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ABSTRACT

Impulsively started external convection at microscale level is studied numerically in both planar and
axisymmetric geometries. Using similarity transformation, the resulting coupled partial and non-linear
ordinary differential equations are simultaneously solved by finite differences together with a well estab-
lished ordinary differential equation solver, over a range of problem parameters. Rarefaction effects
within the slip flow regime on the thermal boundary layer response, heat transfer rate and transition time
when system experiences sudden changes in surface temperature are analyzed, and a comparison between
sudden surface cooling and heating is presented. The results show that the thermal boundary layer
thickness, heat transfer rate and the transition time is considerably influenced by the degree of rarefaction.
The transition time tends to be less sensitive with increasing rarefaction. The velocity slip and tempera-
ture jump factors are found to have opposite effects on the transition time and the heat transfer rate, with
the velocity slip factor having the most profound influence on these parameters.
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1. INTRODUCTION for a laminar flow over a stationary flat plate. The

The study of fluid flow and heat transfer at the mi-
croscale level is a research area of continuous interest
with many practical applications, such as microelec-
tromechanical systems [1] and micro-air vehicles [2,3].
Fluid flow and heat transfer at the micrscale level is
dominated by surface interactions, such as slip effects
and thermal creep, as well as viscous dissipation and
compressibility effects [1]. As the Knudsen number
(defined as the mean free path of the fluid molecules to
a characteristic length of the flow) increases, the de-
parture from the continuum postulate increases, leading
to momentum and thermal non-equilibrium conditions
at the solid-fluid interface. In the slip flow regime,
where the Knudsen number is in the range 0 < Kn < 0.1,
the non-equilibrium conditions at the solid-fluid inter-
face are modeled as velocity slip and temperature jump
conditions, whilst the continuum postulate is assumed
to be valid [1], allowing the use of the continuum me-
chanics equations. The velocity slip condition relates
the slip in the fluid velocity at the surface to the veloc-
ity gradient normal to the surface as well as the temper-
ature gradient in the tangential direction to the surface,
while the temperature jump relates the jump in temper-
ature at the surface to the temperature gradient normal
to the surface.

Slip effect on the hydrodynamic boundary layer was
studied in [4] using a first order velocity-slip condition
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wall shear stress and the hydrodynamic boundary layer
thickness were shown to decrease continuously with
increasing the velocity slip. The same problem was
revisited in [5] incorporating the slip condition in three
different ways. The wall shear stress, skin friction
coefficient, drag coefficient, boundary layer thickness,
displacement thickness and momentum thickness were
all found to decrease with increasing the velocity slip.
Stagnation-point heat transfer near the continuum limit
was studied in [6] with coupling between the velocity
slip and temperature jump conditions. The results
presented therein indicated a decrease in the heat trans-
fer rate as the slip parameter increases. The study in
[4] was further extended by the same authors to include
the heat transfer problem [7]. The loss of self-
similarity with the slip conditions was treated in a ways
that the boundary layer equations are transformed into
partial differential equations with the slip factor as an
additional independent variable in the transformed
equations. For an isothermal surface and first order
slip conditions, the heat transfer rate was found to in-
crease with increasing the velocity slip and no temper-
ature jump. With temperature jump, the heat transfer
rate was found to decrease below the no-slip values.
The surprising result in [7] was that the friction and
heat transfer rate have peak values at some finite non-
zero slip parameter, so that the heat transfer decreases
in highly rarefied flows and increases under moderately
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rarefied conditions with increasing the slip factor.
Slip boundary conditions were also implemented in [8]
to study the momentum and heat transfer for a laminar
flow over a wedge using the same formulation as in [7].
The results show that the effect of slip conditions is to
decrease the skin friction coefficient, boundary layer
thickness, displacement thickness and momentum
thickness. The heat transfer was found to increase for
slightly rarefied flows, then decrease as the Knudsen
number increases. Laminar boundary layer slip flow
over a flat plate exposed to a constant surface heat flux
was studied in [9]. The coupling between the mo-
mentum and energy equations at the solid —fluid inter-
face due to the variation of the plate surface tempera-
ture was ignored. The results presented therein indi-
cated an increase in the slip velocity and a decrease in
the wall shear stress as the slip parameter increases,
confirming the conclusions reached in [4]. The results
also showed that an increase in the Prandtl number
and/or the slip parameter results in a decrease in the
surface temperature.

The studies in [4-9] were performed under steady
state conditions to investigate slip effects on fluid flow
and heat transfer. Attention has been directed towards
exploring slip effects on transient flow and heat transfer,
and some studies appeared in literature that analyze slip
flow with unsteady state conditions. However, most
of these studies focus on internal (microchannel) flow
geometries [10-14], while transient external slip flow
has received less attention. One of the early investi-
gations of slip effects on transient external flow, was
that in [15] where the Rayleigh problem was revisited
with slip effects. Unsteady mixed convection on a
stretching surface was studied in [16], and it was shown
that the heat transfer rate decreases with the velocity
slip parameter and increases with the unsteadiness pa-
rameter. This study was further extended [17] to in-
vestigate unsteady stagnation point flow on a stretching
sheet with slip effects, and it was found that the heat
transfer rate and skin friction change significantly due
velocity and thermal slip parameters. In order to de-
rive similarity solutions in [16,17], many restrictions
were imposed on the flow field, velocity-slip and tem-
perature-jump factors, surface stretching rate and the
surface temperature. For example, the far-field fluid
velocity and the surface stretching rate were taken to
change in the same functional form. Furthermore, the
velocity-slip and temperature-jump parameters were
assumed to vary in time and in the same functional
form that is related in some way to the surface stretch-
ing rate and the far-field fluid velocity.

The conclusion that may be drawn from this survey
is that transient convection with rarefaction effects has
seen only little coverage in the literature. Moreover,
although the momentum and thermal accommodation
coefficients are related, they are generally not equal
[18,19]. Therefore the motivation is to investigate the
individual effects of these momentum and thermal dis-
continuities on heat transfer rate, thermal boundary
layer response and the transition time when the surface
is exposed to an impulsive temperature change. This
work presents a numerical study of transient external
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forced convection with velocity-slip and temperature-
jump conditions in both two-dimensional and axisym-
metric stagnation point flow configurations. A com-
parison between system response to surface sudden
cooling and heating is also presented for both plane
two-dimensional and axisymmeric flow configurations.

2. PROBLEM FORMULATION

The problem geometry of stagnation point flow is
shown in Fig. 1, in addition to typical velocity and
temperature profiles with velocity slip and temperature
jump at the surface. For an incompressible, laminar
flow with constant fluid properties and negligible vis-
cous dissipation effects, the governing equations in
two-dimensional and axisymmetric settings are given as
[20,21]:
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where u, v are respectively the velocity components in
the x- and y- directions, and the index # is:

"= {2 , for two —dimensional flow

3, foraxisymmetric flow )

The physical situation of the problem is as follows: A
far-field fluid at a constant temperature of T, and ve-
locity U impinges on as surface that is initially (¢ < 0) at
a constant temperature 7;;. The surface temperature is
then impulsively changed (at ¢ = 0) to a temperature T,
that remains constant. Due to this sudden temperature
change the system undergoes a transition process from
the initial steady state, until the final steady state is
reached. The thermal response of the system during
the transition period from the initial- to the final steady
state is theoretically studied in the presence of velocity-
slip and temperature-jump conditions at the surface.

v

v /\ I,

u T
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Fig. 1 Typical velocity and temperature profiles in
stagnation point flow with velocity slip and

temperature jump conditions
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The boundary conditions for the velocity field are
given as follows: the first order slip velocity at the sta-
tionary surface is given as [1,8]:

2-oy LaT

Ou 3
kg(x, y= O)+ZpTa(x, y=0)
(6)

where A is the fluid mean-free-path, and oy is the mo-
mentum accommodation coefficient defined as the frac-
tion of molecules incident on a surface that is reflected
diffusively, hence oy is equal to zero for specular re-
flection and is equal to 1 for diffuse reflection and is
dependent upon the fluid and solid properties as well as
on the surface finish. Practically its experimental
value is in the range between 0.2 for exceptionally
smooth surfaces and 0.8 for most practical surfaces [1].
The surface is assumed impermeable, hence:

u(x, y=0)=

Gy

u(x, y=0)=0 (7
And the far-field fluid velocity is given as:
u(x, y >0)=U ®

The far field fluid temperature is maintained at a
constant temperature at all times:

T(x, y—> o, t)=T, 9)

The surface temperature is initially a constant, 7.
The first order fluid temperature at the surface is writ-
ten as:

2-0; 2y A@_Tx

T(x,y=0,t<0)=T,+
(- )=1 oy Y+1Proy

,y=0,1<0)

(10)

The surface temperature is suddenly changed to 7, at
(t=0) and is maintained constant. Hence, the temper-
ature jump condition at the surface for £ > 0 is:

2-0r 2y 16_]’ x,y=0,1>0)
cr Y+1Proy
(11

where o7 is the thermal accommodation coefficient, y
is the specific heat ratio, and Pr is the Prandtl number.
The first-order conditions given in Egs. (6), (10), (11)
are applicable to the slip flow regime where the Knud-
sen number is in the range 0.001 ~ 0.1. In the transi-
tion regime where the Knudsen number is between 0.1
~ 10, the continuum assumption breaks, and higher or-
der slip conditions are required [1]. Detailed discus-
sion on the origin of the slip conditions (Egs. (6), (10),
(11), the accommodation coefficients as well as their
experimental values can be found in [18] and [19].

The solution of this problem is carried out in this
work using similarity transformation. From inviscid
flow solution, the velocity outside the boundary layer is
given as:

T(x,y=0,t20)=T,+

U=Bx (12)
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where B is an arbitrary constant with a dimension of
(™.

Defining the stream function y and the dimension-
less variable n as:

y(x, ) =x""Bv F(n) (13)
n(x, y)=yVB/v (14)
It follows directly from Egs. (12) ~ (14) that:
1 oy , ,
u(x, y)=—5—-=UF'M)=BxF'(n) (15)
x"° oy

1 oy

vV=——>—=—(n-1)VBvF(n) (16)
X" Ox

Using the following definition for the dimensionless
temperature:

_ T(x’y’[)_Too
T,

©

G, 1) (17)

the momentum and energy equations are transformed
into the following equations:

F"+(n-1)FF"+1-F”* =0 (18)
2

B9 (2;+(n—1)BFa—G:a—G (19)

Pr on on ot

Using the following function for the dimensionless
temperature:

0, 1) =G, 1) (20)
where
T= v (21)
X

Equation (19) is transformed into the following par-
tial differential equation:

2
a—?+(n—1)PrF@=Pr@ (22)
on 0

dl ot

The boundary and initial conditions (6) ~ (11) are
transformed into the following forms:

F'(0)=K, F"(0) (23)
F(0)=0 (24)
F'(n—>w)=1 25)
00
(=0, r<0):6lv,+KT%(r|=0, 1<0) (26)
00
G(n:O,TZO):Gv+KTa(n=O,7:20) 27)
6m—> o, 1)=0 (28)
81


https://doi.org/10.1017/jmech.2014.33

where 0,;, 0, are respectively the dimensionless surface
temperatures at the initial and final states, defined as:

eS,' — T.‘?i _Too
T

©

T, -T,
T

Y

» Oy = (29)

and Ky, K7 are respectively, the velocity slip and tem-
perature jump factors, given as:

1<V=2_"V wB/v=2_"V Kn (30)
Gy Gy
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K, =220t Y 2 gy ==""91 Y gy 31
6y y+1Pr or y+1Pr

Noting that the term+/B/v in Egs. (30), (31) has
the dimension of (L"), the characteristic length of the
flow may be taken as L, =/v/B, and the Knudsen
number K7 in Egs. (30), (31) is defined accordingly:

A
\Jv/B

Kn= (32)

when the final steady state is reached, the right-hand
side of Eq. (22) approaches zero, and hence the steady
energy equation is an ordinary differential equation of
the form:

0"+(n-1)PrFO' =0 (33)

The boundary condition for Eq. (33) at n — oo is the
same as given in Eq. (28), and at the surface, the
boundary conditions given by Egs. (26) and (27) be-
come:

6(m=0)=0,+ K, 0'(n=0), atthe initial steady state
(34)

0(M=0)=0,+K,;0'(n=0), atthe final steady state
(35)

The Nusselt number may be found from Newton’s
law of cooling and Fourier’s law of heat conduction at
the surface:

oT
k=

h(T, =T,) =~k —|,~ (36)
v

Using Egs. (14), (17), (20) in Eq. (36), the following
expression for Nusselt number is obtained:

Nu,.Re;"> =-0'(0)/0, (37)

An implication of the no velocity slip condition at
the surface is that a very thin layer of the fluid is
formed at the surface where heat transfer is by pure
conduction. The heat conducted through this stagnant
layer is then convected through the fluid, so that with
no velocity slip, one arrives at the formal definition of
the convective heat transfer coefficient by equating the
above two expressions.
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With a non-zero velocity slip, where the fluid at the
surface has a finite non-zero velocity, the heat transfer
at the surface is no longer pure conduction. The shear
work at the boundary (work done by the fluid on the
surface) [22-24] due to the slipping fluid is not ac-
counted for in calculating the heat flux at the surface.
It was shown [25] that the shear work at the boundary is
dependent on the viscous dissipation and the degree of
rarefaction, so that with the assumption of negligible
viscous dissipation in this work, the above expression
for the Nusselt number is valid.

The slip parameters K, and K are constants (inde-
pendent of the position along the surface) as is clear
from Egs. (30), (31). Therefore the self-similarity of
stagnation point flow is preserved. As explained in
references [4], [7] and [8], the self-similar transfor-
mation for other flow geometries (e.g., flow over a flat
plate, or a wedge), the self-similarity is lost due to
slip conditions at the wall, where the slip parameter is
no longer a constant. Since the parameters Ky, Kr are
functions of the surface conditions and the Knudsen
number, the results are presented in terms of these
parameters rather than the Knudsen number, so as to
cover a wide range of surface conditions, keeping in
mind that the model presented in this work is valid
within the slip flow regime (i.e., Kn < 0.1). All the
results shown are for Prandtl number of Pr = 0.71 un-

less otherwise stated.

3. NUMERICAL SOLUTION METHOD AND
VERIFICATION

Equations (18), (22) are analyzed numerically to
study the effect of velocity slip and temperature jump
conditions on the thermal boundary layer response
when the surface is exposed to sudden heating and
cooling processes. The initial- and final-steady state
solutions are first obtained by solving the governing
equation of the hydrodynamic problem together with
the steady energy equation (i.e., Egs. (18), (33). The
DBVPFD subroutine of the IMSL library is used to
integrate these equations subject to the conditions given
by Egs. (23) ~ (25), (28), (34) for the initial steady so-
lution, and the conditions given by Egs. (23) ~ (25),
(28), (35) to obtain the final steady state solution. The
DBVPFD subroutine uses variable step size finite dif-
ference method with deferred corrections.

The unsteady energy equation (Eq. (22)) subject to
the conditions given by Egs. (26) ~ (28) is solved by an
implicit finite difference method. Central difference
formulas accurate to O(An?) are used for the spatial
derivatives and a backward difference formula of O(At)
accuracy is used for the temporal derivative. The re-
sulting diagonally-dominant tri-diagonal system of
equations is solved using a direct solver with the
Thomas algorithm.

For Ky = 0, it was found that F"(n,,) > 0.999 at n,, >
3.140 for planar flow and at 1., > 2.496 for axisymmet-
ric flow. For Pr = 0.5 with K, = Ky = 0, it was found
that 6(n.,) < 0.001 at N, = 5.132 in planar flow, and at
N = 4.358 in axisymmetric flow [20]. The computa-
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tional domain in this work is extended to m,, > 5.2 for
computations with Pr = 0.71, to ensure that the calcula-
tions are extended beyond both the velocity and thermal
boundary layers.

The grid size chosen is An = 2.0 x 107 and the time
step is taken as At = 1 x 10", Grid sensitivity analy-
sis is performed to ensure the solutions obtained are
grid independent. The accuracy of the numerical so-
lution obtained is verified by comparing the results at
large times with steady state solutions of the problem,
and with results available in literature. To ensure the
highest level of accuracy, the tolerance used in the
DBVPED subroutines is set to 10~.  The steady solu-
tion of the transient energy equation is assumed to be
reached at time t =1, where the maximum relative
percentage difference between the solution of the un-
steady energy equation (Eq. (22)) and that of the steady
energy equation (Eq. (33)) in the whole domain is less
than 1%, i.e.,

0,(n.1-6,(n,7)|
9(,(1'],'[) |max

<0.01 (38)

where 0,(n, 1) is the solution of Eq. (22) and 6,(n, 7) is
the solution of Eq. (33).

The accuracy of the results presented in this work is
verified using different measures. Table 1 shows a
comparison between the present solutions and those
reported in [26] of the dimensionless velocity gradient
at the surface [F"(0)] (a measure of the shear stress)
over a range of velocity-slip factor, 0 < K< 50. The

numerical solution of the hydrodynamic problem (Eq.
(18)) clearly compares very well with those reported in
[26] for all the velocity-slip factors chosen in both the
planar and axisymmetric flow settings.

Table 2 shows a comparison between the present so-
lutions and those reported in [26] of the dimensionless
temperature gradient at the surface [-0(0)] (a measure
of the heat transfer rate) for different values of veloci-
ty-slip and temperature-jump factors, which are set as
equal (i.e., Kr = Ky) for convenience of calculations, as
the values of F"(0) are tabulated in [26] for different
values of K as shown in Table 1. The solution for the
axisymmetric flow case (n = 3) of [-6'(0)] reported in
[26] is valid for any values of Ky and Ky, while that for
planar flow is valid only for large values of K. Hence
the comparison for the latter case between the present
solution and that in [26] is shown only for K, > 10.
The solution of the transient energy Eq. (22) shown in
Table 2 corresponds to a sudden cooling process with
0,i = 2.0, 6,y = 1.0. The solution of the steady state
energy Eq. (33) compares very well with that of the
unsteady energy Eq. (22) at the final steady state (i.e., at
T = T,,) With a percentage relative error of less than 1%,
and they both compare very well with the results re-
ported in [26].

4. RESULTS AND DISCUSSION

The effects of both the velocity slip and temperature
jump factors on the thermal boundary layer response,

Table 1  Alues of F”(0): A Comparison between present work and Ref. [26]
n=2 n=3
Ky
Ref. [26] Solution of Eq. (18) Ref. [26] Solution of Eq. (18)
0.0 1.23259 1.232587 1.311938 1.311938
0.5 0.82148 0.821479 0.86688 0.866879
1.0 0.59346 0.593462 0.61730 0.617300
10.0 0.094036 0.094036 0.094597 0.094597
20.0 0.048472 0.048472 0.048620 0.048620
50.0 0.019752 0.019752 0.019776 0.019776

Table 2 Values of [-0'(0)]: A Comparison between present work and Ref. [26] for Pr =1

n=2 n=3
K . .
(= éy) Ref. Solution of S%l:n((;;)o f . Ref. Solution of S%l(llm((;nz)o f .
[26] Eq. (33) a.t . s [26] Eq.(33) a.t . s
0.0 0.570465 0.565760 2.961 0.76223 0.762231 0.755732 1.595
0.5 0.502826 0.499011 3.098 0.63799 0.637993 0.633355 1.679
1.0 0.416181 0.413554 3.275 0.50066 0.500664 0.497900 1.768
10.0 0.088863 0.088712 0.088608 3.691 0.091745 0.091745 0.091667 2.020
20.0 0.047051 0.047030 0.047002 4.051 0.047863 0.047863 0.047842 2.047
50.0 0.019511 0.019509 0.019505 4.110 0.020000 0.019651 0.019647 2.064
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heat transfer and the time it takes to reach steady state
conditions from a given initial steady state when the
surface is suddenly heated or cooled are quantified nu-
merically in this work. Table 2 shows the transition
time and the temperature gradient of the fluid at the
surface at the final steady state, when the surface is
suddenly cooled from an initial temperature of 6,; = 2.0
to a final temperature of 0,,= 1.0 for different values of
temperature jump and velocity slip factors. For the
same flow conditions, the transition time is clearly
lower while the temperature gradient is higher in ax-
isymmetric flow than in planar flow. This will be ex-
plained in this section. Moreover, the transition time
T, increases while the temperature gradient decreases
with increasing the temperature jump in both axisym-
metric and planar flow. However, since K7 and Ky are
set equal in these computations, it is not clear from Ta-
ble 2 how these factors affect the transition time and the
heat transfer rate individually, and which factor has the
prominent effect on the transition time, heat transfer
rate and thermal boundary layer response to sudden
surface conditions. The individual effects of these two
factors on the transition time and heat transfer rate are
detailed in this section in addition to a comparison be-
tween planar and axisymmetric flow settings in terms of
thermal boundary layer response, heat transfer and
transition time for surface sudden cooling and heating
processes.

Velocity-slip effect on the time evolution of the
temperature distribution in a sudden surface cooling

process with 8; = 2.0 and 0,,= 1.0 is presented in Fig. 2.

As a further check on the accuracy of the numerical
solutions, the final steady state solution in Fig. 2 and in
all of the results presented in this section are found by
solving both the steady and unsteady energy equations
(Egs. (22), (33) and the two solutions coincide with no
noticeable difference. With zero temperature-jump,
the fluid is in thermal equilibrium with the surface and
the fluid temperature at the surface, 6(0) remains con-
stant. The temperature profiles exhibit a maximum
value at some point in the domain that persists until T =
0.2 where heat is transferred from the fluid towards the
surface in one portion of the domain, and towards the
far-field fluid in the other portion. The effect of in-
creasing the velocity slip tends to reduce the thermal
boundary layer thickness and decrease the transition
time. Moreover, most of the changes of the tempera-
ture during transition from the initial- to the final-
steady state take place during the very first portion of
the transition time. The increase in the velocity-slip
results in a steeper temperature profile, hence an in-
crease in the temperature gradient (in absolute sense) at
the surface. This observation is made more clear in
Fig. 3, showing the evolution in time of the temperature
and temperature gradient at the surface for different
values of velocity slip factor with K7 = 1, as well as in
Fig. 4 that presents the spatial temperature gradient
profiles at the initial- and final-steady states together
with the transition time for four different values of ve-
locity- slip with no temperature-jump. It can be con-
cluded from Figs. 2 ~ 4 that higher velocity slip results
in lower thermal boundary layer thickness, higher
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Fig. 2 Spatial temperature profiles at different times
during transition in sudden surface cooling:
Velocity slip effect with zero temperature
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Fig.3 Temporal evolution of the temperature and
temperature gradient in the fluid at the surface
during sudden cooling for different values of
velocity slip with temperature jump
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Fig. 4 Spatial temperature-gradient profiles at the
initial and final steady states for different val-
ues of velocity slip with zero temperature
jump in sudden cooling
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temperature gradient at the surface and lower transition
time. Velocity slip reduces the difference between the
fluid velocity at the surface and that at the far-field,
causing the velocity boundary layer thickness to de-
crease. Since the velocity and thermal boundary layer
thicknesses are related by the Prandtl number, the re-
duction in the velocity boundary layer thickness results
in a reduction of the thermal boundary layer thickness.
Moreover, the velocity slip has the most profound effect
on the temperature gradient (Figs. 3, 4), and hence on
heat transfer rate, at low values of velocity slip (around
Ky < 3) and the temperature gradient becomes less sen-
sitive to variations in K as K increases.

Next, the effect of temperature-jump on transition
time and thermal boundary layer response to sudden
surface cooling is studied and the results are presented
in Figs. 5 ~ 7. With a temperature jump of K7 = 1.0
(Fig. 5), the initial fluid temperature at the surface cor-
responding to the initial surface temperature 6,; = 2.0 is
0(0) ~ 1.334. The fluid temperature at the surface
continues to change with time until the final steady
state with 6(0) = 0.667 is reached. Most of the
changes in temperature (= 80%) take place during the
very first portion (= 20%) of the transition time as also
noticed in Fig. 2. Figures 6, 7 show respectively the
temperature and temperature gradient distributions at
the initial and final steady states for three different val-
ues of temperature jump and zero velocity slip. High-
er temperature jump results in lower temperature gra-
dient at the surface and higher transition time. It can
be concluded from the results in Figs. 2 ~4 and 5 ~ 7,
that temperature jump and velocity slip have opposite
effects on the transition time and the temperature gra-
dient in the fluid at the surface.

The temperature distribution at different times during
transition in a sudden heating with 0, = 1.0, 0,=2.0 is
shown in Fig. 8. The time evolution of the tempera-
ture gradient in the fluid at the surface is presented in
Fig. 9, with zero temperature jump and a range of ve-
locity-slip factor. As in the cooling case, the effect of
increasing the velocity slip tends to thin the thermal
boundary layer, increase the temperature gradient at the
surface and decrease the transition time. The heat
transfer in sudden heating is however maintained in one
direction from the surface towards the far-field fluid
during the whole transition period. @A comparison
between Figs. 2 and 8 shows that for the same condi-
tions, even though the heating and cooling extents
(| 65 — B4 |) are equal, the transition time is less in
heating than in cooling. This is due to the fact that the
transition time is inversely proportional to the final
temperature gradient of the fluid at the surface, which is
higher in heating than in cooling for these two cases.
In other words, for the same heating/cooling extent, the
transition time is less when the process is towards
higher temperature gradient (in absolute sense) at the
surface. This is also made clear through a comparison
between Figs. 10, 11 (heating) with Figs. 4, 7 (cooling).
It was shown in [20] that the transition time due to im-
pulsive surface temperature changes with no slip effects
is inversely proportional to the final temperature gradi-
ent at the surface [ie., T, oc 1/6°(0)]. This relation
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Fig. 5 Spatial temperature profiles at different times
during transition in sudden surface cooling:
Temperature jump effect with zero velocity
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Fig. 7 Spatial temperature-gradient profiles at the
initial and final steady states for different val-
ues of temperature jump with zero velocity

slip in sudden cooling
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Fig. 9 Temporal evolution of the temperature gradi-
ent in the fluid at the surface during sudden
heating for different values of velocity slip
with zero temperature jump
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Fig. 10 Spatial temperature-gradient profiles at the
initial and final steady states for different val-
ues of velocity slip with zero temperature
jump in sudden heating
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Fig. 11 Spatial temperature-gradient profiles at the
initial and final steady states for different val-
ues of temperature jump with zero velocity
slip in sudden heating

applies with slip effects as well, and it explains the re-
lation between the transition time and the final temper-
ature gradient at the surface when the surface condi-
tions are suddenly changed.  The total heat trans-
ferred per unit area during the transition time Tt can be
written as:

T.\.i

" __ i "

o=, U!];(T) dt (39
where ¢, , is the surface heat flux. This can be writ-
ten as:

ql o [Z—T v0 =—yJU/vx T,00, r)} (40)
v

Using (40) in (39):
0"« j (:““e'(o, 1) dt 1)

Equation (41) may be written as:
0"« 0'(0).7,, (42)

where 0'(0) is the average dimensionless temperature
gradient at the surface during the transition time. The
transition time is written as:

"

Ty OC 5'(0) (43)

The transition time is clearly directly proportional to
total heat transferred and inversely proportional to the
heat transfer rate. As can be noticed from Figs. 2, 5, 8§,
most of the change in the temperature gradient at the
surface occurs during the first small portion (20%) of
the transition time. Hence, it is the slight change in
the temperature gradient taking place afterwards that
determines t,. Therefore, the above relation can be
written as:
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oC Q"
WD (44)

where 0'(0) is the final temperature gradient of the fluid
at the surface.

The relations between the transition time and the
momentum and thermal discontinuities in surface sud-
den cooling and heating processes are shown in Figs. 12
~ 15 for planar and axisymmetric flows in both cooling
and heating processes. Figures 12, 13 show that in
both cooling and heating processes, increasing the ve-
locity slip decreases the transition time and that the
velocity slip is most influential on the transition time at
relatively low values of velocity slip (Ky < 3). Also,
the transition time increases with increasing the tem-
perature jump. Moreover, the transition time is less in
axisymmetric than in planar flow, which is due to the
fact that the thermal boundary layer thickness is less in
axisymmetric flow than in planar flow, resulting in
higher temperature gradients at the surface. Using
scaling analysis of the governing equations, it can be
shown [20] that the transition time scales with 1/(n—1),
i.e., T~ 1/(n—1). The effect of increasing the velocity
slip in both cooling and heating is to increase the tem-
perature gradient at the surface and decrease the ther-
mal boundary layer thickness resulting in a decrease in
the transition time. The effect of increasing the tem-
perature jump in both cooling and heating is to reduce
the temperature gradient at the surface leading to an
increase in the transition time, and to reduce the thermal
boundary layer thickness, leading to a decrease in the
transition time. With these two opposing factors on
the transition time, Figs. 14, 15 clearly show that the
effect of the temperature gradient dominates, resulting
in an increase in the transition time.

Figures 16 and 17 demonstrate the relation between
the Nusselt number and the velocity slip and tempera-
ture jump respectively, in both axisymmetric and planar
settings at steady state conditions.

As shown in Fig. 16, the Nusselt number increases
with increasing the velocity slip and so does the heat
transfer rate.  Figure 17 shows that the Nusselt number
decreases with increasing the temperature jump. The
velocity slip and temperature jump clearly have oppo-
site effects on the rate of heat transfer. This is ex-
plained by the fact that the temperature gradient at the
surface increases with the velocity slip (as shown in
Figs. 3, 4, 9, 10) leading to an increase in heat transfer
rate, while higher temperature jump leads to lower
temperature gradient (Figs. 6, 8, 11), and hence lower
heat transfer rate.

5. CONCLUSIONS

Transient convection in laminar incompressible
stagnation point flow with velocity slip and temperature
jump is studied numerically in this work. The indi-
vidual effects of the velocity slip and temperature jump
on the thermal boundary layer response, heat transfer
and transition time are analyzed for impulsive changes
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Fig. 12 Variation of transition time with temperature
jump factor at different values of velocity slip
factor for both planar and axisymmetric flow
configurations with sudden surface cooling
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Fig. 13 Variation of transition time with velocity slip
factor at different values of temperature jump
for both planar and axisymmetric flow config-
urations with sudden surface heating
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Fig. 14 Variation of transition time with temperature
jump factor at different values of velocity slip
factor for both planar and axisymmetric flow
configurations with sudden surface cooling
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Fig. 15 Variation of transition time with temperature
jump factor at different values of velocity slip
factor for both planar and axisymmetric flow
configurations with sudden surface heating

0.2

Fig. 16 Relation at steady state conditions between the
velocity slip and Nusselt number for axisym-
metric and planar flow

Fig. 17 Relation at steady state conditions between the
temperature jump and Nusselt number for ax-
isymmetric and planar flow

88

https://doi.org/10.1017/jmech.2014.33 Published online by Cambridge University Press

in the surface temperature in both planar and axisym-
metric flow configurations. It is found that an in-
crease in the velocity slip enhances heat transfer, re-
duces the thermal boundary layer thickness and de-
creases the transition time. The velocity slip has the
most profound effect on the transition time, heat trans-
fer rate and thermal boundary layer thickness at low
values of velocity slip and these parameters become
less sensitive to variations in the velocity slip as the
velocity slip increases. An increase in the temperature
jump reduces the thermal boundary layer thickness,
increases the transition time and decreases the heat
transfer rate. The effect of increasing the temperature
jump in both cooling and heating is to reduce the tem-
perature gradient at the surface leading to an increase in
the transition time, a reduction the thermal boundary
layer thickness and a decrease in the transition time.
With these two opposing factors on the transition time,
the effect of the temperature gradient dominates, re-
sulting in an increase in the transition time. The tran-
sition time when the surface is exposed to a sudden
temperature change is strongly dependent on the value
of the temperature gradient at the final steady state, so
that for the same cooling/heating extent, the transition
time is less when the process is towards higher temper-
ature gradient at the surface.

NOMENCLATURES

A Heat transfer area.
F Similarity dimensionless stream function.
G  Dimensionless temperature as a function of
the actual time, G = [T — T}/ T..
h  Convective heat transfer coefficient.
Ky Velocity slip factor.
K7 Temperature jump factor.
L Characteristic length.
Pr  Prandtl number, Pr = v/a..
q" Heat flux.
Q" Total heat transferred per unit area.
Nu, Nusselt number, Nu, = hx/k.
Re, Reynolds number based on the length x,
Re, = Ux/v.
t  Time.
T  Temperature.
T7(0) Dimensional temperature of the fluid at the
surface.
T,; Initial dimensional temperature of the
surface (at T < 0).
Ty Final dimensional temperature of the surface
(att=0).
u  Velocity component in the x- direction.
U  Free stream velocity.
v Velocity component in the y- direction.
x,y Coordinates.

Greek symbols

n  Similarity variable, n=yvB/v
t  Dimensionless time, t=Ut/x
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T, Dimensionless transition time from the ini-
tial- to the final- steady state

0  Dimensionless temperature as a function of
the dimensionless time, 0(n, 1) = G(1, ?)

0, Dimensionless temperature of the surface

0,; Initial dimensionless temperature of the
surface (at T < 0)

0, Final dimensionless temperature of the sur-

face (at T > 0)

Temperature gradient at the surface

Time-average temperature gradient at the

surface

Stream function, v = x""'VBv F(n)

]
A Fluid mean free path
p  Dynamic viscosity
o Thermal diffusivity
vy  Specific heat ratio
p  Density

or Thermal accommodation coefficient
oy Momentum accommodation coefficient
v Kinematic viscosity

Subscripts
o  Free stream conditions
s Surface
ss  Steady state
i Initial state
f Final state
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