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This paper considers dynamic time series binary choice models. It proves near epoch
dependence and strong mixing for the dynamic binary choice model with correlated
errors. Using this result, it shows in a time series setting the validity of the dynamic
probit likelihood procedure when lags of the dependent binary variable are used as
regressors, and it establishes the asymptotic validity of Horowitz’s smoothed maxi-
mum score estimation of dynamic binary choice models with lags of the dependent
variable as regressors. For the semiparametric model, the latent error is explicitly al-
lowed to be correlated. It turns out that no long-run variance estimator is needed for
the validity of the smoothed maximum score procedure in the dynamic time series
framework.

1. INTRODUCTION

For a dynamic linear time series model

P
Ynzzpjyn—j‘l‘}’/xn‘l‘un’ @®
j=1
n=1,...,N, it is well known that an important condition for consistency as
N — oo of the least squares estimator is that E(u,|y,—1, ..., Ya—p,xn) =0, and
that even if u, is weakly dependent, consistency can be proven as long as this
condition holds, without the assumption of normality on u,,. In this paper we ana-
lyze maximum likelihood estimation of the dynamic probit model of order p and
maximum score estimation of dynamic binary choice models of order p, and we
explicitly allow the error to be correlated. We define the dynamic binary choice
model of order p as

)4
=T pjyn—j+7 Xn+u,>0]|, )]
j=1

where I(-) denotes the indicator function, x, is predetermined, and u, can be
correlated and heteroskedastic. We first show near epoch dependence and strong
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mixing for this model. We then impose identifying assumptions to ensure identi-
fication of the probit model and the binary choice model. For conditional maxi-
mum likelihood estimation of the dynamic probit model, the key condition that is
needed will turn out to be

14
E()’nlxn, yn—lsyn—27 ) = q) (z pjyn—j + V/xn> b (3)

j=1
while in the smoothed maximum score setting, we will need the condition
Median(unlyn—l’---ayn—psxn) =0. €))

Throughout this paper, @ (-) denotes the distribution function of a standard normal
random variable. Therefore, this paper analyzes the dynamic time series binary
choice model at a level of generality that is comparable to the level of generality
at which linear dynamic time series models can be analyzed.

Manski (1975) uses the sign function to develop the first semiparametric esti-
mator for the binary choice model. Cosslett (1983) and Ichimura (1993) derive
alternative estimators for the binary choice model. Imbens (1992) and Matzkin
(1992) also develop estimators for the semiparametric binary choice model. Fi-
nally, in his seminal paper, Horowitz (1992) smooths the sign function of Manski
(1975, 1985) and derives an estimator that is asymptotically normally distributed.
However, all these estimators assume that one has a random sample. Thus, none
of these estimators allows for lagged dependent explanatory variables. Park and
Phillips (2000) assume that one of the regressors in a binary choice model is in-
tegrated, and they assume that all regressors are exogenous, thereby excluding
predetermined variables and lagged y, as possible regressors. Other recent papers
that consider multinomial choice models in the presence of an integrated regressor
are Hu and Phillips (2004) and Moon (2004).

In this paper we consider the binary choice model in a time series setting and
we allow for lagged dependent variables and predetermined regressors as explana-
tory variables. For the semiparametric case, we only impose a median assumption.
Thus, we allow the variance (and other moments of the error distribution) to de-
pend on lagged error terms, lagged dependent variables, as well as regressors.
Moreover, the median assumption allows for heteroskedasticity that is caused by
random coefficients, e.g., a data generating process whose parameters are random
and symmetrically distributed around (p’, y”)’.

Binary choice models in a time series context have been used in a number
of settings. Eichengreen, Watson, and Grossman (1985) considered a dynamic
binary choice model

yo=1(y; >0) where ¢(L)y, = f'xn+€n.

The stationarity of this model simply requires that the roots of ¢ (z) are outside the
unit circle. This model does not allow for the actual state y, to impact y,, and we
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can view y, as a form of imperfect measurement of y,. In a setting where y, rep-
resents the presence in time period n of an intervention by a monetary authority,
or a change in the Federal Funds rate, it seems natural to presume that lagged val-
ues of y, will have a direct impact on y,, which is ruled out by this specification.
Dueker (1997) discusses how U.S. recessions can be predicted using the slope of
the yield curve and estimates the dynamic binary choice model that is considered
in this paper. Kauppi and Saikkonen (2008) use binary choice models to predict
recessions in the United States and note that lagged dependent variables improve
the predictions. Hahn and Kuersteiner (2005) use the geometric mixing results
derived in this paper in a panel data heterogeneity logit model to show asymptotic
properties of their estimator. Other work on discrete-valued dependent variables
includes, for example, Hamilton and Jorda (2002), who analyze how the Federal
Reserve determines the level of the Federal Funds target, and the autoregressive
conditional multinomial (ACM) model of Russell and Engle (1998). Furthermore,
Ruud (1981) and Poirier and Ruud (1988) consider the probit model with corre-
lated errors. Robinson (1982) considers the Tobit model with correlated errors.
However, no formal stationarity properties for dynamic probit models are derived
in these papers, nor anywhere else in the literature as far as the authors are aware.
Other potential applications include finance models concerning the likelihood of
a financial transaction in a given time period, as well as models concerning labor
market participation decisions in which the relative importance of wealth versus
welfare effects are studied.

The setup of this paper is as follows: In Section 2 the weak dependence
properties of y, are analyzed. Section 3 analyzes the dynamic probit procedure
when lagged values of y, have been included among the regressors and nor-
mality of u, is assumed. In Section 4 we consider consistency of the smoothed
maximum score estimator of the dynamic time series binary choice model. The
smoothed maximum score estimator was first suggested in Horowitz (1992).
Section 5 establishes asymptotic normality of the smoothed maximum score
estimator.!

2. PROPERTIES OF THE DYNAMIC TIME SERIES BINARY CHOICE
MODEL

A key aspect of the analysis below is to show that y, satisfies the appropriate
“fading memory” property when generated through a general dynamic binary
choice model with regressors and possibly correlated errors. For the analysis of
the smoothed maximum score estimator, this “fading memory” property that is
proven for y, needs to be strong enough to allow a proof of an equivalent of the
Hoeffding inequality, and it needs to allow for a proof of a central limit theorem
(CLT) for a function of y, and x, that depends on N in a situation where no
martingale difference CLT can be applied. For a proof of validity of the dynamic
probit model, the “fading memory” property only needs to support laws of large
numbers and uniform laws of large numbers.
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The “fading memory” property that we will prove for y, is that of near epoch
dependence. The idea of the proof is similar to that of proofs for showing fading
memory properties of processes y, of the form

Yn = fn=1) +€n, €))

where f(.) is such that | f(x) — f(y)| < L|x — y| for some L < 1. Functions
f () satisfying this condition are called contraction mappings. Such proofs can be
found in Bierens (1981) and Potscher and Prucha (1997), for example. Potscher
and Prucha (Sect. 6.4) contains a thorough discussion of these types of results, but
the approach in the proof of this paper is different from the techniques discussed
there. The differences are that the f(.) function in the dynamic binary choice case
is not continuous, depends on €, is not strictly less than 1, and depends on more
than one lagged value of y,. These problems are essentially solved by smoothing
the response function by the expectations operator, by using the fact that y, is a
binary random variable, and by the use of the appropriate metric on the arguments
of the f(.) function.

Near epoch dependence of random variables y, on a base process of random
variables 7, is defined below.

DEFINITION 1. Random variables y, are called near epoch dependent on 7, if

SUpELYy — EOnlflnems nem-t1s - -» ) 1> =v(m)* = 0 asm — oo. (6)
nez

The idea behind the near epoch dependence condition is that given the last m
error terms 7, ¥, should be predictable up to arbitrary accuracy. The base process
11, needs to satisfy a condition such as strong or uniform mixing or independence.
For the definitions of strong (a-) and uniform (¢-) mixing; see, e.g., Gallant and
White (1988, p. 23) or Potscher and Prucha (1997, p. 46). The near epoch de-
pendence condition functions as a device that allows approximation of y, by a
function of finitely many mixing or independent random variables #,. An intu-
itive explanation of the near epoch dependence concept is that for large m, the
conditional expectation of y, given the last m elements of the base process 7, is
close to yj,.

Note also that for strictly stationary (y,, #,), the “sup” in the above definition
can be removed, because in that case

Ely, _E(ynlrln—ma 7711—m+la---»7’ln)|2 )

does not depend on n. The reader is referred to Gallant and White (1988) for a
detailed account of the near epoch dependence condition. See also Potscher and
Prucha (1997) for a more up-to-date treatment of dependence concepts such as
near epoch dependence.
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The main results of the paper are the conditions under which y, is stationary
and near epoch dependent (Theorem 1) and the conditions under which y, is
strong mixing (Theorem 2). Unlike the linear autoregressive model, no restrictions
on the parameter space are needed for stationarity, near epoch dependence, or
strong mixing.

For establishing near epoch dependence of y,, we have the following result:
Define S as the set of all 27 possible p-vectors s such that its elements s; are O or
1, and define

(D:{gé:gé:ipisi,seS}. 8

i=1
Let ¢min denote the smallest element of @, and let ¢max denote the largest element.

THEOREM 1. Consider the model y, = I(Zf:1 PjYn—j +nn > 0). Let ny, be
strong mixing and strictly stationary. Assume that there is some 6 > 0 and a pos-
itive integer K such that

.....

,,,,,

<1—0 almost surely. 9

Then there exists a strictly stationary solution y, = f (n, n—1, - - .) to the model
that is near epoch dependent on 1y, and its near epoch dependence sequence v(.)
satisfies v(m) < Ciexp(—Cam) for positive constants Cy and Cj. Also, f(ny,
Nn—1,-..) Is unique in the sense that if g(n,, Mn—1, . ..) is also a strictly stationary
solution to the model, then f(Hn, Hn—1,...) = &(n, =1, - ..) almost surely.

Note that if 7, = y’x, + u, for strong mixing and strictly stationary (x,,, uy),
clearly #, is mixing as well. This observation will be used below.

The formulation of the above theorem can be compared to what can be shown
for a simple AR(1) model y, = py,—1 + #,. In that case, ZJQiopj’Yn—j + Cp"
will solve the model for any value of C, but the strictly stationary solution is
obtained for C = 0. In addition, for our model our uniqueness statement has to
rule out forward-looking solutions that are functions of #,41, #,+2, . . ., which are
also possible.

The assumption of equation (9) limits the predictability of y, given the distant
past. If %, is M-dependent (i.e., 77, and #,+, are independent for some value of
M), then the required condition is

..........

P (¢max +i£rllaxp7’ln—i > 0) = P(¢min +i_1{1inp’7n—i >0) <1-0. (10)

This condition is implied by the assumption of full support on R? for (7,,—1, ...,
n—p)- 1t also follows from the definition of uniform mixing that the assumption
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of equation (10) suffices for the verification of the assumption of equation (9) if #,,
is uniform mixing. Furthermore, if p = 1 and #,, is an invertible MA(co) process,
ie., gy = X2gbin—i where b; is deterministic and the ¢,—; are i.i.d., then we
have

P(¢max+7’ln—l > 0|’7n—2, 77}1—37"') - P(¢min+’7n—l > 0|’7n—2; 7]11—37~--)

=P <¢max+b06n—l > Zbié’n—l—iMn—Za(n—L'u)

i=1

- P (¢min+boén—1 > Zbifn—l—ilén—z,én—&---)

i=1

< Sug | F ((Pmax — x)/b0) — F (($min — x)/bo)|,

where F(-) denotes the distribution of ¢, and the latter expression is less than 1
if by #£ 0, F(-) is strictly increasing, and @max > Pmin-

The proof of Theorem 1 is substantially easier for the case where 7, is i.i.d.,
only one lagged y, is used as regressor, and no other regressors are included. In
that case, we can write

Yn = Yn—11(p1+ 1 > 0)+ (1 = yp—1)I (1, > 0), an
implying that
v = SUpE|yn = EQnlfn-ms -, )|
nez
=%gﬂﬂm+wn>®—lmn>®Xh4—E@wd%ﬂman4N2
n

=|P(p1+unn>0)— Py, > 0)
X SUPElyu—1 = EGn—1 1(i=1)=(n=1> - - - » ln—1)|*
nez
=|P(p1+1n>0)—P(u > 0)vm-1, (12)

which implies that the v(m) sequence decays geometrically under the condition
of equation (9). The proof of Theorem 1 should be viewed as an extension to the
above reasoning.

The fact that y, is a 0/1-valued near epoch dependent random variable can now
be exploited to show that (y,, x,,) is also strong mixing. Note that this observation
apparently has not been made in the literature before. The result is below.

THEOREM 2. Suppose that y, = f(n,, 1n—1,...) is a sequence of 0/1-valued
random variables that is near epoch dependent on (uy, x),) with near epoch de-
pendence coefficients v(m), where 1, =y 'xp +u, and (un, x),) is strong mixing
with mixing coefficients o.(m). Then (y,, x,,) is strong mixing with strong mixing
coefficients C (v(m) + a.(m)) for some C > 0.

The mixing property of (y,,x;,) will be used in the proofs for consistency and
asymptotic normality of the next sections.
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3. THE DYNAMIC PROBIT MODEL

This section examines the behavior of the dynamic probit model estimator that
results from including lagged y, among the regressors. Let 8 = (p’, y’)’ denote
the true parameter and let b = (+/, ¢’), p,r € R?, and y,c € RY, and let R and
I' denote the parameter spaces for r and c, respectively, and let B = R x I'. We
assume normality of the errors so that the normalized log likelihood conditional
on yi, ..., yp has the form

N
Ly)=(N=p)~" Y 1)

n=p+1
N P
=(N— p)_1 Z yplog | @ Z T Yn—j +c'x,
n=p+1 j=1

p
+(1—y,)log (1 -0 ( eryn_j +c’xn>>] . (13)
j=1

Given the result of Theorem 2, it is now straightforward to find standard condi-
tions under which the maximum likelihood estimator bf‘v” L is consistent.

Assumption A.

1. x, is a sequence of strictly stationary strong mixing random variables with
a-mixing numbers a (m), where x, € RY for ¢ > 1 and y € RY, and the sec-
ond absolute moment of x, exists. The distribution of w, = (x},, Yn—1, .-
Yn—p)' is not contained in any linear subspace of RY.

2. Up|Xn, Yn—1,Yn—2..., Ya—p ~iid N (0, 1).

3. = I(Zlepiyn—i + 9 xp 4+ u, > 0).

4. f is an element of the interior of a convex set B.

.

The assumption that the distribution of w, is not contained in a linear subspace
of R? is used in Manski (1975, 1985) and is equivalent to the assumption that
Ew, w), has full rank.

THEOREM 3. Under Assumption A, b%’ L_r, p. If in addition (i) the strong
mixing coefficients satisfy a(m) < Cm™" for positive constants C and n, and
(ii) E|l,(b)|'*? < oo for some § > 0 and all b € B, and (iii) B is compact, then
LML B

N .

Let I = —E(6/0b)(0/0b")L,(B). For asymptotic normality, we need an additional
assumption.

Assumption B. Assume u,|(x,, Vn—1), (Xn—1, Yyn—2) ... ~iid N (0, 1).

THEOREM 4. Under Assumptions A and B, N'/2(bML — B) 4 NO, 17V
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Under the above Assumptions A and B, it also follows that the usual estimators
of I, using either the outer product or Hessian approach, will both be weakly
consistent for /.

Note that given the weak dependence property of Theorem 2, it is also pos-
sible to set forth conditions such that for weakly dependent u, with arbitrary
distribution, Nl/z(b%L - %) —d—> N(0,J) for some matrix J and a f* that
uniquely minimizes the objective function. Here of course f* does not neces-
sarily equal the true parameter value . However, in order to show that the probit
objective function is uniquely maximized at £, we need that a first order condition

of the type
L !/
Ely.—@ Zpiyn—i+y Xn m())n—la---,yn—psxn):O 14
i=1
holds for some function m(., ..., .). This condition is implied by
L /
EGnlyn—ts- X)) =@ [ Y pivn—i+7'xn |, (15)
i=1

and the latter condition is equivalent to assuming that u, is i.i.d. and standard
normal if lagged values of y, are included.

4. CONSISTENCY OF THE SMOOTHED MAXIMUM SCORE
ESTIMATOR

The smoothed maximum score estimator is defined as argmax,.pSy(b,on),
where

N 14
Sv(bon)=(N=p)~" ¥ (2-1(yn=1)—1)1<((Zr,-yn_ﬁc/xn) /aN>

n=p+1 j=l1
(16)

and oy is a bandwidth-type sequence such that oy — 0 as N — oo, where K (.)
is a function such that K (—oo) = 0 and K (0c0) = 1. This objective function is a
smoothed version of the maximum score objective function

N p
Sx®=WN=p)7" ¥ @ IGu=1)=DI{ Y rjyn—j+cx, > 0) . amn
n=p+1 j=1

In addition, let S(b) = ESy; (). This notation is justified because we will use con-
ditions under which (yj, x,) will be proven to be strictly stationary. See Manski
(1985) and Kim and Pollard (1990) for more information and results regarding
the maximum score estimator.

Horowitz’s maximum score estimator can reach the optimal rate of conver-
gence (Horowitz, 1992, 1993). Kim and Pollard (1990) show that the maximum
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score estimator in general is consistent of order N~1/3
model.

The five assumptions below are needed for the proof of our consistency result.

, the optimal rate for that

Assumption 1. Assume (x),,u,)" is a sequence of strictly stationary strong
mixing random variables with a¢-mixing numbers o (m), where x,, € R? forg > 1
and y € R?, and

p

yn=]<2piyn—i+y/xn+un>o>~ (18)
i=1

The next assumption is simply the assumption of equation (9) in Theorem 1 for

=9 Xn+ty.

Assumption 2. For ¢, and ¢nmin as defined before, for some J > 0 there exists
a positive integer K such that

P(¢max+ . HllaX (V /xn—i +up—i) > O|yn—p—K: Yn—p—K-1, o)
i=1,..,p

,,,,,

<1-4. 19)

By Theorem 1 and the discussion following that theorem, (y,, x,;)’ is strictly sta-
tionary under the above two assumptions. This justifies the formulation of the
assumptions below in their current forms.2 Define X,; as the elements of x,, i.e.,
X) = (Xp1,Xn2, ..., Xng)', and define X, = (Vn—1, -+, Yn—p>Xn2, - > Xng)-

Assumption 3. (a) The support of the distribution of (x,1, X))’ is not contained
in any proper linear subspace of R?*4. (b) 0 < P(y, = l|x,1,%,) < 1 almost
surely. (c) y1 # 0, and for almost every x,, the distribution of x,;; conditional on
X, has everywhere positive density with respect to Lebesgue measure.

Assumption 4. Median(u,|x,, Y1, ..., Ya—p) = 0 almost surely.

Assumption 4 allows for heteroskedasticity of arbitrary form, including
heteroskedasticity that depends on lagged values of y,. If all regressors are ex-
ogenous, Assumption 4 allows for correlated errors, e.g., the errors could follow
an ARMA process.

Assumption 5. Assume |y{| =1, and ﬁN =(p1,---»Pp>¥2,---5Vq) is contained
in a compact subset B of RP+4~1,

We need some form of scale normalization; we set |b1| = 1 here, as in Horowitz
(1992). Therefore, the estimator by is defined as

by :argmaxb:|b1|:1SN(b,aN). (20)

The result below shows the consistency of by .
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THEOREM 5. Under Assumptions 1-5, by SN p. If in addition the strong
mixing coefficients satisfy o.(m) < Cm™" for positive constants C and n, then
by =5 B.

5. ASYMPTOTIC NORMALITY OF THE SMOOTHED MAXIMUM
SCORE ESTIMATOR

Define, analogously to Horowitz (1992), b= (r1,...,7p,€2,...,¢4), and let

Tn(b,oNn) = 3Sn (b, oN) /0D, (21)
On(b,on) =8>Sy (b,on)/0boD . (22)
Also, define
p /
= PjYn—j+7 %n, (23)
j=1

and let p(z,|X,) denote the density of z,, given x,,, let P(.) denote the distribution
of X,,, and let F(.|z,, X,) denote the cumulative distribution of «,, conditional on
z, and X,,. For each positive integer 7, define

FO(=z,x,%) = 08" F(~zlz,%)/07'. (24)

Let i denote a positive integer that satisfies the conditions of Assumptions 8, 9,
and 10 below, and let

ap= /OO "K' (v)dv, (25)
op = /_ * K ). (26)

Also analogously to Horowitz (1992), define

h
A==2as Y {li!{(h—)1'EIFV(0,0,%,) p" " (01%,) %1}, 27)
i=1
D = ap -E[%,%, p(0|%,)], (28)
Q =2-E[%,%, F (00, %,) p(0l%,)]. (29)

The following assumption is the analogue of Horowitz’s Assumption 5, which is
the assumption below for s = 4. It appears that Horowitz’s truncation argument is
in error (see also notes 2, 3, and 4 and the proof of Lemma 10), but that his argu-
ment is correct for bounded data. This explains the presence here of a condition
that is stronger than that of Horowitz.
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Assumption 6. For all vectors & such that |&| = 1, E|¢’X|* < oo for some s > 4.

We need to strengthen the fading memory conditions of Assumption 1 in order
to establish asymptotic normality:

Assumption 1’. Assume (x/,u,) is a sequence of strictly stationary strong
mixing random variables with a-mixing numbers a(m) such that a(m) < C
m~25=2/6=D=1 for some n > 0, where x,, e R? forq > 1 and y € R?, and

p
yn=l<zpiyn—i+y/xn+un>o>~ (30)
i=1
The assumption below is needed in lieu of Horowitz’s Assumption 6.
Assumption 7. For some sequence my > 1,
0_];3(P+q_1)0_];2N1/Xa(mN) + 01;2(p+q_1)/ﬁN2/Sa(mN)
+ [log(Nm\)I(N'=5aymy?) ™' = 0 as N — oo. (31)

For the case of independent (x,, u,,), a(m) =0form > 1,and we canset my =1
for that case. The condition of Assumption 7 then becomes

(log(N)(N'=563)™1 50 as N - oo, (32)
implying that for bounded data, we can set s = co and obtain Horowitz’s condition
(log(N))(Nop)™' =50 as N = oo. (33)

The next assumptions are identical to Horowitz’s Assumptions 7—11.

Assumption 8. (a) K(.) is twice differentiable everywhere, |K(.)| and K”(.)
are uniformly bounded, and each of the following integrals over (—oo, 00) is fi-
nite: [[K’(v)]*dv, [[K"(v)]*dv, and [|v>K" (v)|dv. (b) For some integer i > 2
and each integeri (1 <i <h), [|v'K'(v)|dv < oo, and

® 0 ifi<h
1 / _ >
/_OOD K w)dv = {d nonzero if i = h. (34

(c) For any integer i between O and &, any # > 0, and any sequence {oy} converg-
ing to 0,

lim a;‘v—h/ o' K’ (0)|do =0 35)
lonv|>n

N—oo

and

lim oy / K" (0)|dv =0, (36)
lonv|>n

N—o00
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Assumption 9. For each integer i such that 1 <i < h —1, all z in a neighbor-
hood of 0, almost every %,, and some M < oo, p'¥)(z,|%,) exists and is a contin-
uous function of z, satisfying |p¥) (z,|%,)| < M. In addition, p(z,|%,) < M for
all z and almost every x.

Assumption 10. For each integer i such that 1 <i < h, all z, in a neighbor-
hood of 0, almost every X,, and some M < oo, F(l)(—zn,zn,in) exists and is a
continuous function of z,, satisfying | F O (—z,, ZnsXn)| < M.

Assumption 11. ,b’~ is an interior point of B.
Assumption 12. The matrix Q is negative definite.

In addition to the above equivalents to Horowitz’s assumptions, we also need
the next two assumptions. The first assumption is needed to assure proper behav-
ior of covariance terms.

Assumption 13. The conditional joint density p(z,,Zn—j|Xn, Xn— ) €xists for
all j > 1 and is continuous at (z,, z,—;) = (0,0) forall j > 1.

The next condition on K”(.) is needed to formally show a uniform law of large
numbers for the second derivative of the objective function.

Assumption 14. K’ (.) satisfies, for some u € (0,1] and L € [0, c0) and all
x,yeR,

|K"(x) = K"(y)] < Llx = y|*. (37

To prove asymptotic normality, we need an inequality in the spirit of Hoeffding’s
inequality, but for weakly dependent random variables. We derive such an in-
equality in the Appendix as Lemma 10. The inequality of Lemma 10 also allows
for martingale difference sequences so that it covers both the random sample case
of Horowitz (1992) as well as the dynamic case.

Our asymptotic normality result now follows. This result, of course, is nearly
identical to Horowitz’s in the nondynamic cross-section case.

THEOREM 6. Let Assumptions 1" and Assumptions 3—14 hold for some h > 2.
Then

() If No2*!' = coas N — oo, oy (by — f) 55 —07'A.
(ii) IfNO'I%,h+1 has a finite limit 2 as N — oo,

(Now) 2oy — f) -5 N(=2207'A, 07 DO ™). (38)

In order to estimate the matrices A, D, and Q, we need an additional result, the
analogue of Horowitz’s (1992) Theorem 3.
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THEOREM 7. Let by be a consistent smoothed maximum~ score estimator
based on oy such that oy = O(n_l/(2h+l)). For b € {—1,1} x B, define

p
tw(b,0) =Q2-1(ya =1)=1)(Z,/on)K’ ( z T'iYn—j +C/xn> /0'> . (39)
j=1

Let oy be such that oy = O(N=%@+D) yyhere 0 < 6 < 1. Then (a) Ay =
(a;\‘,)_h Ty (bn,op) converges in probability to A; (b) the matrix

N
Dy=on(N=p)"" Y tu(bn,on)ta(by,on) (40)
n=p+1

converges in probability to D; and (c) QN (bn,on) converges in probability to Q.

6. SIMULATIONS

In this section we conduct a limited Monte Carlo simulation experiment in or-
der to evaluate the performance of the maximum likelihood estimator and the
smoothed maximum score estimator for the dynamic binary choice model. In or-
der to achieve an empirically relavant setup for conducting our simulations ex-
periment we use the dynamic binary choice models that are proposed by Kauppi
and Saikkonen (2008). Kauppi and Saikkonen estimate the dynamic binary choice
model and then draw several conclusions and make several predictions. We use
the estimates to generate 2,000 data sets and then study the performance of the
maximum likelihood estimator and the smoothed maximum score estimator. The
dependent variable in Kauppi and Saikkonen’s setup is a dummy that indicates
whether the U.S. economy was in recession during a particular quarter. The ex-
planatory variables are a dummy that indicates whether a recession occurred dur-
ing the previous quarter, a dummy that indicates whether a recession occurred
in the quarter before that, and the slope of the yield curve. The slope of the yield
curve is approximated by the difference between the yield of the 10-year Treasury
bond and the yield of the three-month Treasury bill.?

The first model that we consider assumes that the probability of a recession in
the United States depends on the slope of the yield curve and on whether there
was a recession in the previous quarter. In particular,

Py =1yi—1,x-1) = ©(py;—1 + p1x,—1+¢),

where ®@(-) is the standard normal distribution function, y;—; denotes a dummy
that indicates whether there was a recession in the previous period, and x;—1 de-
notes the slope of the yield curve in the previous period. Estimating this model

yields
Probit model Estimate  Std.error
p 2.899 0.663
b1 —0.496 0.253
c —1.256 0.343
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We now take the above estimates as parameters for our data generating process,
generate 2,000 data sets, and estimate the parameters repeatedly. We find the fol-
lowing:

Probit model Mean estimate Bias RMSE

p 3.052 0.153  0.712
b1 —0.549 —0.053 0.178
c —1.309 —0.053 0.389

Also, the simulated recession probabilities closely matched the recession prob-
abilities that were estimated in the sample. For the smoothed maximum score
estimator (SMSE),* we find

SMSE Estimate Bias RMSE

p 2.887 —=0.0123 0.719
c —1.235 0.020 0.513

We also calculated the median of the estimate, the median bias, and the median
absolute error.

Probit model Median estimate Median bias Median absolute error

p 2.947 0.048 0.349
B —-0.524 —0.028 0.092
c —1.280 —0.024 0.219

Similarly, for the smoothed maximum score estimator, we find

SMSE Median estimate Median bias Median absolute error

p 2.860 —0.039 0.479
c —1.220 0.036 0.350

The second model that we consider uses a lag of the yield curve; this specifi-
cation assumes that the yield curve can help predict recessions six months ahead.
The model now is

P(y: =1y—1,%-2) =P (py—1 + p1x,—2+¢),

where x;_» denotes the slope of the yield curve in period ¢ — 2. The parameter
estimates are now

Probit model Estimate  Std.error

p 2987  0.711
B ~0.791  0.292
¢ ~1.140  0.344
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Again taking these values as the parameters for our data generating process, we
generate 2,000 data sets and find

Probit model Mean estimate Bias RMSE

p 3.24 0.253  0.862
B —0.891 —0.100  0.273
c —1.218 —-0.078  0.437

and

Probit model Median estimate Median bias Median absolute error

p 3.097 0.110 0.438
B —0.850 —0.059 0.131
c —1.181 —0.041 0.250

For the smoothed maximum score estimator, we find

SMSE Estimate Bias RMSE
P 2.970 —0.017 0.723

and

SMSE Median estimate Median bias Median absolute error
p 2.960 —0.027 0.467

The simulations show that the estimators perform reasonably well in a realistic
setting. The standard errors are also reasonably close to the RMSE that is derived
using simulations. Given Theorems 1 and 2, one may have expected the perfor-
mance of the estimators to be reasonably close to the performance of these esti-
mators in an i.i.d. setting; after all, the data generating process was exponentially
decreasing near epoch dependence sequence, which suggests that the dependence
properties of the process are not severe. The simulations support this view.

7. CONCLUSIONS

This paper proves near epoch dependence and strong mixing for the dynamic
binary choice model with correlated errors. Using this result, it shows in a time
series setting the validity of the dynamic probit likelihood procedure when lags
of the dependent binary variable are used as regressors, and it establishes the
asymptotic validity of Horowitz’s (1992) smoothed maximum score estimation of
dynamic binary choice models with lags of the dependent variable as regressors.
For the semiparametric model, the latent error is allowed to be correlated. Unlike
the linear autoregressive model, no restrictions on the parameter space are needed
for the stationarity, near epoch dependence, or strong mixing properties of the
data.
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NOTES

1. In addition, some corrections to Horowitz’s proof of the validity of the smoothed maximum
score procedure are provided.

2. Assumptions 1-5 imply the assumptions of Theorem 1.

3. The sample is 1981:01-2005:04 (100 time observations). The dummy variable for recessions
and expansions has been constructed using the official NBER dating of U.S. recessions (1 for periods
of recession, 0 for periods of expansions). The variable y; denotes the dummy variable constructed
in this way; x; is the interest rate spread and is constructed as the difference between the 10-year
Treasury bond yield and the three-month Treasury bill yield and averaged over three months.

4. Note that the parameter vector is normalized such that || = 1.
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APPENDIX: Proofs

Proof of Theorem 1. The dynamic binary choice model of order p can be written as

)4

yn=1 <Z PiYn—i +1n > 0) =8(Vn—1Yn=2>-+>Yn—p>1n)-
i=1

This g(.,...,.) satisfies, for all 0-1 valued y;, y2,..., yu—p and y1,¥2,..., Yn—p,

18315525 -5Yp>in) —8(F15 Y2, -5 Vp> )| < L(nn)j_lillaXplyj =¥l

where

L(mp)= sup |I(p+n,>0)—1(¢ +n,>0)
b,

and @ was defined in equation (8). The idea of the proof is to show that the process y, can
be approximated arbitrarily well by using a function of a finite number of #;,; this is the
content of the near epoch dependence concept. We do this by using for our approximation
y the y that would have resulted if the process had been started up using O values for
the yy, and 7, that occurred m periods or longer ago. Formally, for all n define y,' = 0 for
m < 0. Then for all m > 1 recursively define

. am—1 Am—2 A —
y’r;n =g(y,r1"_1 ’)’31_2 ,-.-,yn_pp,nn)-
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Note that by construction, 3" = fiu (n> fln—1, .- -» fin—m). Define maxjeac; = 0 if A is
empty. Next, note that by assumption there exist positive integer K and ¢ > 0, such that for
Pmax and @i, as defined below equation (8),

IE(j_r?aX ) Ltn—j+Dn—pk > t—pk—15-- |

< | P($max +j_r?axp7’ln—j+l > Oln—pK > tn—pK—15--+)

_P(¢min+j_r}1in p’?n—j+l > 0lfy—pK > tn—pK—1,--) <1—=3

for some J > 0. Then for the approximators y)' we have, using 0 < L(-) < 1, for any k > 0,

IAm+k j=1 _ Am—/+l

j_nllax Yn—j+1 Yn—j+1l
= max(|g O M2 T ) — g e ),
e T =D
< max(L(n1,) ':nllaxp|§;r’l"__jf+k = jl"nzlf').( |j\}:Ln ]j_:—ll-i-k AZ1—]/+-|-11|)
< max(L ()15, = 50 I,_:rgaxPlﬁfl"__jﬁHk A

+k $ am—j—1
< max(LOm3=) = S0 L) max D1 =50/

i

_max |yn— —j+1 yn ]Jr] |)

j=3,..
sm—p+k  .m—p am—p—1+k _ Am p—1
SmaX(L(rIVl)b]n -p _yn— | L(’?n l)lyn p— 1 }’l p— lla
sm—p+k _ Am am—j+1+k Am j+1
L(”/n—l)lyn P | n3”1,ax’ |yn j+1 n J+1 |)

sm—p—j+l+k  m—p—j+1
=< __nllax Ly ]—H) max |yn—p—j+l T Vn—p—j+1 [

J p P
and again using 0 < L(-) < 1, we also have by repeating this reasoning K times, for all
K>1,

amtk—j+1 Am ]+]|

a",mak_.nllax |yn —j+1 Yn— j+1

]_
m+k—pK—j+1  sm—pK—j+1

< _IIllaX L(ny— j-‘rl) maX |yn pK—j+1 yn_pK_j+1|

J
= Lnan—pK.m—pK k-

Therefore,
anmk < Lnln—pk Ln—2pK - Lu—[m/(pK)IpK Gn—[m/(pK)IpK ,m~[m/(pK)1pK k

[m/(pK)]

<2 H Ln—ipK a.s.,
i=0
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where [x] denotes the integer part of x. Next, note that by assumption there exists positive
integer K and ¢ > 0, such that for ¢max and @i, as defined below equation (8),

|E(j_nllaxpL(’?n—j+l)|77n—pKa M—pK—1s---)
= | P($max +j=H115.1.).§ p’7n—j+l > Oln—pk > tn—pk—1----)

— P(¢min +j7r{1in p’7n—j+1 > 0lyn—pk > Yn—pk—1,--)| < 1-6

5

for some 6 > 0. Therefore, by successive conditioning it follows that

Emax [ 5 — 5112 < 2(1 — o)/ (PO,
k>0

By the Cauchy criterion it now follows that y/* converges a.s. as m — 00. Also, limy;— oo

I satisfies

h h
— : BT ~m T . am
y (r,n) = Eexp (l El rj mlg%oyn—j> = i, Eexp <l,§1 7y yn—j>

by the dominated convergence theorem. Because 7' = f,,(#y, . .., #in—m) and by the strict
stationarity of #,,, it follows that Eexp(i 27: 17 ﬁf_ j) does not depend on n, implying that
limy,,—s 00 yji" is strictly stationary. A similar argument shows that the pair (yy, x;,) is strictly
stationary. In addition,
. sm o sm2 sm+k _ sm 2 _ s\[m/(pK)]
< <
E| lim 3, =¥y | ,Eigl(n)lyn Y I7=2(1-9) ;

which shows the asserted property of the near epoch dependence numbers. Finally, if

g(n, Ny—1, . ..) would be an alternative solution to the model, then for any m > 0

Elg (s n—1.--) = 7" > < 2(1 = )"/ (PK)]

by the same argument as before, implying that f(.,...) = g(.,...) a.s. u
Proof of Theorem 2. Let &, denote the s-algebra generated by ((xa,Ya), ...,

(xp, ¥p))- The definition of the strong mixing coefficients is

sup sup {I1P((xn, yn) € F, Xn4m> Yn+m) € G) — P((xn, yn) € F)
n€Z FeX_oo1,GEXtym, 0

P((xn+m»> Yn+m) € G)};

see, for example, White (2001, p. 47). Because y;, is a 0/1-valued random variable, there
are only four possibilities for the values of the (yy, y,—m) pair. Therefore,

P((xn,yn) € F, Xn+m> Yn+m) € G)

11

=E 2 2 1 ((xn, yn) € F, Xntm, Ynym) € GY (yn =) (Yp4m = J)
i=0j=0

1 1
EY Y I((n.i) € F, Gngms ) € GV (n = )] Gngm = J)
i=0,=0
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and
1
P((xn,yn) € F) =EI((xn,yn) € F) 2 I(yn=1),
i=0
implying that

[P ((xn,yn) € F, (Xn+m, Yn+m) € G) — P((xn, yn) € F)P((Xn+m> Yn+m) € G)|

1 1
< Z 2 [EI((xn,1) € F, (Xntm, j) € GY (yn =) (Yn+m = J)
i=0,=0

—EI((xn,1) € F)I (yn = DEI ((Xn4m, j) € G) (Ynm = J)I.

For the case y;, = 1, yu+m = 1, we now have, defining F,, = o (vy,0,—1,...) for v, =

(u}’la x;l)l’

[EI((xn, 1) € F)yn I ((kn+m»> 1) € G)Yntm —EI((xn, 1) € F)ynBI((xnm, 1) € G)yn+ml
= [EBI((xn, 1) € F)yn[EU ((cntm> 1) € G)yntm|Fn) —EI((¥ntm, 1) € G)yntmll
< BIE(( (xn4m> 1) € G)yn+m|Fn) —EU ((xn+m> 1) € G)yn+m)l,

and convergence to 0 with m of the last expression constitutes the L -mixingale condition

for I((x,, 1) € G)y, with respect to Fy; see, for example, Potscher and Prucha (1997) for

a definition of an L-mixingale. Now I ((x,, 1) € G)yjy is a sequence that is bounded and
near epoch dependent on v,,, implying that it is an L |-mixingale, which in turn implies that

E[E(I((xn, 1) € G)ynlFn—m) —EU ((xn, 1) € G)yn)| < C(v(m)+a(m)).

The cases y, =1, yu4m = 0; yn =0, yp4m = 1; and y, =0, y,—,» = 0 are analogous,
which then proves the result. n
For the proof of Theorem 3, we need two lemmas. Let w;, = (Yy—1, ..., Yn—p.x},) .

LEMMA 1. Under the conditions of Theorem 3, and B being compact, Esupycp
1n(D)] < oo.

Proof of Lemma 1. Note that Ew,w), exists by Assumption Al. Existence of Ew, w},
and the probit specification imply the result. The reasoning is similar to the result for cross-
section probit; see Newey and McFadden (1994, p. 2125, Ex. 1.2). n

LEMMA 2. Under the conditions of Theorem 3, (i) Bwyw), is positive definite and (ii)
El,, (D) is uniquely maximized at b = .

Proof of Lemma 2. Note that Ew,w), exists by Assumption Al. The assumptions of
Theorem 1 are satisfied so that (x},, y;) is strongly stationary. The assumption that dis-
tribution of wy, is not contained in any linear subspace of R?*4 implies that Ew, w), is
nonsingular so that Ew,w], is positive definite. Let b # f so that E[(w), (b — )] = (b —
B)YEwnpw), (b—B) > 0, implying that w), (b — B) # 0 on a set with positive probability, im-
plying that w),b # w/, § on a set with positive probability. Both ®(z) and ®(z) = 1 — ®(z)
are strictly monotonic, and therefore w},b # w}, implies that both ®(w},b) # ®(w},B)
and ®(w),b) # ®(w),f). Thus, the density

Pnlwn, b) = ©(w),b)"" ®(w)b) = # p(yplwn, B)
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on a set with positive probability. Note that El, () is concave so that it is uniquely mini-
mized at b = . u

Proof of Theorem 3. For convergence in probability, we check the conditions of
Theorem 2.7 of Newey and McFadden (1994). The objective function L, (b) is concave.
The stationarity and strong mixing assumptions imply ergodicity; see White (2001, Thm.

3.44). This implies pointwise convergence, Ly (b) SN El, () for all b. Lemma 1 proves
that El,, () is uniquely maximized at . Therefore, all conditions of Theorem 2.7 of Newey
and McFadden (1994) are satisfied, and consistency follows. For almost sure convergence,
note that it is easily seen from Lemmas 1 and 2 that all the conditions of Theorem Al
of Wooldridge (1994) are satisfied, except for the condition of uniform convergence in
probability of Ly (b). Note that Wooldridge’s Theorem Al can be extended to include a
strong convergence result if instead of uniform convergence in probability of L y (), uni-
form almost sure convergence Ly (b) is assumed. To show this uniform convergence, we
use the generic uniform law of large numbers of Andrews (1987). To show the strong uni-
form law of large numbers, this theorem requires compactness of the parameter space, and
in addition it needs to be verified that the summands ¢, (w;, b) are such that g, (wy, b),
43 (wn,b) = suplgn(wn.b) : b € B,|b—b| < p}, and qus(wn,b) = inf{gn(wn,b) : b
B, |b—b| < p} are well-defined and satisfy a strong law of large numbers, and that for all
beB,

lim sup [N~ z Eq, (wn,b) — Eqan(wn, b)| =

P—)OneZ n=1

The latter condition follows from stationarity of (yy,xy), continuity, and the envelope
condition of Assumption A. In addition, g, (wy, b), g, (wn, D), and gn«(wp, b) are well-
defined and strong mixing random variables, so that we can apply the strong law of large
numbers of Theorem 4 of de Jong (1995), from which it follows that if a(m) + v(m) <
Cm~" for some positive constants C and 7, these variables will satisfy a strong law of
large numbers. This is because under the condition that E|/, (b)|1+5 < 00, the summands
will be an L 5/>-mixingale. n

LEMMA 3. Under the conditions of Theorem 4,

(N = p) 2Ly () /0b) p—p ~5 N(O, 1),

Proof. Note that by assumption, E((0Ln(b)/0b)|p=plwn) = 0 so that E(0Ln(b)/
0b)|p=p = 0. Moreover, (0L,(b)/0b)|p—p is a martingale difference sequence that is
strong mixing and strictly stationary. In particular, the version of Bierens (2004, Thm.
7.11) of a central limit theorem of McLeish (1974) yields asymptotic normality. Applymg
the information matrix equality yields the result.

Proof of Theorem 4. We prove Theorem 4 by checking the conditions of Newey and
McFadden (1994, Thm. 3.1). Consistency was shown in Theorem 3. Condition (i) was
assumed. Condition (ii), twice differentiability of the log likelihood, follows from the pro-
bit specification. Condition (iii) was shown in Lemma 3. Note that stationarity and strong
mixing imply ergodicity; see White (2001, Thm. 3.44). Condition (iv) then follows from
the probit specification and reasoning similar to Newey and McFadden (p. 2147, Ex. 1.2).
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Nonsingularity follows from the probit specification and Ew,w), being positive definite so
that condition (iv) is satisfied. n

For the proof of Theorem 5, we need additional lemmas.

LEMMA 4. Forall a € R, if 0 < z, < 1 and (zn, Xxp) is strictly stationary and strong
mixing, then

N
sup [N ! Y (@nI (V'xn < a)—Ezp I (b'xy < a)) Lso.
beB n=1

In addition, if a(m) < Cm™" for positive constants C and 5, the convergence is almost
surely.

Proof of Lemma 4. We will apply the generic uniform law of large numbers of the
theorem of Andrews (1987). It requires compactness of the parameter space B (which
is assumed), and in addition it needs to be verified that the summands g, (w;,,b) are
such that g, (wn, b), ¢ (wn,b) = sup{gn(wn,b) : b € B,|b—b| < p}, and gns(wn,b) =
inf{g, (wy, l;) :beB,|b—b| < p} are well-defined and satisfy a (respectively weak or
strong) law of large numbers, and for all b € B,

N
N~ Eg;t (wn, b) — Equn (wn, b)| = 0.

n=1

lim sup
p=0pez

To show the last result, note that (zj, x;,) is strictly stationary under the conditions of the
theorem, and therefore

N
Nt Z Eq,’f(wn, b) —Equn(wn, b)

n=1

lim sup
p—=0pe7

= lim sup [EzyI( sup b'xy <a)—EzyI(_ inf b'x, <a)l
p—=0pez beb—bl<p b:lb—b|<p

< limsup lim sup [Ez, (I (0'xy < a+plxn|) =10 xp < a—plxn)) (xn] < K)
K—oo P2Vnez

+limsup lim_sup [Ezy (I (5'xn < a+ plxnl) = 1(0'xn < a—pln)I (xnl > K)|
K—o0 P0,e7

< limsup lim [P('x, <a+pK)—P('x, <a—pK)|+limsup P(|x,| > K) =0,
K—o00 =0 K—o0

because x1, has a continuous distribution. Furthermore, note that g, (z,, b),

gn(wp,b)=2z,1( sup b'x, <a),
b:|b—b|<p

and

Gsn(wn,b) = an(_ inf b’xn <a)
b:|b—b|<p

are well defined and strong mixing random variables, implying that the weak law of large
numbers for mixingales of Andrews (1988) applies; or alternatively we can apply the strong
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law of large numbers of Theorem 4 of de Jong (1995), from which it follows that if a (m) +
v(m) < Cm™" for some positive constants C and 7, these variables will satisfy a strong
law of large numbers (note that because of boundedness of the summands, the summands
are Ly-mixingales). n

LEMMA 5. Under Assumptions 1-5,

sup Sy (b, o) —ESy (b, an)| 5 0.
beB

In addition, if a(m) < Cm™" for positive constants C and 1, the convergence is almost
surely.

Proof of Lemma 5. First note that Horowitz’s proof of his Lemma 4 (i.e., sup,cp

[Sn(b,on) — Sy (D)] LN ) goes through as it stands, except for the proof of uniform
convergence of the term in his equation (A4), which uses a uniform law of large numbers

for i.i.d. random variables. To show that
< (x) —EI ( <a >> ‘

N‘lrﬁ“l <1 (

satisfies a strong or weak law of large numbers, we can use Lemma 4. To do so, note that

| 1 N
=Y Y NTY 10 =j1)~--1(Yn—p=jp)1<
=

j jp=0 n=1

b ’
Z Tjyp—j+CXn
Jj=1

sup

/
E TjYn—j+ ¢ Xn
beB

j=1

p

/
2. rjyn—j+cxn
j=1

N
NTIY 1 (
n=1

14

Zr,’ji—l—c'xn <a |,
i=1
and note that 7 (y,—1 = j1)...I(yn—p = jp) is strong mixing, because it is the product of
strong mixing random variables. It now only remains to be proven that

sup [S5(B)—SB) 25 0 or 50,

beB

which Horowitz shows by referring to Manski (1985). This can be shown by noting that
N

Sy®) =N"' ¥ @ 1n =1~ DI x 2 0)

n=1

N N
=2N"'Y 3 I (0 xn 2 0) =N Y 1 (0 2 0),

n=1 n=1

and by Lemma 4, both terms satisfy a (weak or strong) uniform law of large numbers. B

LEMMA 6. Under Assumptions 1, 3, 4, and 5, S(b) < S(B) with equality holding only
ifb=p.
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Proof of Lemma 6. This result follows by noting that all conditions from Lemma 3 of
Manski (1985) are satisfied. u

Proof of Theorem 5. The proof of the theorem now follows from Theorem Al of
Wooldridge (1994) and the results of Lemmas 5 and 6. n

Letz, = 2;;1 PjYn—j+7y ’xn. The next lemma shows that Horowitz’s Lemma 5 holds
as it stands in our setting.

LEMMA 7. Under Assumptions 1’ and Assumptions 3—14,
. —h
lim E T s =A;
N [O-N N(B.on)]
lim Var[(Noy)'>Tn (B, on)] = D.
N—o00

Proof of Lemma 7. The only adjustment to Horowitz’s Lemma 5 that needs to be
made is to show that the covariance terms in Var[(No N)l/ 2 Tn (B, 0y)] are asymptotically
negligible. To prove this, we show that for all vectors ¢ such that || =1,

Nli_>m on Y, lcov(& Gn/on)K (zn/oN) & Fn—m/oN)K (@n—m/oN))| = 0.
o0 m=1

By the covariance inequality for mixingales, for the same s as in Assumption 6, (see
Davidson, 1994, p. 212, Cor. 14.3),

UNCOV(f/(in/UN)K/(Zn/O'N)a é/(in—m/aN)K/(Zn—m/o'N))
< anCa(m)' =25 I (Gn /oN) K (zn/on)I*)

X (EIE' Gnem /oN)K n—m /o)1)

2/s
— oy Ca(m)!=2/ (/|§’)?IS|K’(z/oN)ISp(zli)dzdP(i))

2/s
= Ca(m)' =g/ ( / |é’f|f|K’(¢)|Sp(aNz|f>dzdP<f))

by substituting ¢ = z/o. The last term is smaller than C’al%,/s_la(m)l_2/s for some

constant C’. In view of the fact that summing the latter expression over m will give a term
that diverges as N — 0o, we also need to use a second bound. To obtain this second bound,
note that by Horowitz’s arguments, under the conditions of the theorem,

UNEf/(in—m/UN)K/(Zn—m/O'N) =O0(on),
implying that

ancov(&' Gn/oN)K (zn/oN), & Gnom /TN K (zn—m /TN))

= 0(oN) +0oNE(oNE Gn/on)K (zn/onN)E Gnem /oN) K (zn—m/oN))

= O(UN)+U1;1/f’fnK/(Zn/UN)ét/in—mK/(Zn—m/UN)dP(xn,Xn—maznaZn—m)
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= O(UN)+U];1 /f/inK/(Zn/UN)f/fn—mK/(Zn—m/UN)dP(Zn,Zn—m|xn,xn—m)
x dzpdzn—md P (xn, Xn—m)
:O(UN)+UN//K/(Cn)K/(Cn—m)P(JNCn;O'NCn—m|xn,xn—m)anan—m
Xf/in—mf/fndp(xnaxn—m)
=0(oN)
under the assumptions of the theorem. Therefore for any « € (0, 1),

D leov(E’ Gn/oN)K (zn/oN),E Gnm/oN)K  (2n—m/oN))]

m=1
S 2/5—1
<C Y (on) (am)1=20g 057 h=x,
m=1

and by choosing ¥ = (s —2)/(2s —2) + # and # > 0 small enough, the last term can be
bounded by

o0
c ( 2 a(m)(s—2)/(2S—2)—17(s—2)/s> UI(VZs—2)n/s _ 0(0,](\/2s—2)n/s) —o(1),

m=1
where the finiteness of the summation follows from the assumptions. n
Horowitz’s Lemma 6 now holds as seen below.
LEMMA 8. Under Assumptions 1’ and Assumptions 3—14: (a) If Nai,h'H — 00 as
N — oo, aﬁhTN(ﬂ,aN) Ny (b) IfNa[%/h_"1 has a finite limit 2 as N — 00, (No'/\/)l/2
Ty (B.on) -5 N(I2A, D).

Proof of Lemma 8. The modification of Horowitz (1992) is needed to show that for all
vectors ¢ such that |&| =1,

N
(on /N2 Y iy —Einn) =5 N(0,E'DO),
n=1
where
tNn = Qyn — 1)()zn/0'N)K/(Zn/0'N)-

Since ty, is strong mixing, Theorem 2 of de Jong (1997) for strong mixing arrays can now
be applied to show this result under the conditions of the lemma. Note that the condition
a(m) < Cm™S/S=2=1 from that theorem follows from the assumptions of the lemma. B

For reproving Horowitz’s Lemma 7 for the case of strong mixing data, we need the next
lemmas.

LEMMA 9 (Azuma, 1967). If n, is a martingale difference sequence with respect to F
and |ny| < Cp, then

P(N—1 %
fn

n=1
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Proof of Lemma 9. See Azuma (1967). u

An m py-fold application of the above lemma now gives the next result.

LEMMA 10. If F;, is a sequence of sigma-fields such that 5, —E(nn|F,—1) is a mar-
tingale difference sequence with respect to Fy, and |n,| < Cp, then for any integer-valued
sequence my such thatmy > 1,

'

Proof of Lemma 10. Obviously

N
N_l Z (”In _E(7’ln|-7:n—m1v))

n=1

> 5) < 2mpy exp(—0%/(m3,C3)).

N my—1 N
N7V gy =Bl Faemy) = Y, N7V Y Bl Fuej) —E(nl Fue j—1)),
n=1 j=0 n=1

)

N
N~ > (E(nlFu—j) —E@alFn—j—1))

n=1

and therefore

|

N
N™US (i =Bl Faemy)

n=1
my—1
<y P(
j=0

< 2my exp(=0*/(my CR))

> §/mN)

by m y applications of Lemma 9. n

Analogously to Horowitz (1992), define
enn@) =Q2-1(yn=1)— l)inK/(Zn/UN +0/in)-

The next result is now the analogue of Horowitz’s Lemma 7. [Note that Horowitz’s Lemma
7 only holds for bounded regressors, and that the truncation argument at the start of Lemma
8 appears to be in error. Horowitz does not explicitly consider the remainder statistic
containing the summation elements for which |x, | exceeds a. Horowitz’s Lemma 9 ap-
pears to have a similar problem in its proof. Therefore, Lemma 11 also serves to correct
this aspect of Horowitz’s proof. This is because the conditioning on the event C) does
not appear relevant; while Horowitz’s x stands for a random variable distributed identi-
cally to any X,, the conditioning should be with respect to every x,, n = 1,..., N, in
order for this argument to work. However, unless X, is almost surely bounded, such a
conditioning set Cy would depend on N, and will not have the desired property that
limsup, _, oo limsupy_, o P(C;) =0.]

LEMMA 11. If (yn,xn) is strong mixing with strong mixing sequence a.(m), and there
exists a sequence my > 1 such that

o PTID6 2N S 6 () + (log(Nmy ) (N =2 o)™ = 0,

then

N
sup |(Nox)™" S (gnn(0) —Eenn(0))| 2> 0.

0eBy n=1
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Note that the second part of Horowitz’s Lemma 7 will hold without modification. Also
note that the case of i.i.d. (y,,x,) is a special case, because then o (m) = 0 form > 1, and
we could set m = 1 for that case.

Proof of Lemma 11. Consider
gV O) = @ 10n = 1) = Din K (zn/on +0'%n) ] (1Fn] < Cy)
and note that obviously,
gNn (@) —Egny (0) = (851 (0) —Eg Y (0) + (gnn(0) — g (0) —Egny (0) +Eg Y (0)).
(A1)

Now define Cy = 7~/ N1/$ (B|%,|*)!/* for any # > 0. Then because Cpy — 0o as N —
oo, following the reasoning as in the proof of (A16) of Horowitz (1992, p. 525 -526), it
follows that

sup [Bga(9) — Eg{Y (©)] - 0. (A2)
€

In addition,

P | sup
0e®

and we can choose # arbitrarily small. For the case s = 00, it is trivial that these two terms
disappear asymptotically for some constant Cp not depending on N. To deal with the first
part of equation (A.1), note that

N C
Y (gnn(@) —gp2 (9))

n=1

=0> < P@n:|%| > Cn) < NEIGIPCY® <1, (A3)

gnn (@) —Egnn (@) = (gNn(0) —E(@Nn (DN Fn—my)) + E@QNn () Fn—my) —Egnn(0)).
(A4)

To deal with the first part of the right-hand side of equation (A.4), we can copy the argu-
ment on page 525 of Horowitz (1992), except that now, by Lemma 10,

> 6/2)

where 'y is as defined in Horowitz (1992). Since 'y = 0(01;3(p+q_1)), this term will
converge to zero if

N
Y (gnn(Oni) —EgnnOni))

n=1

I'y
S P ((Na,%,)“

i=1

<2I'ymp exp(—624_1NJ§,C;,2m;2),

(log(Nmy))(NoyCr2myH) ™! = 0, (A.5)
which is assumed. For dealing with the second part of the right-hand side of equation
(A.4), note that since gy, (0) is strong mixing, it is also an L |-mixingale (see, for example,

Davidson (1994, p. 249, Ex. 16.3), implying that

EIE(¢$Y (0)|Fu—my) —Eg5Y (0)] < 6Cyalmy).
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Using Horowitz’s reasoning on page 525, it now suffices to show that for all € > 0,

>e)a0.
>e)

'y N
<Y e o NS EEGSY 0)1 Famy) —Eg S O)]

i=1 n=1
_ 0(01;3(p+q—1)

I'y

Y P ((NJJ%,)_]

N c c
Y E(gNZ (9Ni)|fn—mN) —EBgyh Oni)
i=1

n=1

By the Markov inequality,

Iy

2 P ((NO'I%,)_l

i=1

N c c
Y E(gN'Z (9Ni)\-7:n—mN) —Egnh (Oni)
n=1

on Cna(my)) =o(l)
by assumption. |

LEMMA 12. Under Assumptions 1’ and 3-14, (by — B)/oN 2.

Proof of Lemma 12. This follows from Lemma 11 and the reasoning of Horowitz’s
(1992) Lemma 8. (See footnote 2.) |

The next lemma corresponds to Horowitz’s Lemma 9. (We discuss Horowitz’ condition-
ing on Xy in the proof of Lemma 10. Note that when Horowitz uses his Lemma 8 in the
proof of his Theorem 2, a uniform law of large numbers appears to be needed rather than
the result of his Lemma 8.)

LEMMA 13. Let {8y} = {Bn1, BN ) be such that (By — B)/on — 0as N — co. Then
under Assumptions 1’ and 3—14,

oNBn.on) 5 0.

Proof of Lemma 13. Remember that

N p
ON(BN,oN) = [UﬁzN_l Y @yn — Dini K" <(/2 TiYn—j +C/xn> /UN)] .

Since P(b1 = f1) — 1 and by the assumption that (B — f)/on L2y 0as N > 0, it
suffices to show that for all # > 0 and any vector ¢ such that |£| =1,

N
N1 Z rnN(é)_ErnN(é)

n=1

sup
01<n

N
= sup o3 N7 Y @yn = DEE)? K (n/on +0'5n)
101<n n=1

—EBQyn — (&%) K" zn /oy +0'50)] L5 0. (A.6)
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Note that Horowitz (1992) shows the continuity of Er,, N@)ind uniformly in N. To show
the result of equation (A.6), note that

N
P | sup (INTD Y run @)1 (ran @) > Cy)| =0
101<n n=1
N 2 —s/2
< Y P((&Fn)? > Cn) < NEIE 5 Cy*7,
n=1
and the last term can be made smaller than € by choosing C/\_/S/2 = N_le(E|f’)?n |s)_] .In
addition, it is easily verified that

N
sup |[N~' Y Blran @)1 (Iran )] > C))| = 0.
101<n n=1
Because of these two results, it suffices to show uniform convergence to 0 in probability of

N
Rv@) =N"1Y un @ 1(ran @) < Cn) —Eran @)1 (ran@)] < C)

n=1

+CnI(ran @) > Cn) —ECNI(Iryn (0)] > CN)).

Now note that since 8 € RP19~1 we can cover the parameter space 6:10) < n} with

Oy Hpta=D/n ) balls of size a]%,/ # and with centers 0;. Now note that, by Assumption
14,

supE sup |Ry(©)— Ry (@)
Nz 15— <doy)*

< sup EEi)?L  sup  16-01Fay* =0 50
Nzl 100" <d05 "

Using Lemma 11 and following the same reasoning as in the proof of that lemma, we can
now argue that

limsup P | sup |Ry (@) —ERy ()] > €

n—00 101<n

< limsup P (max |Ry (0;) —ERy (0))| > €/2)
n—oo J
<limsup Y P(IRy (0;) —ERN (0))] > €/2)
n—oo /
-2 -1 -
=0(oy (ptq=1)/p [2m exp(—Nez/(4o’,‘\1,C]2Vm%V))+e 1CNoz(mN)]),
and because Cy = O(N 2/ %), the last term converges to 0 if

on 2 PHITDINS 4 (m i)+ (my2o N ) T og(Nmy) = 0,

which is assumed. u
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Proof of Theorem 6. This proof is identical to the proof of Horowitz’s Theorem 2,
where we need to use our Lemmas 12 and 13 instead of Horowitz’s Lemmas 8 and 9. W

Proof of Theorem 7. Part (a) now follows exactly as in Horowitz’s proof of his Theorem
3, where our Lemmas 12 and 13 replace Horowitz’s Lemmas 8 and 9. To show part (b),
one can use a uniform law of large numbers result of the type

N
sup oy 'NTU Y (&5 2K (en /oy + ) —E(& 50)2K @ /on +8 7)) L5 0
101<n n=1

for all ¢ such that |¢| = 1. Under the conditions of our theorem, this result can be proven
analogously to the proof of Lemma 13, using the same Cp and ball size sequences. Note
that K’(.) is Lipschitz-continuous with u = 1, since K”(.) is assumed to exist and to be
uniformly bounded. Part (c) follows from Lemma 13. u
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