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Abstract We study automorphisms of the CAR-algebra obtained from binary shifts. We
consider cases when th@*-dynamical system is asymptotically abelian, is proximally
asymptotically abelian, is an entropkt-system or has completely positive entropy. The
entropy is computed in several cases.

1. Introduction

From his study of binary shifts on the hyperfinild;-factor, Powers ] initiated a
systematic study of sequences of symmetries, i.e. self-adjoint unitary operators, which
pairwise either commute or anticommute. The problem was followed up by Fid¢ [

and it was shown inHP] that the C*-algebra generated by the symmetries was the
CAR-algebra when the sequence was nonperiodic in a natural sense and of the form
M, (C) ® Z with Z abelian in the periodic case; sdg][

The sequenceés;);cy Of symmetries is a natural representation of a bitstream, i.e. a
sequence of 0's and 1's, with the requirement thaands; commute if the|i — jith
element in the sequence is 0 and they anticommute if it is 1. Thus the problem has
potential applications to the study of bitstreams.

In this paper we shall change Power’s problem slightly by considering sequesnces
with i ranging over all integerg. If o is the shifts; — 5,1 we obtain an automorphism
of the C*-algebraA generated by the;’s and thus aC*-dynamical systemA, o, 1),
wheret is a canonical invariant trace. The systém, o, 7) turns out to have a very
rich ergodic theoretic structure. For example, MS[T] it was used to give a counter
example to the additivity of tensor products of the CNT-entrapiT] by exhibiting a
sequencés;) such that the entropy.s. (0 ® o) = log 2 while i, (o) = 0. In this paper
we shall initiate a systematic study of tli&-dynamical systeni4, o, t). In particular,
we shall consider the analogues of several concepts from classical (abelian) ergodic
theory such ak-systems, completely positive entropy, and computation of entropies.
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In addition we shall study the nonabelian concept of asymptotic abelianness. It turns out
that for different choices of bitstreams (hence of the commutation relations) there is an
abundance of examples with different properties; for example, we shall get an analogue
of the celebrated theorem of Ornstein and Shield$§][that there is an uncountable
family of nonconjugate dynamical systems with completely positive entropy having the
same value for the entropy, (o). Our main emphasis will be on entropy calculations.

It turns out that in many cases with the seque@¢enonperiodich, (o) = % log 2, while

in the periodic case it is always log 2, and there is no value strictly bet\é'dmyﬁ and

log 2. We have been unable to determine whether there are values strictly between 0 and
Zlog 2.

2. Basic results
If X € N we denote byA(X) the C*-algebra generated by a sequeng),.z of
symmetries satisfying the commutation relations

sisj = (=180 s.si, i, jel,
whereg is the characteristic function of. Note thatg identifies X with the bitstream
(g(m)nez. The canonical trace on A(X) is the one which takes the value 0 on all
productss;,s;, - - -s;, With i3 < ip < --- < iy and (1) = 1. We denote by the
automorphism onA(X) determined bys (s;) = s;11. The entropyh(c) = h. (o)
of o with respect tor as defined in CNT] is the same as the entropy in the GNS-
representationr due tot of the finite von Neumann algebra(A(X))” as defined in
[CS]; see CNT, Theorem VII.2]. SinceA(X) is an AF-algebra generated by the finite-
dimensional subalgebras[—n,n] = C*(s; : i = —n,—n + 1,...,n) we can, using
the Kolmogoroff—Sinai theoren[S, Theorem 2], use the notation fror@§] freely on
A(X) to compute the entropy. By abuse of notation we Xais periodic (respectively
nonperiodig if —X U {0} U X is periodic (respectively nonperiodic).

ProPOSITION2.1. If X is nonperiodic then the entropy(o) < %Iog 2
Proof. We modify an argument of Pricdf2]. For eachk, m € Z with k < m put
Alk, m] = C*(sg, Ska1s - -+ » Sm)-
Then A[k, m] is a C*-algebra of dimension"2*. Fix n € N and putA, = A[—n, n].
Since fj A, is norm dense inA(X) it suffices by the Kolmogoroff-Sinai theorem to

n=1
show

. 1 . 1

H(Ay, 0) = lim - —— H(Ay, 0 (4., 0" (4,) = S log2

Sinceo’(A,) C A[—n,n + k] for 0 < j <k, it follows by Property C in CS] that
H(A,,0(Ay), ..., 0%(A,) < H(A[—n,n + k).

By [PP], A[—n,n + k] is a factor for an infinite number ok’'s. Then dimA[—n,
n + k] = 22*++1 so it is a factor of tyPE 15,000, hENCE

H(A[-n,n+k]) = 3(2n +k + 1) log 2.
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It follows that for thisk,

1 120+ k41
———H(A,,0(Ay), ..., cMA,) < Z——=
pp 1 1A o(@An) oA = 5 =m0

and taking limits agk — oo

log 2,

1
H(A,,0) < éIog 2 O
COROLLARY 2.2. If X is nonperiodic therk(oc ® o) = log 2

oo
Proof. Since | J A, ® A, is uniformly dense iMA(X) ® A(X) and, furthermore,
n=0

k
C(U ol (Ay) ® aj(An)) = Al-n,n+k] ® A[—n,n + k]
j=0
the argument from the proof of Proposition 2.1 yields
H(A, ® Ay,0 ®0) <log2,

hence by the Kolmogoroff-Sinai theorehioc ® o) < log2. The converse inequality
follows from the proof of NST, Theorem 4.2]. O

The periodic case is much simpler than the nonperiodic. We conclude this section
with a discussion of this case. The results are independent of the following sections.
SupposeX C N is periodic with periodp. If we write g(—n) = g(n), g(0) = 0 for
the characteristic functiop of X, then by periodicity

gli+np)=g@i), neZ0<i<p-1
gi)+g(p—i)=0mod2 O0<i<p-1

Let o = sos,. Then fori € Z
sito = (=D PP Vo5, = 15

hencer, belongs to the centef (A (X)) of A(X), hence so does = o’ (t) forall j € Z.
Furthermore, ifj € Zthenj =i +kp forO0O<i < p—1,k € Z, so we have

Sj = sititi+p ce ti+p(k—l) = sit(j)

with 7(j) € Z — the C*-subalgebra ofZ(A(X)) generated by the;’s. If we let
A = C*(s0, ..., Sp—1), then it follows that

AX)=ARZ.
We first compute the entropy ef with respect to the canonical trace.

PrROPOSITION2.3. If X is periodic themi (o) = log 2. Moreover, ifA, = A[—n, n] then

1
h(o) = lim ——H(A,).
(o) B wa] (An)
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Proof. Let D; = C*(#;). ThenD; is isomorphic to the diagonal:22 matrices, and|D;,
is % on each minimal projection. Furthermoreab) = t(a)t(b) for a € D;, b € D;,
i # j. Thus the restrictionr|Z is the 2-shift, hence the entropyo|Z) = log 2, and
thereforeh(o) > h(o|Z) = log 2.

For the converse inequality we recall from the proof of Proposition 2.1 that

H(Ay, 0(An), ..., 0" (A) < H(A[=n,n +k])
with dim H(A[—n, n + k]) = 22"**+1, Thus we have

1
H(A,, o) < lim —— log2*"™*+1 = |og 2 O
(A,,0) < Jm 109 g

SinceA(X) = A® Z, if 1, is the restriction ofr to A, thenty ® ¢ is a trace on
A(X) for every statep on Z.

Let j1 < jo< -+ < ji, and writej, =iy + kyp With 0 < i, < p — 1, k, € Z. With
the notation introduced above, = s;,7(i;) with #(i;) € Z. Thus we have

Sjy oo Sj = Siy - - .S,’kl(il) . t(in),
so that
TA Q (p(Sjl . Sj/‘) = 'L'A(Sil Ce Sik)(p(t(l']_) ... t(@iy) =0. (1)
We haveo (s,-1) = s, = sofo. Using this we find as in (1) that
TA® QO(U(Sjl . Sjn)) =0.

If ¢ is o-invariant then fort € Z, t4 @ (o (t)) = (o (t)) = ¢(t) = T4 ® (). Thus
T4 ® @ IS o-invariant.

PROPOSITION2.4. Let the notation be as above. Then the entrépy,, (o) of o with
respect to ther-invariant tracet, ® ¢ is given by

h: y(0) = hy(o|Z).
Proof. SinceZ c A(X), andh,A®¢(a|Z) = hy(0|Z) we have
hr,p(0) = hy(o|Z).
Note that forn € N large enough
X,, =Al-n,n+p]l=AQ Z[—n,n],
whereZ[—n, m] = C*(t; : —n < j < m). Since
He 6p(An, 0(Ay), ..., 0" H(A) < Hy 9y(C*(Ay, ..., 0" L(A)),

and
C*(Ap,...,0"YA)) = A® Z[—n,n + k — 1],
we have, using that dim = 27,
1 ~

~ 1
Heop(An, . 0" U (AD) < 2 (plog2+ Hy(Z[=n,n + k — 11).
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Since in the limit
lim 1-H(!,(Z[—n, n+k—1]) < h,(o|2),
k—oo k
we have
H: 0y(Aq, 0) < hy(o|2).
Since this holds for alk, he @(0) < hy(o|Z). O

3. Asymptotic abelianness
In this section we shall consider the case whendtiedynamical systenfA(X), o) is
asymptotically abelian. The following two versions will be of interest; 42€93].

Definition 3.1.Let (A, «) be aC*-dynamical system (sa is ax-automorphism of the
C*-algebraA).
(i) We say(A, «) is asymptotically abelianf

lim ||[e"(a),b]| =0 foralla,b e A.
n—0o0

(i) We say (A, «) is proximally asymptotically abelianif there is a sequencé:;);cn
with n; — oo asi — oo such that

lim ||[e" (a),b]| =0 foralla,be A.
1—> 00

In our case the concept of proximal asymptotic abelianness will be most important. This
is due to the following result.

PrROPOSITION3.2. (A(X), o) is asymptotically abelian if and only X is finite.

Proof. SupposgA(X), o) is asymptotically abelian. Since

2 forneX

0. " (sl = fso. 5.1 = {0 form e N\ X

it is immediate from asymptotic abelianness that themgis N such that: € N\ X for
n>ng. ThusX c {1,2,...,ng}.

Conversely, supposg is finite, sayX C {1,2,...,no}. SincelJ,-, A[-n,n] is
uniformly dense imrA(X), in order to showA(X), o) is asymptotically abelian, it suffices
to show

lim |[[oc"(a),b]]| =0 fora,be A[—m,m].

Since A[—m, m] is generated by;, —m < i < m, it suffices to consider the case when
a=s;,b=s;, —m <i, j <m. Letn > 2(m + ng). Thenco”(s;) = si4n, SO it suffices
to showi +n — j > no. But this is obvious sincé — j > —2m. O

If K < m we denote by{, m] the interval{k,k+1,...,m} C N.

THEOREM 3.3. (A(X), o) is proximally asymptotically abelian if and only iN \ X
contains intervals of arbitrary large lengths, i.e. there exist interals m,] ¢ N\ X
with lim,,_, oo (m,, — k,) = oo.
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Proof. Assume(A(X), o) is proximally asymptotically abelian, and let;) be a sequence
such that||[c"(a), b]|| — O for all a,b € A(X). Givenm € N chooseky such that
[0 (s;), s;] = 0 fork > ko andi, j € [-m, m]. Thenn;+i — j € N\ X, so the interval
[—2m+nk,2m+nk] C N\X

Conversely, if k;, m;] € N\ X with m; — k; arbitrarily large putr; = 3(m; + k;).
Givenm € N choose;j so large that & < m; —k;. Then for allr, s € [-m, m] we have
nj+r—s= %mj + %kj +r—se [%m] + %kj —2m, %mj + %kj + 2m], which by choice of
Jj is contained in{;, m;]. Thus, as in the proof of Proposition 3.2,dfb € A[—m, m]
then p"i (a), b] = 0. It follows that(A(X), o) is proximally asymptotically abelian with
sequencen;). O

Remark 3.4In [NST] an example of a shiftr with zero entropy was presented. It is
possible to prove thatA(X), o) is proximally asymptotically abelian.

Remark 3.5There is a third definition of asymptotic abelianness which is more general
than the two we have considered. Namely, one assumes thatftidgnamical system
(A,a,G), G agroup,a : G — Aut A a representation, then for eashe A there is a
sequencég,(a)) in G such that

lim [I[etg, @) (@), b]Il =0 forallb e A;
n— o0

see PKS]. In our case this generalization gives nothing new, since it is equivalent to
proximal asymptotic abelianness. Indeed, applying the definitiom to so there is a
sequencen;) such that|[so, s,,]I| — 0 asi — oo; in other words there i% € N such
thatn; € N\ X for i > ip. Since we also have that

I[s0, sn+alll = ll[so, o™ (s]Il — O,

it follows thatn; + 1 € N\ X, hence f;,n; + 1] C N\ X for i > i1 > iy for somei;.
Repeating the argument we can therefore for amyN find an interval k, m] c N\ X
such thatm — k > t. Hence by Theorem 3.84(X), o) is proximally asymptotically
abelian.

4. K-systems

In classical ergodic theory the concept oKasystem is very important. Narnhofer and
Thirring [NT] extended the notion to the noncommutative case, the definition being as
follows.

Definition 4.1.Let (A, «) be aC*-dynamical system with an invariant tracial stateWe
say (A, ) is anentropic K -systemif for each finite-dimensional’*-subalgebraB c A
(or ratherB C 7. (A)") we have

lim H(B,«") = H(B).

As was the case for the asymptotically abelian situation, entr&ipsystems are rare
in our case.

THEOREM 4.2. Suppose&X is nonperiodic. ThelA(X), ) is an entropick -system if and
only if X is finite.
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Proof. AssumeX is finite; sayX c [1,r], r € N. SupposeB C A[—n,n] is a *-
subalgebra, and let=2n + 1+ r. Then fora € B andb € 6//(B), j € N, we have
ab = ba, and from the construction af, t(ab) = t(a)T(b). Thus

1
%H(B, o'(B),...,c* V(B)=H(B) forkeN,
so that in the limit
H(B,c") = H(B). (2)

If B is a general finite-dimensional*-subalgebra ofd(X) we can approximat& by
a finite-dimensional subalgebi#, belonging to somed[—n, n], and then apply CNT;
Proposition 1V.3] to conclude (2).

Conversely, assumeA(X), o) is an entropick-system. Consideringl(X) in its
imbedding in the hyperfinitd I;-factor R via the GNS-representation due tQ we
assumeA(X)” = R. Using strong approximation an€NT, IV.3] one can prove that
for any finite-dimensional von Neumann subalgeBraf R we have (2), where is the
extension ofo to R. Then BN, Theorem 3.13] states th& is strongly asymptotically
abelian with respect te, hence in particular

lim |[[o"(s0), solll2 =0,
n—o0o

where||x|2» = T(x*x)Y2. But

msolla = {2 17X
%002 =10 ifn e N\ X,

Thus as before we conclude th#tis finite. O

It follows from the work of ChodaCh] and Price Pr2] that if X £ @ is finite then
h(o) = % log 2. Our next result shows that the entropyoofs obtained as the mean of
the entropies of the algebrad—n, n].

PROPOSITION4.3. Let X # ¢ be finite. Then
ho) = im > H(A[=n, n])
U_nHOOZn—i—l n,nl).
Proof. We follow the arguments of Chod&h]. By the Kolmogoroff—-Sinai theorem,
which can be used by the arguments of our previous proof,
h(o) = lim H(A[—n,n], o).

SinceH(A[—n, n], o) < h(o), givene > 0 we have for large enoughandn,

1 k
W_H(A[—n, n],o(A[—n,n)]),...,c"?(A[—n, n])) < h(o) + &,

wherep =2n 4+ 1+t and X C [0, r]. Consequently

1 4 kp _
mH(A[—n, nl,o?(A[—n,n)), ..., "’ (A[—n,n])) < h(o) +¢.
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By the same arguments as in the proof of Theorem 4.2 the left-hand side of the last

inequality equals
k+1

kp+1

H(A[—n,n)).
Thus in the limit ask — oo
1
—H(A[-n,n]) < h(o) + e,
p
or sincep = 2n + 1+ ¢, ande is arbitrary,

nILmoo %HH(A[—n, n]) < h(o).

For the converse inequality put, = A[—n, n]. Let ¢ > 0. By the Kolmogoroff-Sinai
theorem there is ang € N such that: > ng implies

H(A,,0) > h(c) —¢/2.
Letg = 2(n +t). Sinces’/(A,) C A[—n, n + kq] whenever 0< j < kg we have
H(Ay, 0(Ay),....0%(Ay) < H(A[—n,n + kq))
By choice ofg and translation invariance df,
H(A[—n,n+kq]) = H(A,),

wherem = (n + t)k +n. Now chooseky € N so large thak > ko implies

1
L L oM(A)) > H(Ay, 0) — /2 > h(o) —¢.
It follows that
h(o) Y oy =(1+ 2n H(A,)
o) — &< m) — m
kg +1 nk+2tk+1) 2m + 1

Letting k — oo we get

h —& < |lim H(A,),
(@) —e = lim o= H(Ay)
hence 1
h < lim H(A,). O
(0) = lim 5= H(An)

By [NST] the tensor product formula does not hold in general {arnX), o).
However, when we have results like the above theorem, it can be proved.

COROLLARY 4.4. SupposeX; C N are finite,i = 1, 2. Denote byo; the shift onA(X;).
Then(A(X1) ® A(X>), o1 ® oy) satisfies

h(o1 ® 02) = h(o1) + h(oy).
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Proof. Applying the above arguments we find

lim

H(A'® A%y =h ,
n—>002n+1 ( n® n) (Ul®02)

whereAl = A;[—n,n] C A(X;) in obvious notationj = 1, 2. By Proposition 4.3

1 1
lim —— H(A'® A% = lim ——— (HAH + H(A%) =h h(op). O
Jim S = HAL @ AD = lim o= (H(AL) + H(AD) = h(o) + h(o2)

Let o be the automorphism ol (X) defined bya(s;) = —s;. Let A(X). denote the
fixed point algebra ofr and A(X)qqq the spectral subspace ofl. ThenA(X), is the
C*-algebra generated by the unitarigs;, i, j € Z, and A(X)odd is the closure of the
linear span of products;,s;, - - - s;, with k odd andi; < ip < --- < i;. We call A(X)e
the even subalgebrand elements im (X)qq 0dd elementslt is evident thatA (X)e is
globally invariant undet. We denote by, the restriction ofo to A(X)e.

PROPOSITION4.5. SupposeN \ X is finite. Then we have:
(i) (A(X)e, 0e) is an entropick -system;
(i) if A>=C*(sisj 1i,j € [—n,n]) C A(X)e then

lim %HH(AS) = h(oe) = % log 2
(i) if X; cN,i=1,2, andifN\ X; is finite, then in obvious notation
h(of ® 02) = h(0) + h(cd).
Proof. Chooser € N such thatN \ X C [0, ¢]. Thuss;s; ands,s, commute whenever
min{lk —il, |k — jI, [€ —il, £ — jI} > t.

Thus by the arguments of the proof of Theorem 44(X)e, o¢) IS an entropick -system.
Also by repeating the arguments from Proposition 4.3 we find

1
lim ——— H(A?) = h(oe).
M o1 1A = h(oe)

Now it follows just as in Corollary 4.4 that the product formula (i) holds. In particular,
whenX; = X, i =1,2, then

h(O’e ® Ge) = 2/1(0'9).

However, since the elements; ®s;s; andsese ® sks, pairwise commute for all, j, k, ¢,

we have
1
mH(Ao, 0e ® 0e(Ag), ..., 0k ® 0k (Ag)) =log2, k€N,
where A is the abelianC*-subalgebra ofA(X)e ® A(X)e generated by thes; ® s;s;.
Thus

h(oe ® 0g) > |Og 2,

henceh(oe) > %log2. By Proposition 2.1h(o) < %Iogz sinceX is nonperiodic, so
thath(oe) < h(o) < %Iog 2. This completes the proof. O
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In particular, we have shown the following (as also follows froRrd], since the
assumption implieX is eventually periodic).

COROLLARY 4.6. If N\ X is finite theni (o) = log 2

COROLLARY 4.7. LetN \ X be finite. Then

1
Moreover, ifN \ X; is finite,i = 1, 2, then
h(o1 ® 02) = h(o1) + h(oy).

Proof. By our previous arguments it suffices to sh@w. Sinces;s; = =sos;sos;, it
follows that

A% = C*(sosj : j € [—n,n)).
Sinceso(sos;) = s; it follows that
Al=n,n] = C*(s0, A
which by the commutation relations is containedVa(C) ® A%. Thus we have
H(A}) < H(A[-n,n]) <log2+ H(A}).

hence the corollary follows from Proposition 4.5(ii) and Corollary 4.6. d

5. Completely positive entropy

Definition 5.1.We say(A(X), o) hascompletely positive entropy H (B, o) > 0 for all
finite-dimensionalC*-subalgebras® of A(X).

In the classical case this is equivalent(#(X), o) being an entropid -system. It
is immediate from our next lemma that an entrofiesystem has completely positive
entropy.

LEMMA 5.2. Let B ¢ A(X) be a finite-dimensional*-algebra. Then

1
—-H(B,oc") < H(B,o), neN.
n

Proof. The lemma follows from the inequalities

}H(B,a”) _ 1 lim iH(B,a"(B),...,a""(B))
n nk—oook+1
< Yim " HGB.e®B).....c™®B)
T nksookn+n
= H(B,0) O
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In this section we shall show that not all systemsX), o) with completely positive
entropy are entropick-systems. Then we shall exhibit an uncountable family of
nonconjugate system& (X), o) with completely positive entropy for which(c) =
% log 2, and thus obtain the analogue of the similar result in the classical case by Ornstein
and Shields QS].

LEMMA 5.3. SupposeX is nonperiodic and eithek c {1,3,5,...}or X © {1,3,5,...}.
Thenh(o) = 3 log 2

Proof. Assume first thatX c {1, 3,5,...}. Let Ag = C*(sg), SO Ag is isomorphic to the
diagonal 2x 2 matrices. Sinceysy; = so;s2 for all i, j € Z, the algebrasg? (Ag) and
0%/ (Ag) mutually commute, and? acts as the 2-shift on the abeliari-algebraD they
generate. Thusg(o?|D) = log2. Hence

h(o) = 3h(0?) = 3h(c® D) = Slog 2

The converse inequality follows from Proposition 2.1.

SupposeX D {1,3,5,...} and putt; = s2;_152;, j € Z. Then a straightforward
computation shows that the's commute and that? acts as the 2-shift on the abelian
C*-algebra they generate. The proof is then completed as above. O

LEMMA 5.4.Let ¢ > 1 be an odd integer. Supposeé C {¢" : n € N}. Suppose
a € A[0,q" — 1]l andb € A[2mq", (2m + 1)¢" — 1], m € N. Thenab = ba and
t(ab) = t(a)t (b).

Proof. We have
A[2mq", 2m + 1)g" — 1] = 62" (A[0, ¢" — 1]).

Thus there exists € A[0, ¢" — 1] such thath = 62"¢"(c), hencea andbh commute if
2mq" +x —y ¢ X wheneverx, y € [0, ¢" — 1],

or rather
2mq" +x #q"" +y foralteZ, x,y€[0,q" —1].

Assume on the contrary that we have equality for seneeZ. Thenx # y sincegq is
odd. If x > y then
O<x—y=4q"(qg" —2m).

If + > 0 theng’ — 2m € N, which meansx — y > ¢", which is impossible since
x,y €][0,¢" —1]. If t < 0theng’ —2m < 0, which is contrary tor — y being positive.
Suppose next that < y. Then similarly

O<y—x=4"2m—q"),

and again we obtain — x > ¢", contrary to assumption.

Finally, since t(s;,...s;) = 0 wheneveri; < --- < i, and the linear span
of such products of;’s and the identity 1 is dense iA(X), it is immediate from
the first part of the proof that(ab) = t(a)r(b) Whenevera € A[O,¢" — 1] and
b € A[2mq", (2m 4+ 1)¢g" — 1], m € N. (]
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LEMMA 5.5. Suppose; > 1is an odd integer and C {¢" : n € N}. Then for each
finite-dimensionalC*-subalgebraB of A(X) we have
lim H(B,o%") = H(B).

n—0o0

Proof. If B C A[—3(¢" — 1), 3(¢" — D] then in view of Lemma 5.4,

1 . .
—— _H(B,0c%"(B),...,0%""(B)) = H(B), m €N,
m-+1

hence
H(B,o%") = H(B). (%)

Now supposeB ¢ |, A[—m, m] with m = %(q” —1). Then, as before, we can
considerA(X) as a strongly dense subalgebra of the hyperfihitefactor R. For every
m as above we can construct a completely positive map B — A[—m, m] such that
ym(a) — a strongly asm — oo (see proof in CNT, VII.4]). Now it follows from (x)
and [CNT, VI.3] that

lim H(B,o%") = H(B). O

n— 0o

Summing up we have the following.

THEOREM 5.6. Supposey > 1is an odd integer an C {¢" : n € N}. Then we have:
(i) h(o)=3log2

(i) (A(X), o) is proximally asymptotically abelian;

(i) (A(X), o) has completely positive entropy;

(iv) if X is infinite then(A(X), o) is not an entropick -system.

Proof. (i) follows from Lemma 5.3, (ii) from Theorem 3.3 and (iii) from Lemmas 5.2
and 5.5. Finally, (iv) is a consequence of Theorem 4.2. O

We conclude this section by showing the analogue of the result of Ornstein and Shields
alluded to in the introduction to this section. We recall that4f «) and (B, g) are C*-
dynamical systems then they azenjugateif there is ax-isomorphismy of A onto B
such that = y oo o 7L,

THEOREM5.7. Letq > 1 be an odd integer an®; C {¢" : n € N}, i = 1,2. Leto; be
the corresponding shift od (X;),i = 1,2. Ifthe set{n e N: ¢" € X;n (N \ Xp)} is
infinite, then the systena (X1), o1) and (A(X32), o2) are nonconjugate.

Proof. Denote by{nq, ny, ...} the set ofn € N with ¢" € X; N (N\ X,) and assume
ny<ny<ng<---. Theng" ¢ X, for i € N, and hence

[¢" ' +1¢" Tt -1 C N\ Xa.

Since
qni _ qni—l+ 1= qn,‘—l(q _ 1) +1—> o0 asi— o0,
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andg"*!t —¢" —1— oo asi — oo, it follows that
lo3" (), 311l - 0 asi — oo
forall x,y € A[—n + 1, n] C A(Xy) with n fixed. Thus for allx, y € A(X>),
lim fi[o3” (). ¥ = 0.

On the other hand, singg' € X; we have

1oz (so), solll = Ills,z, » solll = 2.
It follows thato; ando, are nonconjugate. O

Combining Theorems 5.6 and 5.7 we have the following.

COROLLARY 5.8. There is an uncountable family of pairwise nonconjugate systems
(A(X), o) with completely positive entropy and entrapiy) = % log 2

6. Shifts without completely positive entropy

It was shown in NST] that there are shifts with zero entropy, hence in particular without
completely positive entropy. We shall now exhibit examples when the entropy is positive,
but the system does not have completely positive entropy. For this the following result
is useful.

THEOREM 6.1. Letk € N and suppos& C kN is nonperiodic.
(i) If kis even therh(c) = 3log2

(iiy If k is odd themi(o) > ((k — 1)/2k) log 2.

(iii) If kN \ X is finite theni (o) = 3 log 2

Proof. If K = 1 then (ii) is obvious, and i’ = N then (iii) follows, for example, from
Corollary 4.7. We shall therefore assurhe- 2. Put

AjIC*(Sk,1+j:I’l€Z), ]=0,1,,k—1

If i # j then
kn+j—km—i=kn—m)+j—idkZ.

Henceg(lkn + j — km — i]) = 0, and therefore
Skn+jSkm4i = Skm+iSkn+j-

Thus theC*-algebras4;, j € [0, k — 1], commute pairwise. NowAo = C*(t,,n € Z)
with ¢, = s,x. Since [,, t,] = 0 if and only if |m —n| ¢ %X, Ag is of the form A(Y)
with ¥ = (1/k)X c N. Since X is nonperiodic, so i&¥. Hence Ay, and therefore
Aj = 07(Ap) is isomorphic to the CAR-algebr#P] and so

k—1
AX) = ®A,-,
j=0
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ando* leaves eact; globally invariant. Thus

ok = @a"mj.
j=0
Suppose first that = 2m is even. Then
AX)=(Ai® AN ® (A28 A3) ® - - - ® (Azm—1) ® Azpn_1).
Denote by
Ci = C*(Stnt2i @ Stnq2i+1 M € L) C Ay ® Agiyr, 1 €[0,m—1].

ThenC; is abelian, anad* restricted toC; is the 2-shift, hence has entropy log 2. Thus
1
ho) = Th(@")

1 &
> %h(a ICo® -+ ® Cp-1)

1 m—l
= 2 hticy
i=0

1
= Emlogz

1
— log2
29

By Proposition 2.1/(c') = 1 log 2.
If kK =2m + 1, then similarly

AX) =A@ (A1 ® A2) ® - Q (A2n-1 ® A2n),
hence by §V, Lemma 3.4]

1 1<
h(o) > Eh(okmo) + 4 ;h(o’w,-,l ® Az))

1
> mlog2 ()
k—1
= ——log2
T
Finally, if kN \ X is finite with k odd, sayk = 2m + 1, then as above
AX)=A0®(A1® A2) ® - ® (Azu-1 ® Azy).
In this casedq is the CAR-algebra anbl(o*|Ag) = % log 2 by Corollary 4.7. Thus by)
1 1 1
—log2+ -mlog2= =log2
h(U)ZZkOQ +km09 209,

completing the proof of the theorem. O
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THEOREM 6.2. There exists a nonperiodic sEtsuch that- has positive but not completely
positive entropy.

Proof. Let Xo C N be a set such that the corresponding shifthas entropy zero; see
[NST]. Put X = 2Xo = {21 : n € Xo}. By Theorem 6.11(c) = 3log2. With Ao and
A1 as in the proof of the theoremiyy = A(Xo) ando?|Ag = oo, and similarly forA;.
Thush(o?|Ag) = 0= h(c?|A1). In particular, for all finite-dimensional*-subalgebras
BC A;,i=0,1, H(B,o% = 0. Now let B = C*(sg) and By = o(B) = C*(s1). Then
we have by subadditivity of the entropy functiéh [CS, Property B] that

H(B,o(B),...,0?"(B)) < H(B,0%B),...,0?"(B))
+H(B1,0%(B1),...,02"2(By)).

Hence
H(B,o) < 3H(B,o% + 3H(B1, 0% = 0.

Thuso does not have completely positive entropy. O

Remark 6.31n analogy with the classical situation, iflc) > 0 we say ac-invariant

C*-subalgebra,, of A(X) is aPinsker subalgebrd it satisfies the following conditions:

() h(o|As) =0;

(iiy if B is a finite-dimensional*-subalgebra ofA(X) such thatH (B, o) = 0, then
B C A,.

It is clear from (ii) that a Pinsker subalgebra, if it exists, is unique. The classical result
of Pinsker ME] states that there exists a nontrivial Pinsker subalgebra in the classical
case when the transformation has positive entropy. In our case, however, this is false.
Indeed, a counter example is provided by the situation in Theorem 6.2, since by its proof
eachC*-subalgebraC*(s;) would belong to the Pinsker algebrh, if it exists, hence
A D C*(s; i i € Z) = A(X), a contradiction.

Remark 6.41n the proof of Theorem 6.2 we used a systeAi{Xo), og) With h(og) = 0.
A refinement of the argument ilNBT] yields an uncountable family of such systems
which are nonconjugate. We omit the rather technical proof.
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