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Mach reflection subjected to the influence of an upstream shock wave from the same side
is studied here. This situation occurs when two incident shock waves induced by a double
wedge reflect at the same point of the reflecting surface and when the downstream incident
shock wave is stronger than the upstream one. A shock polar analysis is used to show
that this configuration produces an inverted Mach stem and a type IV shock interference
between the Mach stem and the upstream shock wave. This shock interference produces
a jet that divides the flow stream downstream of the Mach stem into two ducts with
different sonic throats, thus complicating the mechanism by which the Mach stem size is
determined. A transition analysis shows that the Mach reflection of the downstream shock
wave is promoted by the upstream one. Computational fluid dynamics is used to assess
the flow pattern anticipated by shock polar analysis and demonstrates how the heights of
Mach stem and jet depend on the inflow Mach number and wedge turning angle.
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1. Introduction

The reflection of a single incident shock wave over a reflecting surface in steady
supersonic flow has been well studied (Hornung 1986, 2014; Ben-Dor et al. 2002; Ben-Dor
2007). This is commonly found in a supersonic inlet, where the incident shock wave is
caused by a wedge with a deflection angle at its apex. This shock reflection produces
either a regular reflection or a Mach reflection. In some applications, notably in off-design
conditions and in double wedge inlets, shock reflection may be subjected to the influence
of additional shock or expansion waves.

The influence of additional waves on shock reflection has received some attention. For
instance, Ben-Dor et al. (1999) imposed a downstream pressure behind the wedge rear
corner in an artificial way, which creates a downstream shock wave that affects the shock
reflection. Hillier (2007) studied shock reflection in intake flow where the incident shock
wave impinges on the cowl at a position downstream of the lip and is distorted by an
upstream expansion fan originating from the lip. Yao, Li & Wu (2013) studied shock
reflection problems occurring in supersonic and hypersonic intake flow under off-design
conditions, in which the incident shock wave is disturbed by a lip-generated upstream
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expansion wave and a reflected shock wave intersects with a downstream cowl-turning
deflected shock wave.

Double wedge, which has important applications in supersonic inlet design (Shah
et al. 2008), produces two incident shock waves of the same family. The reflection of
one incident shock wave is subjected to the influence of the other one. However, shock
reflection for the double wedge configuration is usually studied without considering the
existence of a common reflecting surface (Shah et al. 2008; Hu et al. 2010; Li, Zhu &
Luo 2014; Xiong, Zhu & Luo 2016). A viscous recompression corner may be regarded as
an equivalent double wedge, since such a corner produces a separation shock wave and a
recompression shock wave (Guan, Bai & Wu 2020). Double shock reflection occurs when
a reflecting surface is placed at the intersecting point of the two incident shock waves.

As shown in figure 1, three reflection types may be possible when two incident shock
waves reflect at the same point. The first type is regular reflection, as displayed in
figure 1(a). The second type, as displayed in figure 1(b), is pre-Mach reflection where
it is the first incident shock wave that has Mach reflection. The third type is post-Mach
reflection, as depicted in figure 1(c). For post-Mach reflection it is the downstream incident
shock wave that has Mach reflection. In the situations displayed in figure 1, the wedge
has an initial deflection angle 6,,, which produces the first incident shock wave, and an
additional deflection (of angle §) which produces the second incident shock wave. The
additional deflection, at point D, divides the lower wedge surfaces into two segments: AD
(of width w;) and DR (of width w,).

The first two cases have been studied by Guan, Bai & Wu (2018), who demonstrated
that the second incident shock wave has the role of increasing the height of the Mach
stem and advancing the transition to Mach reflection of the first incident shock wave.
Guan et al. (2020) then concluded that the intersection of the reflected shock wave with
the second incident shock wave may produce a double solution. However, the situation of
post-Mach reflection, where the second incident shock wave has Mach reflection, has not
been considered before and the study of such a situation is the purpose of this paper.

There are three issues that merit study for post-Mach reflection. The first is the critical
condition to have post-Mach reflection. The second is the flow configuration in post-Mach
reflection. The interference between the first incident shock wave and the Mach stem of
the second incident shock wave appears to be extremely interesting, since it normally
produces a type IV shock interference and this interference will alter the flow of the
duct downstream of the Mach stem. The third is how the Mach stem of the second
incident shock wave and the flow downstream of this Mach stem are affected by the first
incident shock wave. Clarifying these issues certainly increases our knowledge of shock
reflection.

In this paper we will attempt to study these three issues, within the context of inviscid
flow of a perfect gas. For this purpose, we will first use shock polar analysis to anticipate
the main flow structure. This analysis will be conducted in § 2. The anticipated flow
structure will then be confirmed by numerical simulation using computational fluid
dynamics. The compressible Euler equations in gas dynamics are solved using a finite
volume method based on the second-order Roe scheme (Roe 1986). The numerical
simulation will be given in § 3, where we also show more details about the flow structures.

The second and third issues will be studied in § 4, where we will derive a necessary
condition to have post-Mach reflection and study how Mach reflection of the second
incident shock wave is promoted by the upstream incident shock wave. In § 4 we will also
discuss, although briefly, how the type IV shock interference between the first incident
shock wave and Mach stem affects the Mach stem height and the flow field downstream of
the Mach stem. Although the present study is primary for inviscid flow, a numerical result
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FIGURE 1. Possible shock reflection types with two incident shock waves. (a) Regular
reflection. (b) Pre-Mach reflection. (¢) Post-Mach reflection.

is displayed, in § 4.4, to show that viscosity may have quantitative influence on the Mach
stem height and jet width.

In the appendix we will display how the numerical solution depends on the mesh and
unsteadiness of solutions.

The problem under study depends only on the geometrical parameters (wedge angles 6,,
and §, the position of the turning point D) and on the inflow Mach number M, and ratio of
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specific heats y. For a perfect gas, y is constant. When we display quantitative results, we
only consider air and set y = 1.4.

In numerical computation we only need to set non-dimensional values for density (p),
pressure (p) and temperature (7') or energy. In this paper we do not consider the real gas
effect so that dimensional values are not needed.

The oblique shock wave relations, which can be found in any classical text books of gas
dynamics (cf. Ben-Dor, Igra & Elperin 2001), will be repeatedly used in this paper. For
brevity, we write the shock wave relations as

tan 6 :ﬁ?(MuwB)a Md :fM(Mu’lB)’ Pa :puﬁJ(MuwB) (l.la—c)

where
2 (M?sin’B — 1)
(M2 (y +cos2B) +2)tan B’

| =bhM 42 2M2cos’f (1.2)
ot = \/2yM2sin2ﬁ “o -0 - DM

Jo(M, B) =

_ 2)/ 20028
fp(M,,B)—l—l—y+1(Ms1nﬂ 1).

Here, B is the shock angle, 6 is the flow deflection angle across the shock wave, the
subscript u is for flow parameters upstream of the shock wave and d is for flow parameters
downstream of the shock wave. Note that, for given M, and 6, the shock relation gives
two values of B. The small value 8 corresponds to weak solution and the large value
corresponds to strong solution.

2. Flow structure anticipated by shock polar analysis
2.1. Method of shock polar analysis

The pressure—deflection angle shock polar analysis has been introduced by Kawamura &
Saito (1956) for study of shock reflection; see also Ben-Dor (2007) for more details. Shock
polar analysis displays, in the plane 6—p, the pressure—deflection angle relation p = p(0)
for each shock wave. The relation p = p(0) is called shock polar and is given by oblique
shock wave relation (1.2) for each involved shock wave.

Each polar has a lower part corresponding to weak solutions and an upper part
corresponding to strong solutions. Shock waves with different upstream conditions (Mach
number and flow deflection angle) follow different polars in the same plane 6—p. If
multiple shock waves may exist in a flow, then the intersection of various shock polars
(from various shock waves) defines possible flow pattern created at the interaction point.

A shock polar analysis is helpful in anticipating shock structures produced in complex
shock reflection problems (cf. Ben-Dor 2007; Hillier 2007; Yao et al. 2013). For each
shock wave with a given upstream Mach number M,,, the relations p = p, f,(M,, B) and
tan 6 = f,(M,, B) are solved to define the shock polar p = p(0) in the plane 6—p.

Now the shock polar analysis is applied to the present problem with two incident shock
waves. We have considered two cases. In the first case, My = 3.98, 6,, = 5° and § = 25°.
In the second case, M, = 4.5, 6,, = 5° and § = 25°. For both cases, the downstream shock
wave will have Mach reflection according to the transition analysis in § 4.

We use I (k) to denote the shock polar, along which is the locus of all the flow states
that could be obtained from any shock wave with a fixed upstream state (k). The shock
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polars for the chosen two conditions are displayed in figure 2, where the vertical axis is
normalized as p/py. The shock polar has similar patterns for both cases, and in fact for
other cases in case of post-Mach reflection. Thus, we only provide details of shock polar
analysis for the first case.

2.2. Shock polars for the two incident shock waves

The upstream flow is the initial state (0), at which p/py =1 and 6, = 0. The shock
structures anticipated by shock polar analysis are depicted in figure 3.

Polar 17(0) is the locus of flow states connected to the state (0) by any shock wave which
may be a weak solution such as the first incident shock wave i or a strong solution such
as a Mach stem. The state (1,), connected to the state (0) by the first incident shock wave
i1, lies at the point (6, p/po) = (6, p1,/po) of polar I"(0).

Polar I"(1,) is the locus of flow states connected to the state (1,) by any shock wave
which may be a weak solution such as the second incident shock wave i, or a strong
solution. The state (1,), connected to the state (1,) by the second incident shock wave i,
lies at the point (6, p/po) = (6., + 8, p1,/po) of polar I"(1,).

2.3. Two triple points identified by shock polar analysis and inverted Mach stem

The shock polars connecting status (0) and (1,) have been shown in §2.2. Here, we
continue for other shock polars.

Polar I"(1,) is the locus of flow states connected to the state (1,) by any shock wave
and has an intersection at point 7" with the polar I"(1,). This intersection yields two flow
states, one is (27) downstream of the reflected shock wave (denoted by r in figure 3) and
the other is (37) downstream of the Mach stem. Point 7 is the triple point connecting the
second incident shock wave, the reflected shock wave and the Mach stem. The flow states
(27) and (37) in figure 2 correspond to the flow states (2) and (3) in figure 3, which are
infinitely close to the triple point 7.

Now we show the intersection point / is in fact another triple point. We see from figure 2
that the upper-left part of polar I"(0) has an intersection with the lower-left part of polar
I'(1,). The upper-left part of polar I"(0) is due to a strong shock wave, the state behind
it is denoted (7;), which is flow region (7) infinitely close to point / as shown in figure 3.
This strong shock wave can be viewed as the Mach stem produced by reflection of the first
incident shock wave.

However, the condition we choose is below the von Neumann condition for the first
incident shock wave. If Mach reflection exists it must be an inverse Mach reflection
according to Hekiri & Emanuel (2015). The intersection of this inverted Mach stem with
the first incident shock wave defines another triple point and this triple point is just the
intersection point / as shown in figure 3. The reflected shock wave pertinent to this triple
point (/) will be denoted by s(1J). Here, as shown below, J will be another triple point
lying between the triple points / and 7.

Downstream of s(1J) is the state (6;) which also lies on the lower-left part of polar
I"(1,) and which corresponds to flow region (6) in figure 3. It is verified that shock s(1J)
is a weak shock wave.

2.4. Identification of a third triple point

The two triple points 7 and / both lie on the entire Mach stem (shock 7G as shown
in figure 3). The states (6;) and (37) are both behind the shock segment I7, with the
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FIGURE 2. (a) Shock polar for My = 3.98, 0,, = 5°, § = 25°. (b) Shock polar for My = 4.5,
6, = 5°,8 =25°.
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FIGURE 3. An illustration of local Mach reflection configuration for post-Mach reflection.

state (6;) close to I and (37) close to T. Close to point T the segment IT is a strong
solution, and close to point / this segment is a weak one as pointed above.

Now we draw shock polar I"(6;) which connects any state to the state (6;) by any shock
wave. The shock polar I"(6;) has an intersection with the upper-left part of shock polar
I"(1,), producing two new states, denoted by (4,) and (5,). The state (4,) is a strong shock
wave solution and is behind the Mach stem segment 7J. State (5,) is behind a shock wave
(denoted ry;) downstream of the shock wave s(1J) shown in figure 3.

The shock wave s(1J), the Mach stem JT and the shock r;, are connected to the point J
which may be regarded as the third triple point. For this triple point, s(/J) may be regarded
as the incident shock wave, r;; is the reflected shock wave, and JT is the Mach stem, as if
a reflecting surface were above the triple point J.

2.5. Type IV shock interference

The shock polar analysis shows that, apart from the Mach reflection configuration
associated with the usual triple point (7), the intersection of the first incident shock wave
with the Mach stem leads to a flow configuration that can not only be regarded as a type
IV shock interaction pattern but also as an inverted Mach reflection configuration.

It is well known that the intersection of an incident shock wave with a bow shock leads
to six types of shock interference (Edney 1968). According to Keyes & Hains (1973),
when a weak impinging shock intersects the nearly normal part of a strong shock wave, a
type IV interference occurs. This interference results in a complex flow pattern which will
further spoil the Mach reflection structure. Many studies have been conducted for type IV
interference (cf. Grasso, Purpura & Chanetz 2003).

Here, it is the first incident shock wave that intersects the Mach stem. Since the Mach
stem is a strong shock wave which is nearly normal (Li & Ben-Dor 1997), a type IV shock
interference occurs.
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3. Numerical study of the flow structure
3.1. Geometry condition and numerical method

The geometry of the configuration depends on the flow condition if the two incident shock
waves intersect at the same point on the reflecting surface (Guan et al. 2018). To give the
geometrical parameters we choose a coordinate system (x, y) such that x, = 0 and y, = 0.
Here A is the leading edge of wedge, see figure 1(c). Since we are considering the problem
that the two incident shock waves reflect at the same point, the position of reflection point
(xy, yy) can be shown to satisfy

_ tan (,51,, + QW) cos0,, — sin6,,
"~ tan (,31b + GW) —tan B,

wi,

(3.1
tan (,31,, + Gw) cos0,, — sinf,,

tan (,81,7 + GW) — tan f3;,

= wi tan B,

once My, 6,,, § and w, are given.

We do not consider the case that the leading characteristic of the expansion fan intersects
the second incident shock wave in the case of regular reflection. In numerical simulation
we simply consider the situation that the leading characteristics intersect the reflection
point N shown in figure 1(c). Under this requirement, the use of (3.1) leads to the following
relation

N + wy [sin 6,, — cos 0, tan (QW + 6+ ,ulb)] + xy tan (QW +6+ M1b)

Wy = _ (3.2)
cos (6, + &) tan (QW +6+ ,ulb) —sin (6, + 8)

to determine w; see figure 1(a) for the definition of w,. Here, u,, = arcsin(1/M,,) is the
Mach angle. The expressions to determine f,,, 8;, and M, follow from the oblique shock
wave relations.

For numerical simulation the compressible Euler equations in gas dynamics are solved
using finite volume method based on the second-order Roe scheme (Roe 1986), in the
same way as Lin, Bai & Wu (2019). This numerical method exists in the commercial code
Fluent and has been used by Lin er al. (2019) for asymmetrical shock reflection study,
which authors validated the suitability of this numerical method in asymmetrical shock
reflection against two experimental results of asymmetrical reflection given by Sudani
et al. (2002) and Li, Chpoun & Ben-Dor (1999), respectively.

3.2. Observation of inverted Mach stem and jet

Two sets of conditions have been used in shock polar analysis. Here, we use these two sets
of conditions for numerical simulation.

Recall that the first set has My = 3.98, w; = 1.1, 6,, = 5° and § = 25°. For this case,
the upstream incident shock wave alone only allows for regular reflection and according
to the criterion derived in the next section, the downstream incident shock wave has Mach
reflection. There is some flexibility to choose w,. Here, we use (3.1) to get yy = —0.485
and Hy = —yy = 0.485. The length w; is then computed by (3.2) and we get w, = 0.276.

The Mach number contours for a uniform grid with 2600 x 500 cells are displayed in
figure 4(a—d). Figure 4(a) is a global view from which the main flow structures can be
clearly seen.
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FIGURE 4. Mach number contours for My = 3.98, 6,, = 5° and § = 25°, showing post-Mach
reflection. (a) The overall flow, (b) the enlarged view into the frame, (c¢) the mesh into the frame,
(d) an inverse Mach reflection inside the box.
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FIGURE 5. Local view of Mach number contours for My = 3.98, w; = 1.1, 6,, = 5° and
8 = 25° using a grid with 5000 x 1000 cells in total.

Figure 4(b) shows that the flow duct behind the Mach stem is divided by a jet into two
flow ducts. Figure 4(c) gives the mesh near the jet. Figure 4(d) displays the details near the
interaction point (/), where we see clearly a jet and an inverted Mach stem as anticipated
theoretically in the previous section.

This finding offers another occasion to have inverted Mach reflection, knowing that a
downstream pressure perturbation or a second incident shock wave may reverse the Mach
stem to an inverted one (Ben-Dor ef al. 1999; Guan et al. 2018) and a blunt body placed
along the reflecting surface and downstream of the Mach stem also pushes the Mach stem
to be convex toward the upstream direction (Roye, Henderson & Menikoff 1998).

A grid refinement study is provided in the appendix. Figure 5 shows the Mach number
contours displaying the detailed flow structure inside the initial part of the jet (where the
grid is refined), obtained from grid C (see the appendix). The number of contours is chosen
such that the detailed flow structure inside the jet is clearly visible. It appears that, apart
from an initial supersonic portion, the jet is transonic.

Note that, for type IV shock interference, the jet is generally unsteady (Gaitonde &
Shang 1995; Khatt & Jagadeesh 2018) so that when the grid is refined near the jet, the
computation cannot converge to a steady state. For the present problem, the influence of
unsteadiness of the flow structure and Mach stem height is briefly studied in the appendix.

Consider now the second set of conditions, which has M, = 4.5, 6,, = 5° and § = 25°.
For this computation we also set w; = 1.1. By (3.1), yy = —0.425 so we set Hy =
—yy = 0.425. The length w, is computed by (3.2) and we get w, = 0.248. The grid has
approximately 4400 x 1400 cells in total and 2520 x 1120 cells in the refined region.
The local view of Mach number contours displaying details in the jet region is shown
in figure 6. In this case we observe a pure supersonic jet, with multiple oblique shock
waves and expansion fans zigzagging inside the jet.

Type IV shock interference is known to produce a supersonic jet (Keyes & Hains 1973;
Grasso et al. 2003). The present study seems to suggest the jet may be transonic in some
conditions. This observation will be studied in the future for the broader problem of type
IV shock interference.
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FIGURE 6. Mach number contours for My = 4.5, 6,, = 5° and § = 25°, displaying a pure
supersonic jet.

4. Influence of the upstream shock wave
4.1. Promotion of Mach reflection by the upstream shock wave

Here, we only consider the detachment criterion for the downstream incident shock wave
to have Mach reflection and we will study how this condition is affected by the upstream
incident shock wave.

For a given inflow condition with Mach number M, and pressure p,, the flow parameters
downstream of the upstream shock wave (i;) are given by M, = fi (Mo, B1,), Pia =
DPofp(My, B1,), where B, is solved from tan 6,, = fy (Mo, B,) for a weak shock wave.

The flow parameters downstream of the downstream incident shock wave (i;) are
then given by M,, = fy(M,,, B1,), pi» = p1,f,(M,,, B1,) where B, is solved from tan§ =
Jo(M,,, B1,) also for a weak shock wave.

The detachment condition for Mach reflection of the downstream shock wave
corresponds to a turning angle § with which the total flow deflection angle 6,, + § of the
reflected shock wave (r) downstream of (i) is exactly equal to the usual detachment angle
determined by the upstream Mach number M;,.

For each choice of M, and 6,,, this detachment condition determines a § = 8§ (M,, 6,,)
and Mach reflection of the downstream shock wave occurs when § > §© (M,, 6,,).

Figure 7 displays the condition § = §® (M,,6,) in the My-§ plane, for 6, =
0°, 3°,5°, 8°. The choice of various values of 6,, is for purpose of showing how the
transition to Mach reflection of the downstream shock wave is affected by the strength of
the upstream shock wave. It is verified that we produce the same results as Mouton (2007)
when 6,, = 0 (which is the single incident shock wave case). It is clear that §?) (M, 6,,) is
lowered by increasing 6,,, meaning that Mach reflection of a shock wave is promoted by
the existence of an upstream incident shock wave.

4.2. Heights of Mach stem and jet

To understand how the Mach stem height is affected by inflow Mach number and geometry,
we first recall how the Mach stem height varies according to the wedge angle and the inflow
Mach number for shock reflection of a single incident shock wave.
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FIGURE 7. Detachment conditions in the plane (Mo, §) for My = 3.98 and 6,, = 0°, 3°, 5°, §°.

(b)

0.10

0.09

0.08

0.07
0.06
0.05
0.04

0.03

0.02

0.02\I\\\I\\\I\\\I\\\I\\\I\\\\ I()Ol I TSN S N NN SR R E R R |
36 38 40 42 44 46 48 50 20 21 22 23 24 25

MO F)

FIGURE 8. The influence of the jet on the Mach stem height and the position of the interference
point. (@) For wy = 1.1, 6,, = 5°, § = 25°, My varies. (b) For My =3.98, w; = 1.1, 6,, = 5°,
§ varies.

According to previous studies for Mach stem height of a single incident shock wave
(Hornung & Robinson 1982; Li & Ben-Dor 1997; Mouton & Hornung 2007; Gao & Wu
2010), the Mach stem height is an increasing function of wedge angle for fixed inflow Mach
number, see for instance figure 14(c,d) of Gao & Wu (2010), and a decreasing function of
the inflow Mach number for fixed wedge angle, see for instance figure 14(a,b) of Gao &
Wu (2010).

Now we consider Mach reflection subjected to influence of an upstream shock wave,
with the conditions w; = 1.1, 6,, = 5°. We check whether the Mach stem height is also a
decreasing function of M, for a fixed 3.

For § = 25°, the influence of M, on Hy and H; is displayed in figure 8(a). It is seen
that both Hy and H,; are decreasing functions of M. Since in this case the condition for
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upstream incident shock wave is fixed, the decrease of Hy for increasing M, is similar to
the decrease of Mach stem for increasing Mach number of Mach reflection of a single
incident shock wave.

For fixed § and M, it can be easily argued that the Mach stem height Hy and jet height
H, are increasing functions of 6,,, since increasing 6,, will decrease the upstream Mach
number M;, of the downstream shock wave and according to the above knowledge of
single incident shock wave reflection this increases the Mach stem height.

The influence of § on Hy and H; for a fixed inflow Mach number appears to be not so
evident. For M, = 3.98, the influence of § on Hy and H; is displayed in figure 8(b). It is
seen that both Hy and H, are increasing functions of §. Since in this case the condition for
upstream incident shock wave is fixed, the increase of Hy for increasing § is similar to the
increase of Mach stem for increasing wedge angle of Mach reflection of a single incident
shock wave.

According to the mesh convergence and time history study provided in the appendix,
the uncertainty of Mach stem height is approximately 1.02 % due to mesh resolution
and 1.65 % due to time oscillation. This uncertainty is small enough so that the above
conclusion will not be changed by numerical error or time oscillation.

4.3. Complexity of the mechanism determining the Mach stem height

The mechanism by which the size of a Mach reflection is determined, a question raised
by Courant & Friedrichs (1948), is complex even for Mach reflection of a single incident
shock wave. Li & Ben-Dor (1997) pointed out that the expansion fan due to the wedge
determines the size and location of the Mach stem by creating the sonic throat and carrying
information on the upper geometrical conditions through the subsonic pocket to the Mach
stem. Bai & Wu (2017) proposed a sonic throat compatibility condition to determine the
size of the Mach stem.

For the present case, the jet divides the flow downstream of the Mach stem into two flow
ducts. The upper duct is between the slipline from triple point (7") and the upper boundary
of the jet. The lower duct is between the lower boundary of the jet and the reflecting
surface. As can be seen from figure 4(b), the upper duct and lower duct each have a sonic
throat of different location.

The existence of sonic throat for the upper duct is due to the pressure-decreasing
expansion waves from the wedge corner. The upper duct initially converges, the
pressure-decreasing expansion waves make it finally diverge so that a sonic throat exists.

The lower duct is initially divergent, due to inverse Mach reflection. Then, the lower
duct is subjected to the effect of the pressure decreasing gradient coming from the upper
duct so that it finally converges and then diverges.

Since the lower duct initially diverges, it needs a longer distance with
pressure-decreasing effect to create the sonic throat. Moreover, there is some time lagging
in the transmission of pressure-decreasing waves across the transonic jet. Hence, the sonic
throat in the lower duct appears far downstream of that in the upper duct.

The difference of sonic throat positions in the two flow ducts makes it very difficult to
build a theoretical model to predict the Mach stem heights.

4.4. Viscous effect

The influence of viscosity on shock reflection has been studied for single incident
shock wave reflection. Schmisseur & Gaitonde (2011) used numerical simulations to
show that viscosity has two effects. The viscosity increases the Mach stem height due
to the increased displacement effect of the wedge boundary layer on Mach reflection.
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FIGURE 9. Comparison of Mach contours of viscous (grey lines) and inviscid (black lines)
computations, with My = 3.98, w; = 1.1, 6,, = 5° and § = 25°. For viscous flow the Reynolds
number is 107,

Type of flow Hy Lje;/Hr
Inviscid 0.0963 0.0311
Viscous 0.0859 0.0474

TABLE 1. Sizes of Mach stem segment and jet for inviscid and viscous flows, with My = 3.98,
wi = 1.1, 6, = 5° and § = 25°. For viscous flow the Reynolds number is 107.

Chen, Bai & Wu (2020) derived a simple model to account the displacement effect of
the boundary layer. The viscosity also thickens the shear layer emanating from the triple
point and this thickening may also have some influence since the pressure across the shear
layer balances over a finite distance. Schmisseur & Gaitonde (2011) also showed that no
significant differences between inviscid and viscous calculations exist in the shear layers
emanating from the triple point.

However, the present problem contains a narrow jet that may be sensitive to viscosity.
A detailed study is beyond the scope of this study. Here, we only display one result, for
My =398, w, = 1.1, 6, =5° and § = 25°. The Reynolds number based on the inlet
height is 107. The numerical result is obtained by solving the Navier—Stokes equations.
The inviscid part is solved using the same method as for inviscid flow and the viscous part
is solved using second-order central differences. For turbulence, the Reynolds-averaged
Navier—Stokes (RANS) k—w shear stress transfer (SST) model is used. In the inlet we
provide the turbulent kinetic energy k = 0.8 and specific dissipation rate w = 0.8.

The grid we use is similar to grid C (of the appendix), but with additional refinement
near the lower surface of the wedge to resolve the boundary layer. The global Mach number
contours for the comparison of inviscid and viscous flow are displayed in figure 9, by
steady state computation using 1.02 x 10° time iterations. Here, the black lines are for
inviscid flow and the grey lines are for viscous flow. Hence, compared to inviscid flow
solution, the Mach stem is pushed towards the downstream direction by viscosity.

As shown in table 1, viscosity decreases the Mach stem height but increases the
jet width L, by nearly 20 % for the flow conditions considered. This result suggests
that in real applications (with specific choice of Reynolds number), one cannot just use
inviscid simulation if quantitative information is required. Normally, the boundary layer
will increase the effective wedge angle so that the Mach stem height should increase
(Schmisseur & Gaitonde 2011; Chen et al. 2020). Here, the decrease of the Mach stem
height due to viscosity would be associated with the increase of the thickness of the jet.
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The exact mechanism is difficult to explain, for a similar reason to that discussed in § 4.3
for inviscid flow.

5. Conclusion

Mach reflection by two incident shock waves has been recently studied by Guan et al.
(2018). Guan et al. (2018) considered the case of pre-Mach reflection, where it is the first
incident shock wave that has a Mach reflection and the Mach stem is subjected to the
influence of the downstream one.

Here, in this paper, we have considered post-Mach reflection for shock reflection by
two incident shock waves, where it is the downstream incident shock wave that has Mach
reflection and this Mach reflection is subjected to the influence of the upstream incident
shock wave.

We have used shock polar analysis to identify the flow structure and derived a
detachment condition to have post-Mach reflection. We also have used computational fluid
dynamics to verify the theoretical prediction and to study the detailed flow structure.

By shock polar analysis, we have shown that post-Mach reflection produces an inverted
Mach stem and type IV shock interference between the Mach stem and the upstream shock
wave. This shock interference produces a jet that divides the flow stream downstream of the
Mach stem into two ducts with different sonic throats, thus complicating the mechanism
by which the Mach stem size is determined. A transition analysis shows that the Mach
reflection of the downstream shock wave is promoted by the upstream one. Computational
fluid dynamics demonstrates how the heights of Mach stem and jet depend on the inflow
Mach number and wedge turning angle.

Type IV shock interaction was believed to yield a supersonic jet downstream of the
interaction point. However, we observed here a transonic jet for a specific choice of flow
condition. This issue will be studied in the future for the broader problem of type IV shock
interference.

The unsteadiness associated with the jet and the influence of viscosity also deserve
further study. A viscous simulation shows that viscosity may have an important influence
on the Mach stem height and jet width.
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Appendix. Numerical solution under mesh refinement and time iteration

The uniform grid with 2600 x 500 cells used in § 3.2 correctly captured post-Mach
reflection, inverted Mach stem and jet, as anticipated by theoretical analysis in § 2, while
the flow structures inside the jet is not clearly resolved using such a grid.

Now we refine the grid in the jet to display more details in order to show the nature
of the jet. However, the jet is narrow and long, so refining the grid everywhere in the jet
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FIGURE 10. Refined mesh grid (grid C) near the jet for My = 3.98, w; = 1.1, 6,, = 5° and
6 = 25°.

Residuals

100 10! 102 103 104 10°
Iterations

FIGURE 11. The residual curve of density for My = 3.98, 6,, = 5° and § = 25°, computed
using grid D.

requires a huge number of grid points. Here, we just refine the region enclosing the initial
part of the jet. This refined leading part has a length approximately 10 times the width of
the jet. The refined grid is still a structured one.

The problem is, however, further complicated by the unsteadiness of numerical solution
even after hundreds of thousands of time iterations. Hence, we not only need to examine
mesh convergence but also time convergence of the flow structure inside the jet. The
purpose is to demonstrate the topography of the flow structure inside the jet should no
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FIGURE 12. Local view of Mach number contours for My = 3.98, w; = 1.1, 6, =5°and § =
25°. (a) Grid C after 5 x 10° time iterations. (b) Grid E after 1 x 107 time iterations the same
as that used with grid C in § 3.2.

longer change after further mesh refinement and further time iterations. Five refined grids

are considered.

(1) Grid A has in total 3600 x 730 cells with the refined region containing 1400 x 280

cells.

(i1) Grid B has in total 4300 x 970 cells with the refined region containing 2100 x 420

cells.

(iii) Grid C has in total 5000 x 1000 cells with the refined region containing 2800 x 560
cells. The local refined mesh for grid C, as compared to figure 4(c), is displayed in

figure 10.

(iv) Grid D has 6450 x 1390 cells with the refined region containing 4200 x 840 cells.
(v) Grid E has 7500 x 1500 cells with the refined region containing 5600 x 1120 cells.
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Method  Iterations Hr Ljer/Hr  CPU time (h)

1 Steady 100000  0.0968  0.0377 305.9
2 Steady 200000 0.0970  0.0313 611.8
3 Steady 300000 0.0958  0.0375 917.7
4 Unsteady 500000 0.0967 0.0327 410.4
5 Unsteady 501000 0.0966 0.0330 411.2
6 Unsteady 502000 0.0965 0.0329 412.1
7 Unsteady 503000 0.0965 0.0341 412.9

TABLE 2. Mach stem height (H7) and relative width (Lj,;/Hr) of the initial part of the jet for
different grids at different numbers of iterations, for My = 3.98, w; = 1.1, 6,, = 5° and § = 25°.
The computation is run on a multi-core supercomputer, with 48 cores used for steady case and
240 cores for the unsteady case.

Mesh type Hr Hj Hj Ljet/Hr

Non-refined grid  0.0957 0.0354 — 0.0834
Refined grid A 0.096672  0.035059  0.038351  0.041547
Refined grid B 0.096630  0.034920  0.038183  0.040883
Refined grid C 0.096320  0.034735  0.037186  0.031117
Refined grid D 0.096678  0.034789  0.037653  0.035944
Refined grid E 0.096517  0.034878  0.036680  0.022800

TABLE 3. Sizes of Mach stem segment and jet for different grids at time iterations 5 x 107, at
My =398, w; =1.1,0, = 5°and § = 25°.

In fact, both steady and unsteady approaches should converge to a steady state solution if
the problem indeed has a steady solution. If the problem has an unsteady solution, as in the
present case with a jet, an approach with a very coarse grid and with a highly dissipative
numerical scheme would lead to a steady solution. Since we used a highly dense mesh to
resolve the flow structure, we have obtained unsteadiness with both steady and unsteady
approaches. The time history of the density residuals, defined as the root mean square of
density variations between two subsequent time iterations, is displayed in figure 11 for
grid D. Here, the computation is done using a Courant number 0.5.

Below we summarize the results.

(a) The computation does not converge in time but the topography of the jet does not
change in time. As shown in figure 12(a), the jet at time iteration 5 x 10° has the same
topography as that at time iteration 1 x 10° displayed in figure 5, in the sense that the jets
predicted at both time iterations. Table 2 shows, for grid C, the Mach stem height H; and
relative jet length L, /Hy at three different time iterations for both steady and unsteady
computations. We see both the Mach stem height and the relative jet length change a little
in time. Table 2 also gives the CPU times.

(b) The computation does not converge in space but the topography of the jet does not
change with different grids. Table 3 displays the heights Hy, H; and H; of the three triple
points T, I and J and the relative initial width L;.,/H7 of the jet. Although the three heights
do not change much with different refined grids, the relative initial width L;,/Hr of the
jet changes a lot when different grids are used. This means that the result is not mesh
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converged. However, the topography of the flow structure inside the jet remains the same
for different grids, as can be seen from figure 12(b), which displays the Mach contours for
grid E. Compared to figure 5, we see using grid C and grid E that both yield a transonic
jet at the same time iteration.
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