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For a normal sample with unknown mean, the almost universally used estimator of
the variance, s2, is “the sample variance,” [s2~0! 5 ~n 2 1!21S2, where

S2 5 (
1

n

~Xi 2 PX !2+

This estimator is the minimum variance unbiased estimator ofs2, but it is inadmis-
sible under square error loss+ It is dominated by the maximum likelihood estimator,
[s2~1! 5 n21S2, which is also inadmissible+We consider the class of estimators,

[s2~c! 5 ~n 2 1 1 c!21S2, 2~n 2 1! , c , `,

and compare these estimators under a class of loss functions which we call “log
symmetric+” This class includes the loss function corresponding to the total varia-
tion distance,

l ~s1
2,s2

2! 5 sup
B
6Pr~N~µ,s1

2! [ B! 2 Pr~N~µ,s2
2! [ B!6+

Let L~c! denote the loss of the estimator[s2~c!, under an arbitrary log symmetric
loss function+ It is shown thatL~c! is stochastically increasing inc $ 0+ Thus, for
example, the minimum variance unbiased estimator~ [s2~0!!, stochastically domi-
nates the maximum likelihood estimator~ [s2~1!!+ Furthermore, no estimator in the
above class stochastically dominates[s2~0!+ Asymptotic approximations to the dis-
tribution ofL~c! are derived to quantify the advantage of[s2~0! over [s2~1!, as well
as to study asymptotic expected loss+
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1. INTRODUCTION AND SUMMARY

For a single normal sample with unknown mean, the almost universally used esti-
mator of the variances2 is “the sample variance”

[s2~0! 5
1

n 2 1 (
1

n

~Xi 2 PX !2+

As all statisticians know, [s2~0! is the minimum variance unbiased estimator of
s2, but under square error loss, [s2 is inadmissible, being dominated by the maxi-
mum likelihood estimator

[s2~1! 5
1

n (
1

n

~Xi 2 PX !2,

which is inadmissible also+ In fact,

[s2~2! 5
1

n 1 1 (
1

n

~Xi 2 PX !2

is the minimum mean square error estimator among constant multiples of[s2~0!+
These very well known results can be found in Bickel and Doksum@1, pp+ 123–124,
143# or Lehmann@8, pp+ 85, 113# +

The preference for[s2~0! would seem to suggest that unbiasedness is a highly
valued attribute+ Nevertheless, [s~0!, the sample standard deviation, is the estimator
of choice fors and is biased+ It is a routine exercise to find a constant multiple of
[s~0! that is unbiased, but there do not appear to be advocates for this estimator+

The use of mean square error is widely acknowledged~going back to Gauss! to
be primarily motivated by mathematical convenience+ In this example, perhaps a
more intrinsic measure of loss would be an increasing function of the total variation
distance between the true distribution,N~µ,s2!, and the distribution with estimated
variance [s2, N~µ, [s2!+ This total variation distance is defined by

l ~ [s2,s2! 5 sup
B
6Pr~N~µ, [s2! [ B! 2 Pr~N~µ,s2! [ B!6+ (1.1)

This quantity is independent ofm and satisfies

~i! l ~ [s2,s2! 5 g~ [s20s2!,

where

~ii ! g~r ! 5 g~r 21!, 0 , r , `,

and

~iii ! g is strictly increasing on@1,`!+
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Theg function corresponding to total variation distance~1+1! is given by

gv~r ! 5 2*FSS r log r

r 2 1 D
102D2 FSS log r

r 2 1D
102D*, (1.2)

whereF is the standard normal cumulative distribution function~c+d+f+!+ The deri-
vation of~1+2! is found in Brown@3, p+ 377# +

A loss function with properties~i!–~iii ! will be called a log symmetric loss
function+ This class coincides with the class of loss functions which are strictly
increasing functions of total variation distance; that is,

l ~s1
2,s2

2! 5 y~gv~s1
20s2

2!!,

wherey is strictly increasing on@0,1!+
If the purpose in estimatings2 is ~along with an estimate ofµ! to estimate

numerous probabilities under the unknown normal distribution, then a log symmet-
ric loss function may be appropriate+

Other examples ofg functions corresponding to log symmetric loss functions,
relevant to this variance estimation problem, are

g1~r ! 5 6 log~r !6 (1.3)

and

g2~r ! 5 F12 S2r 102

11 r
D102G102

+ (1.4)

The loss function corresponding tog1 is proportional to an arc length distance as
discussed in Brown@3, p+ 375# + The loss corresponding tog2 is the Hellinger dis-
tance, often used in large sample theory+ LeCam@7, Chap+ 7# defines and explores
the connections between total variation and the Hellinger distance+

Consider the class of estimators

[s2~c! 5
1

n 2 1 1 c (
1

n

~Xi 2 PX !2, 2~n 2 1! , c , `+ (1.5)

This class includes the sample variance~c 5 0!, the maximum likelihood esti-
mator of variance~c 5 1!, and the minimum mean square error scalar multiple es-
timator~c 5 2!+ Denote byL~c! a random variable whose distribution is that of the
loss incurred by the use of[s2~c!, under a fixed but arbitrary log symmetric loss
function+ This distribution is independent ofs2+ In Section 2~Thm+ 2+1!, we show
thatL~c! is stochastically increasing inc $ 0+ More specifically,

Pr~L~c! # x!

is nonincreasing inc $ 0 for all x and strictly decreasing inc $ 0 for any x [
~g~11!, g~`!!+
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This stochastic dominance property is considerably stronger than increasing
risk ~EL~c!F! when this expectation exists+

We conclude that under log symmetric loss, for 0# c1 , c2, [s2~c1! is better than
[s2~c2!+ In particular, the minimum variance unbiased estimator~c50! is preferable

to the maximum likelihood estimator~c 5 1!, which, in turn, is preferable to the
minimum mean square scalar multiple estimator~c 5 2!+ This conclusion provides
strong support for the conventional wisdom on this issue+

The above stochastic monotonicity does not extend toc # 0+ Under a log sym-
metric loss function, no [s2~c! with 2~n 21! , c # 0 will stochastically dominate
another member of this subclass+ This is proved in Corollaries 2+1 and 2+2+Within
this subclass, we need to discriminate among estimators by the weaker criteria of
risk ~expected loss!+ Our asymptotic analysis in Section 3+5 suggests thatc 5 2 2

3
_

gives minimal asymptotic risk for a wide class of log symmetric loss functions+
To get an idea of the magnitude of the differences between estimators,we resort

to asymptotic analysis via Edgeworth series expansions for the distribution ofL~c!+
These results are derived in Sections 3+4 and 3+5+

In comparing loss c+d+f+’s between the minimum variance unbiased estimator
~ [s2~0!! and the maximum likelihood estimator~ [s2~1!! under total variation dis-
tance, we find that

Pr~!2pe~n 2 1!L~0! # x! 2 Pr~!2pe~n 2 1!L~1! # x!

5

!2fS x

!2
D

12~n 2 1!
x~3 1 x2! 1 o~n2302!, (1.6)

wheren is the sample size andf the standard normal probability density function
~p+d+f+!+ The O~n21! term is maximized at[x 5 2+091, the maximum value being
0+24293~n21!21+ For example, if n520,we estimate the maximum difference to be
approximately 0+0128+

From a comparison of the expected total variation distance between[s2~0! and
[s2~1!, we find

EL~1! 2 EL~0! 5
7

12p !2

e
~n 2 1!2302 1 o~n22! ; 0+15927~n 2 1!2302+ (1.7)

For n 5 20, this difference is approximately 0+0019+
Comparing the risks between the asymptotically optimal, [s2~2 2

3
_!, and [s2~0!,

under total variation distance, we find

EL~0! 2 ELS2
2

3D 5
1

9p !2

e
~n 2 1!2302 1 o~n22!

; 0+03034~n 2 1!2302 ; ~5+25!21~EL~1! 2 EL~0!!+ (1.8)

The asymptotic improvement of[s2~2 2
3
_! over [s2~0! is only about 19% that of[s2~0!

over [s2~1!+
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Thus, for small sample sizes, there is an advantage in[s2~2 2
3
_! over [s2~0!, but

it is not sufficiently dramatic to recommend a change in conventional practice+
Our results also apply to the variance estimation for a class of linear models, as

well as the estimation of an exponential parameter+These cases are briefly discussed
in Section 4+

2. COMPARISON OF ESTIMATORS

For 2~n 2 1! , c , `, define Z~c! to be a random variable distributed as
xn21

2 0n 2 1 1 c+ This is the distribution of [s2~c!0s2+ Recall that ifX andY are
nonnegative random variables with absolutely continuous distributions, thenX is
larger thanY under monotone likelihood ratio ordering~abbreviated byX $

l
Y! if

there exist versions of their p+d+f+’s fX and fY, such thatfX~t !0fY~t ! is nondecreas-
ing in t . 0+

Lemma 2.1: For all c $ 0, ~Z~c!!21 $
l

Z~c!+ Moreover,

Rc~a! 5
def

f~Z~c!!21
~a!

fZ~c!
~a! . 1 for a . 1, c $ 0+ (2.1)

Proof: We calculate

Rc~a! 5 a2~n21!expSn 2 1 1 c

2
~a 2 a21!D for a . 0, (2.2)

and after some algebra,

d

da
log Rc~a! 5

n 2 1 1 c

2a2 F~a 2 1!2 1
2ca

n 2 1 1 cG+ (2.3)

Fora . 0,c . 0, the derivative in~2+3! is strictly positive+ Fora . 0 andc5 0,
the derivative is strictly positive foraÞ 1, and zero fora51+ It follows that in both
cases~c . 0 andc5 0!, Rc~a! is strictly increasing ina . 0+ Next, sinceRc~1! 51
andRc is strictly increasing, it follows thatRc~a! . 1 for all a . 1 andc $ 0+ n

Next, defineY~c! to be a random variable distributed as max~~Z~c!!21,Z~c!!+
Y~c! takes values in@1,`!+ If g is log symmetric, then

L~c! ; g~ [s2~c!0s2! ; g~Z~c!! ; g~Y~c!!, (2.4)

the last relationship holding becauseg~r 21! 5 g~r !+
Recall that a log symmetric loss functiong is strictly increasing on@1,`!+Define

g21~t ! 5 5
sup$x $ 1 : g~x! # t %, g~11! , t , g~`!

1, t # g~11! 5 lim
yf1

g~ y!

`, t $ g~`! 5 lim
yr`

g~ y!+

(2.5)
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Theorem 2.1: For g log symmetric, L~c! is stochastically increasing in c$ 0.
Moreover,

Pr~L~c! # x!

is strictly decreasing in c$ 0, for x [ ~g~11!, g~`!!.

Proof: First note that

Pr~Y~c! # a! 5 FZ~c!
~a! 2 FZ~c!

~a21! 5 FZ~c!
~a! 2 OF~Z~c!!21

~a! , (2.6)

whereFZ~c!~FZ~c!21 ! is the c+d+f+ of Z~c! ~Z~c!21! and OF 5 1 2 F+
It follows from ~2+6! that

d

dc
Pr~Y~c! # a! 5

a

n 2 1 1 c
fZ~c!~a!@12 Rc~a!# , (2.7)

whereRc is the likelihood ratio~2+1!+
From~2+7! and Lemma 2+1, it follows that Pr~Y~c! # a! is strictly decreasing in

c $ 0 for all a . 1+
Forx[ ~g~11!, g~`!!, g21~x! [ ~1,`!, thus Pr~L~c! # x!5Pr~Y~c! # g21~x!!

is strictly decreasing inc $ 0+ ~Forx # g~11!, Pr~L~c! # x! [ 0, and forx $ g~`!,
Pr~L~c! # x! [ 1+! n

Corollary 2.2: Given log symmetric loss function g and c0 [ ~2~n21!,0!, there
exists an x such that

Pr~L~c0! # x! . Pr~L~c! # x! for all c Þ c0+

Thus, no [s2~c! with c[ ~2~n21!,0! can be stochastically dominated by a member
of the class$ [s2~c!, 2~n 2 1! , c , `%.

Proof: From ~2+2!, we see that fora . 1, Rc~a! equals 1 if and only if

c 5 c~a! 5
def

~n 2 1!F 2 loga

a 2 a21 2 1G + (2.8)

Furthermore,Rc~a! . 1 for c . c~a!, and less than 1 forc , c~a!+ The functionc~a!
is continuous and strictly decreasing+ It decreases from zero to2~n 2 1! asa in-
creases from 1 tò + Givenc0 [ ~2~n 2 1!,0!, there is a uniquea, call it a*, with
c~a*! 5 c0+

It follows from ~2+7! that Pr~Y~c! # a! achieves its unique maximum at
c5c~a!+Givengandc0 [ ~2~n21!,0!, choosex5g~a*! ~recallc~a*!5c0!+ Then,

Pr~L~c0! # x! 5 Pr~L~c0! # g~a* !! 5 Pr~Y~c0! # a* !

. Pr~Y~c! # a* ! 5 Pr~L~c! # x!

for all c Þ c0+ n
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Corollary 2.2: Given cÞ 0 and log symmetric loss function g, there exists an x
(which depends on c) such that

Pr~L~0! # x! . Pr~L~c! # x!;

thus, [s2~0! is not stochastically dominated by any estimator in the class$ [s2~c!,
2~n 2 1! , c , `%+

Proof: ConsiderfY~c!
~1! , the p+d+f+ of Y~c! at a 5 1+ Note that

fY~c!
~1! 5 k~n 2 1 1 c!~n21!02expF2Sn 2 1 1 c

2 DG,
wherek is a constant+ By differentiating logfY~c!

~1! with respect toc, we find thatfY~c!
~1!

achieves its unique maximum atc 5 0+ As eachY~c! is concentrated on@1,`! and
possesses a continuous p+d+f+, it follows that givenc Þ 0 ~recall thatfY~0!

~1! . fY~c!
~1! !,

there exists ana~c! [ ~1,`!, such that

Pr~Y~0! # a! . Pr~Y~c! # a! for 1 , a # a~c!+ (2.9)

Definex 5 g~a~c!!+ Then, from ~2+9!,

Pr~L~0! # x! 5 Pr~Y~0! # a~c!! . Pr~Y~c! # a~c!! 5 Pr~L~c! # x!+ n

3. ASYMPTOTICS

3.1. Total Variation Distance

The total variation distance betweenN~µ,s1
2! andN~µ,s2

2! is given bygv~s1
20s2

2!,
wheregv is defined in~1+2!+ The functiongv~r ! is not smooth atr 5 1, but, rather,

gv~r ! 5 6h~r !6,

whereh is infinitely differentiable in a neighborhood ofr 5 1+ For our asymptotic
expansions, we will need the first four derivatives ofh at r 5 1+ Toward this end,
define

k~x! 5 F~x102!, (3.1)

whereF is the standard normal c+d+f+ and

b~r ! 5
ln~r !

r 2 1
5 (

0

` ~21!k~r 2 1!k

k 1 1
, 0 , r , 2+ (3.2)

Then,

2
12h~r ! 5 k~rb~r !! 2 k~b~r !!, (3.3)

a form convenient for differentiation+We find from~3+2! that

b~ j ! ~1! 5
d jb

dr j *
r51

5
~21! j j!

j 1 1
, j 5 0,1, + + + + (3.4)
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Furthermore,

k~v! ~1! 5
d~v!k

dx~v! *
x51

5 a~v!f~1!, v5 1,2,3,4, (3.5)

wherea~1!5 1
2
_ ,a~2!52 1

2
_ ,a~3!5 3

4
_ ,a~4!52 7

4
_ , andf is the standard normal p+d+f+

From ~3+3!–~3+5!, we find that

h~r ! 5 f~1!@~r 2 1! 2 2
12~r 2 1!2 1 5

16
_~r 2 1!3 2 7

32
_ ~r 2 1!4 1 o~r 2 1!4#

(3.6)

in a neighborhood ofr 5 1+ Furthermore,

h21~f~1!x! 5 11 x 1
x2

2
1

3x3

16
1

x4

16
1 o~x4! (3.7)

in a neighborhood ofx 5 0+

3.2. A Class of Log Symmetric Loss Functions

Define the classG to consist of functions on~0,`! satisfying

~i! g~x21! 5 g~x!+
~ii ! g strictly increasing on@1,`!+

~iii ! g~x! 5 6h~x!6, with h possessing a continuous fifth derivative in a neigh-
borhood ofx 5 1+

~iv! h '~1! . 0+

The classG includesgv~1+2!, as well asg1~x! 5 6 log x6 andg2 ~Hellinger distance!+
It follows thatg [ G satisfiesh~1! 5 0 and

h~r 21! 5 2h~r !+ (3.8)

Differentiating both sides of~3+8! four times, we conclude that

h ~2! ~1! 5 2h ~1! ~1! (3.9)

and

h ~4! ~1! 5 6~h ~1! ~1! 2 h ~3! ~1!!+ (3.10)

Definingg 5 h ~1!~1! 5 g'~11! andd 5 h ~3!~1!, it follows from ~3+9! and~3+10! that

h~r ! 5 g~r 2 1! 2
g

2
~r 2 1!2 1

d

6
~r 2 1!3 1

g 2 d

4
~r 2 1!4 1 o~r 2 1!4

(3.11)
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in a neighborhood ofr 5 1+ Moreover,

h21~gx! 5 11 x 1
x2

2
1

1

6S3 2
d

g
Dx3 1

1

24S9 2
4d

g
D x4 1 o~x4! (3.12)

in a neighborhood ofx 5 0+ For total variation distance, g 5 f~1! and d 5
~1508!f~1!+ For the Hellinger distance, g 5 1

4
_ andd 5 570128+

3.3. Symmetric Invertibility

A sequence of the form

zn 5 11 an2102 1 bn21 1 cn2302 1 dn22 1 o~n22!

is defined@4, p+ 346# to be symmetrically invertible if

zn
21 5 12 an2102 1 bn21 2 cn2302 1 dn22 1 o~n22!+

It is easily shown@4, p+ 347# thatzn is symmetrically invertible if and only if
both

b 5
a2

2
and d 5 ac2

a4

8
+ (3.13)

The following result will be useful in our asymptotic approximations in
Section 3+5+

Lemma 3.1: Let g~r ! 5 6h~r !6 belong to the classG, defined in Section 3.2. Define
g 5 h ~1!~1! . 0 andd 5 h ~3!~1!. Then, h21~gxn2102! can be represented as a sym-
metrically invertible sequence. Specifically,

h21~gxn2102! 5 11 xn2102 1 S x2

2
Dn21 1 cn2302 1 dn22 1 o~n22! (3.14)

where c5 ~x306!~3 2 d0g! , d5 ~x4024!~9 2 4d0g! , and

1

h21~gxn2102!
5 12 xn2102 1 S x2

2
Dn21 2 cn2302 1 dn22 1 o~n22!+ (3.15)

Proof: Equation~3+14! follows directly from ~3+12!+ The coefficients satisfy the
necessary and sufficient conditions for symmetric invertibility~3+13!+ n

3.4. Edgeworth Expansions

For a sample of sizen, thex2 statistic of interest hasn21 degrees of freedom+ In two
other problems to be discussed in Section 4, thex 2 statistic based on a sample of size
n hasn 2 p degrees of freedom@one-way analysis of variance~ANOVA !# or 2n
degrees of freedom~exponential!+ We will thus find it convenient to base our ex-
pansions on the degrees of freedom,m,with mr`, and then convert to the sample
size, n, if desired+
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Let Sm denote a random variable distributed asxm
2 ~x2 with m degrees of free-

dom!+ The Edgeworth series expansion for the c+d+f+ of Sm is well known@1, p+ 33; 5,
p+ 45; 6, p+ 40#:

PrS Sm 2 m

!2m
# xD5 F~x! 2 f~x!m2102q1~x!

2 f~x!m21q2~x! 2 f~x!m2302q3~x! 1 o~m2302!, (3.16)

where

q1~x! 5
!2

3
~x2 2 1! with q1~2x! 5 q1~x!, (3.17)

q2~x! 5 1
18
_~2x5 2 11x3 1 3x! with q2~2x! 5 2q2~x!, (3.18)

andq3 is an even function~q3~2x! 5 q3~x!!, whose terms we will not need+
Replacingx by x 1 um2102 1 vm21 1 wm2302 and using the delta method in

~3+16!, similarly to Hall @5, p+ 69# , we obtain

PrSSm 2 m

!2m
# x 1 um2102 1 vm21 1 wm2302D

5 F~x! 1 f~x!m2102 @u 2 q1~x!#

1 f~x!m21Fv2
u2x

2
2 u~q1

' ~x! 2 xq1~x!! 2 q2~x!G
1 f~x!m2302q3

*~u, v,w, x!, (3.19)

whereq3
*~u,2v,w,2x! 5 q3

*~u, v,w, x!+
In ~3+19!, substitute~x0!2,u0!2, v0!2,w0!2! for ~x,u, v,w! and defineRm5

Sm0m; xm
2 0m, obtaining

Pr~Rm # 11 xm2102 1 um21 1 vm2302 1 wm22!

5 FS x

!2
D1 fS x

!2
Dm2102 Iq1~u, x! 1 fS x

!2
Dm21 Iq2~u, v, x!

1 fS x

!2
Dm2302 Iq3~u, v,w, x! 1 o~m2302!, (3.20)

where

Iq1~u, x! 5
!2

6
~3u 1 2 2 x2!, Iq1~u,2x! 5 Iq1~u, x!, (3.21)

Iq2~u, v, x! 5 S!2

72
D~36v2 9u2x 2 36ux1 6ux3 2 x5 1 11x3 2 6x!,

Iq2~u,2v,2x! 5 2 Iq2~u, v, x!, (3.22)
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and Iq3 satisfies

Iq3~u,2v,w,2x! 5 Iq3~u, v,w, x!+ (3.23)

It follows from ~3+20!–~3+23!, that

Pr~Rm [ 16 xm2102 1 um21 6 vm2302 1 wm22!

5 2FS x

!2
D2 1 1 2fS x

!2
Dm21 Iq2~u, v, x! 1 o~m2302!+ (3.24)

We now have the tools to approximate the distribution of loss, L~c!, for the
estimator [s2~c!, for a log symmetric loss function withg [ G+
Theorem 3.1: Consider g[ G, with g(x)5 _h(x)_, h~1!~1! 5 g . 0, and h~3!~1! 5 d.
Then,

~i! Pr~!mg21L~c! # x!

5 S2FS x

!2
D2 1D

1

!2fS x

!2
D

36m
F2x5

4
1 S112 6

d

g
Dx3 2 6x 2 3cx3 2 9c2xG

1 o~m2302!+

~ii ! lim
mr`

m@Pr~!mg21L~0! # x! 2 Pr~!mg21L~c! # x!#

5

!2fS x

!2
D

12
~cx3 1 3c2x!+

For c . 0 and x. 0, the right-hand side is strictly positive and gives the
asymptotic improvement of[s2~0! over [s2~c!, with c. 0.

~iii ! For fixed x, the O~m21! term in (i) is maximized at[c 5 2~x206!.

Proof: ~i! Sinceg~r 21! 5 g~r ! 5 6h~r !6, it follows that for 0, a , h~`!,

g~r ! # a m
1

h21~a!
# r # h21~a!, (3.25)

whereh21~a! 5 g21~a!, defined in~2+5!+
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Recall that [s2~c!0s2 ; xm
2 0~m 1 c! ; ~1 1 c0m!21Rm, whereRm ; xm

20m+
Consequently,

Pr~m102g21L~c! # x! 5 Pr~m102g21g~ [s2~c!0s2! # x!

5 PrS 1

h21~m2102gx!
# S11

c

m
D21

Rm # h21~m2102gx!D+
(3.26)

Recall thath21~m2102gx! is symmetrically invertible~Lemma 3+1!+Thus, ~3+26!
reduces to

PrSRm [ ~11 cm21!S16 xm2102 1 S x2

2
Dm21 6

1

6
m2302S3 2

d

g
Dx3

1
1

24
m22S9 2

4d

g
Dx4 1 o~m22!DD+ (3.27)

By ~3+24!, ~3+26!, and~3+27!, with

u 5 c 1
x2

2
, v5 cx1

1

6S3 2
d

g
Dx3,

and

w 5
cx2

2
1

1

24S9 2
4d

g
Dx4,

the desired result follows+

~ii ! Follows immediately from~i!+
~iii ! For fixedx, to maximize theO~m21! term, we need to minimize 3cx3 1

9c2x+ A minimum value of2~x504! is attained at [c 5 2~x206!+

Remark 3.1:Result~1+6! follows from ~ii !, with c 5 1+

Remark 3.2:Theorem 2+1 and Corollaries 2+1 and 2+2 all have asymptoticO~m21!
analogs+ For example, corresponding to Theorem 2+1, we have the comparison

lim
mr`

m@Pr~m102L~c1! # x! 2 Pr~m102L~c2! # x!# . 0

for all x . 0 and 0# c1 , c2+

There are similar asymptotic versions of Corollaries 2+1 and 2+2+
An asymptoticO~m21! comparison not suggested by the results of Section 2 is

lim
mr`

m@Pr~m102L~c1! # x! 2 Pr~m102L~c2! # x!# . 0

for all x . 0 andc1 , 0 , 6c16 , c2+ This follows from part~i! of Theorem 3+1+
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Remark 3.3:Part~iii ! of Theorem 3+1 also follows from Lemma 2+1+The optimizing
c for gm102x is given by

c~g21~gm2102x!!,

wherec~{! is defined by~2+8! andg21~gm2102x! can be expanded by~3+14!+ Sub-
stituting and passing to the limit, we find that

c~g21~gm2102x!! 5 2
x2

6
1 o~1!+

3.5. Minimizing the Expected Loss

We will obtain an expansion forL~c! 5 Eg~ [s2~c!0s2! by integrating the expansion
for Pr~L~c! . x!, obtained in Theorem 3+1~i!+This procedure is heuristic in the sense
that it assumes that a certaino~n22! sequence of functions ofx integrates to ao~n22!
sequence of constants+ To justify this,we would need to develop a nonuniform error
bound on the Edgeworth expansion for Pr~L~c! . x!, similar, for example, to the
proofs of Theorems 19+2 and 22+1 of Bhattacharya and Ranga Rao@2# +

For allg[ G for which the above integration requirement holds,we find that the
value ofc which minimizes the expected loss isc 5 2 2

3
_ + Thus,

[s2S2
2

3D 5
1

n 2 503 (
1

n

~Xi 2 PX !2

is asymptotically optimal within the class$ [s2~c!,2` , c , `%, in the sense of
minimizing the asymptotic expected loss+

The computation follows from Theorem 3+1~i!, as

Eg~ [s2~c!0s2! 5 m2102gE
0

`

2 OFS x

!2
D1

!2fS x

!2
D

36m

3 F x5

4
1 S6

d

g
2 11Dx3 1 6x 1 3cx3 1 9c2xG dx

1 o~m22!+ (3.28)

Next, we compute

E
0

`

OFS x

!2
D dx 5 p2102 (3.29)

and

E
0

`

x2m11fS x

!2
D dx 5 2am~2p!2102, m5 0,1,2, (3.30)

with a0 5 1, a1 5 3, anda2 5 6+
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Substituting these values into~3+28! leads to

EL~c! 5
2g

!pm F11
1

12m
S8

d

g
2 101 3c2 1 4cDG1 o~m22!+ (3.31)

From~3+31!, it follows thatEL~c! is asymptotically minimized atc5 2 2
3
_ + Ex-

pressions~1+7! and~1+8!, discussed in Section 1, follow directly from ~3+31!+ Note
that the range ofc for which [s2~c! has smaller asymptotic risk than[s2~0! is ~2 4

3
_ ,0!+

For the total variation distance loss function, g 5 f~1! andd0g 5 1508; thus,

Egv~ [s2~c!0s2! 5
1

p ! 2

meF11
1

12m
~3c2 1 4c 1 5!G1 o~m22!+ (3.32)

4. EXAMPLES

4.1. One-Way ANOVA

Considerp independent normal samples, each withk observations, the i th sample
consisting of

Xi,1, + + + ,Xi, k, independentN~µi ,s2!+

The variance in each of thek samples is assumed to be a common unknowns2+
Define

S2 5 (
i, j

~Xij 2 Xi+ !
2 with Xi+5

1

k (
j51

k

Xij +

The minimum variance unbiased estimator ofs2 is given by

[s2~0! 5
S2

n 2 p
, wheren 5 kp,

and the maximum likelihood estimator is

[s2~ p! 5
S2

n
+

Consider the total variation distance betweenN~µp31,s1
2 I ! ~ p independent normals

with mean vectorµ, and variances2! andN~µp31,s2
2 I !,

l ~s1
2,s2

2 ! 5 sup
B
6Pr~N~µ,s1

2 I ! [ B! 2 Pr~N~µ,s2
2 I ! [ B!6+

The loss functionl is of the forml ~s1
2,s2

2! 5 g~s1
20s2

2!, whereg is log sym-
metric and is given by

g~r ! 5 *PrSxp
2 #

pr log r

r 2 1 D2 PrSxp
2 #

p log r

r 2 1 D*+
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It follows from Theorem 2+1 that the lossL~c! ~of [s2~c!! is stochastically in-
creasing inc $ 0+ The obvious analogs of Lemmas 2+1 and 2+2 also hold+

Furthermore, the expansion~3+31! holds,with m5 n2 p5 k~ p21!+ As kr`
~and thusnr`!, the member of the class with smallest asymptotic expected loss is

[s2~2203! 5
S2

n 2 p 2 203
+

4.2. Linear Models

Consider the model

Xn31 ; N~µ,s2S!,

whereS is a known positive-definite matrix, s2 is unknown, andm is known to lie
in M, a p-dimensional subspace ofRn+

Consider, next, the loss function

l ~s1
2,s2

2! 5 sup
B
6Pr~N~µ,s1

2S! [ B! 2 Pr~N~µ,s2
2S! [ B! 6+

Again, l ~s1
2,s2

2! 5 g~s1
20s2

2!, whereg is log symmetric+We computeg,

g~r ! 5 *PrSxn
2 #

nr log r

r 2 1 D2 PrSxn
2 #

n log r

r 2 1 D*+
In the one-way ANOVA, there was a natural asymptotic situation~kr`!+We

fixed p and the loss functiong+Here, the functiong depends onn, and there may not
be an asymptotic problem to consider+ Nevertheless, the results of Section 2 apply+

Define

S2 5 7X 2 PM X72,

where7x72 5x 'S21x, andPMX is the projection ofXonM under the inner product,
~x, y! 5 x 'S21y+ Define

[s2~c! 5
S2

n 2 p 1 c
, 2~n 2 p! , c , `+

Then, once again, L~c! is stochastically increasing inc $ 0, and the minimum vari-
ance unbiased estimator, [s2~0!, stochastically dominates the maximum likelihood
error~MLE !, [s2~ p!+

4.3. Exponential Distribution

Let X1, + + + ,Xn denote a sample from an exponential distribution with parameteru,

fu~x! 5 ue2ux, x $ 0, u . 0+
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DefineS5 (1
n Xi + The minimum variance unbiased estimator ofu is given by

Zu~21! 5
n 2 1

S
,

and the MLE is

Zu~0! 5
n

S
+

Define the class of estimators

Zu~c! 5
n 1 c

S
, 2n , c , `, (4.1)

and note that for log symmetricg,

g~ Zu~c!0u! 5 g~u0 Zu~c!! ; g~x2n
2 02~n 1 c!!+

Theg function corresponding to the total variation distance between exponen-
tial distributions with parametersu1 andu2 with u10u2 5 r is given by

g~r ! 5 6r 2 16r r0~12r!,

as is derived in@3, p+ 378# +
The results of Sections 2 and 3 apply+Once again, L~c! is stochastically increas-

ing inc$ 0+ In this case, the minimum variance unbiased estimator~c521! and the
MLE ~c 5 0! do not stochastically dominate one another+

The expansion~3+31! holds, and in this example, m 5 2n, so thatm 2 2
3
_ 5

2~n 2 1
3
_!+ Consequently, the member of the class~4+1! which asymptotically mini-

mizes the expected risk is

Zu~2 1
3
_! 5

n 2 3
12

S
5

12 ~3n!21

Sx
,

where Sx5S6n+ Further asymptotic work in this exponential example can be found in
Brown @4# +

5. COMMENTS AND ADDITIONS

1+ Total variation distance is independent of the labeling of the distributions+
Thus, if Zu1 is preferred to Zu2 on the basis of better total variation distance loss
characteristics, thenn~ Zu1! will be preferred ton~ Zu2! for any 1–1 functionn+
For example, in the normal variance case, n~ [s2~0!! stochastically dominates
n~ [s2~1!! for any 1–1 function, n, on ~0,`!+

2+ I have been unable to show that the total variation distance between
N~ PX, [s2~0!! andN~µ,s2! tends to be smaller than that betweenN~ PX, [s2~1!!
andN~µ,s2!+ I believe this to be the case~at least asymptotically!, and I
pose it as a hopefully interesting research problem+
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3+ The key observation in developing expressions for total variation distance is
that if fu1

~t ! . fu2
~t ! if and only if t [ B, then the total variation distance

between the two distributions isPu1
~B! 2 Pu2

~B!+ Expressions~1+2!, ~4+1!,
~4+2!, and~4+4! follow easily from this observation+
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