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This article is concerned with semiparametric estimation of a partially linear trans-
formation model under conditional quantile restriction with no parametric restric-
tion imposed either on the link functional form or on the error term distribution.
We describe for the finite-dimensional parameter a

√
n-consistent estimator which

combines the features of Chen (2010)’s maximum integrated score estimator as well
as Lee (2003)’s average quantile regression. We show the remaining two infinite-
dimensional unknown functions in the model can be separately identified and
propose estimators for these functions based on the marginal integration method.
Furthermore, a simple approach is proposed to estimate the average partial quan-
tile effect. Two important extensions, i.e., random censoring as well as estimating a
transformation model with an endogenous regressor are also considered.

1. INTRODUCTION

Since the seminal work by Box and Cox (1964), taking transformations of the
data has been a useful approach to model estimation and inference, particularly
in the analysis of survival data. In the literature of economics, survival analysis is
also called duration analysis, which is relevant in a variety of applications. This
is because many time-to-event variables are of interest to researchers conducting
empirical studies in economics, finance, and management. These time-to-event
variables can be the length of an unemployment spell or a strike in labor eco-
nomics, the time between purchases of a durable good in marketing, the duration
of business cycles or recessions in macroeconomics and the survival time in bio-
statistics. See Lancaster (1990) and Van den Berg (2001) for extensive surveys on
these topics. A baseline transformation model can be specified as

H (Y ∗)= X ′β0 −U, (1.1)
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where Y ∗ is the latent scalar dependent variable, subject to censoring of certain
type; H (·) is an unknown monotone increasing function; X is a pX -dimensional
vector of covariates; β0 is a conformable vector of coefficients; and U is the error
term.1 This linear transformation model (1.1) forms a rich class and incorporates
the proportional hazards model (when U follows the extreme value distribution)
and the proportional odds model (when U follows the logistic distribution) as
special cases. In addition, if U follows the standard normal distribution, it nat-
urally generalizes the classical Box–Cox model. The statistics and econometrics
literature studying variations of this transformation model is quite extensive and
can be classified by the set of assumptions that a given paper imposes on the link
functional form, the error term distribution, as well as the censoring mechanism.
Recent development in econometrics shows increased interest in distribution-free
estimation and inference of the model, which requires no parametric specifica-
tion either for the error term distribution or the link functional form, and can
accommodate general forms of censoring. These studies include Asparouhova,
Golanski, Kasprzyk, Sherman, and Asparouhov (2002), Abrevaya (1999, 2003),
Horowitz (1996), Cavanagh and Sherman (1998), Chen (2002, 2010), Chen, Jin,
and Ying (2002) and Khan and Tamer (2007), and Shin (2010), to mention only
a few.

Despite these accomplishments, linearity of covariate effect after transforma-
tion may be too strong. There are several occasions calling for relaxation of this
strong assumption. First, in duration analysis, it is more often than not that at
least one covariate effect might be nonlinear. For example, in the analysis of un-
employment spell data from continuous wage and benefit history unemployment
insurance administrative records (Meyer, 1990), the covariate age showed a strong
nonlinear effect on the individual hazards.2 In general, modeling time-to-event
variables through a partially linear structure can be viewed as an effective scheme
for lessening the possibility of delivering misleading statistical inference due to
model misspecification. Second, for nonlinear econometric models such as (1.1), a
nontrivial and important issue is the presence of endogenous regressors. However,
the existing literature lacks formal studies concerning estimation of a transforma-
tion model with endogeneity. When (1.1) contains an endogenous regressor, the
endogeneity can be adequately corrected via estimating a partially linear transfor-
mation model, by adopting a control function approach as in Newey, Powell, and
Vella (1999), Imbens and Newey (2009), and Lee (2007).

The discussion above thus motivates us to consider estimation of a general class
of partially linear transformation models, specified as

H (Y ∗)= X ′β0 +m(Z )−U, (1.2)

where m(·) is an unknown function of Z ∈ RpZ . In comparison with (1.1), (1.2)
involves two nonparametric components H (·) and m(·) that need to be estimated
under different constraints: the monotonicity on the former and the smoothness
on the latter. It is intriguing how to take both constraints into account seamlessly
in the estimation. Although there is a rich literature, particularly in biostatistics,
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on studying the proportional hazards model with nonlinear or partially linear co-
variate effects (Fan, Gijbels, and King, 1997; Huang, 1999; Huang, Kooperberg,
Stone, and Truong, 2000; Cai, Fan, Jiang, and Zhou, 2007, 2008; among others)
based on the partial likelihood function, relatively fewer methods have been de-
veloped for a general semiparametric partially linear transformation model where
both the link function and the error term distribution are unspecified. Among them
available, Ma and Kosorok (2005) studied the penalized log-likelihood estima-
tion of a partially linear transformation model with current status data. Linton,
Sperlich, and Van Keilegom (2008) studied the identification and estimation of a
much more general class of semiparametric transformation models, which com-
bine a parametric transformation with the flexibility of an additive nonparametric
regression function. More recently, Lu and Zhang (2010) proposed a martingale
representation based estimation procedure for (1.2). Abrevaya and Shin (2011)
provided a rank based methodology for a generalized partially linear regression
model including (1.2) as a special case. All these studies, however, require inde-
pendence between the error term and the regressors.

In this article, we propose an alternative estimation procedure for (1.2). Instead
of assuming U is independent of (X, Z ), we impose a conditional quantile re-
striction, i.e., the τ th quantile of U conditional on (X, Z ) is zero for any given
0< τ < 1. To the best of our knowledge, there has been no such study that con-
siders quantile regression estimation of a partially linear transformation model.
The advantage of quantile restriction relative to the prior independence restriction
is well known: the former allows for an arbitrary form of dependence between
regressors and error term as long as a conditional quantile independence assump-
tion is satisfied. In addition, quantile regression enables researchers to learn more
than a pure location shift impact of the regressors upon the transformed dependent
variable, thus providing an effective way to capture unobservable heterogeneity,
an issue of particular interest to many applied researchers.

Specifically, we consider (1.2) in which the dependent variable Y is observed
according to a general two-sided fixed censoring mechanism, i.e.,

Y = cI
{
Y ∗ ≤ c

}+Y ∗ I
{
c < Y ∗ < c

}+ cI
{
Y ∗ ≥ c

}
, (1.3)

with −∞< c< c<+∞.3 The primary interest of this paper is to develop a com-
prehensive as well as computationally feasible procedure for estimating both finite
and infinite dimensional parameters with desirable convergence rates. We propose
for β0 a two-stage procedure, which combines the features of the maximum inte-
grated score estimator (MISE) proposed by Chen (2010) for a linear transforma-
tion model and the average quantile regression (AQR) developed by Lee (2003).
While MISE ably exploits the monotonicity constraint imposed on the link func-
tion, AQR provides a general principle for achieving

√
n convergence rate for

β0. Given the estimate of β0, we consider identification and estimation of two
infinite dimensional components in the model, i.e., H (·) and m(·). Applying the
marginal integration method, we show the two nonparametric components can be
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separately identified and the resulting estimators converge at a certain desirable
nonparametric rate. Consistent estimation of these structural parameters means
that we can only learn about the marginal effect of covariates on the conditional
quantile function of the dependent variable after transformation. In practice, it is
common to care about the average partial quantile effect, the marginal effect of
X on the latent dependent variable Y ∗, a quantity involving all unknown struc-
tural parameters in the model. We propose a novel and computationally simple
approach to estimating this average quantile effect, which obviates the need for
nonparametric estimation of H ′(·) and H−1(·). Moreover, we show that the pro-
posed procedure can readily extend to random censoring, as well as deal with
endogeneity.

The rest of the paper is structured as follows. The estimation procedure is
motivated and described in Section 2. Section 3 introduces the regularity con-
ditions and establishes large sample properties for the proposed estimators. Ex-
tension to randomly censored data is considered in Section 4. Estimation of a
transformation model with an endogenous regressor is discussed in Section 5.
Monte Carlo results concerning the finite sample performance of these estimators
are reported in Section 6. Section 7 concludes the article and all the technical
details are collected in the Appendix.

2. ESTIMATION PROCEDURE

This section studies estimation of (1.2) in which the dependent variable Y is ob-
served according to (1.3). Section 2.1 focuses on estimating the finite dimensional
parameter β0. Estimation of the unknown functions H (·) and m(·) will be consid-
ered in Section 2.2. Based on these results, we come up with a computationally
simple estimator for average partial quantile effect in Section 2.3.

2.1. Estimation of β0

Our strategy for estimating β0 builds on the maximum integrated score estimator
(MISE) proposed by Chen (2010) for a linear transformation model. The MISE
is motivated by the following observation: under monotonicity of H (·), (1.2) is
equivalent to a sequence of binary choice models through a discretization tech-
nique. That is, given c ∈ (c,c) and defining D(c) = I{Y > c}, we have the fol-
lowing binary choice model for each c ∈ (c,c) due to the monotonicity of H (·),
i.e.,

D(c)= I
{
Y > c

}= I
{
Y ∗ > c

}= I
{

X ′β0 +m(Z )− H (c) >U
}
. (2.1.1)

It then follows from the τ th zero quantile restriction on U conditional on (X, Z )
that

E
(
D(c)

∣∣X, Z
)− τ = FU |X Z

(
X ′β0 +m(Z )− H (c)

∣∣X, Z
)− τ > 0

⇔ X ′β0 +m(Z )− H (c) > 0, (2.1.2)

where FU |X Z (·|·, ·) is the distribution of U conditional on (X, Z ).
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To motivate our estimator, let us assume for the moment that the nonlinear
part m(·) is known to the researcher. If so, Chen (2010) proposed estimating β0
like this: first, based on the rank condition (2.1.2), Horowitz (1992)’s smoothed
maximum score (SMS) method applies and for any given c, a consistent estimator
for (β0,H (c)) can be obtained by maximizing

1

n

n∑
i=1

(
Di (c)− τ

)
K

(
X ′

iβ+m(Zi )−a

h

)
(2.1.3)

with respect to β and a, where K (v)= ∫ v
−∞ k(s)ds is an integrated kernel function

and h is a bandwidth, decreasing to zero as n → ∞. Note that in (2.1.3), K (·/h)
is used to mimic the behavior of an indicator function as h diminishes to zero. By
fixing c, Horowitz’s SMS method gives an estimator for β0 with its convergence
rate much slower than the usual parametric

√
n rate. To restore the desired

√
n

convergence, Chen (2010) proposed integrating (2.1.3) over the interval (c,c) and
estimating β0 by maximizing the integrated criterion function

Qn(β)=
∫

1

n

n∑
i=1

(
Di (c)− τ

)
K

(
X ′

iβ+m(Zi )− Hn(c,β)

h

)
ω(c)dc, (2.1.4)

where Hn(c,β) is profiled out from maximizing (2.1.3) for any given β and c, i.e.,

Hn(c,β)= arg maxa
1
n

∑n
i=1

(
Di (c)− τ

)
K

(
X ′

iβ+m(Zi)−a
h

)
,

and ω(·) is a nonnegative weighting function. For example, letting

ω(c) = I
{
c ≤ c ≤ c

}
, (2.1.5)

amounts to imposing a uniform weighting scheme. Following Chen (2010), it is
straightforward to show that the above (infeasible) MISE that maximizes (2.1.4)
is

√
n-consistent.

The above procedure is not operational due to the lack of knowledge about
m(·). To overcome this difficulty, let us go back to the rank condition (2.1.2). In
the presence of a nonlinear component m(·), the principle of Horowitz (1992)’s
SMS method still applies but a local version should be adopted. That is, for
any z ∈ RpZ and c ∈ (c,c), we could locally estimate (β0,m(z)− H (c)) by
(β̂n(c, z),Ĥn(c, z)) that maximizes the following local smoothed maximum score
(LSMS) criterion function

qn(c, z,β,a)= 1

nh pZ
2

n∑
i=1

(Di (c)− τ) K1

(
X ′

iβ+a

h1

)
k2

(
Zi − z

h2

)
, (2.1.6)

with respect to β and a, where K1(s)= ∫ s
−∞ k1(v)dv is an integrated kernel func-

tion,

k2

(
Zi − z

h2

)
=

pZ∏
l=1

k2

(
Zli − zl

h2

)
,
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Zli and zl are the lth components of Zi and z respectively, k2(·) is another univari-
ate density kernel function, and h1 and h2 are two bandwidths. The main rationale
behind (2.1.6) is that with a carefully chosen kernel k2(·) and a sufficiently small
h2, only the observations lying within a small neighborhood around z contribute
to the objective function. As a result, the maximizer of (2.1.6) will be a consistent
estimator for (β0,m(z)− H (c)). However, due to localizing around (c, z), this
LSMS estimator converges to β0 at a rate slower than

√
n. Next we take two steps

to improve its convergence rate. First we apply Chen (2010)’s integration method
and obtain β̂n(z) by integrating out c, that maximizes

Qn(z,β)=
∫

1

nh pZ
2

n∑
i=1

(
Di (c)− τ

)
K1

(
X ′

iβ+Hn(c, z,β)

h1

)
×k2

(
Zi − z

h2

)
ω(c)dc (2.1.7)

with respect to β for any given z, where Hn(c, z,β) maximizes (2.1.6) with re-
spect to a for any given (c, z,β). In general, these β̂n(z)’s, due to their localizing
around z, are still expected to have a convergence rate slower than

√
n. To restore

the
√

n convergence rate, we follow the principle of average quantile regression
(AQR) developed by Lee (2003) and average these β̂n(z)’s over Z, the support of
Z , to obtain

β̂n =
n∑

i=1

t (Zi)β̂n(Zi )

/ n∑
i=1

t (Zi), (2.1.8)

where t (z) is a trimming function, aiming to delete those inaccurate local esti-
mates from the averaging process. In Section 3, we show (2.1.8) is

√
n-consistent

and derive its limiting distribution.

Remark 2.1. Our method resembles Lee’s AQR in that both intend to locally
estimate β0 at a convergence rate slower than

√
n at the first stage and then restore

the
√

n-consistency through averaging in the second stage. To obtain the local es-
timates, Lee (2003) employed the local polynomial quantile regression (LPQR),
in contrast to our LSMS estimator used here. However, one major drawback asso-
ciated with LPQR is that it does not seem flexible enough to accommodate many
limited dependent variable models, e.g., models with censored dependent vari-
ables. Instead, we adopt the LSMS method as our first stage estimator. It turns out
that this different selection of local estimates in the first stage makes our method
more flexible and thus has potentially wider applications than Lee’s AQR.4

2.2. Estimation of H (·) and m(·)
Based on the

√
n-consistent estimate of β0, we then turn to estimating H (·) and

m(·) respectively. To begin with, we impose two normalization restrictions as
follows:
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(i)
∫
ω(c)dc = 1 and (ii)

∫
H (c)ω(c)dc = 0.

The first restriction turns the weighing function (2.1.5) into

ω(c) = 1

c − c
I
{
c ≤ c ≤ c

}
.

Given (i), (ii) is simply a location normalization on H (·), thus is innocuous since
(1.2) is observationally equivalent to

H
(
Y ∗)−a = X ′β0 + (m(Z )−a)−U, (2.2.1)

for any a ∈ R. Applying the LSMS method, it is straightforward to understand
that for any given c ∈ (c,c) and z ∈Z, m(z)− H (c) can be consistently estimated
by Ĥn(c, z) that maximizes

qn(c, z, β̂n,a)= 1

nh pZ
2

n∑
i=1

(
Di (c)− τ

)
K1

(
X ′

i β̂n +a

h1

)
k2

(
Zi − z

h2

)
, (2.2.2)

with respect to a, where β̂n is any
√

n-consistent estimate of β0. We propose
estimating m(z) for any given z ∈Z by marginal integration, i.e.,

m̂n(z) =
∫
Ĥn(c, z)ω(c)dc, (2.2.3)

that is rationalized by∫ (
m(z)− H (c)

)
ω(c)dc = m(z)

∫
ω(c)dc −

∫
H (c)ω(c)dc = m(z). (2.2.4)

Finally, it follows from the observation

EZ
(
m(Z )− H (c)

) = EZ
(
m(Z )

)− H (c) (2.2.5)

that we can estimate H (c) for any given c ∈ (c,c) by

Ĥn(c) = 1

n

n∑
i=1

m̂n(Zi )− 1

n

n∑
i=1

Ĥn(c, Zi ). (2.2.6)

Remark 2.2. If
∫
ω(c)dc = 1 but

∫
H (c)ω(c)dc �= 0, then it follows from

(2.2.4) that m(z) can be identified only up to a location shift. Even in this case, it
follows from (2.2.5) that H (c) can still be identified exactly.

Remark 2.3. We shall show in Section 3 that m̂n(z) converges to m(z) point-

wise at the rate
√

nh pZ
2 and Ĥn(c) to H (c) at the rate

√
nh1. Obviously, these have

achieved the fastest rates of nonparametric estimates for pZ -variate and univariate
functions, respectively.
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2.3. Average Partial Quantile Effect

Consistent estimation of β0 means that we can learn about the marginal effect
of X on the quantile function of the dependent variable after transformation con-
ditional on the regressors. In practice, one may also be concerned with the average
partial quantile effect of X on the latent dependent variable Y ∗. Without loss of
generality, we consider the average partial median effect, i.e., τ = 0.5, which is
defined as

ϑ0 = E

{
∂Med

(
Y ∗∣∣X, Z

)
∂X

}
.

Since the median of H (Y ∗) conditional on (X, Z ) is X ′β0 +m(Z ), the conditional
median of Y ∗ given (X, Z ) is Med

(
Y ∗|X, Z

)= H−1
(
X ′β0 +m(Z )

)
. Thus

ϑ0 = E

{
∂H−1

(
X ′β0 +m(Z )

)
∂X

}

= E

⎧⎪⎪⎨⎪⎪⎩
1

H ′
(

H−1
(
X ′β0 +m(Z )

))
⎫⎪⎪⎬⎪⎪⎭β0, (2.3.1)

which implies that we can estimate ϑ by

ϑ̂n = 1

n

n∑
i=1

1

Ĥ ′
n

(
Ĥ−1

n
(
X ′

i β̂n + m̂n(Zi )
)) β̂n ,

where Ĥ−1
n (·) and Ĥ ′

n(·) are nonparametric estimates of H−1(·) and H ′(·) re-
spectively. Theoretically, both Ĥ−1

n (·) and Ĥ ′
n(·) can be recovered from the non-

parametric estimate of H (·) given by (2.2.6). However, this direct plug-in pro-
cedure inevitably causes substantial computational burden and makes the subse-
quent asymptotic analysis a formidable task. Below we propose a computation-
ally simple estimator for ϑ0 that obviates the need for nonparametric estimation
of H−1(·) and H ′(·). The key observation behind our estimator is∫

1

h1
k1

(
X ′β0 +m(Z )− H (c)

h1

)
dc

= �1

∫
1

h1
k1 (s)d H−1

(
X ′β0 +m(Z )−h1s

)
= �2

1

H ′
(

H−1

(
X ′β0 +m

(
Z
))) + O(hκ1),

where �1 follows from the change of variables X ′β0 + m(Z )− H (c) = h1s, �2
follows if we assume H (·) is κ times continuously differentiable, k1(·) is a κth
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order bias reduction kernel, i.e.,
∫

k1(v)v
r dv = 0 for 0 < r < κ. Thus a simpler

estimator for ϑ0 is

ϑ̂n = 1

n

n∑
i=1

∫
1

h1
k1

(
X ′

i β̂n + m̂n(Zi )− Ĥn(c)

h1

)
dc · β̂n. (2.3.2)

Later we show ϑ̂n is
√

n-consistent and derive its limiting distribution.

3. LARGE SAMPLE PROPERTIES

This section studies the large sample properties of the estimators introduced in
the preceding section. To proceed, we introduce the following notations. It is well
known (e.g., from Horowitz, 1996) that for models subject to unknown transfor-
mation, β0 can be identified up to scale and no intercept is identified. Thus the
regressor vector X should not contain a constant term. In addition, identification
of β0 requires that X should contain at least one component whose probability
distribution conditional on the remaining components is absolutely continuous
with respect to the Lebesgue measure. For these reasons, we rearrange the compo-
nents of X = (X1, X ′

2)
′ so that its first component X1 satisfies this condition. For

scale normalization, let β0 = (β10,β
′
20)

′ , with |β10| = 1 and β20 being a (pX −1)-
dimensional coefficient vector for the remaining components. Let X ⊂ R

pX and
Z ⊂ RpZ signify the support of X and Z respectively.

Assumption 3.1.

(i) The distribution of U conditional on (X, Z ) is absolutely continuous with
respect to the Lebesgue measure and the corresponding conditional density
is continuous and positive almost everywhere.

(ii) The τ th quantile of U conditional on (X, Z ) is zero.

Assumption 3.2.

(i) The support of X is not contained in any proper linear subspace of RpX

for almost every Z .

(ii) The distribution of X1 conditional on X2 and Z has a positive density
almost everywhere with respect to the Lebesgue measure.

(iii) The distribution of Z conditional on X is absolutely continuous with re-
spect to the Lebesgue measure almost everywhere in X and the density of
Z conditional on X , i.e., fZ |X (·|·) is everywhere positive.

(iv) |β10| = 1.

Assumption 3.3. {Yi , Xi , Zi}, i = 1, . . .,n is a random sample of (Y, X, Z )
generated by (1.2) and (1.3). H (·) is a strictly increasing function.

Assumption 3.4. B= {−1,1}×B2 is a compact subset of RpX that contains β0
as the interior;MH is a compact subset on the real line that contains m(z)− H (c)
as the interior for each z ∈Z and c with ω(c) > 0.
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Assumption 3.5.

(i) The density of U conditional on (X, Z ), i.e., fU |X Z (u|x, z) is bounded
away from zero in a neighborhood of u = 0 for almost all x ∈X and z ∈Z;
fU |X Z (u|x1, x2, z) is κ times continuously differentiable with respect to u,
x1, and z with all the partial derivatives uniformly bounded.

(ii) fX1 Z |X2(x1, z|x2) is κ times continuously differentiable with respect to x1
and z with all the partial derivatives uniformly bounded.

(iii) H (c) and m(z) are κ times continuously differentiable in c or z with all
the partial derivatives uniformly bounded.

Assumption 3.6.

(i) The weighting function ω(·) is κ times continuously differentiable with
uniformly bounded derivatives, and nonnegative over a bounded support.

(ii) The trimming function t (z) = I{z ∈ Z1}, where Z1 is a compact subset
of Z.

Assumption 3.7.

(i) K1(s) = ∫ s
−∞ k1(v)dv . Both k1 and k2 are continuously differentiable, κth

order bias reduction kernel, i.e.,∫
kl (v)dv = 1,

∫
kl (v)v

r dv = 0, for 1 ≤ r < κ, l = 1,2.

(ii) nh1h2 pZ
2 → ∞, nh2κ

2 → 0, nh2κ
1

/
h2 pZ

2 → 0, 	1n	2n = o(n−1/2), where

	1n = hκ1 +hκ2 + (
lnn

/
nh1h pZ

2

)1/2
, 	2n = hκ1 +hκ2 + (

lnn
/

nh3
1h pZ

2

)1/2
.

Define

H(c, z,β)= argmax
a∈R q

(
c, z,β,a

)
,

and

q(c, z,β,a)= E
{(

D(c)− τ) I
{

X ′β+a > 0
}∣∣Z = z

}
.

Assumption 3.8. For all z ∈ Z, the matrix

σ(z)=
∫ {

αX X (c, z)−αO O (c, z)
∂H(c, z,β0)

∂β2

∂H(c, z,β0)

∂β ′
2

}
ω(c)dc

is nonsingular, in which

αX X (c, z)= E

{
fU X1 Z |X2

(
0,−X ′

2β20 −m(z)+ H (c), z

∣∣∣∣X2

)
X2X ′

2

}
,

and

αO O(c, z)= E

{
fU X1 Z |X2

(
0,−X ′

2β20 −m(z)+ H (c), z

∣∣∣∣X2

)}
.
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Assumption 3.1 is standard for quantile regression. Assumption 3.2(i) and (ii)
is necessary for attaining identification of β0 by the local maximum score method.
Assumption 3.2(iii) requires that all Z ’s components are continuously distributed,
aiming to ease the expositional burden in the subsequent analysis. This condition
can be relaxed to permit discrete components in Z , requiring that at least one
component of Z is continuously distributed. Assumption 3.2(iv) places a scale
normalization restriction on β0. Assumption 3.3 describes the data generating
process. Assumption 3.4 is standard for extremum estimate. Assumption 3.5 im-
poses smoothness conditions on fU |X Z , fX1 Z |X2 , m(·), and H (·). Assumption 3.6
places restrictions on the weighting function and the trimming function. For the
trimming function t (z), a Z1 that is too small can induce the loss of efficiency,
whereas a Z1 that is too large allows the estimator to be unduly influenced by the
tail behavior of the distribution of Z . Assumption 3.7 is concerned with selection
of the kernel functions and the bandwidths. If one assumes h1 = A1 × n−η1 and
h2 = A2 × n−η2 with η1 and η2 some positive numbers, then Assumption 3.7(ii)
implies that pZ < κ(κ −2)/(κ +2). Thus, in general, kernel functions of higher
order should be employed if the number of variables in Z goes large. Assump-
tion 3.8 ensures that the variance of the asymptotic distribution of the resulting
estimator is well defined.

PROPOSITION 3.1. Under Assumptions 3.1–3.8, β̂n as defined by (2.1.8) is
consistent and has the limiting distribution as n → ∞,
√

n
(
β̂2n −β20

)→d N (
0,Vβ

)
,

with Vβ = E
(
ψβiψ

′
βi

)
,

ψβi = t∗(Zi )

(
I

{
Ui < 0

}
− τ

)
fZ (Zi )σ

−1(Zi )

×

⎛⎜⎜⎝X2i +
αX O

(
H−1

(
X ′

iβ0 +m(Zi )
)
, Zi

)
αO O

(
H−1

(
X ′

iβ0 +m(Zi )
)
, Zi

)
⎞⎟⎟⎠

×
ω

(
H−1

(
X ′

iβ0 +m(Zi )
))

H ′
(

H−1
(
X ′

iβ0 +m(Zi )
)) ,

t∗(z)= I
{

z ∈ Z1
}/

Pr(Z ∈Z1),

αX O(c, z)= E

{
fU X1 Z |X2

(
0,−X ′

2β20 −m(z)+ H (c), z

∣∣∣∣X2

)
X2

}
.

For the purpose of carrying out large sample inference, consistent estimate of
Vβ needs to be constructed. It follows from the proof of Proposition 3.1 that ψβi
can be estimated by

https://doi.org/10.1017/S0266466614000887 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466614000887


SEMIPARAMETRIC ESTIMATION OF TRANSFORMATION MODELS 469

ψ̂βi = I
{

Zi ∈ Z1
}∑

j �=i
I
{

Zj ∈Z1
}∑

j �=i

I

{
Zj ∈ Z1

}
1

h pZ
2

k2

(
Zi − Zj

h2

)
σ̂−1

n (Zj )

×
∫ (

Di (c)− τ
) 1

h1
k1

(
X ′

i β̂n +Hn(c, Zj , β̂n)

h1

)

×
(

X2i + α̂X O(c, Zj )

α̂O O(c, Zj )

)
ω(c)dc,

where

α̂O O(c, z)=
∫

1

nh2
1h pZ

2

n∑
i=1

(
Di (c)− τ

)
k ′

1

(
X ′

i β̂n +Hn(c, z, β̂n)

h1

)
k2

(
Zi − z

h2

)
,

α̂X O(c, z)=
∫

1

nh2
1h pZ

2

n∑
i=1

(
Di (c)− τ

)
k ′

1

(
X ′

i β̂n +Hn(c, z, β̂n)

h1

)
k2

(
Zi − z

h2

)
X2i ,

and

σ̂n(z)=
∫

1

nh2
1h pZ

2

n∑
i=1

(
Di (c)− τ

)
k′

1

(
X ′

i β̂n +Hn(c, z, β̂n)

h1

)
k2

(
Zi − z

h2

)

×
(

X2i X ′
2i −

∂Hn(c, z, β̂n)

∂β2

∂Hn(c, z, β̂n)

∂β ′
2

)
ω(c)dc.

To establish the asymptotic properties for m̂n(z) and Ĥn(c), we maintain the
following assumption:

Assumption 3.9.

(i)
∫
ω(c)dc = 1,

∫
H (c)ω(c)dc = 0.

(ii) h1
/

h pZ
2 → 0.

PROPOSITION 3.2. Under Assumptions 3.1–3.9, m̂n(z) as defined by (2.2.3)
is consistent and has the limiting distribution as n → ∞,√

nh pZ
2

(
m̂n(z)−m(z)

)
→d N (0,Vm) ,

where

Vm = τ(1 − τ)ς pZ
2 EX

⎧⎨⎩
[

ω
(
H −1

(
X ′β0 + m(z)

))
αO O

(
H −1

(
X ′β0 + m(z)

)
, z
)

H ′(H −1
(
X ′β0 + m(z)

)) ]2

fZ |X (z|X)
⎫⎬⎭

with ςl = ∫
k2

l (v)dv , for l = 1,2. Moreover, Ĥn(c) as defined by (2.2.6) is consis-
tent and has the limiting distribution as n → ∞,√

nh1

(
Ĥn(c)− H (c)

)
→d N (0,VH) ,
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where

VH = τ(1− τ)ς1 EX2 Z

⎧⎨⎩
[

fZ (Z )

αO O
(
c,Z

)]2

fX1|X2 Z
(
H (c)−m(Z )− X ′

2β20
∣∣X2,Z

)⎫⎬⎭.
The next proposition summarizes the limiting distribution of the average partial

quantile effect estimator (2.3.2).

PROPOSITION 3.3. Under Assumptions 3.1–3.9, ϑ̂n as defined by (2.3.2) is
a consistent estimator for ϑ0 and has the limiting distribution as n → ∞,

√
n

(
ϑ̂n −ϑ0

)
→d N (0,Vϑ),

where Vϑ = E

(
ψϑ iψ

′
ϑ i

)
,

ψϑ i =
({
�

(
X ′

iβ0 +m
(
Zi
))− θ0

}
+ E

{
�′
(

X ′β0 +m
(

Z
))

X ′
2

}
ψβi +ψ1

θ i +ψ2
θ i

)
β0 + θ0ψβi ,

�(y)= 1
/

H ′
(

H−1(y)), θ0 = E

⎧⎪⎪⎨⎪⎪⎩
1

H ′
(

H−1

(
X ′β0 +m

(
Z
)))

⎫⎪⎪⎬⎪⎪⎭ ,

ψ1
θ i = EX

{
�′
(

X ′β0 +m(Z )

)}
fZ
(
Zi
) I

{
Ui < 0

}
− τ

αO O

(
H−1

(
X ′

iβ0 +m(Zi )
)
, Zi

)

×
ω

(
H−1

(
X ′

iβ0 +m(Zi )
))

H ′
(

H−1
(
X ′

iβ0 +m(Zi )
)) ,

ψ2
θ i =

�

(
H−1

(
X ′

iβ0 +m(Zi )
))

αO O

(
H−1

(
X ′

iβ0 +m(Zi )
)
, Zi

)(I

{
Ui < 0

}
− τ

)
fZ (Zi ),

and

�(c)= EX2 Z

{
f ′
X1 |X2 Z

(
H (c)− X ′

2β20 −m(Z )

∣∣∣∣X2, Z

)}
.
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4. RANDOM CENSORING

The estimation strategy proposed above can readily extend to randomly censored
data, which is common in duration and survival analysis. In this case, the depen-
dent variable typically represents right-censored survival time and the realization
of the censored variable is observed only when the observation is censored. With-
out loss of generality, let us assume that the observations consist of a random
sample of (Y, δ, X, Z )with

Y = min
(
Y ∗,C

)
, δ = I

{
Y ≤ C

}
, (4.1)

the latent dependent variable Y ∗ is generated by (1.2) and the random variable C
is assumed to be independent of (U, X, Z ). Then similar reasoning to (2.1.1) and
(2.1.2) gives that for each c,

E

(
D(c)

∣∣∣∣X, Z

)
= E

(
I

{
Y > c

}∣∣∣∣X, Z

)
= E

(
I

{
min

{
Y ∗,C

}
> c

}∣∣∣∣X, Z

)
= E

(
I

{
C > c

})
E

(
I

{
Y ∗ > c

}∣∣∣∣X, Z

)
= G(c)E

(
I

{
Y ∗ > c

}∣∣∣∣X, Z

)
,

where G(c) = 1 − FC (c), FC (·) is the marginal cumulative distribution function
of C and thus

E

(
D(c)

G(c)

∣∣∣∣X, Z

)
> τ ⇔ X ′β0 +m(Z )− H (c) > 0. (4.2)

The rank condition (4.2), together with the preceding procedure defined for the
fixed censoring case, suggests that the AQR estimator for β0 is defined by

β̂r
n =

n∑
i=1

t (Zi )β̂
r
n(Zi )

/ n∑
i=1

t (Zi), (4.3)

where β̂r
n(z) maximizes

Qr
n(z,β)=

∫
1

nh pZ
2

n∑
i=1

(
Di (c)

Ĝn(c)
− τ

)

× K1

(
X ′

iβ+Hr
n(c, z,β)

h1

)
k2

(
Zi − z

h2

)
ω(c)dc (4.4)

with respect to β, Ĝn(c) is the Kaplan–Meier estimator of G(c), and Hr
n(c, z,β)

maximizes

qr
n(c, z,β,a)=

1

nh pZ
2

n∑
i=1

(
Di (c)

Ĝn(c)
− τ

)
K1

(
X ′

iβ+a

h1

)
k2

(
Zi − z

h2

)
, (4.5)

https://doi.org/10.1017/S0266466614000887 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466614000887


472 ZHENGYU ZHANG

with respect to a for any given c, z, and β. Let Ĥr
n(c, z) denote the maximizer of

qr
n

(
c, z, β̂r

n,a
)= 1

nh pZ
2

n∑
i=1

(
Di (c)

Ĝn(c)
− τ

)
K1

(
X ′

i β̂
r
n +a

h1

)
k2

(
Zi − z

h2

)
(4.6)

with respect to a for any given (c, z). Moreover, we can estimate m(z) for any
given z ∈Z by

m̂r
n(z) =

∫
Ĥr

n(c, z)ω(c)dc (4.7)

and estimate H (c) for any given c ∈ (c,c) by

Ĥr
n (c) = 1

n

n∑
i=1

m̂r
n(Zi )− 1

n

n∑
i=1

Ĥr
n(c, Zi ). (4.8)

Without loss of generality, we present below only the limiting distribution of β̂r
n

while asymptotic properties of other components can be analyzed similarly.

Assumption 3.3∗.

(i) {Yi , Xi, Zi , δi}, i = 1, . . . ,n is a random sample of (Y, X, Z , δ) generated
by (1.2) and (4.1). H (·) is a strictly increasing function.

(ii) The censoring variable C is independent of (X, Z ,U ) and continuously
distributed with a positive density on an interval contained in the support
of ω(·).

PROPOSITION 4.1. Under Assumptions 3.1, 3.2, 3.3∗, and 3.4–3.8, β̂r
n as

defined by (4.3) is consistent and has the limiting distribution as n → ∞,
√

n
(
β̂r

2n −β20
)→d N (0,V r

β

)
,

where V r
β = E

(
ψr
βiψ

r ′
βi

)
, ψr

βi = ψr
β,1i +ψr

β,2i ,

ψr
β,1i = t∗(Zi )

⎛⎜⎜⎝ I

{
H
(
Yi
)
> X ′

iβ0 +m(Zi )

}
G

(
H−1

(
X ′

iβ0 +m(Zi )
)) − τ

⎞⎟⎟⎠σ−1(Zi ) fZ (Zi )

×

⎛⎜⎜⎝X2i +
αX O

(
H−1

(
X ′

iβ0 +m(Zi )
)
, Zi

)
αO O

(
H−1

(
X ′

iβ0 +m(Zi )
)
, Zi

)
⎞⎟⎟⎠

×
ω

(
H−1

(
X ′

iβ0 +m(Zi )
))

H ′
(

H−1
(
X ′

iβ0 +m(Zi )
)) ,
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ψr
β,2i = 1

Pr(Z ∈Z)
∫

EZ
{
t (Z )σ−1(Z )α∗

RX (s, Z )
}

π(s)
d Mi(s),

π(s) = Pr(Y ≥ s),

Mi(s) = I

{
Yi ≤ s, δi = 0

}
−
∫ s

0
I

{
Yi ≥ v

}
d�(v),

�(·) is the cumulative hazard function of C,

α∗
RX (s, z)=

∫ +∞

s
αRX (c, z)ω(c)dc

and

αRX (c, z)= τ E

{
fX1 Z |X2

(
H (c)− X ′

2β20 −m(z), z

∣∣∣∣X2

)
X2

}
.

In comparison with the fixed censoring case, there is an extra term ψr
β,2i in the

asymptotic linear representation due to the presence of a Kaplan–Meier estimator
Ĝn(·) in (4.4). In addition, consistent estimate of V r

β can be constructed in a way
similar to Vβ in Section 3.

5. ENDOGENEITY

The estimation strategy proposed in Section 2 can be used to deal with the prob-
lem of endogeneity. To see this, consider a linear transformation model in trian-
gular simultaneous system, i.e.,

H (Y ∗)= X ′β0 −U, (5.1)

and

X E = W ′γ0 + Z , (5.2)

where X E is a scalar endogenous variable in X = (X ′
I , X E)

′, W = (W ′
1, X ′

I )
′ is a

vector of observed instruments, and Z is the unobserved residual. For identifica-
tion it is assumed that there is at least one component of W1 that is not included in
X I . Without loss of generality, let us focus on median regression only. When the
zero median restriction, i.e., Med(U |X) = 0 is violated, the existing estimation
procedure, e.g., Chen (2010) for is not applicable any more. Our basic idea to ad-
dress this problem is to adopt a control function approach, resulting in a partially
linear structure studied by the preceding sections. To operationalize this idea, we
make a distributional exclusion assumption as in Newey et al. (1999), Imbens and
Newey (2009), and Lee (2007), i.e.,

Med
(
U
∣∣Z)= Med

(
U
∣∣W, Z

)
. (5.3)

Essentially, (5.3) imposes a conditional exogeneity assumption on the instruments
W , i.e., W is median independent of U conditional on Z , which is weaker than
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requiring that W be unconditionally independent of U . Combining (5.2) and (5.3),

Med
(
U
∣∣W, X E, Z

)=� Med
(
U
∣∣W, Z

)= Med
(
U
∣∣Z)= −m(Z ), (5.4)

where � holds since there is a one-to-one correspondence between Z and X E
given W . Here m(Z ) is regarded as an unknown nuisance (control) function. (5.4)
together with (5.1) suggests that we could estimate

H
(
Y ∗)= X ′β0 +m(Z )−

(
U +m(Z )

)
(5.5)

to infer about β0 as Med
(
U +m(Z )

∣∣X, Z ,W1
)= Med

(
U +m(Z )

∣∣W, X E, Z
)= 0.

To fix the idea, let us consider the fixed censoring case, i.e., Y is observed
according to (1.3). The random censoring case can be analyzed similarly. Based
on the estimation strategy proposed in Section 2, we can estimate β0 by

β̂e
n =

n∑
i=1

t
(
Ẑi
)
β̂e

n

(
Ẑi
)/ n∑

i=1

t
(
Ẑi
)
, (5.6)

where β̂e
n(z) maximizes

Qe
n(z,β)=

∫
1

nh2

n∑
i=1

(
Di (c)− τ

)
K1

(
X ′

iβ+He
n(c, z,β)

h1

)

×k2

(
Ẑi − z

h2

)
ω(c)dc (5.7)

with respect to β, Ẑi = X Ei − W ′
i γ̂n with γ̂n any

√
n-consistent estimator for γ0,

andHe
n(c, z,β) maximizes

qe
n(c, z,β,a)=

1

nh2

n∑
i=1

(
Di (c)− τ

)
K1

(
X ′

iβ+a

h1

)
k2

(
Ẑi − z

h2

)
, (5.8)

with respect to a for any given c, z, and β. To formally derive the limiting distri-
bution of β̂e

n , let us introduce the following assumptions.

Assumption 3.3∗∗.

(i)
{
Yi , Xi ,Wi

}
, i = 1, . . .,n is a random sample of (Y, X,W ) generated by

(5.1), (5.2), and (1.3). H (·) is a strictly increasing function.

(ii) γ̂n is a
√

n-consistent estimator for γ0 and permits the following asymp-
totic representation

γ̂n −γ0 = 1

n

n∑
i=1

ψγ i +op

(
n−1/2

)
,

where ψγ i = ψγ
(
X Ei,Wi

)
, Eψγ i = 0, and E

∥∥ψγ i
∥∥2
<∞.
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(iii) Ẑi = X Ei − W ′
i γ̂n .

(iv) The τ th quantile of U conditional on Z is independent of W .

Assumption 3.7∗∗. nh4
1h4

2 → ∞, nh2κ
2 → 0, nh2κ

1

/
h2

2 → 0, 	1n	2n =
o
(
n−1/2

)
, where

	1n = hκ1 +hκ2 + (
lnn

/
nh1h2

)1/2 +n−1/2h−2
2 h−1

1 ,

	2n = hκ1 +hκ2 + (
lnn

/
nh3

1h2
)1/2 +n−1/2h−2

2 h−2
1 .

PROPOSITION 5.1. Under Assumptions 3.1, 3.2, 3.3∗∗, 3.4–3.6, 3.7(i),
3.7∗∗, and 3.8, β̂e

n as defined by (5.6) is consistent and has the limiting distri-
bution as n → ∞,

√
n
(
β̂e

2n −β20
)→d N (0,V e

β

)
,

where V e
β = E

(
ψe
βiψ

e′
βi

)
,

ψe
βi = t∗(Zi )

(
I

{
Ui < 0

}
− τ

)
σ−1(Zi ) fZ (Zi )

×

⎛⎜⎜⎝X2i +
αX O

(
H−1

(
X ′

iβ0 +m(Zi )
)
, Zi

)
αO O

(
H−1

(
X ′

iβ0 +m(Zi )
)
, Zi

)
⎞⎟⎟⎠

×
ω

(
H−1

(
X ′

iβ0 +m(Zi )
))

H ′
(

H−1
(
X ′

iβ0 +m(Zi )
))

+ 1

Pr(Z ∈Z1)
EZ

{
t (Z )σ−1(Z )α∗

X W (Z )

}
ψγ i

with

α∗
X W (z)=

∫
αX W (c, z)ω(c)dc,

αX W (c, z)= E

{
fU X1 Z |X2

(
0,H (c)− X ′

2β20 −m(z), z

∣∣∣∣X2

)
X2W ′

}
.

In comparison with the limiting distribution of β̂2n derived in Proposition 3.1,
there is an extra term containing ψγ i in the asymptotic linear representation for
β̂e

2n due to the fact that the regressor Zi is replaced by its empirical residual Ẑi .
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6. MONTE CARLO SIMULATION

In this section, we conduct a small scale Monte Carlo experiment to evaluate the
finite sample performance of some estimators proposed above. The following six
data generation processes are considered in the simulation.
DGP 1: Y ∗ = X1 + X2 +m1(Z )−U , with m1(z)= exp(z)

/
(1 + exp(z));

DGP 2: Y ∗ = X1 + X2 +m2(Z )−U , with m2(z)= 0.5 +0.25 sin(0.5π z);
DGP 3: H (Y ∗,λ) = X1 + X2 + m1(Z )−U , with λ = 0.5 and m1(z) = exp(z)/
(1 + exp(z));

DGP 4: H (Y ∗,λ)= X1 + X2 +m2(Z )−U , with λ= 0.5 and m2(z)= 0.5+0.25
sin(0.5π z);

DGP 5: H (Y ∗,λ) = X1 + X2 + m1(Z )− U , with λ = 2 and m1(z) = exp(z)/
(1 + exp(z));

DGP 6: H (Y ∗,λ)= X1 + X2 +m2(Z )−U , with λ = 2 and m2(z) = 0.5 +0.25
sin(0.5π z),

where H (y,λ)= |y|λsgn(y)−1
λ is a modified Box–Cox transformation, U = |X1|+Z

2×ε, X1, X2, and ε are i.i.d. drawn from the standard normal distributionN (0,1),
Z is i.i.d. drawn from the uniform distribution on [0,4]. All these six models
contain heteroscedastic error terms. Being regarded as transformation models
(i.e., both the functional form of H and the true value of λ are unknown to the
researcher), their coefficients can be identified only up to scale. Thus we only
consider the estimation of β20 = 1 by placing a normalization restriction on the
coefficient on X1, i.e., β10 = 1. Without loss of generality, only the median re-
gression is considered.

Let Y be generated by (1.3) with the left cutoff point c being the 20% empirical
quantile of Y ∗ and the right cutoff point c the 80% empirical quantile of Y ∗,
thus resulting in about 40% degree of censoring. In order to implement our AQR
estimator, we have to select the kernel functions K1(·) and k2(·), the bandwidth
parameters h1 and h2, as well as a weighting function ω(·). In particular, with
pZ = 1, Assumption 3.7 requires that κ ≥ 4. For this reason, we choose K1(·) to
be the following fourth order integrated kernel function

K1(s) =
[

1

2
+ 105

64

(
s − 5

3
s3 + 7

5
s5 − 3

7
s7
)]

I
{|s| ≤ 1

}+ I
{|s|> 1

}
and choose k2(·) to be

k2(s) =
(

15

8
− 5

4
s2 + 1

8
s4
)

1√
2π

exp

(
−s2

2

)
a Gaussian kernel of order six. We refer to the estimators using the higher order
kernels as AQR-1 below. As a second possibility, we simply compute the esti-
mators using the Gaussian kernel (i.e., using the standard normal c.d.f. as K1(·)
and the standard normal p.d.f. as k2(·)), instead of using the higher-order kernel
functions described above. This is motivated by the frequently made observation
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that while a higher-order kernel might be required from a theoretical point of
view in many semiparametric applications, the resulting estimators often tend to
have inferior finite sample properties compared to those based on standard ker-
nels (Marron, 1994; Jones and Signorini, 1997). Thus, although strictly speaking
not compatible with our asymptotic analysis, we also consider such lower order
kernel based estimators in our simulations, which are referred as AQR-2 below.

The bandwidth conditions required by our assumptions are only qualitative.
Since optimal selection of the bandwidths is difficult to derive, a simple Silverman
(1986)’s rule of thumb is adopted. We select h1 = σ̂Sn−9.5/56 and h2 = σ̂Z n−1/7,
where σ̂S and σ̂Z are the sample standard deviations of X ′

i β̆n + m̆n(Zi )’s and
Zi ’s respectively, with β̆n and m̆n(z) retrieved in the preliminary estimation using(
h1,h2

) = (
n−9.5/56,n−1/7

)
. Although it is straightforward to check that these

order conditions for bandwidths satisfy Assumption 3.7, their selection of course
is arbitrary in that they depend on the bandwidths selected originally. Even so,
it has the benefit of being easy to implement while performing reasonably well
compared to other choices used in preliminary experiments.

We choose the uniform weighting scheme ω(c) = I{c < c < c}/(c − c). The
trimming function used in the experiments is t (z) = I{z ≤ z ≤ z}, where z and
z are 10% and 90% empirical quantiles of Zi ’s respectively. The sample size
considered in the simulation consists of n ∈ {400,800}. In addition to estimating
β20, we also consider the estimation of the average partial median effect (APE)
of X2 on Y ∗ as defined by (2.3.1), a quantity that relies on H (·) as well as m(·).
To this end, we estimate m(z) evaluated at z = Zi ’s for z < Zi < z by (2.2.3)
and then estimate H (c) over an equidistantly spaced grid of (c,c) by (2.2.6). It
is worth noting that according to Remark 2.2, while (2.2.6) provides a consistent
estimate of H (c), (2.2.3) is only a consistent estimator for

m(z)−
∫

H (c)ω(c)dc,

but not m(z) unless
∫

H (c)ω(c)dc = 0. Even this, we can always recover the
exact estimate of m(z) with a location shift correction term∫

Ĥn(c)ω(c)dc.

We report empirical bias and empirical standard deviation for each estimator
based on 1,000 repetitions. The simulation results are summarized in Table 1. The
results indicate that our estimator performs well in finite samples for each DGP
considered. The estimators for β20 are slightly biased while the APE estimators
have moderately upward bias. The magnitude of these biases decreases as the
sample goes large. Their empirical standard deviations decline with the sample
size and the magnitude of such decline is consistent with

√
n-asymptotics, as

expected by the theory. In addition, compared with AQR-1 group, the estimators
in AQR-2 group using Gaussian kernel usually have moderately larger bias but
substantially lower variability, suggesting certain bias-variance tradeoff between
using high order and Gaussian kernels.
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TABLE 1. Simulation results

DGP1 DGP2 DGP3 DGP4 DGP5 DGP6

n = 400
AQR-1 β2 Bias −.0530 −.0636 .0525 −.0362 .0438 .0459

SD .326 .284 .263 .337 .293 .274
APE Bias .0504 .0723 .0675 .0731 .0614 .0784

SD .424 .370 .326 .414 .372 .342
AQR-2 β2 Bias −.0564 −.0658 .0546 −.0437 .0451 .0483

SD .289 .267 .242 .316 .272 .251
APE Bias .0552 .0748 .0711 .0755 .0621 .0764

SD .346 .336 .287 .385 .347 .313

n = 800
AQR-1 β2 Bias −.0346 −.0473 .0335 −.0227 .0362 .0316

SD .258 .228 .203 .253 .227 .214
APE Bias .0363 .0588 .0624 .0626 .0541 .0704

SD .315 .277 .254 .313 .278 .257
AQR-2 β2 Bias −.0371 −.0504 .0569 −.0238 .0370 .0339

SD .229 .205 .181 .226 .207 .193
APE Bias .0373 .0605 .0642 .0637 .0549 .0702

SD .298 .257 .242 .298 .269 .232

7. CONCLUSION

In this article, we consider semiparametric estimation of a general class of par-
tially linear transformation models under conditional quantile restriction. The
model is said to be general since no parametric restriction is imposed either on
the link functional form or on the error term distribution. In addition, the depen-
dent variable is allowed subject to either fixed or random censoring. In extending
Chen (2010)’s maximum integrated score estimator for linear transformation
model to the current setup, this article contributes to the literature in several
meaningful ways. First, it provides a comprehensive multistage procedure for es-
timating various structural parameters in a transformation model with nonlinear
covariate effects. In addition, we propose a novel and computationally simple ap-
proach to estimating the average quantile effect, as a summary statistic measuring
unconditional marginal impact of a covariate on the latent dependent variable at a
given quantile index. Second, we show the proposed method can be used to deal
with endogeneity, a nontrivial and important issue for many nonlinear economet-
ric models, by adopting the control function approach as in Lee (2007).

NOTES

1. Throughout the paper, any parameter with subscript zero represents the true one that generates
the data.

2. The empirical results in Meyer (1990) showed that the hazard falls almost monotonically with
age. Those of age 17–24 have the highest hazard while those aged 55 and over have the lowest.
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3. This general design incorporates the case of no censoring as a special one by setting c sufficiently
large and c sufficiently small.

4. It is straightforward to see that our LSMS-based AQR described above is applicable to partially
linear censored quantile regression model (H (y)= y) as a special case of (1.2). However, since the
LPQR does not seem robust against fixed censoring, it is difficult to extend Lee’s AQR to the occasion
with the dependent variable generated by (1.3).
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APPENDIX: Proofs

LEMMA A.1. LetHn(c, z,β) maximize qn(c, z,β,a) given by (2.1.6) andH(c, z,β)=
argmaxa q(c, z,β,a), with

q(c, z,β,a)= E

{(
D(c)−τ

)
I

{
X ′β+a > 0

}∣∣∣∣Z = z

}
.

Then under Assumptions 3.1–3.5 and 3.7,

Hn(c, z,β)−H(c, z,β) = Op(	1n),
∂Hn(c, z,β)

∂β2
− ∂H(c, z,β)

∂β2
= Op(	2n)

and

Hn(c, z,β)−H(c, z,β) = α−1
O O (c, z,β)

nh1h
pZ
2

n∑
i=1

(
Di (c)−τ

)
k1

(
X ′

iβ+H(c, z,β)
h1

)

×k2

(
Zi − z

h2

)
+op

(
n−1/2

)
,
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uniformly in c ∈ (c,c), z ∈ Z , and β ∈ B, with

αO O(c, z,β)=
∫
ϕ

(
X ′

2 (β20 −β2)+H(c, z)−H(c, z,β),−H(c, z,β)− X ′
2β2, X2, z

)
d FX2 ,

H(c, z) = m(z)− H (c) and

ϕ(s1,s2,x2 , z) = −
∂

{(
FU |X Z

(
v+ s1

∣∣∣∣v+ s2,x2 , z

)
− τ

)
fX1 Z|X2

(
v+ s2, z

∣∣∣∣x2

)}
∂v

∣∣∣∣
v=0

.

Proof. The proof is similar to Lemma A.1 in Chen (2010). Based on the uniform law
of large numbers in Pollard (1995), qn(c, z,β,a)− q(c, z,β,a) = op(1) uniformly in c ∈
(c,c), z ∈ Z , and (β,a) ∈B×MH . Then it follows from Carroll, Fan, Gijbels, and Wand
(1997)’s Lemma A.1 that

Hn(c, z,β)−H(c, z,β) = op(1) (A.1)

uniformly in c ∈ (c,c), z ∈Z , and β ∈B. To sharpen the order ofHn(c, z,β)−H(c, z,β),
Taylor expansion of the first order condition thatHn(c, z,β) should satisfy, i.e.,

1

nh1h
pZ
2

n∑
i=1

(
Di (c)−τ

)
k1

(
X ′

iβ+Hn (c, z,β)

h1

)
k2

(
Zi − z

h2

)
= 0

gives that

Hn(c, z,β)−H(c, z,β)

=
[

− 1

nh2
1h

pZ
2

n∑
i=1

(
Di (c)−τ

)
k′

1

(
X ′

iβ+Hn(c, z,β)

h1

)
k2

(
Zi − z

h2

)
︸ ︷︷ ︸

†1

]−1

× 1

nh1h pZ
2

n∑
i=1

(
Di (c)−τ

)
k1

(
X ′

iβ+H(c, z,β)
h1

)
k2

(
Zi − z

h2

)
︸ ︷︷ ︸

†2

,

whereHn(c, z,β) lies betweenHn(c, z,β) andH(c, z,β). By the change of variables and
(A.1), it is straightforward to show that †1 = αO O (c, z,β)+op (1), uniformly in c ∈ (c,c),
z ∈ Z , and β ∈ B. Moreover, using the similar argument to Theorem 2.6 in Li and Racine
(2007, Chap. 2) and the fact that both k1 and k2 are κth order bias reduction kernel, we can

show †2 = Op

(
hκ1 +hκ2 + (

lnn/nh1h pZ
2

)1/2), uniformly in c ∈ (c,c), z ∈ Z , and β ∈ B.

Consequently,

Hn(c, z,β)−H(c, z,β) = Op(	1n) and
∂Hn(c, z,β)

∂β2
− ∂H(c, z,β)

∂β2
= Op(	2n )
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uniformly in c ∈ (c,c), z ∈Z , and β ∈ B. Based on these preliminary results,

Hn(c, z,β)−H(c, z,β)−α−1
O O (c, z,β)

1

nh1h pZ
2

n∑
i=1

(
Di (c)−τ

)

×k1

(
X ′

iβ+H(c, z,β)
h1

)
k2

(
Zi − z

h2

)
= Op(	1n	2n) = op

(
n−1/2

)
,

uniformly in c ∈ (c,c), z ∈Z , and β ∈ B. n

Proof of Proposition 3.1. We prove the consistency by verifying the following con-
ditions of Newey and McFadden (1994, Thm. 2.1) successively: (a) Q(z,β) is uniquely
maximized at β0 for any z ∈ Z , where

Q(z,β) =
∫

q(c, z,β)ω(c)dc,

with

q(c, z,β) = E

{(
D(c)−τ

)
I

{
X ′β+H(c, z,β) > 0

}∣∣∣∣Z = z

}
,

H(c, z,β) = argmax
a

q(c, z,β,a),

and

q(c, z,β,a)= E

{(
D(c)−τ

)
I

{
X ′β+a > 0

}∣∣∣∣Z = z

}
.

(b) Qn(z,β) is maximized over a compact setB⊂RpX that contains the true parameters as
the interior. (c) Q(z,β) is continuous in β . (d) Qn(z,β) converges to Q(z,β) in probability
uniformly in β ∈ B and z ∈ Z .

Among them, (b) and (c) are trivial by Assumptions 3.4 and 3.2 respectively. For (a),
notice that by definition, H(c, z,β0) = H(c, z) = m(z)− H (c). It follows from the rank
condition (2.1.2) that q(c, z,β) is maximized at β = β0. Moreover, since H(c, z,β) is
continuous in β , one can follow Manski (1985)’s identification argument to show that

q(c, z,β) < q(c, z,β0) = q(c, z,β0,m(z)− H (c))

for any β �= β0. Then

Q(z,β0)− Q(z,β) =
∫ (

q(c, z,β0)−q(c, z,β)

)
ω(c)dc> 0

for any β �= β0. For (d), it follows from Horowitz (1992)’s Lemma 4 and the uniform law
of large numbers (Pollard, 1995) that

qn(c, z,β,a)−q(c, z,β,a) = op(1)

uniformly in c ∈ (c,c), (β,a) ∈ B×MH , and z ∈ Z . Then

Qn(z,β)− Q(z,β) =
∫ (

qn(c, z,β)−q(c, z,β)

)
ω(c)dc

=
∫ (

sup
a∈MH

qn(c, z,β,a)− sup
a∈MH

q(c, z,β,a)

)
ω(c)dc = op(1)

uniformly in β ∈ B and z ∈ Z due to the nonnegativity and boundedness of ω(·).
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To derive the limiting distribution for β̂2n , we first establish the asymptotic represen-
tation for β̂2n(z)−β20. Taylor expansion of the first order condition that β̂2n(z) should
satisfy, i.e., ∂Qn(z, β̂n (z))

/
∂β2 = 0 gives

β̂2n(z)−β20 =
[
−∂

2 Qn(z,βn (z))

∂β2∂β
′
2

]−1

× ∂Qn(z,β0)

∂β2
,

where βn(z) lies between β̂n(z) and β0. First consider ∂
2 Qn(z,β n(z))
∂β2∂β

′
2

. Notice

∂Qn(z,β)

∂β2
=
∫

1

nh1h pZ
2

n∑
i=1

(Di (c)−τ)k1

(
X ′

iβ+Hn(c, z,β)

h1

)

×k2

(
Zi − z

h2

)(
X2i + ∂Hn(c, z,β)

∂β2

)
ω(c)dc

=
∫

1

nh1h pZ
2

n∑
i=1

(Di (c)−τ)k1

(
X ′

iβ+Hn(c, z,β)

h1

)

×k2

(
Zi − z

h2

)
X2iω(c)dc

since

1

nh1h pZ
2

n∑
i=1

(Di (c)−τ)k1

(
X ′

iβ+Hn(c, z,β)

h1

)
k2

(
Zi − z

h2

)
= 0 (A.2)

by the definition ofHn(c, z,β). Thus

∂2 Qn(z,βn(z))

∂β2∂β
′
2

=
∫

1

nh2
1h pZ

2

n∑
i=1

(Di (c)−τ)k′
1

(
X ′

iβn(z)+Hn (c, z,βn(z))

h1

)

×k2

(
Zi − z

h2

)
X2i

(
X2i + ∂Hn(c, z,βn(z))

∂β2

)′
ω(c)dc

=†3

∫
1

nh2
1h pZ

2

n∑
i=1

(Di (c)−τ)k′
1

(
X ′

iβn(z)+Hn (c, z,βn(z))

h1

)

×k2

(
Zi − z

h2

)(
X2i X ′

2i − ∂Hn(c, z,β n(z))

∂β2

∂Hn(c, z,βn(z))

∂β ′
2

)
×ω(c)dc

=†4

∫
1

nh2
1h pZ

2

n∑
i=1

(Di (c)−τ)k′
1

(
X ′

iβn(z)+Hn (c, z,βn(z))

h1

)

×k2

(
Zi − z

h2

)(
X2i X ′

2i − ∂H(c, z,βn (z))

∂β2

∂H(c, z,βn (z))

∂β ′
2

)
×ω(c)dc = †5σ(z)+op (1),
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where †3 follows from

1

nh2
1h pZ

2

n∑
i=1

(Di (c)− τ)k′
1

(
X ′

iβ+Hn(c, z,β)

h1

)
k2

(
Zi − z

h2

)(
X2i + ∂Hn(c, z,β)

∂β2

)
= 0

by differentiating (A.2) with respect to β2; †4 follows from the consistency of ∂Hn (c,z,β)
∂β2

uniformly in β ∈ B by Lemma A.1 and †5 follows from βn (z)−β0 = op(1) and similar
reasoning to the proof of Lemma A.1. Next,

∂Qn(z,β0 )

∂β2
=

∫
1

nh1h pZ
2

n∑
i=1

(Di(c)− τ)k1

(
X ′

iβ0 +Hn(c, z,β0 )

h1

)
k2

(
Zi − z

h2

)
X2iω(c)dc

=†6

∫
1

nh1h pZ
2

n∑
i=1

(Di(c)− τ)k1

(
X ′

iβ0 +H(c, z)
h1

)
k2

(
Zi − z

h2

)

X2iω(c)dc+
∫

1

nh2
1h pZ

2

n∑
i=1

(Di(c)− τ)k′
1

(
X ′

iβ0 +Hn(c, z,β0 )

h1

)

×k2

(
Zi − z

h2

)
X2i

(
Hn (c, z,β0 )−H(c, z)

)
ω(c)dc

=†7

∫
1

nh1h pZ
2

n∑
i=1

(Di(c)− τ)k1

(
X ′

iβ0 +H(c, z)
h1

)

×k2

(
Zi − z

h2

)(
X2i + αX O(c, z)

αO O(c, z)

)
ω(c)dc+ op(n

−1/2)

=†8
1

nh pZ
2

n∑
i=1

(
I
{
Ui < 0

}− τ
)

×k2

(
Zi − z

h2

)⎛⎜⎜⎝X2i +
αX O

(
H−1

(
X ′

iβ0 + m(z), z
))

αO O

(
H−1

(
X ′

iβ0 + m(z), z
))

⎞⎟⎟⎠

×
ω

(
H−1

(
X ′

iβ0 + m(z)
))

H ′
(

H−1
(
X ′

iβ0 + m(z)
)) + Op

(
hκ1
/

h pZ
2 + hκ2

)
+ op(n

−1/2)

= 1

nh pZ
2

n∑
i=1

(
I
{
Ui < 0

}− τ
)

×k2

(
Zi − z

h2

)⎛⎜⎜⎝X2i +
αX O

(
H−1

(
X ′

iβ0 + m(z), z
))

αO O

(
H−1

(
X ′

iβ0 + m(z), z
))

⎞⎟⎟⎠

×
ω

(
H−1

(
X ′

iβ0 + m(z)
))

H ′
(

H−1
(
X ′

iβ0 + m(z)
)) + op(n

−1/2),
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where †6 follows from the Taylor expansion with respect to Hn(c, z,β0) around
H(c, z,β0) = H(c, z), †7 follows from Lemma A.1, and †8 follows from the change of
variables c = H −1(X ′

iβ0 +m(z)−h1v). In summary, we have established

β̂2n(z)−β20 = 1

nh pZ
2

n∑
i=1

(
I
{
Ui < 0

}−τ)
×k2

(
Zi − z

h2

)
σ−1(z)

(
X2i + αX O

(
H −1(X ′

iβ0 +m(z), z
))

αO O
(
H −1

(
X ′

iβ0 +m(z), z
)))

× ω
(

H −1(X ′
iβ0 +m(z)

))
H ′(H −1

(
X ′

iβ0 +m(z)
)) +op(n

−1/2).

Plugging the above linear representation for β̂2n(z)−β20 into

β̂2n −β20 =
1
n

n∑
i=1

t(Zi )β̂2n(Zi )

1
n

n∑
i=1

t(Zi )

−β20

= 1
nPr(Z ∈ Z1)

n∑
i=1

t(Zi )
(
β̂2n(Zi )−β20

)+op(n
−1/2)

gives

β̂2n −β20 = 1

n(n−1)h pZ
2 Pr(Z ∈ Z1)

n∑
i=1

∑
j �=i

t(Zi )

(
I
{
Uj < 0

}−τ
)

×k2

(
Zi − Zj

h2

)
σ−1(Zi )

⎛⎜⎜⎝X2 j +
αX O

(
H −1(X ′

jβ0 +m(Zi ), Zi
))

αO O

(
H −1

(
X ′

jβ0 +m(Zi ), Zi
))
⎞⎟⎟⎠

×
ω

(
H −1(X ′

jβ0 +m(Zi )
))

H ′
(

H −1
(
X ′

jβ0 +m(Zi )
)) +op(n

−1/2)

= 1

n(n−1)Pr(Z ∈Z1)

n∑
i=1

∑
j �=i

Fn(ξi ,ξj )+op(n
−1/2),

where ξi = (Xi , Zi ,Ui ) and

Fn(ξi ,ξ j )= t(Zi )

(
I
{
Uj < 0

}− τ
)

h−pZ
2 k2

(
Zi − Zj

h2

)
σ−1(Zi )

×

⎛⎜⎜⎝X2 j +
αX O

(
H −1

(
X ′

jβ0 + m(Zi), Zi
))

αO O

(
H −1

(
X ′

jβ0 + m(Zi), Zi
))
⎞⎟⎟⎠ ω

(
H −1

(
X ′

jβ0 + m(Zi)
))

H ′
(

H −1
(
X ′

jβ0 + m(Zi)
)) .
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According to Powell, Stock, and Stoker (1989), the condition sufficient for U-statistic pro-
jection theorem is

E
∥∥Fn(ξi ,ξj )

∥∥2 = o(n). (A.3)

Notice that the only term in Fn that becomes unbounded as n → ∞ is h−pZ
2 k2

(
Zi−Zj

h2

)
,

which has the order O
(
h−pZ

2

)
. Thus (A.3) holds by Assumption 3.7(ii). The desired result

follows from the U-statistic projection

β̂2n −β20 = 1
n

n∑
i=1

t(Zi )

Pr(Z ∈ Z1)

(
I
{
Ui < 0

}−τ
)
σ−1(Zi ) fZ (Zi )

×

⎛⎜⎜⎝X2i +
αX O

(
H −1(X ′

iβ0 +m(Zi ), Zi
))

αO O

(
H −1

(
X ′

iβ0 +m(Zi ), Zi
))
⎞⎟⎟⎠

×
ω

(
H −1(X ′

iβ0 +m(Zi )
))

H ′
(

H −1
(
X ′

iβ0 +m(Zi )
)) +op(n

−1/2)

= 1

n

n∑
i=1

ψβi +op(n
−1/2). �

Proof of Proposition 3.2. First, by rank condition (2.1.2), Assumptions 3.1–3.5, and
applying similar argument as Horowitz (1992)’s Theorem 1, we can show Ĥn(c, z) that
maximizes the smoothed maximum score criterion function (2.2.2) is a consistent estima-
tor forH(c, z)= m(z)− H (c) for any given z ∈Z and c ∈ (c,c). Thus we first establish the
asymptotic representation for Ĥn(c, z)−H(c, z). Taylor expansion of the first order con-
dition that Ĥn(c, z) should satisfy, i.e.,

∂qn(c, z, β̂n ,a)

∂a

∣∣∣∣
a=Ĥn (c,z)

= 1

nh1h
pZ
2

n∑
i=1

(
Di (c)−τ

)
k1

(
X ′

i β̂n +Ĥn(c, z)

h1

)

×k2

(
Zi − z

h2

)
= 0

gives

Ĥn(c, z)−H(c, z) =
⎡⎣ 1

nh2
1h pZ

2

n∑
i=1

(
Di (c)−τ

)
k′

1

(
X ′

i β̂n +Hn (c, z)

h1

)
k2

(
Zi − z

h2

)⎤⎦−1

× 1

nh1h pZ
2

n∑
i=1

(
Di (c)−τ

)
k1

(
X ′

i β̂n +H(c, z)
h1

)
k2

(
Zi − z

h2

)
,
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whereHn(c, z) lies betweenH(c, z) and Ĥn(c, z). Applying Lemma A.1, we get

Ĥn(c, z)−H(c, z) = 1

nh1h pZ
2 αO O (c, z)

n∑
i=1

(
Di (c)−τ

)
k1

(
X ′

iβ0 +H(c, z)
h1

)

×k2

(
Zi − z

h2

)
+op

(
n−1/2).

To obtain the limiting distribution for m̂n(z)−m(z), we plugging the above representation
for Ĥn(c, z)−H(c, z) into (2.2.3) gives

m̂n(z)−m(z) =
∫ (Ĥn(c, z)−H(c, z)

)
ω(c)dc

= 1

nh1h pZ
2

n∑
i=1

∫
Di (c)−τ
αO O (c, z)

k1

(
X ′

iβ0 +H(c, z)
h1

)

×k2

(
Zi − z

h2

)
ω(c)dc +op

(
n−1/2)

=‡1
1

nh pZ
2

n∑
i=1

I
{
Ui ≤ 0

}−τ
αO O

(
H −1

(
X ′

iβ0 +m(z), z
))

×k2

(
Zi − z

h2

)
ω
(
H −1(X ′

iβ0 +m(z)
))

H ′(H −1
(

X ′
iβ0 +m(z)

)) + Op
(
hκ1
/

h pZ
2 +hκ2

)
+op

(
n−1/2),

where ‡1 follows from the change of variables c = H −1(X ′
iβ0 + m(z)− h1v) and noting

that both k1 and k2 are κth order bias reduction kernels. Thus√
nh pZ

2

(
m̂n (z)−m(z)

)
= 1√

n

n∑
i=1

I
{
Ui ≤ 0

}−τ
αO O

(
H −1

(
X ′

iβ0 +m(z), z
)) 1√

h
pZ
2

×k2

(
Zi − z

h2

)
ω
(
H −1(X ′

iβ0 +m(z)
))

H ′(H −1
(
X ′

iβ0 +m(z)
))

+
(

Op
(√

nhκ1
/

h pZ
2 +√

nhκ2
)+op

(
1
)) · Op

(
h pZ/2

2
)

= 1√
n

n∑
i=1

ψmi +op(1)

with Eψmi = 0 and

Var
(
ψmi

) = τ (1 − τ )
(∫

k2
2 (v)dv

)pZ

× E X

⎧⎪⎪⎪⎨⎪⎪⎪⎩
⎡⎢⎢⎣ ω

(
H−1

(
X ′β0 + m(z)

))
αO O

(
H−1

(
X ′β0 + m(z), z

))
H ′
(

H−1
(
X ′β0 + m(z)

))
⎤⎥⎥⎦

2

fZ |X (z|X)

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
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To establish the limiting distribution for Ĥn(c)− H (c), we note by construction,

√
nh1

(
Ĥn(c)− H (c)

)=
√

h1

n

n∑
i=1

[
m̂n(Zi )− E(m(Z))

]
−
√

h1

n

n∑
i=1

[Ĥn(c, Zi )− E(H(c, Z))
]
,

where EH(c, Z) = Em(Z)− H (c). It follows from
√

nh pZ
2

(
m̂n(z)− m(z)

) = Op(1) for
each z ∈ Z that√

h1

n

n∑
i=1

[
m̂n (Zi )− E(m(Z))

] =
√

h1

n

n∑
i=1

[
m̂n (Zi )−m(Zi ))

]
+
√

h1

n

n∑
i=1

[
m(Zi )− E(m(Z))

] = op(1)

as long as h1/h pZ
2 → 0. Thus applying the U-statistic projection theorem, we have√

nh1
(
Ĥn(c)− H (c)

)
= −

√
h1

n

n∑
i=1

[Ĥn(c, Zi )− E(H(c, Z))
]+op(1)

= −
√

h1

n

n∑
i=1

[Ĥn(c, Zi )−H(c, Zi )
]

−
√

h1

n

n∑
i=1

[H(c, Zi )− EH(c, Z)
]+op(1)

= −
√

h1

n

n∑
i=1

[Ĥn(c, Zi )−H(c, Zi )
]+op(1)

= − 1√
nh1(n−1)h

pZ
2

∑
j �=i

Dj (c)−τ
αO O (c, Zi )

k1

(
X ′

jβ0 +H(c, Zi )

h1

)

×k2

(
Zi − Zj

h2

)
+op(1)

= ‡2 − 1√
n

n∑
j=1

Dj (c)−τ
αO O

(
c, Zj

) fZ
(
Zj
) 1√

h1
k1

(
X ′

jβ0 +m
(

Zj
)− H (c)

h1

)

+ op(1)= − 1√
n

n∑
j=1

ψ̃H j +op(1).

Now define

ψH j = I
{
Uj < 0

}−τ
αO O

(
c, Zj

) fZ
(
Zj
) 1√

h1
k1

(
X ′

jβ0 +m
(
Zj
)− H (c)

h1

)
.
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By straightforward calculation,

E
1√
n

n∑
j=1

(
ψ̃H j −ψH j

)
= E

1√
n

n∑
j=1

ψ̃H j =√
nh1

∫
D(c)−τ
αO O (c, Z)

fZ (Z)
1

h1
k1

(
X ′β0 +m(Z)− H (c)

h1

)
d FU X Z

=√
nh1

∫
I
{

X ′β0 +m(Z)− H (c) >U
}−τ

αO O (c, Z)
fZ (Z)

1
h1

k1

×
(

X ′β0 +m(Z)− H (c)

h1

)
d FU X Z

=‡3
√

nh1

∫
I
{
h1s >U

}−τ
αO O (c, Z)

fZ (Z)k1 (s) fU X1 X2 Z

×
(

U,h1s − X ′
2β20 −m(Z)+ H (c),X2, Z

)
dUdsd X2d Z

=‡4
√

nh1

{∫
I
{
0>U

}−τ
αO O (c, Z)

fZ (Z) fU X1 X2 Z

×
(

U,H (c)− X ′
2β20 −m(Z),X2 , Z

)
dUdsd X2d Z +o

(
hκ1

)}

=‡5 o

(√
nhκ+1/2

1

)
= o(1),

where ‡3 follows from the change of variables X1 + X ′
2β20 + m(Z)− H (c) = h1s, ‡4

follows from the fact that k1 is a κth order bias reduction kernel, and ‡5 follows be-
cause of the zero τ th quantile restriction on U conditional on (X, Z). Moreover, by similar
but more tedious computation, we can show Var 1√

n

∑n
j=1

(
ψ̃H j −ψH j

) = o(1). Thus we

conclude√
nh1

(
Ĥn(c)− H (c)

)= − 1√
n

n∑
j=1

ψH j +op(1)

with E
(
ψH j

) = 0 and

Var
(
ψH j

)= τ(1−τ)
(∫

k2
1 (v)dv

)
EX2 Z

×
⎧⎨⎩
[

fZ (Z)

αO O
(
c, Z

)]2

fX1|X2 Z

(
H (c)−m(Z)− X ′

2β20

∣∣∣∣X2, Z

)⎫⎬⎭ . �

Proof of Proposition 3.3. Let θ0 and θ̂n signify E

[
1

H ′(H −1(X ′β0+m(Z))
)] and its esti-

mator

1

n

n∑
i=1

∫
1

h1
k1

(
X ′

i β̂n + m̂n (Zi )− Ĥn(c)

h1

)
dc
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respectively. Since

√
n

(
ϑ̂n −ϑ0

)
= √

n

(
θ̂n −θ0

)
β̂n +θ0

√
n

(
β̂n −β0

)
, (A.4)

then it suffices to consider the limiting distribution for
√

n
(
θ̂n −θ0

)
. Taylor expansion of

θ̂n with respect to

(
β̂n ,m̂n (z), Ĥn(c)

)
around their probability limit

(
β0,m(z),H (c)

)
gives

√
n
(
θ̂n −θ0

)
= √

n

⎛⎝ 1
nh1

n∑
i=1

∫
k1

(
X ′

iβ0 +m
(
Zi
)− H (c)

h1

)
dc −θ0

⎞⎠
︸ ︷︷ ︸

‡6

+ 1

nh2
1

n∑
i=1

∫
k′

1

(
X ′

iβn +mn
(
Zi
)− Hn(c)

h1

)
X ′

2i dc ×√
n
(
β̂2n −β20

)
︸ ︷︷ ︸

‡7

+ 1√
nh2

1

n∑
i=1

∫
k′

1

(
X ′

iβn +mn
(
Zi
)− Hn (c)

h1

)
dc

(
m̂n

(
Zi
)−m

(
Zi
))

︸ ︷︷ ︸
‡8

− 1√
nh2

1

n∑
i=1

∫
k′

1

(
X ′

iβn +mn
(
Zi
)− Hn (c)

h1

)(
Ĥn(c)− H (c)

)
dc.

︸ ︷︷ ︸
‡9

For ‡6, it follows from the change of variables X ′
iβ0 + m(Zi )− H (c)= h1s and the κth

order bias reduction kernel k1 that

‡6 = 1√
n

n∑
i=1

⎡⎣ 1

H ′
(

H −1
(
X ′

iβ0 +m(Zi )
)) −θ0

⎤⎦+ Op

(√
nhκ1

)

= 1√
n

n∑
i=1

[
�
(

X ′
iβ0 +m(Zi )

)
−θ0

]
+op(1),

where �(y)= 1
/

H ′(H −1(y)
)
. For ‡7, it again follows from similar change of variables,∫

k′
1(s)ds = 0,

∫
k′

1(s)sds = −1 and the κth order bias reduction kernel k1 that∫
1

h2
1

k′
1

(
X ′β0 +m(Z)− H (c)

h1

)
dc =

∫
1

h1
k′

1 (s)�
(
X ′β0 +m(Z)−h1s

)
ds

=�′(X ′β0 +m(Z)
)

+ O
(

hκ1

)
.

Thus we can show

‡7 = E

{
�′
(

X ′β0 +m(Z)

)
X ′

2

}
1√
n

n∑
i=1

ψβi +op(1).
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For ‡8, using the same argument for ‡7 and plugging in the representation for m̂n(z)−m(z)
established in Proposition 3.2, we arrive at

‡8 = 1√
n(n−1)

n∑
i=1

∑
j �=i

�′
(

X ′
iβ0 +m(Zi )

)
I
{
Uj ≤ 0

}−τ
αO O

(
H −1

(
X ′

jβ0 +m(Zi ), Zi

))

× 1

h pZ
2

k2

(
Zj − Zi

h2

) ω

(
H −1

(
X ′

jβ0 +m(Zi )
))

H ′
(

H −1
(

X ′
jβ0 +m(Zi )

)) +op(1)

= 1√
n

n∑
j=1

EX

[
�′(X ′β0 +m

(
Zj
))]

fZ (Zj )
I
{
Uj ≤ 0

}−τ
αO O

(
H −1

(
X ′

jβ0 +m
(

Zj
)
, Zj

))

×
ω

(
H −1

(
X ′

jβ0 +m
(

Zj
)))

H ′
(

H −1
(

X ′
jβ0 +m

(
Zj
))) +op(1)= 1√

n

n∑
i=1

ψ1
θ i +op(1).

For ‡9, plugging in the representation for Ĥn(c)− H (c) yields

‡9 = 1√
nh1

∫
1

nh2
1

n∑
i=1

k′
1

(
X ′

iβn +mn(Zi )− Hn (c)

h1

) n∑
j=1

I
{
Uj < 0

}−τ
αO O

(
c, Zj

) k1

×
(

X ′
jβ0 +m

(
Zj
)− H (c)

h1

)
dc × fZ

(
Zj
)+op(1)

= 1√
nh1

n∑
j=1

∫
�(c)

αO O
(
c, Zj

)k1

(
X ′

jβ0 +m
(
Zj
)− H (c)

h1

)
dc

×
(

I
{
Uj < 0

}−τ
)

fZ
(
Zj
)+op(1)

= 1√
n

n∑
j=1

�

(
H −1

(
X ′

jβ0 +m
(

Zj
)))

αO O

(
H −1

(
X ′

jβ0 +m
(

Zj
))
, Zj

)(I
{
Uj < 0

}−τ
)

fZ
(
Zj
)+op(1)

= 1√
n

n∑
i=1

ψ2
θ i +op(1),

where �(c)= EX2 Z

[
f ′
X1 |X2 Z

(
H (c)− X ′

2β20 −m(Z)
∣∣X2, Z

)]
with f ′

X1|X2 Z (·|·, ·) is the

derivative of fX1|X2 Z with respect to its first argument. The desired limiting distribution
of

√
n
(
ϑ̂n −ϑ0

)
directly follows from (A.4), all the asymptotic representations established

above, and the limiting distribution of
√

n
(
β̂n −β0

)
in Proposition 3.1. n

Proof of Proposition 4.1. In parallel with the proof of Proposition 3.1, the consistency
can be established by checking a set of conditions in Newey and McFadden (1994). To
derive the limiting distribution of β̂r

2n , we first establish the representation for β̂r
2n(z)−β20.
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Taylor expansion of the first order condition that β̂r
2n(z) should satisfy, i.e., ∂Qr

n(
z, β̂r

n (z)
)/
∂β2 = 0 gives

β̂r
2n(z)−β20 =

⎡⎣−
∂2 Qr

n

(
z,βn(z)

)
∂β2∂β

′
2

⎤⎦−1

× ∂Qr
n
(
z,β0

)
∂β2

,

where βn(z) lies between β̂r
n(z) and β0. Similar to the fixed censoring case, we can show

∂2 Qr
n

(
z,βn (z)

)
∂β2∂β

′
2

= σ(z)+op(1). (A.5)

Notice

∂Qr
n

(
z,β0

)
∂β2

=
∫

1

nh1h pZ
2

n∑
i=1

(
Di (c)

Ĝn(c)
− τ

)
k1

(
X ′

iβ0 +Hr
n

(
c, z,β0

)
h1

)
k2

(
Zi − z

h2

)
X2iω(c)dc

=
∫

1

nh1h pZ
2

n∑
i=1

(
Di (c)

G(c)
− τ

)
k1

(
X ′

iβ0 +Hr
n

(
c, z,β0

)
h1

)
k2

(
Zi − z

h2

)
X2iω(c)dc︸ ︷︷ ︸

T1

+
∫

G(c)− Ĝn(c)

G(c)

1

nh1h pZ
2

n∑
i=1

Di (c)

Ĝn(c)
k1

(
X ′

iβ0 +Hr
n

(
c, z,β0

)
h1

)
k2

(
Zi − z

h2

)
X2iω(c)dc.︸ ︷︷ ︸

T2

By similar arguments as the proof of Proposition 3.1, we can show that

T1 = 1

nh pZ
2

n∑
i=1

⎛⎜⎜⎝ I

{
H
(
Yi
)
> X ′

iβ0 +m(Zi )

}
G

(
H −1

(
X ′

iβ0 +m
(

Zi
))) −τ

⎞⎟⎟⎠

×

⎛⎜⎜⎝X2i +
αX O

(
H −1

(
X ′

iβ0 +m(z), z
))

αO O

(
H −1

(
X ′

iβ0 +m(z), z
))

⎞⎟⎟⎠×
ω

(
H −1

(
X ′

iβ0 +m(z)
))

H ′
(

H −1
(

X ′
iβ0 +m(z)

))
×k2

(
Zi − z

h2

)
+op

(
n−1/2

)
.

For T2, it follows from the
√

n-consistency of Gn(c) and similar argument to (A.5) that

1

nh1h pZ
2

n∑
i=1

Di (c)

Ĝn(c)
k1

(
X ′

iβ0 +Hr
n
(
c, z,β0

)
h1

)
k2

(
Zi − z

h2

)
X2i

= τE

{
fX1 Z |X2

(
−X ′

2β20 −m(z)+ H (c), z

∣∣∣∣X2

)
X2

}
+op(1)= αRX (c, z)+op(1).
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Moreover, according to Fleming and Harrington (1991), Kaplan–Meier estimator permits
the following stochastic integral representation:

G(c)− Gn(c)

G(c)
= 1

n

n∑
i=1

∫ c

0

1

π(s)
d Mi (s)+op

(
n−1/2

)
with π(s)= Pr(Y ≥ s), Mi (s) = I

{
Yi ≤ s,δi = 0

}−∫ s
0 I

{
Yi ≥ v}d�(v), � is the cumu-

lative hazard function of C. Combining these results together, we get

T2 = 1
n

n∑
i=1

∫
αRX (c, z)

∫ c

0

1
π(s)

d Mi (s)ω(c)dc +op

(
n−1/2

)

= 1

n

n∑
i=1

∫
α∗

RX (s, z)

π(s)
d Mi (s)+op

(
n−1/2

)
,

with

α∗
RX (s, z) =

∫ +∞
s

αRX (c, z)ω(c)dc.

Finally, applying the U-statistic projection theorem, we have

β̂r
2n −β20

= 1

n(n − 1)h pZ
2 Pr

(
Z ∈ Z1

) n∑
i=1

∑
j �=i

t (Zi )

⎛⎜⎜⎝ I

{
H (Yj ) > X ′

jβ0 + m(Zj )

}
G

(
H −1

(
X ′

jβ0 + m(Zj )
)) − τ

⎞⎟⎟⎠k2

(
Zi − Zj

h2

)

×σ−1(Zi )

⎛⎜⎜⎝X2 j +
αX O

(
H −1

(
X ′

jβ0 + m(Zi ), Zi

))
αO O

(
H −1

(
X ′

jβ0 + m(Zi ), Zi

))
⎞⎟⎟⎠ ω

(
H −1

(
X ′

jβ0 + m(Zi )
))

H ′
(

H −1
(

X ′
jβ0 + m(Zi )

))
+ 1

nPr(Z ∈ Z1)

n∑
i=1

t (Zi )σ
−1(Zi )

1
n

n∑
j=1

∫
α∗

RX (s, Zi )

π(s)
d Mj (s)+ op

(
n−1/2

)

= 1

nPr(Z ∈ Z1)

n∑
j=1

t (Zj )

⎛⎜⎜⎝ I

{
H (Yj ) > X ′

jβ0 + m(Zj )

}
G

(
H −1

(
X ′

jβ0 + m
(
Zj
))) − τ

⎞⎟⎟⎠σ−1(Zj
)

fZ
(
Zj
)

×

⎛⎜⎜⎝X2 j +
αX O

(
H −1

(
X ′

jβ0 + m
(
Zj
)
, Zj

))
αO O

(
H −1

(
X ′

jβ0 + m(Zj ), Zj
))

⎞⎟⎟⎠ ω

(
H −1

(
X ′

jβ0 + m
(
Zj
)))

H ′
(

H −1
(

X ′
jβ0 + m

(
Zj
)))

+ 1

nPr(Z ∈ Z1)

n∑
j=1

∫
EZ

[
t (Z)σ−1(Z)α∗

R X (s, Z)
]

π(s)
d Mj (s)+ op

(
n−1/2

)

= 1
n

n∑
i=1

(
ψr
β,1i +ψr

β,2i

)
+ op

(
n−1/2

)
. �
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Proof of Proposition 5.1. Notice that Qe
n(z,β) differs from Qn(z,β) in that the

(control) variable Zi ’s are not directly observed but replaced by their empirical counterpart
Ẑi ’s. We begin the proof with calculating the asymptotic stochastic order of He

n(c, z,β)
−H(c, z,β) and ∂He

n(c, z,β)
/
∂β2 − ∂H(c, z,β)/∂β2 respectively, where He

n(c, z,β) is
defined by (5.8) and H(c, z,β) is defined in Lemma A.1. Using the

√
n-consistency

of γ̂n ,

qe
n(c, z,β,a)−qn (c, z,β,a)

= 1
nh2

n∑
i=1

(Di (c)−τ)K1

(
X ′

iβ+a

h1

)(
k2

(
Ẑi − z

h2

)
−k2

(
Zi − z

h2

))

= 1

nh2
2

n∑
i=1

(Di (c)−τ)K1

(
X ′

iβ+a

h1

)
k′

2

(
Zi − z

h2

)(
Ẑi − Zi

)

= 1

n
√

nh2
2

n∑
i=1

(Di (c)−τ)K1

(
X ′

iβ+a

h1

)
k′

2

(
Zi − z

h2

)
Wi ×√

n
(
γ̂n −γ0

)
= Op

(
n−1/2h−2

2

)
= op(1),

with Zi lying between Ẑi and z. Moreover, qn(c, z,β,a)−q(c, z,β,a) = op(1) uniformly
in c ∈ (c,c), z ∈Z , and (β,a) ∈B×MH , then we can conclude by Carroll et al. (1997)’s
Lemma A.1 that

He
n(c, z,β)−H(c, z,β) = op(1)

uniformly in c ∈ (c,c), z ∈ Z , and β ∈B. To sharpen the stochastic order ofHe
n(c, z,β)−

H(c, z,β), Taylor expansion of the first order condition thatHe
n(c, z,β) should satisfy, i.e.,

1
nh1h2

n∑
i=1

(
Di (c)−τ

)
k1

(
X ′

iβ+He
n
(
c, z,β

)
h1

)
k2

(
Ẑi − z

h2

)
= 0

gives that

He
n(c, z,β)−H(c, z,β)

=
[
− 1

nh2
1h2

n∑
i=1

(
Di (c)−τ

)
k′

1

(
X ′

iβ+He
n(c, z,β)

h1

)
k2

(
Ẑi − z

h2

)
︸ ︷︷ ︸

�1

]−1

× 1

nh1h2

n∑
i=1

(
Di (c)−τ

)
k1

(
X ′

iβ+H(c, z,β)
h1

)
k2

(
Ẑi − z

h2

)
︸ ︷︷ ︸

�2

,
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whereHe
n
(
c, z,β

)
lies betweenHe

n
(
c, z,β

)
andH(c, z,β). Since

1

nh2
1h2

n∑
i=1

(
Di (c)−τ

)
k′

1

(
X ′

iβ+He
n
(
c, z,β

)
h1

)(
k2

(
Ẑi − z

h2

)
−k2

(
Zi − z

h2

))

= 1

nh2
1h2

2

n∑
i=1

(
Di (c)−τ

)
k′

1

(
X ′

iβ+He
n(c, z,β)

h1

)
k′

2

(
Zi − z

h2

)(
Ẑi − Zi

)
= Op

(
n−1/2h−2

2 h−2
1

)
= op(1),

we can demonstrate by similar reasoning to Lemma A.1 that �1 = αO O (c, z,β)+op(1),
uniformly in c ∈ (c,c), z ∈ Z , and β ∈ B. Moreover, it follows from the fact that both k1

and k2 are κth order bias reduction kernel, that �2 = Op

(
hκ1 + hκ2 + (

ln n/nh1h2
)1/2 +

n−1/2h−2
2 h−1

1

)
, uniformly in c ∈ (c,c), z ∈ Z , and β ∈ B. Consequently,

He
n(c, z,β)−H(c, z,β) = Op

(
hκ1 +hκ2 + (

lnn/nh1h2
)1/2 +n−1/2h−2

2 h−1
1

)
= Op

(
	1n

)
. (A.6)

Similarly, we can show

∂He
n(c, z,β)

∂β2
− ∂H(c, z,β)

∂β2
= Op

(
hκ1 +hκ2 +

(
lnn/nh3

1h2

)1/2 +n−1/2h−2
2 h−2

1

)
= Op

(
	2n

)
(A.7)

uniformly in c ∈ (c,c), z ∈Z , and β ∈ B. Moreover,

He
n(c, z,β)−H(c, z,β)−α−1

O O (c, z,β)
1

nh1h2

n∑
i=1

(
Di (c)−τ

)
×k1

(
X ′

iβ+H(c, z,β)
h1

)
k2

(
Zi − z

h2

)
= op

(
n−1/2

)
, (A.8)

uniformly in c ∈ (c,c), z ∈Z , and β ∈ B.
Taylor expansion of the first order condition that β̂e

2n(z) should satisfy, i.e.,
∂Qe

n
(
z, β̂e

n (z)
)/
∂β2 = 0 gives

β̂e
2n(z)−β20 =

⎡⎣−
∂2 Qe

n

(
z,β

e
n(z)

)
∂β2∂β

′
2

⎤⎦−1

× ∂Qe
n(z,β0)

∂β2
,

where β
e
n(z) lies between β̂e

n(z) and β0. Based on (A.6)–(A.8) and following the same
manner as we establish the asymptotic properties of β̂n(z) in Proposition 3.1, we can show
that

∂2 Qe
n

(
z,β

e
n (z)

)
∂β2∂β

′
2

= σ(z)+op(1).
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To analyze
∂Qe

n

(
z,β0

)
∂β2

, we decompose it into

∂Qe
n(z,β0)

∂β2

=
∫

1

nh1h2

n∑
i=1

(
Di (c)− τ

)
k1

(
X ′

iβ0 +He
n(c, z,β0)

h1

)
k2

(
Zi − z

h2

)
X2iω(c)dc︸ ︷︷ ︸

�3

=
∫

1

nh1h2

n∑
i=1

(Di (c)− τ)k1

(
X ′

iβ0 +He
n(c, z,β0)

h1

)(
k2

(
Ẑi − z

h2

)
−k2

(
Zi − z

h2

))
X2iω(c)dc︸ ︷︷ ︸

�4

.

For �3, using (A.8) and applying the same argument as in Proposition 3.1 give

�3 = 1

nh2

n∑
i=1

(
I
{
Ui < 0

}−τ
)

k2

(
Zi − z

h2

)⎛⎜⎜⎝X2i +
αX O

(
H −1(X ′

iβ0 +m(z), z
))

αO O

(
H −1

(
X ′

iβ0 +m(z), z
))

⎞⎟⎟⎠

×
ω

(
H −1(X ′

iβ0 +m(z)
))

H ′
(

H −1
(
X ′

iβ0 +m(z)
)) +op

(
n−1/2

)
.

For �4, applying the mean value theorem and the argument similar to Lemma A.1 gives

�4 =
∫

1

nh1h2
2

n∑
i=1

(
Di (c)−τ

)
k1

(
X ′

iβ0 +He
n(c, z,β0)

h1

)
k′

2

×
(

Zi − z

h2

)
X2i W ′

iω(c)dc × (γ̂n −γ0)

=
∫
αX W (c, z)ω(c)dc× 1

n

n∑
i=1

ψγ i +op

(
n−1/2

)
= α∗

X W (z)×
1
n

n∑
i=1

ψγ i +op

(
n−1/2

)
.

In summary, we have established

β̂e
2n(z)−β20

= 1

nh2

n∑
i=1

(
I
{
Ui < 0

}−τ
)

k2

(
Zi − z

h2

)
σ−1(z)

×

⎛⎜⎜⎝X2i +
αX O

(
H −1(X ′

iβ0 +m(z), z
))

αO O

(
H −1

(
X ′

iβ0 +m(z), z
))

⎞⎟⎟⎠×
ω

(
H −1(X ′

iβ0 +m(z)
))

H ′
(

H −1
(

X ′
iβ0 +m(z)

))
+σ−1(z)α∗

X W (z) ·
1

n

n∑
i=1

ψγ i +op

(
n−1/2

)
.
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Plugging the above linear representation for β̂e
2n(z)−β20 into

β̂e
2n −β20 =

1
n

n∑
i=1

t
(

Ẑi
)
β̂e

2n

(
Ẑi
)

1
n

n∑
i=1

t
(

Ẑi
)

−β20 = 1

nPr
(

Z ∈ Z1
) n∑

i=1

t(Zi )
(
β̂e

2n(Zi )−β20

)
+op

(
n−1/2

)
gives

β̂e
2n −β20

= 1

n(n −1)h2Pr(Z ∈Z1)

n∑
i=1

∑
j �=i

t(Zi )

(
I

{
Uj < 0

}
− τ

)
k2

(
Zi − Z j

h2

)

×σ−1(Zi )

⎛⎜⎜⎝X2 j +
αX O

(
H −1

(
X ′

jβ0 +m(Zi ), Zi

))
αO O

(
H −1

(
X ′

jβ0 +m(Zi ), Zi

))
⎞⎟⎟⎠ ω

(
H −1

(
X ′

jβ0 +m(Zi )
))

H ′
(

H −1
(

X ′
jβ0 +m(Zi )

))
+ 1

nPr(Z ∈ Z1)

n∑
i=1

t(Zi )σ
−1(Zi )α

∗
X W (c, Zi ) · 1

n

n∑
j=1

ψγ j +op

(
n−1/2

)

= 1

n

n∑
i=1

t(Zi )

Pr(Z ∈ Z1)

(
I

{
Ui < 0

}
− τ

)
σ−1(Zi ) fZ (Zi )

×

⎛⎜⎜⎝X2i +
αX O

(
H −1

(
X ′

iβ0 +m(Zi ), Zi

))
αO O

(
H −1

(
X ′

iβ0 +m(Zi ), Zi

))
⎞⎟⎟⎠×

ω

(
H −1

(
X ′

iβ0 +m(Zi )
))

H ′
(

H −1
(

X ′
iβ0 +m(Zi )

))
+ EZ

[
t
(

Z
)
σ−1

(
Z
)
α∗

X W

(
Z
)]

Pr(Z ∈ Z1)
× 1

n

n∑
i=1

ψγ i +op

(
n−1/2

)
= 1

n

n∑
i=1

ψe
βi +op

(
n−1/2

)
.

n
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