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For a normal sample with unknown meaine almost universally used estimator of
the variances? is “the sample variange42(0) = (n — 1)7'S? where

s? = i(xi - X)2

This estimator is the minimum variance unbiased estimatorplbut it is inadmis-
sible under square error lagsis dominated by the maximum likelihood estimator
62(1) = n~1S2 which is also inadmissibl&Ve consider the class of estimators

6%(c)=(n—1+c)1s? —(n—1) <c< oo,

and compare these estimators under a class of loss functions which we call “log
symmetric” This class includes the loss function corresponding to the total varia-
tion distance

l(of,0%) = supPr(N(p,of) € B) — Pr(N(l,0%) € B)|.
B

Let L(c) denote the loss of the estimai®F(c), under an arbitrary log symmetric
loss function It is shown thatL(c) is stochastically increasing m= 0. Thus for
example the minimum variance unbiased estimatr*(0)), stochastically domi-
nates the maximum likelihood estimai@?(1)). Furthermoreno estimator in the
above class stochastically dominade®0). Asymptotic approximations to the dis-
tribution of L(c) are derived to quantify the advantagesgi(0) overs2(1), as well
as to study asymptotic expected loss
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1. INTRODUCTION AND SUMMARY
For a single normal sample with unknown metre almost universally used esti-
mator of the variance 2 is “the sample variance”

52(0) = — S (X — X

As all statisticians knows 2(0) is the minimum variance unbiased estimator of
o2 but under square error lasé? is inadmissiblebeing dominated by the maxi-
mum likelihood estimator

1 n
522) = o DX - X

is the minimum mean square error estimator among constant multipk&$(6f.
These very well known results can be found in Bickel and DokgElimpp. 123-124
143] or Lehmanr{8, pp. 85, 113].
The preference fof 2(0) would seem to suggest that unbiasedness is a highly
valued attributeNeverthelesss (0), the sample standard deviatiosthe estimator
of choice foro and is biasedlt is a routine exercise to find a constant multiple of
¢ (0) that is unbiasedout there do not appear to be advocates for this estimator
The use of mean square error is widely acknowledg®ihg back to Gaugso
be primarily motivated by mathematical convenienicethis exampleperhaps a
more intrinsic measure of loss would be an increasing function of the total variation
distance between the true distributjdi( i, o ?), and the distribution with estimated
variances 2, N(, 2). This total variation distance is defined by

1(6202) =supPr(N(p,62) € B) — Pr(N(p,02) € B)|. (1.1)

This quantity is independent @f and satisfies
(i) (6% 0%) =g(6%a?),

where
(i) gir)=g(r ), 0<r <o,

and

(iii) gis strictly increasing ofl,00).
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Theg function corresponding to total variation distaridel) is given by

B rlogr 1/2 3 Ioﬂ 1/2
g”(r)_z‘@((r—l) > (D<<r—l> )

where® is the standard normal cumulative distribution functioml.f.). The deri-
vation of(1.2) is found in Brown[3, p. 377].

A loss function with propertiesi)—(iii) will be called a log symmetric loss
function This class coincides with the class of loss functions which are strictly
increasing functions of total variation distandeat is

) (1.2)

l(of,0%) = y(g,(0f/03)),

wherey is strictly increasing oifi0,1).

If the purpose in estimating 2 is (along with an estimate gf) to estimate
numerous probabilities under the unknown normal distribytioen a log symmet-
ric loss function may be appropriate

Other examples af functions corresponding to log symmetric loss functions
relevant to this variance estimation probleame

g:(r) = [log(r)| (1.3)

2r1/2 1/2711/2
O(r) = |1- . (1.4)

1+r

and

The loss function correspondingdgis proportional to an arc length distance as
discussed in Browf3, p. 375]. The loss corresponding @ is the Hellinger dis-
tance often used in large sample theokyeCam[7, Chap 7] defines and explores
the connections between total variation and the Hellinger distance

Consider the class of estimators

62(c) = n——1+c§::(xi - X)? —(n—1)<c< oo (1.5)

This class includes the sample variarice= 0), the maximum likelihood esti-
mator of variancéc = 1), and the minimum mean square error scalar multiple es-
timator(c = 2). Denote byl (c) a random variable whose distribution is that of the
loss incurred by the use @?(c), under a fixed but arbitrary log symmetric loss

function This distribution is independent of2 In Section 2(Thm. 2.1), we show
thatL(c) is stochastically increasing im= 0. More specifically

Pr(L(c) = x)

is nonincreasing irt = 0 for all x and strictly decreasing io = 0 for anyx €
(9(1+), g(0)).
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This stochastic dominance property is considerably stronger than increasing
risk (EL(c)T) when this expectation exists

We conclude that under log symmetric lofs 0 < ¢, < ¢,, 6 %(c;) is better than
62(cy). In particular the minimum variance unbiased estimgio# 0) is preferable
to the maximum likelihood estimatdc = 1), which, in turn, is preferable to the
minimum mean square scalar multiple estimdtor 2). This conclusion provides
strong support for the conventional wisdom on this issue

The above stochastic monotonicity does not extera<d0. Under a log sym-
metric loss functionno 6-2(c) with —(n — 1) < ¢ = 0 will stochastically dominate
another member of this subcla3sis is proved in Corollaries.2 and 22. Within
this subclasswe need to discriminate among estimators by the weaker criteria of
risk (expected logs Our asymptotic analysis in Sectionb3suggests that = —3
gives minimal asymptotic risk for a wide class of log symmetric loss functions

To get an idea of the magnitude of the differences between estimatorssort
to asymptotic analysis via Edgeworth series expansions for the distributigme pf
These results are derived in Section4 &nd 35.

In comparing loss .d.f.'s between the minimum variance unbiased estimator
(62(0)) and the maximum likelihood estimatéd2(1)) under total variation dis-
tance we find that

Pr(N2me(n —1)L(0) = x) — Pr(N2me(n — 1)L(1) = x)

X
()
= ——— X3+ x?) +o(n"¥?), 1.6
12— 1) X(3+x?)+0o(n"%?) (1.6)
wheren is the sample size anfl the standard normal probability density function
(p.d.f.). The O(n~1) term is maximized ak = 2.091, the maximum value being
0.24293n— 1)L, For exampleif n= 20, we estimate the maximum difference to be
approximately 0128
From a comparison of the expected total variation distance betdée and
62(1), we find

7 [2
EL(1) — EL(0) = E/g(n —1)"¥2 4+ 0(n"2) ~0.15927n—1)"¥2  (1.7)

Forn = 20, this difference is approximately.@19
Comparing the risks between the asymptotically optjri&l— 3), and62(0),
under total variation distancee find

EL(0) — EL<—§> = i\/é(n —1)"¥2+o0(n"?)

~0.03034n — 1)~¥2 ~ (5.25Y(EL(1) — EL(0)). (1.8)

The asymptotic improvement 6f2(— 3) overs 2(0) is only about 19% that af 2(0)
overg?(1).
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Thus for small sample sizeshere is an advantage @&7?(—3) over2(0), but
it is not sufficiently dramatic to recommend a change in conventional practice
Our results also apply to the variance estimation for a class of linear madels
well as the estimation of an exponential paramdtlese cases are briefly discussed
in Section 4

2. COMPARISON OF ESTIMATORS

For —(n — 1) < ¢ < oo, define Z(c) to be a random variable distributed as
x2_1/n — 1 + c. This is the distribution ofr2(c)/o % Recall that ifX andY are
nonnegative random variables with absolutely continuous distributthllasx is
larger thanY under monotone likelihood ratio orderirigbbreviated byX = Y) if
there exist versions of their.gf.’s fx andfy, such thatfx(t)/fy(t) is nondecreas-
ingint> 0.

LEMMA 2.1: Forallc =0, (Z(c))™* = Z(c). Moreover,

(a)

friey -1
R.(a) =<fZ((—); >1 fora>1c=0. 2.1)
Z(c)
Proor: We calculate
n—-1+c

R.(a) = a(”l)exp< > (a— a1)> fora> 0, (2.2)

and after some algehra
dI R()_n—lJrc[( 2+ 2ca } »3
da D9l = T a n—1+c/| (2:3)

Fora> 0,c > 0, the derivative in2.3) is strictly positive Fora> 0 andc = 0,
the derivative is strictly positive faa # 1, and zero foia = 1. It follows that in both
casegc > 0 andc = 0), R.(a) is strictly increasing ira > 0. Next, sinceR.(1) =1
andR¢ is strictly increasingit follows thatR.(a) > 1 foralla>1andc=0. ®

Next, defineY(c) to be a random variable distributed as m@c)) 2, Z(c)).
Y(c) takes values iffil,c0). If gis log symmetricthen

L(c) ~ g(d2(c)/o?) ~g(Z(c)) ~ g(Y(c)), (2.4)

the last relationship holding becauge ~*) = g(r).
Recall that a log symmetric loss functigis strictly increasing ofil,co). Define

sup{x=1:g(x) = t}, g(1+) <t < g(o)
g ity ={"% t=g(+) =limg(y) (2.5)

o0, t=g(co) = lim g(y).
y—o0o
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THEOREM 2.1: For g log symmetric, [c) is stochastically increasing in & 0.
Moreover,
Pr(L(c) = x)
is strictly decreasing in &= O, for x € (g(1+), g(c0)).

Proor: First note that

Pr(Y(c) = a) = Fip) — Falo) | = Fi2 — Fle) 1, (2.6)

whereF, ) (Fz 1) is the cd.f. of Z(c) (Z(c) *) andF =1 - F.
It follows from (2.6) that

d a
s Pr(Y(c) = a) = n_itc 2 (@[1— Re(a)], (2.7)
whereR; is the likelihood ratia2.1).

From(2.7) and Lemma 2, it follows that P(Y(c) = a) is strictly decreasing in
c=0foralla> 1.

Forx € (g(1+),g(x)), g (x) € (1,00), thus P{L(c) = x) =Pr(Y(c) =g~ (x))
is strictly decreasing in= 0. (Forx = g(1+), Pr(L(c) = x) =0, and forx = g(c0),
Pr(L(c)=x)=1.) u

CoroLLARY 2.2: Given log symmetric loss function g ange (—(n—1),0), there
exists an x such that

Pr(L(cy) = x) > Pr(L(c) =x) forallc # c,.

Thus, nas2(c) with ¢ € (—(n—1),0) can be stochastically dominated by a member
of the clasg2(c), —(n— 1) < ¢ < o}.

Proor: From(2.2), we see that foa > 1, R.(a) equals 1 if and only if

2loga
2 )

(2.8)

c=c(a) df’(n—l)[a_al

FurthermoreR.(a) > 1 forc > c(a), and lessthan 1 far< c(a). The functionc(a)
is continuous and strictly decreasiriydecreases from zero te(n — 1) asa in-
creases from 1 teo. Givency € (—(n — 1),0), there is a unique, call it a*, with
c(a*) = co.

It follows from (2.7) that PrY(c) = a) achieves its unique maximum at
c=c(a). Givengandcy € (—(n—1),0), choosex= g(a*) (recallc(a*) = cy). Then

Pr(L(co) = x) = Pr(L(cy) = g(a*)) = Pr(Y(cy) = a*)
> Pr(Y(c) =a*) = Pr(L(c) =x)

for all ¢ # c. u
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CoroLLARY 2.2: Given c# 0 and log symmetric loss function g, there exists an x
(which depends on c) such that
Pr(L(0) = x) > Pr(L(c) = x);

thus, 4 2(0) is not stochastically dominated by any estimator in the clas¥c),
—-(n—1) <c< oo}

PROOF: Considerfy((lg), the pd.f. of Y(c) ata = 1. Note that

n—-1+c
fio = k(n—1+ c><“1>/2exp[—<T)],

wherek is a constantBy differentiating logf, with respect ta, we find thatf,/(2,

achieves its unique maximum at= 0. As eachY(c) is concentrated ofil,c0) and
possesses a continuouslp, it follows that givenc # 0 (recall thatfy g, > fy(s)),
there exists aa(c) € (1,00), such that

Pr(Y(0) = a) > Pr(Y(c)=a) forl<a=a(c). (2.9)
Definex = g(a(c)). Then from (2.9),
Pr(L(0) = x) = Pr(Y(0) = a(c)) > Pr(Y(c) = a(c)) = Pr(L(c) = x). u
3. ASYMPTOTICS
3.1. Total Variation Distance

The total variation distance betweliiy, o) andN(y, o%) is given byg,(c2/d2),
whereg, is defined in(1.2). The functiong,(r) is not smooth at = 1, but, rather

g,(r) = [h(r)],

whereh is infinitely differentiable in a neighborhood of= 1. For our asymptotic
expansionswe will need the first four derivatives df atr = 1. Toward this end
define

k(x) = &(xY?), (3.1)
where® is the standard normaldf. and
In(r) & (=D*r -1~
r—1 45 k+1

b(r) = o<r<2 (3.2)

Then
sh(r) = k(rb(r)) = k(b(r)), (3.3)

a form convenient for differentiatioWe find from(3.2) that
db _(=Dj!

b (1) = — ,
@ =4 L j+1

i=01,.... (3.4)
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Furthermore

Wk

(v) d
KOW) =

=a@e¢(l), v=1234 (3.5)

wherea(1) = 3, a(2) = — 3, a(3) = 3, a(4) = — £, and¢ is the standard normalghf.
From(3.3)—(3.5), we find that

h(r) = (DI = 1) = 3 = D2 + & ~1° = H ~1* + o(r = 1)*]

(3.6)
in a neighborhood of = 1. Furthermore
X2 3 4
h™(p(1)x) = 1+ x+ > + T6 + 6 + o(x%) (3.7)

in a neighborhood ot = 0.

3.2. A Class of Log Symmetric Loss Functions

Define the clasg to consist of functions ofD,00) satisfying

(i) g(x™1) = g(x).
(ii) gstrictly increasing offil,00).
(i) g(x) =|h(x)|, with h possessing a continuous fifth derivative in a neigh-
borhood ofx = 1.
(iv) h'(1) > 0.

The clasgj includesg,(1.2), as well agy;(x) = |log x| andg, (Hellinger distance
It follows thatg € g satisfiesh(1) = 0 and

h(r=1) = —h(r). (3.8)
Differentiating both sides aof3.8) four times we conclude that
h@(1) = —h®(1) (3.9)
and
h@(1) = 6(h™™ (1) — h®(1)). (3.10)
Definingy = h®(1) = g’(1+) ands = h®(1), it follows from (3.9) and(3.10) that

y—46
4

h(r)=y(r—1)—%(r—1)2+g(r—1)3+ (r—=1)%+o(r—1*

(3.11)
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in a neighborhood of = 1. Moreover

x2 1 6 1 46
hi(yx) =1+ x+ =+ =(3——|x*+ —=(9— — | x*+0o(x*) (3.12)
2 6 y 24 0%

in a neighborhood ok = 0. For total variation distancey = ¢(1) andé =
(15/8) ¢ (1). For the Hellinger distancey = + ands = 57/128

3.3. Symmetric Invertibility
A sequence of the form
zo=1+anY?2+pbnt+cn¥?+dn?2+o0(n?)
is defined[4, p. 346] to be symmetrically invertible if
z2t=1—an*?2+bnt—cn ¥ +dn?+o(n?).

It is easily showr{4, p. 347] thatz, is symmetrically invertible if and only if
both

2 4

b=2 and d=ac— - 3.13
=3 an =ac 3" (3.13)

The following result will be useful in our asymptotic approximations in
Section 35.

LemMmA 3.1: Letg(r) = |h(r)| belong to the clas§, defined in Section 3.2. Define
y=h®(1) > 0ands = h®(1). Then, h *(yxn~¥?) can be represented as a sym-
metrically invertible sequence. Specifically,

X2
h=t(yxn ¥2) = 1+ xn Y2 + <E> nt+cn¥+dn2+o0(n? (3.14)

where c= (x%/6)(3 — §/y), d= (x*/24)(9 — 48/y), and
o
h=*(yxn~?)

Proor: Equation(3.14) follows directly from(3.12). The coefficients satisfy the
necessary and sufficient conditions for symmetric invertibil@yl 3). u

X2
=1-xnY2+ (E) nt—cn ¥ +dn2+o0(n?). (3.15)

3.4. Edgeworth Expansions

For a sample of size, the y 2 statistic of interest has— 1 degrees of freedorin two
other problems to be discussed in Sectiptié y ? statistic based on a sample of size
n hasn — p degrees of freedorfone-way analysis of varianddNOVA)] or 2n
degrees of freedortexponential. We will thus find it convenient to base our ex-
pansions on the degrees of freedomwith m— oo, and then convert to the sample
size n, if desired
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Let S,, denote a random variable distributedyg@s( x? with m degrees of free-
dom). The Edgeworth series expansion for the:fc of S,,is well known[1, p. 33; 5,
p. 45; 6, p. 40]:

Pr( S*\“/Z__mm < x) = B(x) — ()M V2g,(x)
— ()M tau(X) — d(X)m~¥2gz(x) + o(m~22), (3.16)

where
\2
(X)) = 3 (x?=1) with g;(—x) = qu(x), (3.17)
Op(X) = 15(2x% — 11x% + 3x)  with gp(—X) = —0(X), (3.18)

andgg is an even functiorigs(—X) = gs(x)), whose terms we will not need
Replacingx by x + um™¥2 + ym™* + wm~%? and using the delta method in
(3.16), similarly to Hall[5, p. 69], we obtain

S,—m
Pr< =x+um¥Y2+opmt+wm¥2
2m

= ®(x) + p(x)m Y2[u — gy(x)]
2
+ d)(x)ml[v - %( —u(gu(x) = Xeu(x)) — QZ(X)]

+ ¢(x)m~¥2q3(u,v,w, X), (3.19)

whereq; (U, —v,W, —x) = d3(U,v, W, X).
In (3.19), substitute(x/\/z u/N2,0/N2,w/\2) for (x, u,v,w) and defineR,, =
Sn/m~ y2/m, obtaining

Pr(Ry =< 1+ xm Y2+ um* + om %2 + wm2)

= CI><L> + ¢><i>m‘l/2ql(u, X) + ¢<i> m~1d,(u,v, X)
V2 V2 V2

+ ¢<%> m~¥/25(u,v,w, x) + o(m~¥/2), (3:20)
where
V2
ql(u’ X) = ? (3U +2- X2)7 ql(u7_x) = ql(u7 X)’ (321)

\2
d.(u,v,X) = (5 (36v — 9u2x — 36ux + 6ux® — x5 + 11x3 — 6x),

02(U, —v,—X) = —G2(U,v, X), (3.22)
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andds satisfies
0s(U, —v, W, —X) = Ga(U,v,W, X). (3.23)
It follows from (3.20)—(3.23), that
Pr(R,€ 1+ xm ¥2 +um* +ovm %2+ wm?)
= ZCI)(L) -1+ 2¢<i> m~16,(u,v, X) + o(m~%2), (3.24)
V2 V2
We now have the tools to approximate the distribution of lass), for the
estimatorg ?(c), for a log symmetric loss function with € G.

TueoreM 3.1: Consider g G, with g(x)= |h(x)|, h®Y(1) =y > 0, and h®(1) = 5.
Then,

(i) Pr(Wmy~1L(c) = x)

()

. m(%){ e

)
—— 4+ (11— 6—)x®— 6x— 3cx® — 9¢?x
36m 4 y
+ o(m¥?),

(i) lim m[Pr(vmy L(0) = x) — Pr(vmy *L(c) = x)]

()

= —— (cx® + 3¢?x).
12

For ¢ > 0and x> 0, the right-hand side is strictly positive and gives the
asymptotic improvement 6f2(0) overg2(c), with ¢> 0.
(iii) For fixed x, the @m™1) term in (i) is maximized ad = —(x%/6).

Proor: (i) Sinceg(r ~1) = g(r) = |h(r)|, it follows that for 0< a < h(co),

g =ae =r=h"%a), (3.25)

1
h™*(a)

whereh~(a) = g~(a), defined in(2.5).
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Recall that62(c)/c? ~ x2/(m + ¢) ~ (1 + ¢/m) 'R, whereR,, ~ x2/m.
Consequently

Pr(m'2y~*L(c) = x) = Pr(m"?y 'g(¢?(c)/o?) = )

T i m vz < m

1
R, = h‘l(m‘l/zyx)>.

(3.26)

Recall thah~*(m~¥2yx) is symmetrically invertibléLemma 31). Thus (3.26)
reduces to

x? 1 6
Prl Rn€ (L+cm )1+ xm Y2+ > m‘lJ_rém‘3/2 3——)x3

Y
1 45
+ —m? (9 — —>x4 + o(m2)>>. (3.27)
24 v
By (3.24), (3.26), and(3.27), with
+ X + 1(3 6) 3
= — =cx+ =|3——x
u=c+ =, v=ox+ o L)%

and

+ E—
2 24
the desired result follows

(ii) Follows immediately frondi).
(iii) For fixedx, to maximize theD(m™1) term we need to minimize &2 +
9¢?x. A minimum value of—(x%/4) is attained at = —(x?%/6).

Remark 3.1:Result(1.6) follows from (ii), with ¢ = 1.

Remark 3.2:Theorem 21 and Corollaries 4 and 22 all have asymptoti©(m™1)
analogsFor examplecorresponding to Theorem12 we have the comparison

lim m[Pr(m*2L(c;) = x) — Pr(mY2L(c,) =x)] >0

forallx > 0and 0= ¢, < c,.

There are similar asymptotic versions of Corollaries @nd 22.
An asymptoticO(m~1) comparison not suggested by the results of Section 2 is

lim m[Pr(m*?L(c,) = x) — Pr(mY2L(c,) =x)] >0

for all x> 0 andc; < 0 < |¢,| < c,. This follows from part(i) of Theorem 3L.
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Remark 3.3:Part(iii ) of Theorem 3L also follows from Lemma.2. The optimizing
c for ym¥2x s given by

c(g t(ym ¥?x)),

wherec(-) is defined by(2.8) andg~*(ym~2x) can be expanded k3.14). Sub-
stituting and passing to the limive find that

X2
c(g H(ym V%)) = ——= + 0(1).

3.5. Minimizing the Expected Loss

We will obtain an expansion fdr(c) = Eg(6-2(c)/o ?) by integrating the expansion
for Pr(L(c) > x), obtained in Theorem.&(i). This procedure is heuristic in the sense
that it assumes that a certaifn—2) sequence of functions &fintegrates to a(n=?)
sequence of constant® justify this we would need to develop a nonuniform error
bound on the Edgeworth expansion for(P¢c) > x), similar, for example to the
proofs of Theorems 19 and 221 of Bhattacharya and Ranga R&.

For allg € G for which the above integration requirement holds find that the
value ofc which minimizes the expected lossds= — 3. Thus

A2 _E _ 1 S _%\2
0'<3>_ E(Xi X)

is asymptotically optimal within the clag$?(c),—co < ¢ < oo}, in the sense of
minimizing the asymptotic expected loss
The computation follows from Theorem13i), as

\J2¢<—X >
B * _[ X N2
Eg(62(c)/o?) =m 1/2yfo 2(I><—,_2> " 2em

x5 8
X|— +{6——11)x3+ 6x + 3cx® + 9¢c3x| dx
Y

4
+ o(m~2). (3.28)
Next, we compute
f:&(%) dx = 72 (3.29)
and
fowxm“(z)(%) dx = 22(27)" Y2 m=0,12, (3.30)

withag =1, a; = 3, anda, = 6.
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Substituting these values in(8.28) leads to

EL(c) = 2L [1 ;L (8 % 043+ 4c>] +o(m?2).  (3.31)
Vrm 12m\ vy

From (3.31), it follows thatEL(c) is asymptotically minimized at= — 3. Ex-
pressiong1.7) and(1.8), discussed in Section follow directly from (3.31). Note
that the range af for which-2(c) has smaller asymptotic risk thatr?(0) is (— 4,0).

For the total variation distance loss functign= ¢ (1) andé/y = 15/8; thus

Eg,(62%(c)/o?) = %\/mze[l + én (3c?+4c+ 5)] +o(m2). (3.32)

4. EXAMPLES
4.1. One-Way ANOVA

Considemp independent normal samplesach withk observationstheith sample
consisting of

Xi1s-+-s Xk, independenN(p;, o ?).

The variance in each of tHesamples is assumed to be a common unknevin
Define

SZ = E(XU - Xi_)z W|th Xi. =
]

~lP

k
> X
j=1

The minimum variance unbiased estimatowdfis given by

2

52(0) = ,  wheren = kp,
a2(0) np w P,
and the maximum likelihood estimator is
SZ
A 2 —
ae(p) '

Consider the total variation distance betw&&mP*%, o21) (pindependent normals
with mean vectop, and variancer2) andN(pP*% o21),

I(c?,02) = supPr(N(y,o?l) € B) — Pr(N(W, o1) € B)|.

The loss function is of the forml (02, 02) = g(o2/02), whereg is log sym-
metric and is given by
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It follows from Theorem 21 that the losd.(c) (of 62(c)) is stochastically in-
creasing inc = 0. The obvious analogs of Lemmaslzand 22 also hold
Furthermorethe expansioi3.31) holds withm=n—p=k(p—1). Ask— o0
(and thust — o), the member of the class with smallest asymptotic expected loss is

2
62(—2/3) = m
4.2. Linear Models
Consider the model
XNx1 N(u,O'ZE),

wheres. is a known positive-definite matrjx-2 is unknown andu is known to lie
in M, ap-dimensional subspace Bf.
Consideynext the loss function

l(of,0%) = supPr(N(W,0f32) € B) — Pr(N(p,03%) € B)|.
B
Again, | (c2,0%) = g(o&/0?), whereg is log symmetricWe compute,

nrlogr nlogr>‘
= |Pr{xya= —Prixi= .
g(r) ‘ r(Xn r_1> r(Xn 1

In the one-way ANOVAthere was a natural asymptotic situatién— o). We
fixed p and the loss functiog. Hereg the functiong depends om, and there may not
be an asymptotic problem to considseverthelesghe results of Section 2 apply

Define

§% = [ X =Py X3

where| x|2 =x'3~1x, andP, Xis the projection oK on M under the inner produgct
(x,y) = x'S"1y. Define
52
52(c) = ——, —(n—p) <c<oo.
G R (n—p) o

Then once againL(c) is stochastically increasing = 0, and the minimum vari-
ance unbiased estimaf@?(0), stochastically dominates the maximum likelihood
error(MLE), 62(p).

4.3. Exponential Distribution
Let X4,..., X, denote a sample from an exponential distribution with parangeter

fo(X) = e~ % x=0,60>0.
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DefineS= X7 X;. The minimum variance unbiased estimatopa$ given by

T
S
and the MLE is
6(0) = =
S
Define the class of estimators
6(c) = %, -n<c<oo, (4.1)

and note that for log symmetrig;
9(6(c)/0) = g(6/6(c)) ~ g(x3,/2(n + c)).

Theg function corresponding to the total variation distance between exponen-
tial distributions with parametes and6, with 6,/6, = r is given by

g(r) = [r —1fr7am,

as is derived i3, p. 378|.

The results of Sections 2 and 3 ap@dnce againlL (c) is stochastically increas-
ing inc = 0. In this casethe minimum variance unbiased estimdio= —1) and the
MLE (c = 0) do not stochastically dominate one another

The expansior{3.31) holds and in this examplem = 2n, so thatm — § =
2(n — 3). Consequentlythe member of the clagd.1) which asymptotically mini-
mizes the expected risk is

) = n-5_ 1-@n™
S x

6(—

Wl

wherex = S| n. Further asymptotic work in this exponential example can be found in
Brown[4].

5. COMMENTS AND ADDITIONS

1. Total variation distance is independent of the labeling of the distributions
Thus if 6 is preferred td, on the basis of better total variation distance loss
characteristicstheny (6;) will be preferred tav(6,) for any 1-1 functiorv.

For examplein the normal variance case(42(0)) stochastically dominates
v(62(1)) for any 1-1 functionw, on (0,c0).

2. | have been unable to show that the total variation distance between
N(X,42(0)) andN(, o ?) tends to be smaller than that betwééX, 52(1))
andN(, o?). | believe this to be the cadat least asymptotically and |
pose it as a hopefully interesting research problem
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3. The key observation in developing expressions for total variation distance is
that if f, (t) > f, (t) if and only if t € B, then the total variation distance
between the two distributions B, (B) — P,,(B). Expressiong1.2), (4.1),

(4.2), and(4.4) follow easily from this observatian
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