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Abstract. We study automorphisms of the CAR-algebra obtained from binary shifts. We
consider cases when theC∗-dynamical system is asymptotically abelian, is proximally
asymptotically abelian, is an entropicK-system or has completely positive entropy. The
entropy is computed in several cases.

1. Introduction
From his study of binary shifts on the hyperfiniteII1-factor, Powers [P] initiated a
systematic study of sequences of symmetries, i.e. self-adjoint unitary operators, which
pairwise either commute or anticommute. The problem was followed up by Price [Pr1],
and it was shown in [PP] that the C∗-algebra generated by the symmetries was the
CAR-algebra when the sequence was nonperiodic in a natural sense and of the form
Mn(C) ⊗ Z with Z abelian in the periodic case; see [E].

The sequence(si)i∈N of symmetries is a natural representation of a bitstream, i.e. a
sequence of 0’s and 1’s, with the requirement thatsi and sj commute if the|i − j |th
element in the sequence is 0 and they anticommute if it is 1. Thus the problem has
potential applications to the study of bitstreams.

In this paper we shall change Power’s problem slightly by considering sequences(si)

with i ranging over all integersZ. If σ is the shiftsi → si+1 we obtain an automorphism
of the C∗-algebraA generated by thesi ’s and thus aC∗-dynamical system(A, σ, τ ),
whereτ is a canonical invariant trace. The system(A, σ, τ ) turns out to have a very
rich ergodic theoretic structure. For example, in [NST] it was used to give a counter
example to the additivity of tensor products of the CNT-entropy [CNT] by exhibiting a
sequence(si) such that the entropyhτ⊗τ (σ ⊗ σ) = log 2 while hτ (σ ) = 0. In this paper
we shall initiate a systematic study of theC∗-dynamical system(A, σ, τ ). In particular,
we shall consider the analogues of several concepts from classical (abelian) ergodic
theory such asK-systems, completely positive entropy, and computation of entropies.

§ This work is partially supported by Norsk Forskningsråd.

https://doi.org/10.1017/S0143385798108325 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798108325


860 V. Ya. Golodets and E. Størmer

In addition we shall study the nonabelian concept of asymptotic abelianness. It turns out
that for different choices of bitstreams (hence of the commutation relations) there is an
abundance of examples with different properties; for example, we shall get an analogue
of the celebrated theorem of Ornstein and Shields [OS] that there is an uncountable
family of nonconjugate dynamical systems with completely positive entropy having the
same value for the entropyhτ (σ ). Our main emphasis will be on entropy calculations.
It turns out that in many cases with the sequence(si) nonperiodichτ (σ ) = 1

2 log 2, while
in the periodic case it is always log 2, and there is no value strictly between1

2 log 2 and
log 2. We have been unable to determine whether there are values strictly between 0 and
1
2 log 2.

2. Basic results
If X ⊆ N we denote byA(X) the C∗-algebra generated by a sequence(sn)n∈Z of
symmetries satisfying the commutation relations

sisj = (−1)g(|i−j |)sj si, i, j ∈ Z,

whereg is the characteristic function ofX. Note thatg identifiesX with the bitstream
(g(n))n∈Z. The canonical traceτ on A(X) is the one which takes the value 0 on all
productssi1si2 · · · sik with i1 < i2 < · · · < ik and τ(1) = 1. We denote byσ the
automorphism onA(X) determined byσ(si) = si+1. The entropyh(σ) = hτ (σ )

of σ with respect toτ as defined in [CNT] is the same as the entropy in the GNS-
representationπ due to τ of the finite von Neumann algebraπ(A(X))′′ as defined in
[CS]; see [CNT, Theorem VII.2]. SinceA(X) is an AF-algebra generated by the finite-
dimensional subalgebrasA[−n, n] = C∗(si : i = −n, −n + 1, . . . , n) we can, using
the Kolmogoroff–Sinai theorem [CS, Theorem 2], use the notation from [CS] freely on
A(X) to compute the entropy. By abuse of notation we sayX is periodic (respectively
nonperiodic) if −X ∪ {0} ∪ X is periodic (respectively nonperiodic).

PROPOSITION2.1. If X is nonperiodic then the entropyh(σ) ≤ 1
2 log 2.

Proof. We modify an argument of Price [Pr2]. For eachk, m ∈ Z with k < m put

A[k, m] = C∗(sk, sk+1, . . . , sm).

Then A[k, m] is a C∗-algebra of dimension 2m−k. Fix n ∈ N and putAn = A[−n, n].

Since
∞⋃

n=1
An is norm dense inA(X) it suffices by the Kolmogoroff–Sinai theorem to

show

H(An, σ ) = lim
k→m

1

k + 1
H(An, σ (An), . . . , σ

k(An)) ≤ 1

2
log 2.

Sinceσ j (An) ⊂ A[−n, n + k] for 0 ≤ j ≤ k, it follows by Property C in [CS] that

H(An, σ (An), . . . , σ
k(An)) ≤ H(A[−n, n + k]).

By [PP], A[−n, n + k] is a factor for an infinite number ofk’s. Then dimA[−n,
n + k] = 22n+k+1, so it is a factor of typeI

2
1
2 (2n+k+1) , hence

H(A[−n, n + k]) = 1
2(2n + k + 1) log 2.
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It follows that for thisk,

1

k + 1
H(An, σ (An), . . . , σ

k(An)) ≤ 1

2

2n + k + 1

k + 1
log 2,

and taking limits ask → ∞
H(An, σ ) ≤ 1

2
log 2. �

COROLLARY 2.2. If X is nonperiodic thenh(σ ⊗ σ) = log 2.

Proof. Since
∞⋃

n=0
An ⊗ An is uniformly dense inA(X) ⊗ A(X) and, furthermore,

C∗
( k⋃

j=0

σ j (An) ⊗ σ j (An)

)
= A[−n, n + k] ⊗ A[−n, n + k]

the argument from the proof of Proposition 2.1 yields

H(An ⊗ An, σ ⊗ σ) ≤ log 2,

hence by the Kolmogoroff–Sinai theoremh(σ ⊗ σ) ≤ log 2. The converse inequality
follows from the proof of [NST, Theorem 4.2]. �

The periodic case is much simpler than the nonperiodic. We conclude this section
with a discussion of this case. The results are independent of the following sections.

SupposeX ⊆ N is periodic with periodp. If we write g(−n) = g(n), g(0) = 0 for
the characteristic functiong of X, then by periodicity

g(i + np) = g(i), n ∈ Z, 0 ≤ i ≤ p − 1.

g(i) + g(p − i) ≡ 0 mod 2, 0 ≤ i ≤ p − 1.

Let t0 = s0sp. Then fori ∈ Z

si t0 = (−1)g(i)+g(p−i)t0si = t0si ,

hencet0 belongs to the centerZ(A(X)) of A(X), hence so doestj = σ j (t0) for all j ∈ Z.
Furthermore, ifj ∈ Z thenj = i + kp for 0 ≤ i ≤ p − 1, k ∈ Z, so we have

sj = si ti ti+p · · · ti+p(k−1) = si t (j)

with t (j) ∈ Z − the C∗-subalgebra ofZ(A(X)) generated by theti ’s. If we let
A = C∗(s0, . . . , sp−1), then it follows that

A(X) = A ⊗ Z.

We first compute the entropy ofσ with respect to the canonical trace.

PROPOSITION2.3. If X is periodic thenh(σ) = log 2. Moreover, ifAn = A[−n, n] then

h(σ) = lim
n→∞

1

2n + 1
H(An).
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Proof. Let Dj = C∗(tj ). ThenDj is isomorphic to the diagonal 2×2 matrices, andτ |Dj

is 1
2 on each minimal projection. Furthermore,τ(ab) = τ(a)τ (b) for a ∈ Di , b ∈ Dj ,

i 6= j . Thus the restrictionσ |Z is the 2-shift, hence the entropyh(σ |Z) = log 2, and
thereforeh(σ) ≥ h(σ |Z) = log 2.

For the converse inequality we recall from the proof of Proposition 2.1 that

H(An, σ (An), . . . , σ
k(An)) ≤ H(A[−n, n + k])

with dimH(A[−n, n + k]) = 22n+k+1. Thus we have

H(An, σ ) ≤ lim
k→∞

1

k + 1
log 22n+k+1 = log 2. �

SinceA(X) = A ⊗ Z, if τA is the restriction ofτ to A, then τA ⊗ ϕ is a trace on
A(X) for every stateϕ on Z.

Let j1 < j2 < · · · < jk, and writej` = i` + k`p with 0 ≤ i` < p − 1, k` ∈ Z. With
the notation introduced above,sj`

= si` t (i`) with t (i`) ∈ Z. Thus we have

sj1 . . . sjk
= si1 . . . sik t (i1) . . . t (ik),

so that
τA ⊗ ϕ(sj1 . . . sjk

) = τA(si1 . . . sik )ϕ(t (i1) . . . t (ik)) = 0. (1)

We haveσ(sp−1) = sp = s0t0. Using this we find as in (1) that

τA ⊗ ϕ(σ(sj1 . . . sjn
)) = 0.

If ϕ is σ -invariant then fort ∈ Z, τA ⊗ ϕ(σ(t)) = ϕ(σ(t)) = ϕ(t) = τA ⊗ ϕ(t). Thus
τA ⊗ ϕ is σ -invariant.

PROPOSITION2.4. Let the notation be as above. Then the entropyhτ
A
⊗ϕ(σ ) of σ with

respect to theσ -invariant traceτ
A

⊗ ϕ is given by

hτ
A
⊗ϕ(σ ) = hϕ(σ |Z).

Proof. SinceZ ⊂ A(X), andhτ
A
⊗ϕ(σ |Z) = hϕ(σ |Z) we have

hτ
A
⊗ϕ(σ ) ≥ hϕ(σ |Z).

Note that forn ∈ N large enough

Ãn = A[−n, n + p] = A ⊗ Z[−n, n],

whereZ[−n, m] = C∗(tj : −n ≤ j ≤ m). Since

Hτ
A
⊗ϕ(Ãn, σ (Ãn), . . . , σ

k−1(Ãn)) ≤ Hτ
A
⊗ϕ(C∗(Ãn, . . . , σ

k−1(Ãn))),

and
C∗(Ãn, . . . , σ

k−1(Ãn)) = A ⊗ Z[−n, n + k − 1],

we have, using that dimA = 2p,

1

k
Hτ

A
⊗ϕ(Ãn, . . . , σ

k−1(Ãn)) ≤ 1

k
(p log 2+ Hϕ(Z[−n, n + k − 1])).
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Since in the limit

lim
k→∞

1

k
Hϕ(Z[−n, n + k − 1]) ≤ hϕ(σ |Z),

we have
Hτ

A
⊗ϕ(Ãn, σ ) ≤ hϕ(σ |Z).

Since this holds for alln, hτ
A
⊗ϕ(σ ) ≤ hϕ(σ |Z). �

3. Asymptotic abelianness
In this section we shall consider the case when theC∗-dynamical system(A(X), σ ) is
asymptotically abelian. The following two versions will be of interest; see [DKS].

Definition 3.1.Let (A, α) be aC∗-dynamical system (soα is a ∗-automorphism of the
C∗-algebraA).
(i) We say(A, α) is asymptotically abelianif

lim
n→∞ ‖[αn(a), b]‖ = 0 for all a, b ∈ A.

(ii) We say (A, α) is proximally asymptotically abelianif there is a sequence(ni)i∈N

with ni → ∞ as i → ∞ such that

lim
i→∞

‖[αni (a), b]‖ = 0 for all a, b ∈ A.

In our case the concept of proximal asymptotic abelianness will be most important. This
is due to the following result.

PROPOSITION3.2. (A(X), σ ) is asymptotically abelian if and only ifX is finite.

Proof. Suppose(A(X), σ ) is asymptotically abelian. Since

‖[s0, σ
n(s0)]‖ = ‖[s0, sn]‖ =

{
2 for n ∈ X

0 for n ∈ N \ X

it is immediate from asymptotic abelianness that there isn0 ∈ N such thatn ∈ N \ X for
n ≥ n0. ThusX ⊂ {1, 2, . . . , n0}.

Conversely, supposeX is finite, sayX ⊂ {1, 2, . . . , n0}. Since
⋃∞

n=1 A[−n, n] is
uniformly dense inA(X), in order to show(A(X), σ ) is asymptotically abelian, it suffices
to show

lim
n→∞ ‖[σn(a), b]‖ = 0 for a, b ∈ A[−m, m].

SinceA[−m, m] is generated bysi , −m ≤ i ≤ m, it suffices to consider the case when
a = si , b = sj , −m ≤ i, j ≤ m. Let n > 2(m + n0). Thenσn(si) = si+n, so it suffices
to showi + n − j > n0. But this is obvious sincei − j ≥ −2m. �

If k < m we denote by [k, m] the interval{k, k + 1, . . . , m} ⊂ N.

THEOREM 3.3. (A(X), σ ) is proximally asymptotically abelian if and only ifN \ X

contains intervals of arbitrary large lengths, i.e. there exist intervals[kn, mn] ⊂ N \ X

with limn→∞(mn − kn) = ∞.
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Proof.Assume(A(X), σ ) is proximally asymptotically abelian, and let(nk) be a sequence
such that‖[σnk (a), b]‖ → 0 for all a, b ∈ A(X). Given m ∈ N choosek0 such that
[σnk (si), sj ] = 0 for k ≥ k0 andi, j ∈ [−m, m]. Thennk + i − j ∈ N \X, so the interval
[−2m + nk, 2m + nk] ⊂ N \ X.

Conversely, if [kj , mj ] ⊂ N \ X with mj − kj arbitrarily large putnj = 1
2(mj + kj ).

Givenm ∈ N choosej so large that 4m ≤ mj − kj . Then for allr, s ∈ [−m, m] we have
nj + r − s = 1

2mj + 1
2kj + r − s ∈ [ 1

2mj + 1
2kj −2m, 1

2mj + 1
2kj +2m], which by choice of

j is contained in [kj , mj ]. Thus, as in the proof of Proposition 3.2, ifa, b ∈ A[−m, m]
then [σnj (a), b] = 0. It follows that(A(X), σ ) is proximally asymptotically abelian with
sequence(ni). �
Remark 3.4.In [NST] an example of a shiftσ with zero entropy was presented. It is
possible to prove that(A(X), σ ) is proximally asymptotically abelian.

Remark 3.5.There is a third definition of asymptotic abelianness which is more general
than the two we have considered. Namely, one assumes that for aC∗-dynamical system
(A, α, G), G a group,α : G → Aut A a representation, then for eacha ∈ A there is a
sequence(gn(a)) in G such that

lim
n→∞ ‖[αgn(a)(a), b]‖ = 0 for all b ∈ A;

see [DKS]. In our case this generalization gives nothing new, since it is equivalent to
proximal asymptotic abelianness. Indeed, applying the definition toa = s0 there is a
sequence(ni) such that‖[s0, sni

]‖ → 0 asi → ∞; in other words there isi0 ∈ N such
that ni ∈ N \ X for i ≥ i0. Since we also have that

‖[s0, sni+1]‖ = ‖[s0, σ
ni (s1)]‖ → 0,

it follows that ni + 1 ∈ N \ X, hence [ni, ni + 1] ⊂ N \ X for i ≥ i1 ≥ i0 for somei1.
Repeating the argument we can therefore for anyt ∈ N find an interval [k, m] ⊂ N \ X

such thatm − k ≥ t . Hence by Theorem 3.3(A(X), σ ) is proximally asymptotically
abelian.

4. K-systems
In classical ergodic theory the concept of aK-system is very important. Narnhofer and
Thirring [NT] extended the notion to the noncommutative case, the definition being as
follows.

Definition 4.1.Let (A, α) be aC∗-dynamical system with an invariant tracial stateτ . We
say (A, α) is anentropicK-systemif for each finite-dimensionalC∗-subalgebraB ⊂ A

(or ratherB ⊂ πτ (A)′′) we have

lim
n→∞ H(B, αn) = H(B).

As was the case for the asymptotically abelian situation, entropicK-systems are rare
in our case.

THEOREM 4.2. SupposeX is nonperiodic. Then(A(X), α) is an entropicK-system if and
only if X is finite.
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Proof. AssumeX is finite; sayX ⊂ [1, r], r ∈ N. SupposeB ⊂ A[−n, n] is a ∗-
subalgebra, and lett = 2n + 1 + r. Then fora ∈ B andb ∈ σ jt (B), j ∈ N, we have
ab = ba, and from the construction ofτ , τ(ab) = τ(a)τ (b). Thus

1

k
H(B, σ t (B), . . . , σ (k−1)t (B)) = H(B) for k ∈ N,

so that in the limit
H(B, σ t ) = H(B). (2)

If B is a general finite-dimensionalC∗-subalgebra ofA(X) we can approximateB by
a finite-dimensional subalgebraB0 belonging to someA[−n, n], and then apply [CNT;
Proposition IV.3] to conclude (2).

Conversely, assume(A(X), σ ) is an entropicK-system. ConsideringA(X) in its
imbedding in the hyperfiniteII1-factor R via the GNS-representation due toτ , we
assumeA(X)′′ = R. Using strong approximation and [CNT, IV.3] one can prove that
for any finite-dimensional von Neumann subalgebraB of R we have (2), whereσ is the
extension ofσ to R. Then [BN, Theorem 3.13] states thatR is strongly asymptotically
abelian with respect toσ , hence in particular

lim
n→∞ ‖[σn(s0), s0]‖2 = 0,

where‖x‖2 = τ(x∗x)1/2. But

‖[sn, s0]‖2 =
{

2 if n ∈ X

0 if n ∈ N \ X.

Thus as before we conclude thatX is finite. �

It follows from the work of Choda [Ch] and Price [Pr2] that if X 6= ∅ is finite then
h(σ) = 1

2 log 2. Our next result shows that the entropy ofσ is obtained as the mean of
the entropies of the algebrasA[−n, n].

PROPOSITION4.3. Let X 6= ∅ be finite. Then

h(σ) = lim
n→∞

1

2n + 1
H(A[−n, n]).

Proof. We follow the arguments of Choda [Ch]. By the Kolmogoroff–Sinai theorem,
which can be used by the arguments of our previous proof,

h(σ) = lim
n→∞ H(A[−n, n], σ ).

SinceH(A[−n, n], σ ) ≤ h(σ), given ε > 0 we have for large enoughk andn,

1

kp + 1
H(A[−n, n], σ (A[−n, n]), . . . , σ kp(A[−n, n])) < h(σ) + ε,

wherep = 2n + 1 + t andX ⊂ [0, t ]. Consequently

1

kp + 1
H(A[−n, n], σp(A[−n, n]), . . . , σ kp(A[−n, n])) < h(σ) + ε.
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By the same arguments as in the proof of Theorem 4.2 the left-hand side of the last
inequality equals

k + 1

kp + 1
H(A[−n, n]).

Thus in the limit ask → ∞
1

p
H(A[−n, n]) ≤ h(σ) + ε,

or sincep = 2n + 1 + t , andε is arbitrary,

lim
n→∞

1

2n + 1
H(A[−n, n]) ≤ h(σ).

For the converse inequality putAn = A[−n, n]. Let ε > 0. By the Kolmogoroff–Sinai
theorem there is ann0 ∈ N such thatn ≥ n0 implies

H(An, σ ) > h(σ) − ε/2.

Let q = 2(n + t). Sinceσ j (An) ⊂ A[−n, n + kq] whenever 0≤ j ≤ kq we have

H(An, σ (An), . . . , σ
kq(An)) ≤ H(A[−n, n + kq])

By choice ofq and translation invariance ofH ,

H(A[−n, n + kq]) = H(Am),

wherem = (n + t)k + n. Now choosek0 ∈ N so large thatk ≥ k0 implies

1

kq + 1
H(An, . . . , σ

kq(An)) > H(An, σ ) − ε/2 > h(σ) − ε.

It follows that

h(σ) − ε <
1

kq + 1
H(Am) =

(
1 + 2n

2nk + 2tk + 1

)
1

2m + 1
H(Am)

Letting k → ∞ we get

h(σ) − ε ≤ lim
m→∞

1

2m + 1
H(Am),

hence

h(σ) ≤ lim
m→∞

1

2m + 1
H(Am). �

By [NST] the tensor product formula does not hold in general for(A(X), σ ).
However, when we have results like the above theorem, it can be proved.

COROLLARY 4.4. SupposeXi ⊂ N are finite,i = 1, 2. Denote byσi the shift onA(Xi).
Then(A(X1) ⊗ A(X2), σ1 ⊗ σ2) satisfies

h(σ1 ⊗ σ2) = h(σ1) + h(σ2).
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Proof. Applying the above arguments we find

lim
n→∞

1

2n + 1
H(A1

n ⊗ A2
n) = h(σ1 ⊗ σ2),

whereAi
n = Ai [−n, n] ⊂ A(Xi) in obvious notation,i = 1, 2. By Proposition 4.3

lim
n→∞

1

2n + 1
H(A1

n ⊗ A2
n) = lim

n

1

2n + 1
(H(A1

n) + H(A2
n)) = h(σ1) + h(σ2). �

Let α be the automorphism ofA(X) defined byα(si) = −si . Let A(X)e denote the
fixed point algebra ofα and A(X)odd the spectral subspace of−1. ThenA(X)e is the
C∗-algebra generated by the unitariessisj , i, j ∈ Z, andA(X)odd is the closure of the
linear span of productssi1si2 · · · sik with k odd andi1 < i2 < · · · < ik. We call A(X)e

the even subalgebraand elements inA(X)odd odd elements. It is evident thatA(X)e is
globally invariant underσ . We denote byσe the restriction ofσ to A(X)e.

PROPOSITION4.5. SupposeN \ X is finite. Then we have:
(i) (A(X)e, σe) is an entropicK-system;
(ii) if A0

n = C∗(sisj : i, j ∈ [−n, n]) ⊂ A(X)e then

lim
n→∞

1

2n + 1
H(A0

n) = h(σe) = 1

2
log 2;

(iii) if Xi ⊂ N, i = 1, 2, and if N \ Xi is finite, then in obvious notation

h(σ 1
e ⊗ σ 2

e ) = h(σ 1
e ) + h(σ 2

e ).

Proof. Chooset ∈ N such thatN \ X ⊂ [0, t ]. Thus sisj andsks` commute whenever

min{|k − i|, |k − j |, |` − i|, |` − j |} > t.

Thus by the arguments of the proof of Theorem 4.2,(A(X)e, σe) is an entropicK-system.
Also by repeating the arguments from Proposition 4.3 we find

lim
n→∞

1

2n + 1
H(A0

n) = h(σe).

Now it follows just as in Corollary 4.4 that the product formula (iii) holds. In particular,
whenXi = X, i = 1, 2, then

h(σe ⊗ σe) = 2h(σe).

However, since the elementssisj ⊗sisj andsks` ⊗sks` pairwise commute for alli, j, k, `,
we have

1

k + 1
H(A0, σe ⊗ σe(A0), . . . , σ

k
e ⊗ σ k

e (A0)) = log 2, k ∈ N,

whereA0 is the abelianC∗-subalgebra ofA(X)e ⊗ A(X)e generated by thesisj ⊗ sisj .
Thus

h(σe ⊗ σe) ≥ log 2,

henceh(σe) ≥ 1
2 log 2. By Proposition 2.1,h(σ) ≤ 1

2 log 2 sinceX is nonperiodic, so
that h(σe) ≤ h(σ) ≤ 1

2 log 2. This completes the proof. �
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In particular, we have shown the following (as also follows from [Pr2], since the
assumption impliesX is eventually periodic).

COROLLARY 4.6. If N \ X is finite thenh(σ) = 1
2 log 2.

COROLLARY 4.7. Let N \ X be finite. Then

h(σ) = lim
n→∞

1

2n + 1
H(A[−n, n]). (∗)

Moreover, ifN \ Xi is finite, i = 1, 2, then

h(σ1 ⊗ σ2) = h(σ1) + h(σ2).

Proof. By our previous arguments it suffices to show(∗). Since sisj = ±s0sis0sj , it
follows that

A0
n = C∗(s0sj : j ∈ [−n, n]).

Sinces0(s0sj ) = sj it follows that

A[−n, n] = C∗(s0, A
0
n),

which by the commutation relations is contained inM2(C) ⊗ A0
n. Thus we have

H(A0
n) ≤ H(A[−n, n]) ≤ log 2+ H(A0

n),

hence the corollary follows from Proposition 4.5(ii) and Corollary 4.6. �

5. Completely positive entropy

Definition 5.1.We say(A(X), σ ) hascompletely positive entropyif H(B, σ) > 0 for all
finite-dimensionalC∗-subalgebrasB of A(X).

In the classical case this is equivalent to(A(X), σ ) being an entropicK-system. It
is immediate from our next lemma that an entropicK-system has completely positive
entropy.

LEMMA 5.2. Let B ⊂ A(X) be a finite-dimensionalC∗-algebra. Then

1

n
H(B, σn) ≤ H(B, σ), n ∈ N.

Proof. The lemma follows from the inequalities

1

n
H(B, σn) = 1

n
lim

k→∞
1

k + 1
H(B, σn(B), . . . , σ nk(B))

≤ 1

n
lim

k→∞
n

kn + n
H(B, σ(B), . . . , σ nk(B))

= H(B, σ) �
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In this section we shall show that not all systems(A(X), σ ) with completely positive
entropy are entropicK-systems. Then we shall exhibit an uncountable family of
nonconjugate systems(A(X), σ ) with completely positive entropy for whichh(σ) =
1
2 log 2, and thus obtain the analogue of the similar result in the classical case by Ornstein
and Shields [OS].

LEMMA 5.3. SupposeX is nonperiodic and eitherX ⊂ {1, 3, 5, . . .} or X ⊃ {1, 3, 5, . . .}.
Thenh(σ) = 1

2 log 2.

Proof. Assume first thatX ⊂ {1, 3, 5, . . .}. Let A0 = C∗(s0), soA0 is isomorphic to the
diagonal 2× 2 matrices. Sinces2i s2j = s2j s2i for all i, j ∈ Z, the algebrasσ 2i (A0) and
σ 2j (A0) mutually commute, andσ 2 acts as the 2-shift on the abelianC∗-algebraD they
generate. Thush(σ 2|D) = log 2. Hence

h(σ) = 1
2h(σ 2) ≥ 1

2h(σ 2|D) = 1
2 log 2.

The converse inequality follows from Proposition 2.1.
SupposeX ⊃ {1, 3, 5, . . .} and put tj = s2j−1s2j , j ∈ Z. Then a straightforward

computation shows that thetj ’s commute and thatσ 2 acts as the 2-shift on the abelian
C∗-algebra they generate. The proof is then completed as above. �

LEMMA 5.4. Let q > 1 be an odd integer. SupposeX ⊂ {qn : n ∈ N}. Suppose
a ∈ A[0, qn − 1] and b ∈ A[2mqn, (2m + 1)qn − 1], m ∈ N. Thenab = ba and
τ(ab) = τ(a)τ (b).

Proof. We have

A[2mqn, (2m + 1)qn − 1] = σ 2mqn

(A[0, qn − 1]).

Thus there existsc ∈ A[0, qn − 1] such thatb = σ 2mqn

(c), hencea andb commute if

2mqn + x − y 6∈ X wheneverx, y ∈ [0, qn − 1],

or rather
2mqn + x 6= qn+t + y for all t ∈ Z, x, y ∈ [0, qn − 1].

Assume on the contrary that we have equality for somet ∈ Z. Thenx 6= y sinceq is
odd. If x > y then

0 < x − y = qn(qt − 2m).

If t ≥ 0 then qt − 2m ∈ N, which meansx − y ≥ qn, which is impossible since
x, y ∈ [0, qn − 1]. If t < 0 thenqt − 2m < 0, which is contrary tox − y being positive.

Suppose next thatx < y. Then similarly

0 < y − x = qn(2m − qt ),

and again we obtainy − x ≥ qn, contrary to assumption.
Finally, since τ(si1 . . . sik ) = 0 wheneveri1 < · · · < ik, and the linear span

of such products ofsi ’s and the identity 1 is dense inA(X), it is immediate from
the first part of the proof thatτ(ab) = τ(a)τ (b) whenevera ∈ A[0, qn − 1] and
b ∈ A[2mqn, (2m + 1)qn − 1], m ∈ N. �
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LEMMA 5.5. Supposeq > 1 is an odd integer andX ⊂ {qn : n ∈ N}. Then for each
finite-dimensionalC∗-subalgebraB of A(X) we have

lim
n→∞ H(B, σ 2qn

) = H(B).

Proof. If B ⊂ A[− 1
2(qn − 1), 1

2(qn − 1)] then in view of Lemma 5.4,

1

m + 1
H(B, σ 2qn

(B), . . . , σ 2mqn

(B)) = H(B), m ∈ N,

hence
H(B, σ 2qn

) = H(B). (∗)

Now supposeB 6⊂ ⋃∞
m=1 A[−m, m] with m = 1

2(qn − 1). Then, as before, we can
considerA(X) as a strongly dense subalgebra of the hyperfiniteII1-factorR. For every
m as above we can construct a completely positive mapγm : B → A[−m, m] such that
γm(a) → a strongly asm → ∞ (see proof in [CNT, VII.4]). Now it follows from (∗)

and [CNT, VI.3] that
lim

n→∞ H(B, σ 2qn

) = H(B). �

Summing up we have the following.

THEOREM 5.6. Supposeq > 1 is an odd integer andX ⊂ {qn : n ∈ N}. Then we have:
(i) h(σ) = 1

2 log 2;
(ii) (A(X), σ ) is proximally asymptotically abelian;
(iii) (A(X), σ ) has completely positive entropy;
(iv) if X is infinite then(A(X), σ ) is not an entropicK-system.

Proof. (i) follows from Lemma 5.3, (ii) from Theorem 3.3 and (iii) from Lemmas 5.2
and 5.5. Finally, (iv) is a consequence of Theorem 4.2. �

We conclude this section by showing the analogue of the result of Ornstein and Shields
alluded to in the introduction to this section. We recall that if(A, α) and(B, β) areC∗-
dynamical systems then they areconjugateif there is a∗-isomorphismγ of A onto B

such thatβ = γ ◦ α ◦ γ −1.

THEOREM 5.7. Let q > 1 be an odd integer andXi ⊂ {qn : n ∈ N}, i = 1, 2. Let σi be
the corresponding shift onA(Xi), i = 1, 2. If the set{n ∈ N : qn ∈ X1 ∩ (N \ X2)} is
infinite, then the systems(A(X1), σ1) and (A(X2), σ2) are nonconjugate.

Proof. Denote by{n1, n2, . . .} the set ofn ∈ N with qn ∈ X1 ∩ (N \ X2) and assume
n1 < n2 < n3 < · · · . Thenqni 6∈ X2 for i ∈ N, and hence

[qni−1 + 1, qni+1 − 1] ⊂ N \ X2.

Since
qni − qni−1 + 1 = qni−1(q − 1) + 1 → ∞ as i → ∞,
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andqni+1 − qni − 1 → ∞ as i → ∞, it follows that

‖[σqni

2 (x), y]‖ → 0 asi → ∞
for all x, y ∈ A[−n + 1, n] ⊂ A(X2) with n fixed. Thus for allx, y ∈ A(X2),

lim
i→∞

‖[σqni

2 (x), y]‖ = 0.

On the other hand, sinceqni ∈ X1 we have

‖[σqni

1 (s0), s0]‖ = ‖[s
qni

, s0]‖ = 2.

It follows that σ1 andσ2 are nonconjugate. �

Combining Theorems 5.6 and 5.7 we have the following.

COROLLARY 5.8. There is an uncountable family of pairwise nonconjugate systems
(A(X), σ ) with completely positive entropy and entropyh(σ) = 1

2 log 2.

6. Shifts without completely positive entropy
It was shown in [NST] that there are shifts with zero entropy, hence in particular without
completely positive entropy. We shall now exhibit examples when the entropy is positive,
but the system does not have completely positive entropy. For this the following result
is useful.

THEOREM 6.1. Let k ∈ N and supposeX ⊂ kN is nonperiodic.
(i) If k is even thenh(σ) = 1

2 log 2.
(ii) If k is odd thenh(σ) ≥ ((k − 1)/2k) log 2.
(iii) If kN \ X is finite thenh(σ) = 1

2 log 2.

Proof. If k = 1 then (ii) is obvious, and ifX = N then (iii) follows, for example, from
Corollary 4.7. We shall therefore assumek ≥ 2. Put

Aj = C∗(skn+j : n ∈ Z), j = 0, 1, . . . , k − 1.

If i 6= j then
kn + j − km − i = k(n − m) + j − i 6∈ kZ.

Henceg(|kn + j − km − i|) = 0, and therefore

skn+j skm+i = skm+i skn+j .

Thus theC∗-algebrasAj , j ∈ [0, k − 1], commute pairwise. NowA0 = C∗(tn, n ∈ Z)

with tn = snk. Since [tn, tm] = 0 if and only if |m − n| 6∈ 1
k
X, A0 is of the formA(Y )

with Y = (1/k)X ⊂ N. SinceX is nonperiodic, so isY . HenceA0, and therefore
Aj = σ j (A0) is isomorphic to the CAR-algebra [PP] and so

A(X) =
k−1⊗
j=0

Aj ,
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andσ k leaves eachAj globally invariant. Thus

σ k =
k−1⊗
j=0

σ k|Aj .

Suppose first thatk = 2m is even. Then

A(X) = (A0 ⊗ A1) ⊗ (A2 ⊗ A3) ⊗ · · · ⊗ (A2(m−1) ⊗ A2m−1).

Denote by

Ci = C∗(skn+2i ⊗ skn+2i+1 : n ∈ Z) ⊂ A2i ⊗ A2i+1, i ∈ [0, m − 1].

ThenCi is abelian, andσ k restricted toCi is the 2-shift, hence has entropy log 2. Thus

h(σ) = 1

k
h(σ k)

≥ 1

k
h(σ k|C0 ⊗ · · · ⊗ Cm−1)

= 1

k

m−1∑
i=0

h(σ k|Ci)

= 1

k
m log 2

= 1

2
log 2.

By Proposition 2.1,h(σ) = 1
2 log 2.

If k = 2m + 1, then similarly

A(X) = A0 ⊗ (A1 ⊗ A2) ⊗ · · · ⊗ (A2m−1 ⊗ A2m),

hence by [SV, Lemma 3.4]

h(σ) ≥ 1

k
h(σ k|A0) + 1

k

m∑
j=1

h(σ k|A2j−1 ⊗ A2j )

≥ 1

k
m log 2 (∗)

= k − 1

2k
log 2.

Finally, if kN \ X is finite with k odd, sayk = 2m + 1, then as above

A(X) = A0 ⊗ (A1 ⊗ A2) ⊗ · · · ⊗ (A2m−1 ⊗ A2m).

In this caseA0 is the CAR-algebra andh(σ k|A0) = 1
2 log 2 by Corollary 4.7. Thus by(∗)

h(σ ) ≥ 1

2k
log 2+ 1

k
m log 2 = 1

2
log 2,

completing the proof of the theorem. �
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THEOREM 6.2. There exists a nonperiodic setX such thatσ has positive but not completely
positive entropy.

Proof. Let X0 ⊂ N be a set such that the corresponding shiftσ0 has entropy zero; see
[NST]. Put X = 2X0 = {2n : n ∈ X0}. By Theorem 6.1h(σ) = 1

2 log 2. With A0 and
A1 as in the proof of the theorem,A0 = A(X0) andσ 2|A0 = σ0, and similarly forA1.
Thush(σ 2|A0) = 0 = h(σ 2|A1). In particular, for all finite-dimensionalC∗-subalgebras
B ⊂ Ai , i = 0, 1, H(B, σ 2) = 0. Now letB = C∗(s0) andB1 = σ(B) = C∗(s1). Then
we have by subadditivity of the entropy functionH [CS, Property B] that

H(B, σ(B), . . . , σ 2m(B)) ≤ H(B, σ 2(B), . . . , σ 2m(B))

+H(B1, σ
2(B1), . . . , σ

2m−2(B1)).

Hence
H(B, σ) ≤ 1

2H(B, σ 2) + 1
2H(B1, σ

2) = 0.

Thusσ does not have completely positive entropy. �

Remark 6.3.In analogy with the classical situation, ifh(σ) > 0 we say aσ -invariant
C∗-subalgebraAπ of A(X) is aPinsker subalgebraif it satisfies the following conditions:
(i) h(σ |Aπ) = 0;
(ii) if B is a finite-dimensionalC∗-subalgebra ofA(X) such thatH(B, σ) = 0, then

B ⊂ Aπ .
It is clear from (ii) that a Pinsker subalgebra, if it exists, is unique. The classical result

of Pinsker [ME ] states that there exists a nontrivial Pinsker subalgebra in the classical
case when the transformation has positive entropy. In our case, however, this is false.
Indeed, a counter example is provided by the situation in Theorem 6.2, since by its proof
eachC∗-subalgebraC∗(si) would belong to the Pinsker algebraAπ if it exists, hence
Aπ ⊃ C∗(si : i ∈ Z) = A(X), a contradiction.

Remark 6.4.In the proof of Theorem 6.2 we used a system(A(X0), σ0) with h(σ0) = 0.
A refinement of the argument in [NST] yields an uncountable family of such systems
which are nonconjugate. We omit the rather technical proof.
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