) is a vector of infinite dimensional
unknown functions (the nonparametric component). The arguments of &g can be
either a subset of y (endogenous) or a subset of x, (exogenous). This model is
semiparametric in two senses. First, the moment function p explicitly includes
unknown functions /. Second, apart from the conditional moment restriction,
the distribution form of z given x is unspecified. Indeed, the model (1) is general
enough to include several semiparametric models, such as partially linear and sin-
gle index models. Also, this model allows for A to contain endogenous variables
in its argument. See Ai and Chen (2003) for more examples.
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We propose an empirical likelihood-based estimation method for (1).! Our es-
timator is based on the method of conditional empirical likelihood by Zhang
and Gijbels (2003) and Kitamura, Tripathi, and Ahn (2004).2 Since we extend
the conditional empirical likelihood approach by the method of sieves to include
nonparametric components, our estimator is called the sieve conditional empirical
likelihood (SCEL) estimator. The method of sieves overcomes the difficulty of es-
timating the nonparametric component /g by approximating the parameter space
with some sieve space.> We derive (i) the consistency and a convergence rate of
the SCEL estimator for the whole parameter (6y, ig), and (ii) the asymptotic nor-
mality and efficiency of the SCEL estimator for the parametric component 6.
Furthermore, as an illustrating example, we consider a partially linear regression
model with nonparametric endogeneity and heteroskedasticity. This setup is not
covered by Zhang and Gijbels (2003) or Kitamura et al. (2004).

For conditional moment restriction models without unknown functions (i.e.,
E[p(z,60)|x] =0), Donald, Imbens, and Newey (2003), Zhang and Gijbels (2003),
and Kitamura et al. (2004) developed empirical likelihood-based estimators.
Zhang and Gijbels (2003) and Zhang and Liu (2003) considered conditional mo-
ment restriction models with unknown functions but without finite dimensional
parameters (i.e., E[p(z, ho)|x] = 0). Hjort, McKeague, and van Keilegom (2009)
have extended the empirical likelihood approach to a semiparametric setup. They
considered unconditional moment restriction models with unknown functions
(i.e., E[p(z,60,ho)] = 0) and proposed the empirical likelihood ratio test for
with some plug-in estimator for hy.

This paper extends the empirical likelihood approach to deal with the condi-
tional moment restriction models (1), where parametric and nonparametric com-
ponents coexist and both can contain endogenous variables. Although Otsu (2007)
proposed an empirical likelihood-based estimator with the method of penalization
to estimate conditional moment restriction models with unknown functions, the
setup of Otsu (2007) does not allow nonparametric endogeneity. Since economet-
ric models commonly contain endogenous regressors, this extension is important.
Indeed, assumptions and proofs of this paper are very different from those of
Otsu (2007). If hg have endogenous arguments, it is generally difficult to derive
a convergence rate of the SCEL estimator under (strong) norms, such as the sup
and L, norms. Therefore we employ a different approach developed by Ai and
Chen (2003) to obtain a convergence rate under some weaker norm and to derive
the asymptotic normality of the SCEL estimator. Ai and Chen (1999, 2003) pro-
posed the sieve minimum distance (SMD) estimator to estimate the model (1).
Our SCEL estimator is asymptotically (first-order) equivalent to their optimally
weighted SMD estimator. This asymptotic equivalence between the SMD and
SCEL estimators is analogous to the asymptotic equivalence between the gener-
alized method of moments (GMM) estimator (Hansen, 1982) and the maximum
empirical likelihood estimator (Qin and Lawless, 1994).

This paper is organized as follows. Section 2 introduces the SCEL estima-
tor. Section 3 derives the asymptotic properties of the SCEL estimator. Section 4
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illustrates the main result by an example. Section 5 concludes. Appendixes con-
tain proofs and lemmas.

2. ESTIMATOR

Our notation closely follows that of Ai and Chen (1999, 2003). Consider a random
sample {y;,x;}!_; from the distribution of (y,x) with support J x X, where Y
is a subset of R% and X is a compact subset of R®. Let x, be a subset of x with
support X,, and z = (y/,xé)/ with support Z = Y x X;. Define ® and H as the
parameter spaces of 0y and hq, respectively. Assume that ® c R% is compact
with nonempty interior and that % = H! x --- x H% is a space of continuous
functions. Let ag = (6o, ho) € A= O x H be the whole parameters. In the model
(1), the moment function p : Z x A — R% is a vector of known functions up
to ap.

We now introduce conditional empirical likelihood by Zhang and Gijbels (2003)
and Kitamura et al. (2004). To motivate conditional empirical likelihood, consider
the following maximization problem:

n
max z z wj;ilog pji  s.t. z pji =1,
j=1

{P]z},/ 1i=1j=1

n
2 piiglga) =0,  ij=1,...n, @
j=1
where pj; can be interpreted as the conditional probability Pr{z = z;|x = x;} and
wji =K (%) /T K (le;x‘) is the kernel weight for x; at x;. Here K :
R® — R is a kernel function and b, is a bandwidth parameter. We can regard the
term ¥7_; wj; log pji as local likelihood at x; obtained by borrowing information

from nearby observations around x; using kernel weights wj; A
Based on the dual representation of the maximization problem in (2), we define
SCEL as follows:>

R 1 n n
tn(a) === Tiy max Y wjilog(14p(zj,a))
n ;= }‘ieA”j:]

n n
=— %Z Zwﬂlog(1+/1(xi,a)/p (q,a)), &)
i=1  j=l
where ﬁ(xi,oc) is implicitly defined, A, is support of 4; (defined in Assumption
3.5), I;;, =1{x; € A} is a trimming term to avoid the boundary bias of kernel
estimators (see, e.g., Ai and Chen, 1999), I{-} is the indicator function, and A},
is a closed subset of X' (defined in Assumption 3.1(ii)). Note that ;l(xi,a) can
be interpreted as the Lagrange multiplier for the conditional moment restriction
Yi_1 pjig(zj,a) =0in (2).
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If a is finite dimensional (i.e., parametric), the maximizer of fn () with respect
to o is asymptotically normal and efficient under certain regularity conditions
(Zhang and Gijbels, 2003; Kitamura et al., 2004). However, if a includes infinite
dimensional (i.e., nonparametric) components, the parameter space A is usually
too large to obtain reasonable estimates. In order to overcome this difficulty, we
approximate the infinite dimensional parameter space H by a sieve space H,,
which is often finite dimensional and becomes dense in H as n increases. Let
A, = © x H,,. Our SCEL estimator is defined as

& = (0, h) = argmaxt, (a). )]
aeAy,

There are several choices for the sieve space H,, such as Fourier series, power
series, splines, or wavelets. Once we choose a sieve space, the SCEL estima-
tor a can be computed as follows: (i) For each a € A,, compute :l(xi,a) by
some Newton-type optimization and obtain ¢ » (@) (inner loop), and then (ii) max-
imize £, (a) for a € A, by some numerical optimization (outer loop). Zhang and
Gijbels (2003) showed that if the parameter space A is compact, the maximizer
of ¢, (o) with respect to a over the whole parameter space A attains the optimal
convergence rate in a nonparametric regression setup. This paper approximates
the compact space A by a sieve space A, and focuses on the asymptotic proper-
ties of the estimator of the parametric component 0.

3. MAIN RESULTS

This section discusses the asymptotic properties of the SCEL estimator.

3.1. Consistency and Convergence Rate

First we derive the consistency of the SCEL estimator & under some (strong)
norm ||-||s, such as the sup or L, norm. Let || - ||z be the euclidean norm and
N (e, Ap, |I-1l5) be aminimum bracket covering number by e-brackets with respect

to || - ||s to cover A,. Let y be the largest integer satisfying y < y and V?g(x) =
o41ttas

PRy g(x) fora = (ai,...,as). We adopt the following definitions by Ai and
X e OXg

Chen (2003).

DEFINITION 3.1 (Holder space). The Holder space A” (W) of order y > 0 is
a space of functions g : W — R such that the first y derivatives are bounded, and

the yth derivative satisfies maxzleal.:lw“g(w) — V“g(w’)‘ <const. X
Hw—w’HyE_L for all w,w' € W. The Holder norm is defined as ||g|lpny =
Sup,, ey |€(0)] + maxs: iy supy, s SV S pe Hislder ball with

=
lo—w'lp =

radius c is defined as Al (W) = {g eATW):liglar <c < oo}
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DEFINITION 3.2 (Envelope condition). A real-valued function g(z,a)
satisfies the kth-order envelope condition in a. € A if there exists a measurable
Sfunction c1(z) with E[c1(2)*] < oo such that |g(z,a)| < ¢1(z) for all z € Z and
aecA

DEFINITION 3.3 (Holder continuity). A real-valued function g(z, o) is Holder
continuous in a € A if there exist a constant k € (0, 1] and a measurable function
c2(z) with E[c2(2)*|x] bounded, such that |g(z, 01) — (2, 02)| < c2(2) ll1 — a2 ||
forallz € Z and a,0, € A.

The Holder space is a popular functional space for smooth functions. The en-
velope condition and Holder continuity are used to control the boundedness and
smoothness of functions, respectively. Based on these definitions, we impose the
following assumptions to derive the consistency of the SCEL estimator under the
norm |[-].

Assumption 3.1. (i) {y;,x;}7_, is iid; (i) X = [T, [xf,xY1 C RS for
ka,xlg < oowithka #x,ﬁj (k=1,...,5),and X, E]'[i:l[x,f—i—b;”',x,y—bn_”‘]
for some w1 € (0, 1); (iii) the density function of x is bounded and bounded away
from zero on X and has up to the Jth derivatives with J > 2.

Assumption 3.2. (i) ag is the only a € A satisfying E[p (z,a)|x] = 0; (ii)
there exists a norm |-||; such that A is compact under |-||,; (i) {A,}52, is a
sequence of subsets of A and for all o € A there exists IT,a € A, satisfying
1,0 —ally = o(1).

Assumption 3.3. (i) K(x) is a bounded and Lipschitz continuous function
with bounded support and is symmetric around the origin; (ii) K (x) is a Jth-
order kernel function; (iii) as n — 0o, by, — 0 and n~lp,*2C+tD/P
log(by Dy = 0.

Assumption 3.4. (i) Each element of E[p(z,a)|x] € Ag ' (X) with some J' > J
for all & € Aj,; (ii) p(z,a) satisfies the pth order envelope condition in a € A,
with p > 8; (iii) p(z, ) is Holder continuous in a € A.

Assumption 3.5. A, = {1 e R% : || Ay < én~/P} for some ¢ € [1, 00).

Several assumptions are similar to those of Ai and Chen (1999, 2003). As-
sumptions 3.1(i) and 3.1(ii) exclude dependent data and unbounded conditioning
variables, respectively. We conjecture that the compactness assumption of X can
be dropped by use of the trimming argument in Kitamura et al. (2004). Assump-
tion 3.2(i) is an identification condition of g, which should be verified in each
setup. Assumption 3.2(ii), which is adopted by, e.g., Ai and Chen (2003) and
Newey and Powell (2003), is standard in this literature. This assumption is typi-
cally satisfied when H consists of bounded and smooth functions (see Section 4
for an example). Assumption 3.2(iii) is a weak condition on the sieve space A,,.
To derive the consistency of &, we do not need any specific convergence rate for
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1,0 — a||s. Assumption 3.3 restricts the kernel function K and the bandwidth
by. If b, =n~¢, Assumption 3.3(iii) is satisfied for 0 < ¢ < 1/{s +2(s +1)/p}.
Assumption 3.4 contains boundedness and smoothness conditions for p(z,a). In
case of the SMD estimator by Ai and Chen (2003), Assumption 3.4(ii) is unnec-
essary to derive the consistency (although it is required to derive the convergence
rate). Assumption 3.5 is a condition on support of 1;. This assumption is also
adopted by Kitamura et al. (2004, Assump. 3.6) to derive the asymptotic normal-
ity of their conditional empirical likelihood estimator. Since we need to control
;I(xi , IT,00) in the proof of consistency, this assumption is required even for de-
riving the consistency. This idea is also seen in the proof of Newey and Smith
(2004, Thm. 3.1) to derive the consistency of the generalized empirical likelihood
estimator. We conjecture that in order to drop Assumption 3.5 in our setup, we
need to impose stronger assumptions on the derivative of p(z,a) with respect to
a and the remainder of the linear approximation for p(z, ), which may not allow
endogenous variables in the arguments of hg. The consistency result is obtained
below.

THEOREM 3.1. Suppose that Assumptions 3.1, 3.2(i)—(iii), 3.3(i)—(iii), 3.4,
and 3.5 hold. Then ||a. — aolls = 0p(1).

Theorem 3.1 provides the consistency of the SCEL estimator & under the norm
I-]ls- To obtain the asymptotic normality of 6 (i.e., the SCEL estimator for the
parametric component), we need a convergence rate for a to ag. However, it is
generally difficult to derive the convergence rate of H& - aoHS particularly when
the arguments of A contain endogenous variables (see Ai and Chen, 2003, p.
1805, for the case of the SMD estimator). Therefore, following Ai and Chen
(2003), we introduce another (weaker) norm ||-|| and derive a convergence rate
under ||-||, which is actually sufficient to derive the asymptotic normality of 6.

Suppose that (i) for any a1, a € A, there exists a continuous path a (7) € A
for ¢ € [0, 1] such that a(0) = a; and a(1) = ap; (ii) A is convex at ag, i.e.,
for any o € A, (1 —17)ag+ ta € A for small z > 0; and (iii) for almost all z,
p(z, (1 —1)ag+ ra) is continuously differentiable at ¢ = 0. Then we can define
the pathwise first-order derivative of p (z, ag) at the direction [a — aq] evaluated
at ag, that is
dp(z,a0) [« dp(z,(1=7)ap+7a)

apl = a.s. z.
d(x dt =0

Also denote

m(x,a) =E[p(z,a)|x], V(x,a)=E[p(z,a)p(z,a)|x],
dp(z,a0) _ dp(z,00) dp(z, ao)
T[al —a]=——[ar—ap]l ———[a2 —aol,
a do do
Lﬂg’%) [a1 —a2]=E 7dp(z,a0) [a] —a2] x} )
o do
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For all a1, a;, € A, the norm || - || is defined as

st =B [{ 22, a1 {20, )]
a do

)

This norm is motivated by the second-order term of the GMM-type population
objective function (E [m(x,a)'V (x,00) 'm(x,a)]). In this sense, this norm is
considered as an extension of the Fisher norm to the conditional moment restric-
tion models. To derive the convergence rate of & under the norm ||-||, we add the
assumptions below.

Assumption 3.2 (Continued). (iv) There exists a constant x> € (0, c0) such
that, for all a € A, there is II,a € A, satisfying ||II,a —a| = O(k, *?) with
kn—/l2 — 0()1_1/4).

Assumption 3.3 (Continued). (iv) As n — 00, nbﬁj — 0 and n~V/ 2bn_ ki
max{1,n= V41 pp 4T/ Py 106 5 0,

Assumption 3.6. (i) Each element of V(x,a) € AL/, /(X ) with some J' > J
for all & € A,; (ii) the smallest eigenvalue of V (x,a) is positive and the largest
eigenvalue of V (x, @) is finite uniformly on (x,a) € X x A,,.

Assumption 3.7. log NV (e!/*, Ay, ||-|l5) <const.xk, log (k,/¢).

Assumption 3.8. (i) A is convex in ag, and p(z, ) is pathwise differentiable
at ag; (ii) for some constants cy, ¢z € (0, 00),

¢1E [m(x, )V (x, 00~ m(r,0)] < lla - ol
<cE [m(x,a)/V(x, a0) 'm(x, a)}

holds for all & € A, with ||a — ag|l; = o(1).

Assumption 3.2(iv) is on the sieve approximation error by 4,. This conver-
gence rate, o(n~/4), is satisfied by commonly used sieve approximations (e.g.,
power series and Fourier series) to standard functional spaces (e.g., Sobolev and
Holder spaces). Assumption 3.3(iv) contains additional conditions on the band-
width b,,, which are required to obtain the uniform convergence rates in Lemma
B.2. If b, =n~¢ and k, = n~¥, Assumption 3.3(iv) is satisfied for % <<

min{% (% + 1//) , Wﬁ (%p -1+ wp) } Assumption 3.6 contains smooth-
ness and boundedness conditions for V (x, a). Assumptions 3.7 and 3.8 are em-
ployed by Ai and Chen (2003). Assumption 3.7 is an entropy condition for the
sieve space A4,, which controls the size of .4, not to be too large. This assump-

tion is typically satisfied by popular sieve spaces (see Section 4 of this paper and
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Chen and Shen, 1998, for specific examples). Assumption 3.8(i) guarantees that
the norm ||-|| is well defined. Assumption 3.8(ii) is crucial to obtain a conver-
gence rate for a. Intuitively, this assumption locally approximates (the quadratic
approximation of) the SCEL population objective function with ||o — a0||2. The
convergence rate of & under the norm ||-|| is obtained below.

THEOREM 3.2. Suppose that Assumptions 3.1-3.8 hold. Then |a — ag|| =
—1/4
op(n ).

In the next subsection, we will see that this convergence rate is sufficient for
deriving the asymptotic normality of 6.

3.2. Asymptotic Normality and Efficiency

To derive the asymptotic normality of the parametric component of the SCEL
estimator 0, we follow the Riesz representation approach of Ai and Chen (1999,
2003), which is based on Shen (1997). Since the parameter a = (6, k) includes the
infinite-dimensional component /2, we generally cannot adopt the usual approach
to derive the asymptotic normality, which is based on the first-order condition for
a. For this problem, Shen (1997) proposed an alternative approach based on the
Riesz representation theorem for the Hilbert space. Using the Riesz representor,
Shen (1997) derived the asymptotic linear form for the finite-dimensional param-
eter of interest and then applied a central limit theorem. Ai and Chen (2003) ex-
tended this approach to the conditional moment restriction models with unknown

functions. _

We introduce the following notation based on Ai and Chen (2003): Let V be
the linear completion of A — {ao} under the norm ||-||, and
dp(z,a) dp(z,a+10) dm(x,a) dp(z,

[v] = , ——l= [ Ijx
do dt =0 da
dm(x, o ! _1 [dm(x,a9
(v1,02) =E 7)[01] V(x,a0)”! 7)[02] ,
da da

where (v, 02) is the inner product for the Hilbert space (V, || - ||). Write M

[ — o] = 928:0) (g — ) - L2-L0) [ p]. For each O (k = 1, ..., dp), let W
be the linear completlon of H — {ho}

dm(x, dm(x, ' _
H m;’;k“(’)— m(;h“O)[wk]} V(x.ap)”!

= argminE
Wy ew

dm(x,ag) dm(x,o00)
x{ a0 dh [w"]}]’

W = W w) PO w7) = (LG ), Gy ), and

Dy (x) = d”’(" %0) _ dmg‘};“") [w*]. Let f(a) = &6 be the parameter of interest
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for each & € R% with & # 0. If E [ D+ (x)'V (x, @) ™! Dy (x)] is finite and pos-
itive definite, the linearity of f and the Riesz representation theorem imply that
there exists the Riesz representor v* € V satisfying

f(@) = fag) =¢"(0 — o) = (@ —ag,0"), (6)

for all a € A, where v* = (vj,0}), vy = E [Dw* x)'V(x,a0) ' Dy (x)}_lf
and v; = —w* x v (see Ai and Chen 2003, p. 1809). Thus, for the asymptotic
normality of \/n¢’ (0 — 6p), it is sufficient to find an asymptotic linear form that
approximates (& — ag,0*). Let Ny, = {a e A, lla—aglly =o(1), la —aoll
=o(n~ Y%} and Ny = {a e A: [la —aglly = 0o(1), & —aoll = o(n™1/*)}. To
derive the asymptotic normality of 8, we add three assumptions.
Assumption 3.9. (i) 6 € int(©); (i) E[Dy(x)'V(x,00)" Dye(x)]

positive definite; (iii) there exists v = (vg, —II,w* x v;) € A, — ag such that
Hv,*l —1)*” =0m™ 4.

Assumption 3.10. (i) 5’% [v] exists a.s. z for all & € Np; (ii) each element of
W[v;] e A (X) with some J' > J for all & € No; (iii) %[v;] satisfies
the second-order envelope condition in & € N, and is Holder continuous in & €
Non; (iv) M . exists a.s. z for all & € Ny, and satisfies the second-

7=l

order envelope condition ina e No,.
o(n=1/2) uniformly on & € N: (ii) E [{ dm(x.00) [1)*]} (x,ao){ﬂ,-n%

Assumption 3.11. (i) EMV(}C, o)~ AL 4]y (x| )~ o n]

[a —oap] — %[& —ao]}] = o(n~"/?) uniformly on & € Ny and & € No,.

These assumptions are also employed by Ai and Chen (2003). Assumption
3.9(i) is standard. Assumption 3.9(ii) is a local identification condition of 8.
Assumption 3.9(iii) is on the approximation error of v, to the Riesz represen-
tor v*. Assumption 3.10 contains boundedness and smoothness conditions on
the pathwise derivatives dmd(;’d) [v:], dpt(if;“) [v}], and M . Assump-

=0
tion 3.10(i)—(iii) are required to obtain the uniform convergence rate in Lemma

B.2(iii). Assumption 3.11 controls asymptotic bias terms when the moment func-
tion p is highly nonlinear in . Assumption 3.11(ii) also restricts that the trimming
term I[;,, should converge to 1 fast enough, which can be satisfied by choosing rea-
sonably 1 in Assumption 3.1(ii). If p is linear in o, Assumptions 3.10 and 3.11
are trivially satisfied. The asymptotic normality of 0 is obtained below.

THEOREM 3.3. Suppose that Assumptions 3.1-3.11 hold. Then \/n 06— ) i)
N0, 27 with £ = E [Dy+ (x)'V (x,a0) ' Dy (x)].
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The limiting distribution of 0 is the same as that of the optimally weighted
SMD estimator by Ai and Chen (2003). From Ai and Chen (2003, Thm. 6.1), we
can see that under certain regularity conditions the asymptotic variance X! be-
comes the semiparametric efficiency bound of the model (1). Therefore the SCEL
estimator 0 is asymptotically efficient as well. This first-order asymptotic equiv-
alence between the SMD and SCEL estimators is analogous to the equivalence
between the GMM and empirical likelihood estimators and is considered an ex-
tension of the asymptotic equivalence described in Zhang and Gijbels (2003, p. 7)
to our semiparametric setup.

In contrast to the two-step SMD estimator by Ai and Chen (2003), our SCEL
estimator does not need the preliminary weight estimation. Ai and Chen (2003)
also suggested the continuously updated GMM-type estimator. For moment re-
striction models without unknown functions, Newey and Smith (2004) conducted
higher-order comparisons for the GMM and empirical likelihood estimators. In
our setup, we can also expect that higher-order properties of the SMD and SCEL
estimators are different.

To estimate the covariance matrix X ~!, we can apply Ai and Chen’s (1999)
consistent estimator:

)

S|

Tin Dy (x)'V (xi, @) ™' Dy (x),

-

i=1

where V(xi, &) = 3_ wjip (2, @) p (2, @), Doy (i) = (D, (x2), ., D, (x7)),
Wy = argmin,,)kewn 2?:1 Tin Dy, (x,-)’V(x,-,&)_lDwk (xi), Dy (xi) = Z;lzl Wji

dp(z;.0) _ dp(z;.)
a0y dh

certain additional regularity conditions, 3 is consistent for (see Ai and Chen,
1999, Thm. 5.1).

[wk]) ,and V_Vn is a sieve space for W. We can show that under

4. EXAMPLE

This section illustrates our main results by the partially linear regression model
with nonparametric endogeneity and heteroskedasticity:

p(z,0) =y1 —x10—h(y2),  Elp(z,a0)lx1=0,  E[p(z,a0)*|x] = V(x,a0),
)

where ag = (0o, ho), y1 € R, z = (yl, yé,xi)/, and x = (x},x})". Denote
dim (xp) = dim (y;) = d, dim (x1) = dp, and s = dim (x) = d + dy. Assume that
x1 and y» do not contain the constant terms. This model is slightly different from
Ai and Chen (2003, Ex. 2.1) because of the heteroskedastic errors. Due to the
unknown function %, we cannot apply the result of Kitamura et al. (2004). In par-
ticular, it is difficult to obtain the convergence rate of ||@ —a||s (see Ai and Chen,
2003, p. 1805).
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We consider the following setup. Let & = @, fz) be the SCEL estimator with
Hn={h(2) = ¢"" (y2)'B such that |||l 5, < c},where g (y2)isak, x 1 vector
of the tensor-product sieve basis by a univariate B-spline. This H,, is a sieve space

—a/2
() [+ 11y20E)
for some @ > y > 0, and w* = (w},...,w ) be the solution to min,, .y,

to approximate H = A (R?). Let ||la||s = |0 £ +sup,, cra

E {V(x, a0) {x1; —E [wj(y2)Ix] }2} The general results obtained in the preced-
ing section are applied below.

THEOREM 4.1. Suppose that Assumptions 3.1, 3.3, 3.5, 3.6(ii), and 3.9(i)
hold. Furthermore, assume

(i) (a) y2|x is complete; (b) hg € H = AL (R?); (c) E[ho(y2)|x] does not
belong to the linear span of x1 and E [x 1x;] is finite and positive definite;
(d) E[{x] —E [w* (y2)Ix] }/ V(x,a0)”! {x{ —E[w*(n)lx]}] is positive
definite.
(ii) (a) E [Iyl I”} <ocowithp>38;(b)E [(1 + IIyZII%)“lx] is bounded for a >
y > 0.
(iii) Elyilx] € Al (X) and E [¢" (y2)|x] € AL (X) with some J' > J.

(iv) Eyflel € A (X), E [g (32)g" (32)'1x] € AL'(X), and Ely14* (y2)lxl €
A ().

(V) nz= kn +d0 and kn_y/d = 0(n_1/4)‘

(vi) E [0} G)lx] € AL () for j =1,.....dp.

Then |6 — aolls = 0p(1), 110 — 6ollg = 0,(n™"/*), E[E[h(y2)—ho(y2)|x1*] =
0p(n12), and Jn(@ — 60) > N (0, El{x|—E[w* (y)Ix]}'V (x,a0)~ x| —
E[w* (y2)[x1171).

Conditions in Theorem 4.1 are similar to those in Ai and Chen (2003, Ex. 2.1).
Condition (i) contains identification conditions for (6y, o). Conditions (ii) and
(iii) are boundedness and smoothness conditions for p(z,a) and E[p(z, ag)|x].
Condition (iv) includes assumptions to deal with heteroskedasticity. Condition (v)
is on the sieve tuning parameter k,. Condition (vi) is on the smoothness of w*.

5. CONCLUSION

In this paper we propose an empirical likelihood-based estimator for conditional
moment restriction models with unknown functions. We extend the method of
conditional empirical likelihood (Zhang and Gijbels, 2003; Kitamura et al., 2004)
by adding sieve approximations for unknown functions. For the whole parameter,
our estimator is consistent and shows a sufficiently fast convergence rate under
a suitably chosen norm. For the parametric component, our estimator is asymp-
totically normal and attains the semiparametric efficiency bound of Ai and Chen
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(2003). Therefore our estimator is asymptotically (first-order) equivalent to the
sieve minimum distance estimator of Ai and Chen (2003). There are several di-
rections for future research, such as the extension to nonsmooth moment restric-
tions (e.g., conditional quantile) or weakly dependent data, higher-order com-
parisons with Ai and Chen’s (2003) sieve minimum distance estimator, and the
optimal choice rule for the bandwidth. Since the results of Zhang and Gijbels
(2003) allow nonsmooth moment functions, we expect that an application of
their empirical process-based approach yields similar results in our semipara-
metric setup. It is also interesting to extend the results of Fan and Zhang (2004)
and consider hypothesis test statistics based on conditional empirical likelihood,
such as test statistics for shape restrictions on the unknown functions (i.e., Hy :
ho € Hg) and model specification (i.e., Hy : E[p(z,a)|x] = 0 a.s. x for some
acA.

NOTES

1. See Owen (2001) for a comprehensive review on empirical likelihood.

2. Zhang and Gijbels’s (2003) “sieve” empirical likelihood and Kitamura et al.’s (2004) “smoothed”
empirical likelihood are quite similar concepts. To avoid confusion, we introduce another terminology,
conditional empirical likelihood, suggested by Kitamura (2003).

3. See Chen (2007) for a comprehensive review of the method of sieves.

4. Fan and Zhang (2004) applied the conditional likelihood approach to construct test statistics for
nonparametric hypotheses.

5. SCEL can be extended to the generalized empirical likelihood analog (Smith, 1997); i.e.,

n 1 n n
GEL _ /
i @) == Y, Tiy max Y wiiy (Ap(z),a)),
n = ANy =
i=1 ! j=1
where y is a concave function. For conditional moment restriction models without unknown functions,
this analog is considered by Smith (2007).
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APPENDIX A: Mathematical Proofs

Hereafter, we denote a,,g = [, ag, m(x;,a) = 2;;1 w;jip(zj,n), and V(x,',a) = Z;‘zl
wjip (zj,a) p(zj,a).

Proof of Theorem 3.1. The outline of the proof is similar to that of Kitamura et al.
(2004, Thm. 3.1). Let u (x,a) = m(x,a)/(1+||m(x,a)|| ). Note that

sup  Jlu(x,a)lg <1, (A1)
(x,a)eX x Ay
foralln € N. Since max<; j<; SUPge A, ‘n_l/l’u (xl-,a)/p(zj, a)’ =045(1) (by (A.1) and
/

Lemma B.1(1)), log (1 + {n_l/”u (xi,a)} p (z.,',a)) is well-defined a.s. for all n large

enough. Since n_l/pu(x,-,a) eA,={leR% : A Eg < én~1/Pyas. foralla e A, we
have
n 1 n n ,
tn(a)=—=" L max Y wjilog(1+A;p(zj,a))

n i=1 AieA"j:l

LSS ~1/p / ju

< == Y L Ywiilog (14+{n 7 uti )| pG0) ) =li@. a2
=l j=1

a.s. for all a € A, and all n large enough.
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On the other hand, if we expand the logs in n (an0) = _%2?21 Liy 2}’:1 wj;log
(1 +A(xi, a00) p (zj, ano)), there exists ¢ € (0, 1) such that

—log (1 +A(xi,000) p (Zj,ano)) = —A(xi,000) p (2, ano)

(;1 (xian0) p (25, ano))2

N 3
2 (1 — 114 (X, 000) p (zj',ano))

> —A(xi, an0)'p (2. an0) » (A3)
foralli, j =1,...,n (the second term in (A.3) is always positive). This implies
A 1 & . ’ N
Cn(an0) > - Y TinA(xis an0) i (i, an0) = On (o) - (A4)
i=1

Now let B = {a € Ay : ||la —agls > 6} for each 6 € (0, 00). If & € BB§, then SUPy 3
in (@) =supge4, in (a) > n (a,,0) (because a,,9 € A;). Thus we have

Pr{ e B§} <Pri sup £ (@) > ln(on0) p <Pri sup (@) > Onlano) p,  (AS)
aeB§ aeB§
for all n large enough, where the second inequality follows from (A.2) and (A.4). There-
fore, to derive the consistency of & under ||-||, it is sufficient to show that
Pr{ sup £ (@) > On(ano) p = 0, (A.6)
aeB§

for arbitrary small 6 € (0, co).
An expansion of % (a) yields that there exists 5 € (0, 1) such that

n n
ly (o) =~ 1+1 3 Loy, )i ) + — 7 Xlin X wjirn iz, (A7)
n 'ri=l1 n 17 i=1 j=
’ X 2
where 7y (x;,2j,0) = (uCi,0)'p(z),)) 5. The first term of (A.7) (multiplied by

2(1=tan=YPu(xi,a) p(zj,0))
nl/P) satisfies

sup ZH,nu(x,,a) m(xl’a)-"_ z]ltnu(xna) m(x;,a)
aeA,| "= izl

R 1 &
< sup luCx;, )l g sup i (xia) —m(xi, o) || | = X, Tin
(xi,a)eX x Ay (xi,0)eX, x A, n;

=o,(1), (A-8)
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where the equality follows from (A.1), ;; 1 Lin = Op(1) (by a law of large numbers),
and SUP(x; )Xy x Ay Hm(x, ,0) — m(x,,a)HE = 0p(1) (by applying Ai and Chen (1999,
Lem. A.1) under Assumptions 3.1, 3.2(ii)—(iii), 3.3, and 3.4). For the second term of (A.7),
observe that

Sup {rn(xl"zjaa)|
(X,‘,(X)EX,, xAn

2 2
< sup  lu(xi,@)llg sup oG o) &
(X,‘,(Z)EX,, x A, acA,

1
s, S -1/ / 2
—”J—"aeA,,Z(l—l‘zn Py (xj,a) p(zj,(x))

< ¢1(2)* Ous (1), (A.9)
where the second inequality follows from (A.1), Assumption 3.4(ii), and
max|<; j<pSUPgeA, ‘n_l/pu(xi,a)/p (zj,a)‘ = 045(1) (by (A.1) and Lemma B.1(1)).
Thus the second term of (A.7) satisfies

1 n n
sup ——+ 1 2 Tin Z wjirn (X, zj,0) < Oas(n™ 2/p) (n 2 P Z u)jicl(zj)z)
=1 j=1

aeA, p 5 j=1

=0,(n72/P), (A.10)

where the equality follows from the uniform convergence of kernel estimators and
Kitamura et al. (2003, Lem. D.4).
Combining (A.7), (A.8), and (A.10),

sup |n!/P ¢t @+~ Z Lt (xi, @) m(xi, )| = 0p(1). (A.11)
acAy, miz1
Also, observe that
n
sup | — ZI[mu(x,,a) m(x;, o) — Zu(xi,a)/m(x,',a)
acA, | i=1 iz

1/2 | n 12
< sup ( Z(H,n—1)> (n2||u(x,-,a)||i-||m(x,~,a)||2E)

i=1 i=1

1/2 - 1/2
< 2 Tin —1) ) ( EE[Cz(Zi)IXJZ sup IIa—aollf")
i=1 izl acA,

=o,(1), (A.12)

where the first inequality follows from the Cauchy-Schwarz inequality, the second inequal-
ity follows from (A.1) and [[m(x;,a)| < Elca(zi)Ixi1lle — agll¥ (by Assumptions 3.2(i)
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and 3.4(iii)), and the equality follows from 1 ¥ (I;, - 1)> = 13" | (1-1;,) = 0p(1)
(by a law of large numbers and E []Iin} - 1), % ' E [cz(zi)lxi} 2_ Op(1) (by alaw of
large numbers), and Assumption 3.2(ii).

We now show the following uniform convergence and continuity result:

n

% Z u(xj,a) m(x;,a)—E [u (xi,(x)’m(x,-,a)]
i=1

sup

=op(1), (A.13)
acA

and E [u(x,-, a)'m(x;, a)} is continuous in o € A. To this end, it is sufficient to check the
assumptions of Newey and Powell (2003, Lem. A.2). Observe that (i) .A is compact under
the norm |-||; (Assumption 3.2(ii)); (i) for each a € A, a law of large numbers yields

%2?21 u(x;,a) mx;,a) B E [u (xi, @) m(x;,a)]; and (iii) for each o, @ € A,

IS utaymea) == 3 u(xi a) m(xi. @)
n n

n n
i=1 i=l1

1< (Ilm(Xi,a)IIE +llmGxi, @)l g + llm(xi, e)ll g IIm(x,',ti)llE)

T A+ [Im (i, )l ) (L [lm(xi, @)l )

i=l1
x (lmGxj,a)ll g — Im(xi, @)l g)

<

$ (nm(x,-,a)nE +lm @) g +lm @)l g ||m(x,-,d)||E)
P (I + lm G, @)1 £) A+ [Im G, @)l )

X ”m(xl'aa)_m(xia&)”E

1 & ~

< <n Y E[Cz(Zi)Ixi]> oo —allf
i=1

where the equality follows from a straightforward calculation (recall that u (x,a) = m

(x,a)/(1+||m(x,a)||g)), the first inequality follows from the triangle inequality, and the

second inequality follows from sup,,, ¢ X’ llm (xi a)(HlE+-'I—I|r|nm()(c)f[ f;h”EE)—('—l Hf”(;" (,Z),%Illlg)m Dlle <1

and Assumption 3.4(iii). Therefore, by applying Newey and Powell (2003, Lem. A.2), we
obtain (A.13) and the continuity of E [—u (x;,a) m(x;,a)] ina € A.
Combining (A.11), (A.12), and (A.13),

sup ‘nl/pfﬁ (@) —E[—u(xj,0)m(x;,a)] ‘ =op(1). (A.14)
acA,

Observe that E [—u(x;,a)'m(x;,a)] =E

I (x;00)I
_m} < 0 for all a # ag by the

identification condition (Assumption 3.2(i)). The continuity of E [—u(x,-, a)'m(x;, a)} in

a € A and the compactness of A imply that for each ¢ € (0, 00) there exists a constant

Hy € (0,00) such that sup, 5 E [—u(xi,a)m(x;,a)] < —Hs. Therefore, from (A.14),

we have

Pr{ sup " —— } 0

p (@) > —n Hs p < =, (A.15)
el 3

for all n large enough.
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We now consider O, (on0) = —% 21’.':1 ]I,',,/Al(x,' , 00) 1 (X, ap0) in (A.5). Observe that

nan)| < max (2650 Zﬂmum(xnaanE

<5—1/1’ Z]I,nHm(x,,anO) m(x,,ao)”E
nizl

n
$en™P LS 1y e, o)
i=1

<cn —r < z Iin 2 szCZ(Z/ ) ”ano_aO”?+En_1/p0p(n_l/4)
i=1 j=1

= Op(dn)>

where n!/Pd,, — 0, the second inequality follows from Assumption 3.5 and the triangle in-
equality, the third inequality follows from Assumption 3.4(iii) and supy, ¢ x, Hﬁz(xi ,00)—
m (xj,ag) HE = ap(n_1/4) (obtained by applying Ai and Chen, 1999, Lem. A.1, at a =
o), and the equality follows from Assumption 3.2(iii), the uniform convergence of kernel
estimators, and Kitamura et al. (2003, Lem. D.4). Therefore, for each J € (0, c0), we have

N )
Pr{ 0n(@n0) < ~dnHs | < 3, (A16)
for all n large enough. From (A.15) and (A.16), set inclusion relations imply that, for each
J € (0,00),

Prq sup EZ (@) = Onl(an0)
aeB§

= Pr{ sup €% (a) = On(ano), sup {%(a) < —n_l/pHg}

aeB§ aeB§

+Pr{ sup 0% (o) > —n_l/”H(;}

C
aeB

aeB§ aeB§

< Pr{ sup % (@) = Onlano), sup £%(a) < —n~VPHs, On(ano) = —dnHa}

+Pr{Qn(an0) < —dnH,;}—}—Pr{ sugfﬁ (a) > —n—l/PHa} <0
ael3§

holds for all n large enough. Therefore, (A.6) is obtained. n

Proof of Theorem 3.2. We modify the proof of Ai and Chen (2003, Thm. 3.1) to deal
with the Lagrange multiplier A(x;, o) in SCEL &, (a). Let 0 < ng,, = o(n~Y/ 4y and 0 <
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don = 2/Mon = o(n™1/3). First we show that ||6 — || = 0p(J0,) = 0p(n~!/8). Define
t(x,a) = V(x,a)_lm(x,oc). From Assumption 3.6(ii), V (x,a)”! exists uniformly on
(x,a) € X x A;. Observe that

sp lpout (o)l <mon swp Vo)™ sup Elea@)lx)
(x,a)eX x A, (x,a)eX x A, Eyex
x sup lla—agl <en=!/P (A17)
acAy,

holds for all n large enough (note that p > 8), where the first inequality follows from As-
sumptions 3.2(i) and 3.4(iii), and the second inequality follows from Assumptions 3.2(ii)—
(iii), 3.4(iii), and 3.6. Now (A.17) implies that for all o € A, 5, t(x;,a) € Ay a.s. for all
n large enough. Thus we have

n

A 1 Z
tn (a):—;‘z I;, max z wjilog (1+ A;p(zj,a))

i=1 Ai€ nj=

I/\
:\»—

n n

2 n 2, wiilog (14 {nont (xi, @)Y p(zj, @) = Loy (@), (A.18)
i=1 j=1

a.s. for all o € A, and all n large enough. Moreover, from (A.17) and Lemma B.1(i),

s [ nont (i, a) p(zj.a)|| p < en™ /P]Ijl;ii(nasup oz, 0| g = 0as(D).

(A.19)

So, at each a € Ay, the logs in EOn (a) are well-defined a.s. for all n large enough. Let
B€ (kdon) = {& € An : lla —agll > kdon, lla —aglly = o(1) }. Observe that

Pr{ sup én (@) > En (anO)} < Pr{ sup EOn (a) > Qn (anO)} >
aeB(kdon) aeBe (kdop)

for all k € [1,00) and all n large enough, where the inequality follows from (A.4) and
(A.18). Thus, to obtain ||G — ag|| = 0, (n~1/8), it is sufficient to show that for all k €
[1, 00),

Pr sup  Cop (@) = On(ano) p = 0. (A.20)
aeBe(kdon)

Let Lo, (o) = —%Z?:l]I,-nm(x,-,a)/\/(xi,a)_lm(xi,a) and Ay, = {a € A, : Ha -
a0||s = 0(1)}. Several set inclusion relations imply

Pr{ sup gOn () > Qn (an())}
aEB"(k(SQ")

<Pr { ‘ Qn (@n0) — 1on Lon (anO)‘ > ’7(%71}
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+Pr{{)Qn (anO)_WOnLOn(OCnQ)‘ < ﬂ%n}ﬂ { sup 2011 (a) > Qn (ano)}}
aeB¢ (kdo,)

<Pr { ‘ Qn (@n0) — non Lon (anO)‘ > ’7(2)n}

+Pr{ sup EOn (a) = nonLon(ano) — ”(Z)n}
aeBe(kdon)

< PI’{‘Qn (@10) — non Lon (anO)‘ > ﬂon} +Pr{ sup ‘KOn (a) = non Lon (a)‘ > "I()n}

(ZE

+Pr{{ sup ‘t’On (@) — ’YOnLOn(a)‘<’70n}

N { sup EOn (a) = nonLon(ano) — ’7(2)n } }

aeBe (kdon)

< Pr{‘én (2n0) — 1on Lon (anO)‘ > ”I(%n} +Pr{ Sl}) ‘EOn (&) = non Lon (a)‘ > ’7(%"}
AEAD

+Pr{ sup fonLon (@) > 10p Loy (0r0) — 2”(%"} =P +Py+P3, (A.21)
aeBe (ko)

for all n large enough.
For Py, observe that

Qn (@20) = 10n Lon (ano)‘ 2 Lin

/1()6, > anO)H Hm (xl’anO)HE

’70n Z I,

1 2
Vi)™ |l i) I

= Op(”l_l/z) = 017(’7(2),1),

where the first equality follows from Lemma B.3(ii) and (viii) and Assumptions 3.2(iv)
(i.e., llano — a0l = o(n~1/*)) and 3.6. This implies that P} — 0.

Now consider P,. Similar to (A.7), an expansion of {90,1 () yields that there exists r( €
(0, 1) such that

70 g 2
lon () = —J 2 Lint (xi, o) i (x;, ) + 2" Z Lip 3, wjiron(xi,zj,a) =Ty +Ta,
i=1 i=1 j=1

(A.22)
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(t(x,0) p(z,0))”

where rqy, (x,z,0) =
" 2(1—-roront (x,0) p(z,a))

. Recall that ¢ (x,a) = V(x,a)_lm(x,a).

Here T satisfies

sup |71 — 10n Lon (2)]

ae
1 & , —1 N
= ’70]1 Sup - 2 Hinm(-xiaa) V(-xi’a) {_m(xi,a)"rm(xiaa)}
aEAOn i=1
< Non sup (| (xi @) —m (xj, 0) || sup HV(x,-,a)_IH
(xi,00)€ X X Agn (xi,0)€ X, x Aon E

X sup 72H1I1||m(xlsa)”E
aeAOn i=1

S"IOnop(n_l ( zﬂm ||E[C2(Zz)|x1]||E) 51;1‘3 ”05_050”};:017(’7(2);1)’ (A.23)
i=1 AEA

where the second inequality follows from Lemma B.2(i) and Assumptions 3.2(i), 3.4(iii),
and 3.6, and the last equality follows from %2?=1 Lin IElc2(zi)|xi 1l g = Op(1) (by alaw
of large numbers) and Assumption 3.2(ii)—(iii). For 73, a similar argument to (A.10) yields

1

| 7| < ;70” max  sup

2
sup 2 Cxis )l g
<l ]<”(l€.A0,,

(xi,0)€ Xy x Aoy

2
(1 _r0’70nf(xi= a)/p(zj,a))

1 n n 2
Zﬂmeﬂ S“P Hp Zj,@ )HE

l—l j=l aeA

2
<1,0as()  sup VG| sup Elealn?
(xi,0)€X, x Aoy EyieX,

X sup ||05_0‘0||%K< zﬂm 2 wjic(z5) >

ae Ao, = A

=0p(13,), (A.24)
where the second inequality follows from (A.19) and Assumption 3.4(ii)—(iii), and the
equality follows from sup,, ¢ Aon [la —ag ||3" = o0(1), Assumptions 3.4(iii) and 3.6, the uni-

form convergence of kernel estimators and Kitamura et al. (2003, Lem. D.4).
Combining (A.22), (A.23), and (A.24), we have

sup EOn (@) —nopLon(a)| = Op(n(z),,),

aeAp,

which implies that P, — 0.
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For P3, our assumptions guarantee the conditions for Shen and Wong (1994, Thm. 1),
and then we have P3 — 0. Therefore, we have (A.20), and ||& — agl| = op(n™1/8) is
obtained.

Next, following the argument by Shen and Wong (1994), we derive an improved con-
vergence rate for a, that is, ||a — agl| = op(n_1/8_1/16). Let 0 < 771, = n~ 148, =
o(n™V4=1/8y and 0 < 8y, = 2./71, = o(n~1/8=1/16)_ Observe that forall & € {ot € Ay :
oon > |la —a0||}, we have

Prlr (i) ¢ int(An) < Pr{ o)l = en™/7} < E[”Zix_ilf‘;”ﬂ

<! sup HV(xi,a)_IH xnl/”E[llm(xisa)”ﬂ
(xi,a)EXX.An E

< const. x nV/P, |E [llm(xi,a)”%]

< const. x nV/? ||a — ag| - 0,

where the second inequality follows from the Markov inequality, the fourth inequality
follows from Assumption 3.6 and Jensen’s inequality, the last inequality follows from As-
sumption 3.8(ii), and the convergence follows from p > 8 in Assumption 3.4(ii). Therefore,
foralla € {a € Ay : 0, > |la —agll}andi =1,...,n, we have r (x;,a) € int (A,) w.p.a.1,
which implies

R 1
ln (@) =— - 2]1,,, max 2 wjilog (1+2;p(zj,a))

=1 A,EA,,

1 r n n

; 2 n X, wiilog(1+1(xi,a) p (zj,a)) =1, (@), (A.25)
i=1 '=1

w.p.a.1. Observe that

Pr {30, > 16 —agll = kdy,, } < Pr sup tn (@) = by (an0)
{aEAn:éonzlla_aOHEkdln}

< Pf{ sup 21n (@) > Qn (an())} 5

{aeAy:don 2|la—aol|2kd1,}

where the second inequality follows from (A.4) and (A.25). Thus, to obtain ||ad — ag|| =
op (n_1/8_1/16), it is sufficient to show that

Pr{ sup {1p (@) > Oy (ano)} - 0. (A.26)

{aeAn:don =|la—aol|>kd1,}

An expansion of ¢ 1n (@) yields that there exists r; € (0, 1) such that

fln (0‘)—_* z]llnt(xlsa)m(-xlaa)+ z]llnt(xl!a) Vl (xi, )t (x;, ), (A.27)
iz =1
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where V} (x;, a)=3"_ w;ip (Gj-)p (3:¢) 5, and r| depends on x; and . Let Vi (x;, ) =
T=1 (1=r1t@iva) p (27.a))

xl} and

E { p(zj,a)p(zj,a)
(1=r11(x;,0) p(zj,0))

1 & 1 &
Lip(a) = - > Tint (xj,0) m(xj,a) + o Y Tint (xi ) Vi (xj, )t (x;, ).
i=1 i=1

For each k € [1, 00), several set inclusion relations imply

Pr{ sup {1n (@) > On (ano)}
{

a€A,:00,>la—ao||>kd1,}

< Pr{}Qn (anO)_Lln(anO)‘ > ﬂln}

+PI’{{’Qn (@40) —Lln((an)‘ = 77111}

N sup 10 (@) = On (0n0)
{a eAn :00n >|la—ao||>kd1, }

< Pr{}Qn (anO)_Lln(anO)‘ > ﬂln}

+Pr sup O1n (@) = L1y (an0) = 11n
{‘XE-An:‘;OnZ”a_a()llzk&ln}

< Pr{’Qn (ono) — Lln(anO)’ > ’71n}

+Pr{ sup ‘Eln (a)_Lln(a)‘ > nln}
(e Ay:don >|la—aoll}

{Sup{aeAn:60n2||a—a0||} ‘Eln (o) _Lln(a)‘ < nln}
+Pr

n {Sup{aeA,,:50n2||a—a0||zk51,1} C1n (@) = Lyp(ano) — mn}

< Pr{}Qn (anO)_Lln(anO)’ > ﬂln}

+Pr{ sup ‘Eln (a)_Lln(a)‘ > "Iln}

{aeAy:00n = la—aol|}

+Pr sup Liy(a) = L1y (an0) =271,
{a€An:don =|la—aol| ko1, }

= P4+ P5s+ Pg,

for all n large enough.
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For Py, observe that

A 1 &
On @0) = L1n(@n0)| < - 3 Tin
i=1

i(xi,an())HE (| (xi, an0) ||

1 n
+ 2 Linllt (i an0) | £ llm (x5 2n0) Il £
i=1

1

+2n

n
2
2 Lin Vi (i ano) I g 112 (i an0) I
i=1

=0p (n_]/2)3

where the equality follows from Lemmas B.1(ii) and B.3(ii) and (viii), and Assumption
3.6. This implies that P4 — O.
For Ps, observe that

sp |l (@)~ Liy(@)|
{aeAp:on=|la—apl|}

1 & .
< sup == Y Lint(xi @) {m(x,',a)—m(xz',a)}‘
{aeAp:don>lla—aoll}| ™ i=1
12 (o
+ sup o Y Lint (xj, ) {Vl(xl',a)—Vl(xz',a)}t(xz',a)
{aeAp:don>|la—aoll} | <" i=1
< sup ||r?z(x,~,a)—m(x,~,a)||E sup
(xi,0) Xy x {a€ Ay :00n > la—aoll} {aeAy:don>la—aol|}
1 & N
x= Y Tin (i @) + sup |0 = Vi |
niD (.)€ X, x {or € Ay 200, |l —a] |} E
1 & 2
X sup — 2 Linllt (i, 0) g

{aeAn:don>lla—aoll} 21 =1

= 0p (0 400n) +0p (745, = 0p (1)
where the first equality follows from Assumption 3.6, and Lemmas B.2(i) and B.3(1)—(ii),

and SUP(, )., x e Ayt = lla—aoll | V1 (512 0) = Vi i, )| = 0p(n™1/%) (obtained
by applying Ai and Chen (1999, Lem. A.1)). This implies that P5 — 0.
For Pg, observe that

P6=Pr{ sup Liy(a) = Lip(ap) > Lln(anO)_Lln(‘XO)_znln}a
{{XEAn:aOnZ”a_(XOHZk(;]n}

and our assumptions guarantee that the conditions of Shen and Wong (1994, Thm. 1) hold,
which yields Pg — 0.
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Therefore, (A.26) is obtained, i.e., ||a — ag|| = op(n_1/8_1/16). By repeating this
refinement infinitely many times, we have ||a — ag|| = op(n_1/8(1+1/2+1/4+'”)) =
op(n_1/4). |

Proof of Theorem 3.3. We first show that ;l(x,-, o) satisfies a first-order condition
wp.al forall a € Ny, = {a e An: lla—agll, = o(1), lo —agl = o(n—1/4)}. Observe
that, for all o € Ny,

Lin

Mo )|, < €7y [0
< C7 'y Im (i, ) g+ C i i (xg, 0) = m (@) ||

w.p.a.1, where the first inequality follows from (B.3) in the proof of Lemma B.3(vi) and the
second inequality follows from the triangle inequality. This implies that, for all & € Ny,

Pr{lin A (xp, ) g int(An) | < Pr{Liy

i(x,-,oc)HE > En_]/p}

CTYE [Ty Im(xi, @) ] +o(n™1/%)
< -
- en—l/p

0)

ie., Hini(xi, a) €int(Ay), w.p.a.1, where the second inequality follows from the Markov
inequality and the proof of Ai and Chen (1999, Lem. A.1), and the convergence follows
from Assumption 3.8(ii) and p > 8. Therefore, ju(xi ,a) satisfies the following first-order
condition for all & € N, w.p.a.l:

n .. .
0=T 3 — I (Zf/ L (A.28)
j=1 1+ 4(xi, a) p(zj, @)

Now let 0 < €, = o(n~1/?), u* = +0*, and uy, = I,u*. Consider a continuous path
{a(z) : T €0, 11} in Ny, such that a(0) = & and a (1) = & + €,u;; € Ny,, and denote

dii(xi,a(z)) ¢ _ dixi,a (1) diGi,a(@) . diGi.a)
di [El’lun} = 4. ) 7[6}1”{]1]: - 4.
a dt =1 da dt —
An expansion of n (a(t)) around ¢ = 0 yields
o o~} . _ dla(a(®) 1 d%n(a())
Oifn(a)—fn(a-i-énun)—fn((l(o))—fn(ll(l))——dt‘IZO—Zdtz ,:S’
(A.29)
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for some s € (0, 1), where the inequality follows from the fact that & maximizes &y ().
First, consider the first term on the right-hand side of (A.29). Observe that

A A dp(zi.6
)| 1%y $ wjid(xi, ) LD 1)
dt n

- PSS 140, (.0

dm(x ,a 1 & A~ R
LS tden iy 0D () 4 1Y iy
iz iz
dp (i
e CLA N ()
X Z - 2 Dji [enu n]
j= 11+A(xl’a)p(zjsa) j=1
,dm(xi,a)
2 Hlni(xz: ) 7{; [ n}
n n dP(Z]JX) * /
i z]lm/‘t(xt,a) 2 it L ]p(Zl’a) /Al(xi,&)
ni=l j=1 1+/1(xi,a)P(Zj,a)

ldm(xt,a) [ *]

2 Lintit(xi, @)V (x;,0)~ ut] +oplenn™"?)

iz

n

6 —
- 2 Linihi (x;, @)V (xi, a0)

iz

1 dm(x;, ag)

do [ }-i—o (eqn™ 1/2)

1 dm(-xia aO) [M*]

2 Hlnm(xuaO) V(xi,a0)~ da

s
+ (u*,a—ag) +0p(enn_l/2)

1 dm(xia 0(0) [M*]

Z p(zisa0)'V(xi,a0)” dol

niz1

+ (u*,a—ag)+oplean™1/?), (A.30)

where the first equality follows from the chain rule and (A.28), the third equality follows
from a straightforward calculation, the fourth equality follows from Lemma B.4(ii) and
(iii), the fifth equality follows from Lemma B.4(iv), the sixth equality follows from Lemma
B.4(v), and the last equality follows from Lemma B.4(vi).
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Next we consider the second term on the right hand side of (A.29). Let w [enuy]l=
M’ and M[enun enur] = (a(t)) _be the pathwise derivatives for
some functlon ¢. Similar to Kitamura et al. (2004 p- 1706) the chain rule yields

dzfn (a (1))

; wﬂ{dux,,a(v»p(z,,a(v))[ ]}W’ o (s)) dp(z,,a(s))[
1

2 n
=elzﬂin2 do
izt j=

(147 Gina ) p (zj06)))’

2 n n w]ld)(x,,rx(v)) [ n}/ dP(Zj,a(S))[ ut)

— Y T Y,

niz j=1 1+i(x,,a(s)) p(zj’a(s))

d 2
n n wjl 14 d Pk (Zj:a (S)) * *
2 Iin ; (Zj,ll (s)) kzl { dadao [un, un]

1+ 4 (xi,a () p

x 4k (x;, 0 (s))

= op(e), (A31)

where the second equality follows from Lemma B.5.
Finally, combining (A.29)—(A.39) and u* = +0v*, we have

V&' (0 —0) = v/n{a—ag,v*)

dm(x;,
- 3. paira) V ,a0) ™ OB [ o)
i=1

for any fixed nonzero ¢ € R% _Therefore, a central limit theorem implies the conclusion.
|

Proof of Theorem 4.1. To obtain the conclusion, it is sufficient to verify Assump-
tions 3.1-3.11. Assumption 3.1 is directly assumed. From Newey and Powell (2003), con-

dition (i) guarantees Assumption 3.2(i). Since ‘H = AZ (Rd) is compact under ||ally =

—a/2
ho) (1+1213) 7,

proof of Ai and Chen (2003, Prop. 3.1), we have |la —I1,all, §const.xkn_y/d. Thus
condition (v) guarantees Assumption 3.2(iii) and (iv). Assumption 3.3 is directly assumed.
For each o € Ay, we have m(x,a) = E[y;|x] —x{@ - E[qk" On)IxVB e Ag/ (X) by con-
dition (iii). Thus Assumption 3.4(i) is satisfied. Observe that sup, ¢ 4, | pz,a) <c1(z) =
[y1] + supgee |x76] + supyey, IIAllAr . Since E[|yi|”] < oo (by condition (ii)(a)),
E[supgco |xi€|p] < 0o (by Assumption 3.1 and the compactness of ®), and E[(supheH"

101l £ + supy, cgd Assumption 3.2(ii) is satisfied. From the
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HhHM )p] <c(by Hy C AZ (]Rd)), Assumption 3.4(ii) is satisfied. Similar to the proof
of Ai and Chen (2003, Prop. 3.1),

lp(z,01) = p(z,a2)| < llx1llg 161 — 02l g

a/2 —a/2
+ (1 1320F) " sup ‘{hl(yz)—hz(yz)}(1+||y2||%) ‘

y2 R4

< (@) lla —aplly,

a/2
where c2(z) = llx1llg + (1 + ||y2||2E) ,and E {cZ(Z)ZM < 00 (by Assumption 3.1 and
condition (ii)(b)). Thus, Assumption 3.4(iii) is satisfied with x = 1. Assumption 3.5 is
directly assumed. For each a € A,, we have

Vo) = EDI+ 5102+ B [¢ (12)a" (2 1x] B =2 (x]0) ELyi ]

~2B 319" ()lx] B+2 (+10) E g™ ()lx] 5. (A32)

Since each term in (A.32) belongs to AZ. (Rd) by conditions (iii) and (iv), Assumption
3.6(i) is satisfied. Assumption 3.6(ii) is directly assumed. From Chen and Shen (1998), we
can see that Assumption 3.7 is satisfied. Observe that 4% la —ap] = —x] (0 —6p) —
(h(y2) = ho(32)) = p(z,@) = p(z, &0), hich implies 15:%0) [ —

in this case, the norm ||-|| is written as ||« —0(0”2 =E [m(x, a)’V(x,ao)_lm(x,a) , and

agl =m(x,a). Thus,

Assumption 3.8 is satisfied. Assumption 3.9(i) is directly assumed. Condition (i)(d) guar-
antees Assumption 3.9(ii). Under conditions (iii) an~d (vi) with our specification of H,,
Assumption 3.9(iii) is satisfied. Observe that % [v] = —xiug — v (). Thus, As-
sumption 3.10(i) is satisfied. Since -2 [y] = —x/ vy — v, (), conditions (iii) and
2 ~
(vi) guarantee Assumption 3.10(ii). From %
3.10(i) is trivially satisfied. Since 2258 ] — dmUa0) 1,1 — 0 for all ¢ and v, Assump-
tion 3.11 always holds. Therefore, all the assumptions are verified. n

[v,v] =0 for all & and v, Assumption

APPENDIX B: Lemmas
LEMMA B.1 (Kitamura et al., 2004, Lem. D.2).
(i) Suppose that Assumptions 3.1(i) and 3.4(ii) hold. Then

: — 1/p
A, sup lp (zj> )l g = 0as (/7).

(ii) Suppose that Assumptions 3.1(i), 3.4(ii), and 3.5 hold. Then

max sup ‘;l(x,-,a)’p (zj,oc)‘ = 0g5(1).
1<j<n (x;,a)eX x A,
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LEMMA B.2 (Applications of Ai and Chen, 1999, Lem. A.1).
(i) Suppose that Assumptions 3.1, 3.3, 3.4, and 3.7 hold. Then

sup ||iGxi @) —=m(xi, )| g = 0p (™).
(xi,)eX, x Ay

(ii) Suppose that Assumptions 3.1, 3.3, 3.4, 3.6, and 3.7 hold. Then

sp | Vi) = V| =opn !,
(xi,a)eX, x Ay, E

sup "V(xi,a)_l—V(xi,a)_l“ =0p(n_1/4).
(xi,a)eX, x Ay E

(iii) Suppose that Assumptions 3.1, 3.3, 3.7, and 3.10(i)—(iii) hold. Then

“w dm(x;,a) [v*} B dm(x;,a) [1) }
P da n da "Ng

(xi,a) € Xy x Non

=0p(n_1/4).

35

LEMMAB.3. Let n, =n~ " witht € (0,1/4] and B(yp) = {a € Ap: la —agll < o(yn)}.

Suppose that Assumptions 3.1, 3.2(i), 3.3, 3.4, 3.7, and 3.8 hold. Then

. 12
(i) sup — ¥ Lipllm(xi, o)l g = op(nn),
aeB@) ™ i=1

. 1
i) sup — 3 T lm(xi, )% = 0p (1),
aEB(’?n) n i=1

(i) sup ZﬂmHm(x,,a)||E||m(x,,a)||E—op(n,,)
aEB(”ln)

(iv)  sup z Tin Hm(xtaa)HE =0p(1n),
QEB('M)

1 & N 2
(v) sup -— z Lin Hm(x,-,a)HE = op(n%).
aeB(n,) izl
Suppose that Assumptions 3.1, 3.2(i), and 3.3-3.8 hold. Then

(vi)  sup 2]1,,,
(IEB(’?) i=1

Mxis )| = 0p ),

1
(vii)  sup ZH,n
aeB(n,) "

/l(x,,a)H = op(nn)

(viii)  sup I;
aeB,) M i= z "

M| @] = 0p ).
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Proof of (i). The proof is similar to that of Ai and Chen (2003, Cor. A.2(ii)). From
I;;, <1 and the triangle inequality,

1 n 1 n
sup — 3 Tiyllm(xj,0)llg < sup = Y [lm(x;,a)llg
aeB(n,) " i=1 aeB(n,) " i=1

1 n
< sup = Y Im(x,0)llg—E[Im(x, a)llg]
‘XEB('M) ni=1

+ sup E[lm(xi,a)lg] =T+ T
(XEB(’M)

To obtain 77 = op (n_l/ 2), it is sufficient to check the conditions of Chen, Linton, and
van Keilegom (2003, Lem. 1). Observe that (i) m (x;,ag) = 0 (by Assumption 3.2(i));
@) {lm(x;, @) |lg : @ € A, } is a Donsker class (by Assumptions 3.4 and 3.7 and van der
Vaart and Wellner (1996, Thm. 2.5.6)); and (iii) Assumption 3.4(iii) implies that as
lle — agll — 0,

E [{Imi, @)l = Im i, a0) 1] =B [ImCxi, @) ] < const. x fla = agl* - 0,
B.1)

where the equality follows from m(x;, ag) = 0, and the inequality follows from Assump-
tions 3.6 and 3.8(ii). Thus, Chen et al. (2003, Lem. 1) yields Ty = op(n~!/?).
For T,, we have

sup E[lm i,o)llg] < sup 4/E[Imi,o0l3]

aeB(nn) aeB(nn)
< sup y/const. x & —agll> = o(nn),
aeB(nm)

where the first inequality follows from Jensen’s inequality and the second inequality
follows from (B.1). n

Proof of (ii). The proof is similar to that of part (i) (replace ||m(x;,a)| g with
llm (xi a) 1 )-

Proof of (iii). Observe that

1 n
sup  — D iy ||i(x;, 0)|| g lm(x;, a)ll
aeB(nn)niE‘l MH l HE ! :

1 & R
< sup = Y Iy |G, @) —m (xi,0) || g Im(xi, o)l g
aeB(n,) " i=1

1 n
+ osup — Y Ly Im(xi, )%
aeB(n,) M i=1

R 1
< sup |Gy, @) =m(x, 0| osup = Y i llm(xi, o)l g
(xi,0)eX, x Ay aeBO) M i=1
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1 n
+ sup — Y Ly lmGxi )%
aeBOm) " i=1

=0p(1™" 1) +0p (1) = 0p (1),
where the first inequality follows from the triangle inequality, and the equality follows
from Lemma B.2 (i) and parts (i)—(ii) of this lemma.
Proof of (iv). The proof is similar to that of part (iii). u
Proof of (v). The proof is similar to that of part (iii). n

Proof of (vi). Since 0 € A,,, we have
n n R
0= wjilog(1+0p (zj,a)) < 3 wj;log (1+/l(xi,a)/p(zj,a)), (B.2)
j=1 j=1

foralla € B(n,)andi =1,...,n. A second-order expansion on;’:l wj; log (l +;1(xi, a)
p(zj, a)) yields that there exists 7 € (0, 1) satisfying

p(zj,a)p(zj,a)

j~(xi’05)
2 (1 —iA(xj,a)p (Zj,a))2

n
0 < A(xi 0 (xi, 0) — A(xi, @) wji
j=1

< a6 it o]~ i)

w.p.a.l, for some constant C > 0 and for all @ € B(y,) and i = 1,...,n, where the
first inequality follows from (B.2), and the second inequality follows from the fact that

pGpa)p(2,0)’
2(1—1?:1(x,~,a)’p(z,a))
(xj,a) € Xy x B(n,) (by Lemmas B.1(ii) and B.2(ii) and Assumption 3.6(ii)). This
implies

2;':1 wjj > converges to a positive definite matrix uniformly on

Hi(x,-,a)HE <™ i, )| (B.3)
w.p.a.1, forall &« € B(#y,) and i = 1, ..., n. Therefore, part (iv) of this lemma implies

. 12
l(xi,a)HES sup — Y I;,C™!

1 i
sup  — Iin
aeB(n,) " i=1

aeBn) =1

Vh(xi,a)HEIUP(’?n) u

Proof of (vii). The proof is similar to that of part (vi).

Proof of (viii). The proof is similar to that of part (vi).
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LEMMA B.4. Suppose that Assumptions 3.1-3.11 hold. Then

A (xi,a) &;’“)[ Al =op™,

E

(i) sup — Lin
‘XE-A/On l;

.. dm(xha)
L, 4 —_—
(ii) azl./l\I/)On Z‘, inA(xi,a) da [Dn]
1 & A . _1dm(x;,a) _
2N T 8 Vi LA T) ]| — 1/2
n ,'z‘] in (x;,0)" V(x;,a) da [Un] 0[7(” ),
dp(z ,0) ¢k /
1 n " n / , N
(i) sup |~ 3 i) | 3 LalP& 05 0,2 =0pa™ 112,
aeNy, ni j=I1 1+l(xl’a) p(zjsa)
; _1dm(x;,a)
I; 1% sl L il P
(iv) azljl\[[)on l% lnm(xl’a) (xi,a) dot [D,J
1 & R 5 _1dm(x;,a " _
L T, @)V (i)™ IO [ g 1,
i=1 a
1 & N - . _i1dm(xj,a .
v) sup |= YL {r(x;,a) — i, a0)} V(xi, a0) 1710)[0*}—@*,&—&@
aeNo|ti=1 da
=op(n~1/%),
(vi) Aiand Chen (1999, Cor. A.7):
1 & . _1dm(x;,a0)
=Y Liri(xi, a0)'V (xi, )~ o200 4]
n/= da
1 & _1dm(x;,aq) _
; 2 (zi>a0)'V (xi, ap) ]#0 [0*] +0,(n™1/3),

Proof of (i). By taking the directional derivative for (A.28), we have

dlsn M
T=1 14 2x,a) p (z,8) [0x]
da n

0=Tin

_ i jldp(zf’ a) [0] L, i wjip (zj,@) p (2,8) | di(xi, @) 03]

/=1( H(x,,a)p(z,,a)) =1 (1+}1(x,-,a)/p(zj,&))2 da
n dp(2;,@) 1 41/
T | 3 wjip (2j,%) g5 [Dnl i, @), (B.4)
= (1426, (27,4) )
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w.p.a.1 for all @ € Ny,. Note that (Z;’Zl %) is invertible uniformly
is Jo

on (x;,a) € Xy x Ny, w.p.a.1 (by Lemmas B.1(ii) and B.2(ii)). Thus, solving (B.4) for
% [v,’,"] and the triangle inequality imply that

di(x;,a)
sup o o]
(xi,0)€X, x Non a

E
-1

~ ~\/

< sup wjip (2),@) p (2, 4)

e | S (14 d0a)p (5.0))

E

d/)(Z,&) *

n Ww;; J D)

X sup z ]Al do. [ n]
(xi.3) e X x No || /51 (1+,1(x,-,5c)/p (zj,&))

n .. . M *7/
n sup w,,p(z,,a) do [ nl A, )
0=, <Now =1 (143 )'p (.) )

E
n
< 0p(1) sup || wj;ci(z))
X,’EXn ]:] E
n ~

+0p(1) sup || Y] wjic1 () ()) sp i)

xieXy ||j=1 £ (i,@)€ X, xNow E
=0,(1), (B.5)

where the second inequality follows from Lemmas B.1(ii) and B.2(ii) and Assumptions

3.4(ii) and 3.10(iii) (¢1(z;) and c|(z;) are envelope functions for W [v5] p and
p(zj,a), respectively), and the equality follows from Assumption 3.5, the uniform con-
vergence of kernel estimators, and Kitamura et al. (2003, Lem. D.4). Therefore, from (B.5)

and Lemma B.3(vi),

1 s L, dA(x;,d)
sup = Y I /l(xi,a)/dil[u;ﬂ
aeNo, M i=1 o E
di(x;,é 1 & A
< sup %[v;ﬂ sup — Y Ijp l(xi,a)H )
(xi,6)€ X, x Non a £ aeNo, T i=1 E

=0p(n_1/4).
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Proof of (ii). From (A.28), we have

_ i wjip (zj,2)

1+/1(xl’a)p(zl’ )

R 2
(Aexina)'p (z7.) )
1+ j-(xia a),p (Zj: ‘X)

n
=L Y, wjip(zj,a){ 1—Alxj,a) p(zj.0) +
Jj=1

~ 2
A L n, wjip (.0 (Mxi, ) p(zj,a))
=Tipm(x;, o) =1 V(xi, a)A(x;, a) + iy Z

= (B.6)
= L+ 4(x;, @) p(zj, @)

w.p.a.1, where the second equality follows from a direct calculation. From Lemma B.2(ii)
and Assumption 3.6, V(x,oc)_1 exists w.p.a.1 uniformly on (x,a) € X, x Ny,. Solving
(B.6) for A(x;, a) yields

Lin2(xi,0) = Tin V (xiy @) " i (xi, 0) + 1 V (i, @) ™ P (xi, 0), (B.7)
w.p.a.l for all @ € Ny,, where F(x;,a) = 3" wﬂp(q,a)O(X[’a)lp(zﬁa))z Thus, we
.p.a. On» s = Zj=1 1+§»(X,',(X)/[J(Zj,0r) . )

have
dm(x ,Q) _ _1dm(x;,a)
sup Z]Imi(xz"x) : [ i Z]Ilnm(xlaa) V(-xla ) ITI [U;:]
aeNo, | i=1 niz a
_1dm(x;,a)
= sup Z]Imr(x,,a) V(x,, ) 71 [vn]
066./\/‘0,1 i=1
1 b ]
< max sup HV(xi,a) H
1</<"(xl,a)€X *xNow | 1+ 27, @) p (2j.6) | (1,8 Xy xNow E
dm(x;,a) z ~\ 113
x sup — . vl sup | 3 wji[|p (7, ||
(xi,8)€ X, x Noy, a E (x;,a)€Xy xNoy |j=1
12 T
X sup fZ]I,-,, /l(x,-,a)H
aeNo, | ™ i=1 E
n n 3
< 0p(1) sup | D wjici(zj)| sup | D wjicr(zj)”| sup nzﬂm i(xz,a)H
X €Xy |j=1 X €&y |j=1 aeNon | i=1
=0p(n™'/%),

where the second inequality follows from Lemmas B.1(ii) and B.2(ii) and Assumptions

3.4(ii) and 3.10(ii) (¢{ (z;) and ¢ (z;) are envelope functions for dp (Z’ ,%) [v;]E and p(z, &),
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respectively), and the last equality follows from Lemma B.3(vii), the uniform convergence
of kernel estimators, and Kitamura et al. (2003, Lem. D.4). u

Proof of (iii). Observe that

dp(z ) ¢
18 W w0 P (e
sup = Y Lpde,a) | S =L ! A, @)
aeNy, | i=1 =1 1+1(xi,0!)/)(zj,0!)
1

max sup
I<j<n (x;,a)eX, xNon

IA

1+ A(x;, @) p (zj.d)

ndp(z@)
X sup Z ]ZT[ n]p(zjaa) sup Z]Im j-(xtsa)H
(xi,0)€X, xNop || j=1 EaENOn
S 1/2
<0p1) sup | $ widi e s | b3 L he.a)|) | = 02,
xi€Xy |j=1 aeNo, | i=1

where the second inequality follows from Lemma B.1(ii) and Assumptions 3.4(ii) and
3.10(iii), and the last equality follows from Lemma B.3(vii), the uniform convergence of
kernel estimators, and Kitamura et al. (2003, Lem. D.4). |

Proof of (iv). Observe that

14, @)

1 & d ,
- ; Z Hlnm(xlaa) Vi(x;,a )_IM [UI‘J
—1 drh(xisa) * _dm('xi’a) * }
< ailjl\f;on l; Hznm(xt’a) V(xl @) { da [Un} da [Un]
+ su ZH w(xp, ) {V(x- O~ = vy a)-l}M[u*]
(Xe/\l;on A in is i i da n
£ di(xi,a) ¢ dm(xi,a)
< sup )V(x-,a) 1‘ sup — |, |- |v
(Xlsa)e)(anOn‘ l ‘E(Xi,&)EXn X-/\/bn da. [ n} da [ n] E
X sup liﬂmHrh(x,-,a)||E+ sup HV(xi,d)_l—V(x,-,&)_lH
aeNo, " i=1 (xi,@)€ Xy xNog E
dm(x;,a)
X sup — 0 sup — Y Ly ||m(x;, a)
(xi,8)e X, x Non da [ n} EaeNy, "t tg v ” l HE
=o0p(n~'1?), (B.8)

where the equality follows from Lemmas B.2(ii)—(iii) and B.3(iv).
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The Cauchy-Schwarz inequality yields

—1dm(x;,a) [,
sup Lipm(x;, @) V(x;,a) it al Lha g P }
(ZEM)M l; " l l da [ "
1 & R . _r1dm(x;,0q)
— = Y T (xi, @)V (xi, 00) T == [o7]
n/= da

| 2 1/2
< ( sup — z]lin||ﬁ1(xi’&)“%5>

aeNon " i=1

1 dm(x;, o)

dm(x;, - *
D) ] =V )~ PG

da

V(-xl H )_

n1/2
E)

=op(n~1/?), (B.9)

( sup 7211,,1
o

e-/\/-On i=1

where the equality follows from Lemma B.3(v) and an application of Ai and Chen (2003,
Cor. C.1(ii)) (replace ¥MG<2-%) [, *] in Ai and Chen (2003, Cor. C.1(ii)) with V (x;, &)
% [v] and use Assumption 3.11(i)).

Furthermore, observe that

1 _1dm(x;,aq)
sup 2 Hlnm(xlaa) V(x;,a0) ldilo [D;: _D*]
(XE./\/(),, i=1 ¢
—_ dm(xi,fZO) * *
< sup HV(x-,a()) ]H sup Hi v, —0 sup Ly |7 (g, @)
xieX, ' E ek, da [n } EaeNy, " z; th l HE
=op(n~1?), (B.10)

where the equality follows from Assumptions 3.6, 3.9(iii), and 3.10(iii), and Lemma
B.3(iv). Combining (B.8)—(B.10), the conclusion is obtained. n

Proof of (v). The outline of the proof is similar to that of Ai and Chen (2003, Cor.
C.3(i)). Let g(x;,0*) = V(x;, ag) ! 9U1:%0) [,*] First, by applying Chen et al. (2003,
Lem. 1), we show that

sup | LS B i)~ ms. )Y 8 C51.0%) — B[l {51, m(x. @) s x1.0%)
aeNon ni=1

=o0p(n~1/?). (B.11)
Observe that (i) E[I;, {i(x;, a0) —m(x;, a0) } g(x;,v*)1x;] = 0 (by Assumption 3.2(1));

(ii) { {rh(x,- ,0) —m(x;, &)}/ gxj, 0" :ae NOn} is a Donsker class (by Assumptions 3.4,
3.6, 3.7, and 3.10(i)—(ii) and van der Vaart and Wellner (1996, Thm. 2.5.6)); and (iii)
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Assumptions 3.6 and 3.10(i)—(ii) and Lemma B.2(i) imply that

i

/ " 2 .
Lin {(x;, @) —m(x;,a)} g(xi,v )HE} < sug{ g, )HZE
X E[Hﬂin {(x;, @) —m(x,-,&)}”%] 2.

Thus, (B.11) is obtained. Note that (B.11) also holds at & = a. Thus, we have

1 & ~ ~ N / % N ~ ~ / %

=3 T {0 = (i, a0)} 931 0") = E [T {1, =i (31 00)} 8xi0")]
i=1

‘l n
= N Lin {m(xi, @) —m(x;, a0)Y g(xi,0*) —E [Tin{m(x;, @) —m(x;, a0)} g(x;,0™)]
i=1
+op(n=12), (B.12)

uniformly on & € Ny,. Let g(x;,0*) = 2;’:1 wj;g(xj,v*). From exchanging summation
and Assumption 3.1(1),

E [Lin {1 (xp, @) =13, a0)} g(xi.0")]
=E [l {m(x;, @) —m(x;, a0)}Y 8(x;, 0™)]
=E [ {m(x;, @) —m(x;, a0)} g(x;,v™)]
—{E [Lin (m(x;, &) —m(x;i, a0)) {g(xi,0™) —&(xi,0") }]}

=E [Iiy {m(x;, @) —m(x;, 00)) g(xi,0*)] +0p(n~1/?), (B.13)

uniformly on & € MNp,, where the last equality follows from E[I;,|m(x;,a) —
m(xj,a0)l|g] <const.|a —ag|| (by Assumptions 3.2(i) and 3.8(ii)) and SUPy, e X,

|8(xi,v*) — g(x;,v™)|| p = 0p(n~1/4) (obtained by applying Ai and Chen (1999, Lem.
A.1)). Combining (B.12) and (B.13),

1 & N N ¥
= X Tin {r(xi, @) i (i ap) } g (ki 0")
i=l
'3 12
= Y Tinm(xi.@) = m(xi. a0)) g(xi.0™) +0p(n~"/?)
i=l

i=1

1 n
= {n Zﬂin{m(xi,d) —m(x;,20)Y g(x;,0*) —E[lin{m(x;, &) _m(xi:(XO)}/g(xisU*)]}

+E [T (m(x;, @) —m(x;, a0)Y g(xi,0*)] +op(n~1/?), (B.14)
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uniformly on & € Ny, For the first term on the right-hand side of (B.14), we can apply the
same argument as (B.11) based on Chen et al. (2003, Lem. 1), which yields

S‘;\I; zﬂm {m(x;,a)— m(xl’aO)} g(xj,0™)— E[ in {m(x;,a) — m(xl"xO)} g(x;, 0" )]‘
aeNo, =1
=op(n~1/?). (B.15)

Also note that, for each & € Ny, there exists a convex combination of & and ¢ (denote
a € Np) such that

B 5o 5.8) = 5,00 0370°)] = [T { 5 (3 —a0] | 507,
(B.16)
Thus, from (B.14)—(B.16), we have

Z]Im {m(xlsa) m(x,,ao)} g(x;,0™)

t—l
=E [Liy {m(x;, @) —m(x;, a0)) g(xi,0*)] +0p(n~1/?)
dm(x;,a)

= <v*,5z —a0>+E HHMT [& —ao]} g(xj,0™)

_ {7dm(;€;, %0) [& —ao]} g(xi,v*)} +()p(n_1/2)
= <v*,6z—a0>+op(n_l/2),

uniformly on @ € Ny, where the last equality follows from Assumption 3.11(ii). The
conclusion is obtained. u

Proof of (vi). See Ai and Chen (1999, Cor. A.7). u

LEMMA B.5. Suppose that Assumptions 3.1-3.10 hold. Then

d f’~/ j»0l 17 N >0 *
O ) S

n n
(i) sup Z]Imz R 2 :0p(n_1/4),
D = = (14 p (2. )
(z ,0) ~\/
1 & N . L dp =loplp(zj,a)" | 4 - 1
(ii) sup |— ¥ LjA(x;,a) ] . A, @) =0,(n" 12,
aeNo, ”E‘l B j§1 1+1(xl,0<)/)(2j>0¢) l g
n L wj; & d?p® (zj,a) ’
(iii) su I; J J cor] e A% (xi, @)
ae pon ; lnz, +/1(xtaa) P(Z/a )kél{ dada [ on VJ a
=op(n_l/4).
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Proof of (i). Observe that

n n Wji {%fw [DZ}}Z(M,&)’W[DZ]

1
~sup ; 2 Lin 2 ~ 2
O L= = (1430, (5.4))
di(x;,a ,dp(zj,a)
< Ogs(1) sup Zﬂznzwﬂ{ (Zjb )/71)[ }‘i‘/l( Xi, ) 7][11}
aeNo, =1 j=1 da da
p(z , )
X 2(x,8) == og]
dp(zj,a)
5 Oav(l) SUP 2 w/[p Z/s )/dij ]
(xi,8) €, x Non j=1 a E
dxl (xj,a)
x sup — Zﬂm A (xj,a) 7’ [vn]
aENO)l i=1 da E
n dp (zj,a "dp(zj. @)
+ Ogs(1) sup 2 Wji % [Dn] d] [o n]
(xi,@)€X, xNoy ||j=1 a E
Xazlj\% Zﬂm /l(xlaa)H
1/4 4 12 4 2
<op™ V) sup || Y wjic1(z)E1 )| +opn™) sup | wjiei(z))
xieXy, j=1 E xieXy, j=1 E

=op(n VM 40,12,

where the first inequality follows from Lemma B.1(ii), the third inequality follows from
Assumptions 3.4(ii) and 3.10(ii) (c1(z;) and ¢1(z;) are envelope functions for p(z;,a)
and W[v; ], respectively) and Lemmas B.3(vii) and B.4(i), and the equality follows
from the uniform convergence of kernel estimators. Thus, the conclusion is obtained. M

Proof of (ii). Observe that
no. dﬂ(zfsa)

1 & . w * ,a .
sup |~ Y Lipdtxi @) | Y, ilo G2 ) 5 )
aeNo, | izl j=1 1+/1(xi,a)p(zj,a)

1

< max
1+/1('x15a)p(zj7 )

< sup
1<jsn (x;,6)€ Xy x Non
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4 dp(zja @)
X sup Z w],T[ n]p(zj,a) sup — Z]Im i(x,,a)H
(xi,6) € Xy x Non j=1 EIIENO n;
< Ogs(1) sup 2 w;ic1(zj)c1(z) sup  — ZHzn l(xl,(x)H _op(n_l/z)
)C,'EX,, j=1 (ZE On n i=1

where the second inequality follows from Lemma B.1(ii) and Assumptions 3.4(ii) and
3.10(iii), and the equality follows from Lemma B.3(vii) and the uniform convergence of
kernel estimators. |

Proof of (iii). Observe that

12 n W 4p d?py (Z',&) R y
- I J! J *’ * i .
azl/l\l;on " g,l in g, +/1(x“a) » (ZJ, ) z, { dado [Un Un} k(xi,a)
1
< max

l<f<"(x a)eX xNon l+j'(xlaa)p(zja )

n dy d2 L a
Swi Y d*pi (2, @) [oF.07]

X sup ns0n
j=1 " k=l

(x;,0)€X XM)H

E

max Ag(x;, @)
P

E

< Ogs(1) sup

)CiEXn

max /lk(x,,a)

= Op(n_l/4),
E

sup — z Iin

E(XE On l*]

> wjici(z))

j=1

where the second inequality follows from Lemma B.1(ii) and Assumption 3.10(iv),
and the equality follows from Lemma B.3(vi) and the uniform convergence of kernel
estimators. |
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