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Abstract

Let G and H be finite-dimensional vector spaces over IF,. A subset A C G x H is said to
be transverse if all of its rows {x € G: (x,y) € A}, y € H, are subspaces of G and all of its
columns {y € H: (x,y) € A}, x € G, are subspaces of H. As a corollary of a bilinear version of
the Bogolyubov argument, Gowers and the author proved that dense transverse sets contain
bilinear varieties of bounded codimension. In this paper, we provide a direct combinatorial
proof of this fact. In particular, we improve the bounds and evade the use of Fourier analysis
and Freiman’s theorem and its variants.

2020 Mathematics Subject Classification: 05E18 (Primary); 11T06 (Secondary)

1. Introduction

In this paper, we fix a prime field IF,, and consider finite-dimensional vector spaces over
IF,, usually denoted by G or H. A classical result, due to Bogolyubov, adapted to the finite
vector space setting, reads as follows.

THEOREM 1-1 (Bogolyubov argument [4]). Suppose that G is a finite-dimensional vector
space over . Let A C G be a set of size at least §|G|. Then 2A —2A ={a| +a; — a3 —
as: ap, az,as,as € A} contains a subspace of G of codimension Ogs(1).

Motivated by applications in number theory [2] and higher order Fourier analysis [6],
Bienvenu and Lé [1], and Gowers and the author [5], respectively, independently proved a
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bilinear generalisation of the Bogolyubov argument. It states that if we are given a dense
set A inside G x H, then replacing rows or columns by their difference sets several times,
we may find bilinear structure in the resulting set. To be precise, let us write DporA for the
horizontal difference set of A which is defined as DporA = {(x1 — x2, ¥): (x1,Y), (x2,y) € A}.
Similarly, we write DyerA for the vertical difference set of A which is defined as DyerA =

{(xx, y1 —y2): (x5, 1), (x, y2) €A}

THEOREM 1-2 (Bilinear Bogolyubov argument [1, 5]). Let A € G x H be a set of size at
least §|G||H|. Then

DverDverDhorDhorDverA

contains a set of the form {(x,y)e U x V: B(x,y) =0}, where U <G and V <H are
subspaces of codimensions Os(1) and B: G x H — F; is a bilinear map, where r = Os(1).

We refer to the sets of the form {(x,y) € U x V: B(x,y) =0}, like the ones appearing
in the conclusion above, as bilinear varieties. We also refer to the quantity codimgU +
codimpyV + r as the codimension of the bilinear variety.

The bounds in Theorem 1-2 were later improved by Hosseini and Lovett [8] to nearly opti-
mal ones, namely codimgU, codimyV, r < 0(10g80 (25~1)), at the small cost of considering
a slightly longer sequence of directional difference maps.

In [5], it was observed that if a dense set A is invariant under maps Dygr and Dpgr then
Theorem 1-2 implies that A contains a large bilinear variety of small codimension. Such sets
were named transverse by Bienvenu, Gonzalez—Séanchez and Martinez [3].

Definition 1-3. A subset A C G x H is said to be transverse if {y € H: (x,y) € A} is a non-
empty1 subspace of H for each x € G and {x € G: (x,y) € A} is a non-empty subspace of G
foreachy e H.

In this language, Theorem 1.2, with bounds due to Hosseini and Lovett, implies the
following corollary.

COROLLARY 1-4. Let AC G x H be a transverse set of size at least §|G||H|. Then A
contains a bilinear variety of codimension 0(10g80 (287 1).

In [3], Bienvenu, Gonzélez-Sinchez and Martinez considered the problem of under-
standing the relationship between transverse sets and bilinear varieties. Interestingly, they
constructed examples of transitive sets that are not bilinear varieties, indicating that some
subtleties are likely to arise in the proof of Corollary 1-4.

Despite the significant algebraic structure present in the assumptions, the only known
proof of Corollary 1-4 proceeds via the bilinear Bogolyubov argument, which is capable
of generating algebraic structure starting from sets that are merely dense. Here we provide
a different, more direct proof of Theorem 1-3, giving improved bounds. Our proof also
identifies the relevant bilinear map combinatorially, rather than by using Fourier analysis or

! The restriction that the subspaces are non-empty is a minor one, as if we allowed empty subspaces, we
could have passed to product {x € G: (x,0) €A} x {ye H: (0,y) € A}.
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Freiman’s theorem and related results about approximate homomorphisms. The main result
of this paper is the following.

THEOREM 1-5. Let A C G x H be a transverse set of size at least §|G||H|. Then A contains
a set of the form {(x,y) e U x V: B(x,y) =0}, where U < G and V < H are subspaces and
B:GxH— IFI’, is a bilinear map, obeying the bounds codimgU = 0(10g12; 8§, codimyV =
O(log} 8~") and r = O(log,, 87").

Let us remark that the bound r= 0(10gp 8~1) on the codimension of the bilinear
map B above is optimal up to constant. We also remark that the proof by Hosseini
and Lovett implies that codimgU = O(log®® (267")), codimpy V = O(log® (267")) and r=
O(log* (256~ 1y).

Finally, a multidimensional generalisation of Corollary 1-4 was obtained in [7], again
depending on results in the spirit of the bilinear Bogolyubov argument (appropriately gen-
eralised). We expect that arguments of this paper could be useful in finding a direct proof
of the multidimensional generalisation of Corollary 1-4, but, as we shall remark later in the
paper, this approach would no longer be elementary in the higher order setting.

Proof overview. The key concept in the proof is that of a linear system of subspaces inside a
vector space H. This is a collection of subspaces (Vy)yeg, Where V, < H, and the indices x
range over another vector space G, with the property that Vy, ., € Vy, + Vy, forall x1,x; €
G (see Definition 2-1). There is a natural way to pass from a transverse set A € G x H to
a linear system of subspaces, namely by fixing a dot product - on H and taking orthogonal
complements: V., ={ze H:(Vye H) (x,y) €A = y-z=0}.

The first important step of the proof is to prove structural result for quasirandom lin-
ear systems of subspaces (Proposition 2-7), by which we mean that most V, have same
dimension d, and most intersections V,, N Vy, are the zero subspace. The conclusion is that
then the subspaces V, can be generated linearly, namely that there exist a bilinear map
d: G x IE‘;I — H and a linear map W: IE‘;I — H such that {®(x,A) + P(L): L € IF;J} =V
holds for most x. Notice the occurrence of IFZ' in the domains of the maps, which is opti-
mal as the dimension of V is typically d. Unlike the previous results concerning the bilinear
setting, where the structure was obtained by picking an element ¢ (x) from each V, and then
exploiting approximate linearity in such a function ¢, we use the full power of quasiran-
domness of a linear systems of subspaces and find maps ¢, : ]Fld, — V., which parametrise
subspaces V,, which respect many additive quadruples, in the sense that

(YA E€FD) pria(h) = da(h) = Gyya(h) + dy (1) =0.

In other words, we may obtain a near homomorphism from G to Hom(IE‘g, H). To find such
maps ¢, we need some additional linear-algebraic results (Lemmas 2-4 and 2-5). We shall
say more about the proof after the statement of the structural result.

Once we have the structural result for quasirandom linear systems of subspaces, it remains
to find such a system. To this end, we prove an algebraic regularity lemma for transverse sets
(Lemma 2-10). The proof is based on algebraic dependent random choice.

Apart from evading results such as Freiman’s theorem and the Bogolyubov argument,
another surprising feature of the proof is that, despite the property of being a transverse set
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is exact, or ‘100%’ kind of property in the usual language of additive combinatorics, the
proof relies on results which concern the so-called almost exact or ‘99%’ regime.

2. Proof of Theorem 1-5

Notation. In this paper, we shall frequently consider subsets of products of two vectors
spaces G and H. Given X C G x H and an element x € G, we write X, ={y€ H: (x,y) €
X} for the (vertical) slice of X in the column indexed by x. Likewise, for an element y €
H, we write X,y = {x € G: (x,y) € X} for the (horizontal) slice of X in the row indexed by
v. Intuitively, we take a geometric perspective and informally use a Cartesian coordinate
system, where G plays the role of the x-axis and H plays the role of the y-axis.

In order to study a transverse set A, we move to the set of orthogonal complements
of its columns. Namely, for each x € G, we consider the subspace Vx=AxL,, where +
is taken with respect to some fixed inner product on G. Observe that these subspaces
satisfy Vy,1x, € Vi, + Vi,. Indeed, since A is a transverse set, its rows are subspaces so
Ayje NAy,e C Ay 416 Therefore

Vit =Ags 10 S (Axje NAm) 't =AL, +Aj,

X1 @ X0

= V)C] + sza

as claimed. This motivates the following definition.

Definition 2-1. Let V, be a non-empty subspace of H for each x € G and assume that
Vo = {0}. We say that (Vy),ec is a linear system of subspaces inside H if Vy, 4., € Vy, + Vi,
holds for all x1,x; € G.

Observe that in a transverse set A we have Age = H, SO AOL. = {0}. Thus, every transverse
set gives rise to a linear system of subspaces in a natural way. Likewise, it turns out that
every linear system of subspaces produces a transverse set.

LEMMA 2-2. Let (Vy)xeg be a linear system of subspaces inside H. Let A = Uycg{x} x Vxl.
Then A is a transverse set.

Proof. Note that all columns of A are non-empty as each V, is non-empty, and that all
rows are non-empty since Vo = {0}. Let x1, x2, ¥ € G be elements such that (x1, y), (x2,y) € A.
Then y € le- N Vj; =(Vy, + VXZ)J-. Since (Vy)xec is a linear system of subspaces, we also

have that y € VXLl 4xy> 80 (X1 +x2,y) €A, proving that the rows of A are subspaces. On the

other hand, the columns of A are subspaces by definition.
We remark also the following properties of a linear system of subspaces.
LEMMA 2-3. Let (Vy)xeg be a linear system of subspaces inside H.

(i) Forall x €F)\ {0} and x € G we have V= V.
(i) Whenever xy,...,x, € Gadd up to 0, we have Vy, + -+ -+ Vy =V, + -+ V, .

Proof.

(1) Since (Vy)rec 18 a linear system of subspaces, we have
Vi € V()Lfl)x + Vi C (V()LfZ)x + Vx) + VS CAV =V,

proving the first claim.
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(ii) Suppose that xj+---+x,=0. Then, by the first part, V, =V_ _._x |, =
V44, - Since (Vy)xeg 18 a linear system of subspaces, we have

Vit E Vit Vo S SV 00 Vo,
so Vy, € Vy +...Vy_,, from which the second claim follows.

The following lemma allows us to pass from subspaces to linear maps. It is an exact
version of [9, lemma 34], obtained by taking K =1 in that paper. To make the paper self-
contained, we provide a proof.

LEMMA 2.4. Let Uy, Uz, U3, Uy < H be subspaces of dimension d such that |U;, + U;, +
Ul :p3df0r any three distinct indices iy, i2, i3 € [4] and such that |Uy + Uy 4+ Uz + Uy| =
P Let ¢4 Fg — Uy be a linear isomorphism. Then there exist linear isomorphisms

o F;j — Uy, i € [3), such that ¢1 + ¢» = ¢3 + ¢a.

Proof. Letey, ..., ey be the standard basis of IFg. Since U1 + U, + U3 CUL + Uy + Us +
Uy and |U;+ Uy + Us3| =p3? =|U; + Uy + U3 + Uy|, we have Uj + U+ Us=U; +
Us + Uz + Uy, so Us C Uy + U, + Us. In particular, every u € Uy can be written as a sum
u=uy + ur + usz for u; € U;, i € [3]. Using this fact, for each i € [d], define ¢1(e;), Pp2(e;) and
¢3(e;) as elements Uy, Uy and Us, respectively, such that ¢4(e;) = ¢p1(e;) + ¢a(ei) — pale;).
Extend each ¢; linearly to the whole space Fg. It is easy to check that these maps satisfy the
conclusion.

It is important that we get further maps ¢1, ¢2 and ¢3 for any given ¢4, rather than only
being able to find a single quadruple of maps (@1, ..., ¢4) satisfying the properties in the
conclusion of the lemma.

Furthermore, we need the related uniqueness result, which is an exact version of [9, lemma
35], obtained by taking K = 1 and r = 0 in that paper. Like above, we offer a short proof.

LEMMA 2-5. Let Uy, Uy, V1, Vo, W < H be subspaces of dimension d such that W N (U1 +
U, + V1 4+ V) ={0}. Suppose that linear maps ¢;: Fg — U for ie[2], ¥;: Fg — V; for
i€e[2]and6: Fg—> W satisfy ¢1 + ¢2 + 1+ Yo +6 =0. Then 6 =0.

Proof. Let x e Fg . Then ¢1(x) + ¢p2(x) + ¥1(x) + ¥2(x) = —6(x). This implies that 6(x) €
Uy + Uz + V1 + Vo N W, which is the zero subspace by assumptions. Hence 6 = 0.

We shall also make use of elementary fact that near-homomorphisms of vector spaces
come from (exact) homomorphisms. The formulation below is a slight rephrasing of
[7, corollary 26]. As with the two lemmas above, we give a proof for the sake of
self-completeness.

LEMMA 2.6. Let Gy and Gy be two finite-dimensional vector spaces over Fy,. Let A C Gy
be a subset and let ¢p: A— Gy be a map such that x+y—z€A and ¢(x)+ ¢p(y)=
&) + d(x 4+ y — 2) both hold for at least (1 —€)|G1|? triples (x,y,z) € A3. Provided ¢ <
1073, there exists an affine map ®: Gy — Gy such that ®(x) = ¢(x) holds for at least
(1 —2./¢)|G1| of elements x € Gj.

Remark. Returning to the last remark from the introduction, in order to prove the multi-
dimensional generalisation of Corollary 1-4 using the approach in this paper, we would
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need a higher-order generalisation of Lemma 2-6. Such a generalisation concerns extending
multilinear maps defined on 1 — o(1) proportion of multilinear varieties. Unlike the lemma
above, such a higher-order result is highly non-trivial, and, in fact, is one of the main results
from [7].

Proof. For this proof, we need the notation for convolutions defined by differences instead
of sums. Namely, if f, g : G; — R are functions, then f * g is another function from G; to R,
defined by f % g(x) =3 e, f(x + »)8().

LetA = {(a, p(a)) :a € A} C G| x G be the graph of the function ¢. Write also G=G x
G7. Our primary aim is to show that A is almost a subgroup of G, from which we shall deduce
the functional conclusion fairly quickly. Note that |A| |A] and that (1 —&)|G1| < |A| <
|G1|. The assumption in the lemma means that A has at least (1— s)lAlg additive quadruples.
Using the convolution notation, we have Zx g li*1 A(x)2 >(1 - e)|A|3. Let S be the set

of all x € G such that L1300 >(1— ﬁ)lAl. Note that |15 * 1[0 < |A|. Observe that

VEIAL YT 13 F100< Y (Al - 13 F 10015 F 150

x€G\S xeG\S
<3 (Al - 1; F 1300015 7 1;(x)
e
=|A|(Z 1 ;]IA(X)) - (Z 1 ;]IA()C)2>
1< o
<e|AP,

50 Y pes 13 ¥ 15(x) > (1 — /e)|A|%, implying also [S| > (1 — /&)|A].
We now show that |S — S| < (1 +7./¢)|S|. Letx,y € S. Thus AN (A —x)| = 1; ¥ 15 (x) >
(1—&)lAland JANA —y)| =13 %1;() > (1 — \/e)|A|. Hence,

LFL0—»=lA-0NA-NIzIANA -1 NA-y)
ZANA -0+ IANA -y = Al = (1 - 2V6) Al
However, using ), 15 % ]lA(d)2 <]AJ]® and elementary inequality (1 —2/&)"2 <1+
5./ which holds when & <278, the inequality I;*13(d)>(1— 2./2)|A| can hold for

at most |A]*/(1 —2/2)%|A12 < (1 4 5/¢)|A| elements d € G, showing that |S — S| < (1 +
5V)IAl < (1+7/8)IS].

Since ¢ <2872, we have |S — S| < (5/4)|S|. A similar elementary argument to the one
above, where one considers intersection of sets SN S —a and SN S — b for elements a, b €
S — S, shows that S — S is a subgroup of G, which we denote by H. Fix arbitrary s € S. In
particular, since ¢ < 1972, we have

H|=1S— 5] < (1 +7v/&)IS| < (1 + 7v/e) (1 — V&) |A| < (1 + 10V/2)|A|.
Since S — s € H and thus S C s + H, we have

A=VolAP < Y 13Flid= Y L0100 Lem(x—y).

des+H x,yeé

By averaging over y € A, we obtain an element y such that [(s +y+ H) NAl>(1— ﬁ)|1:1|.
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We now return to the initial functional perspective. Let 71 : G; X G2 — G1 and 72:G| X
G, — G3 be the natural projections. Note that 7 is injective on A, which implies that

(1= VoA <|AN(s+y+H)|=|m(AN(s+y+ H)| < |miH)| < |H| < (1+52)A].

Thus, |71(H)| > (1/2)|H| and 7;(H) and H, being subgroups, both have sizes which are
powers of p, so | (H)| = |H]|, and thus 7| is injective on H. Furthermore, since |A| > (1 —
£)|G1|, we must have 1(H)= G. Therefore, writing h € s +y+ H as (71 (h), m(h)) and
then defining a map ® : w{(h) — mo(h), we obtain an affine map from G; =m(s +y+ H)
to G,. Note that H is then the graph of ®. Since |(s +y + H) ﬂA| >(1- ﬁ)|1:l| we have
¢(a) = ®(a) for at least (1 — /¢)|A| > (1 — 2./¢)|G}| elements a € A, as desired.

The heart of the proof of Theorem 1-5 is that a quasirandom linear system of subspaces
is generated by a bilinear map of expected codimension, which is the content of the next
proposition.

PROPOSITION 2-7. Let (Vy)xeG be a linear system of subspaces inside H. Let d be a non-
negative integer and let € > 0 be such that:

() for at least (1 — €)|G| of elements x € G we have |Vy| = p*; and
(i) for at least (1 — €)|G|? of pairs (x1,x2) € G* we have Vy, N Vy, = {0}.

Provided ¢ < p~3410732, there exist a bilinear map ®: G x Fg — H and a linear map
W: 4 — H such that {®(x, 1)+ W(): A € F9} =V, holds for at least (1 —200p" ¥/¢)|G|
elements x € G.

We remark that Proposition 2-7 is similar in spirit to [9, theorem 33], and these two results
can roughly be viewed as ‘99%’ and ‘1%’ cases of the same phenomenon. Given the addi-
tional structure in the setting of the present paper, we are able to obtain a more streamlined
proof. An important difference from [9] is that throughout that paper one has sufficiently
strong quasirandom properties, which is not the case in this paper. For that reason, we need
an efficient regularity lemma for transverse sets, which we prove later.

Brief proof overview. As described in the introduction, our aim is to find parameterizing
linear maps ¢y : IFI‘Z — V, such that ¢, + ¢y = ¢ryy_a + ¢, holds for most of choices of x, y
and a. We shall first pick a such that most of pairs (x, y) € G are well behaved, in the sense
that

Va+ Vi + Vy =Vi+Vi+ Vx-‘,—y—a =V.+ Vy + Vx+y—a =V + Vy + Vx+y—a
=Vo+ Vi + Vy + Vx+yfa

and subspaces V,, Vy, V) and Vi, _, have dimension d. Fix an arbitrary linear isomorphism
0: IF[‘f — V,. Write g = (x,y). The displayed property allows us to apply Lemma 2-4 to
obtain linear isomorphisms Oql : IFZ — Vi, 95: ]Fg — Vy and 93: Iﬁ‘g — Viiy—a, such that
9(; + 93 =60+ 93. In the long run, we want 93 to depend only on x, and, moreover, in a

linear fashion. To show that 93 depends only on x4y instead of both x and y, we rely
on Lemma 2-5; this is achieved in Claim 2-9. To stress this sharper dependence, we write
o3 y—q Instead of 0q3. In order to obtain linearity, we look at well-behaved pairs of the form
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(x, y), (x’, ), (x,¥’) and (x’, ¥’). Algebraic manipulation shows that

3 3 3 3 _
¢x+y—a + ¢x’+y/—a B ¢x/+y—a B ¢x+y/—a =0.

Therefore, we may view ¢ as a map from a very dense subset of G to Hom(F¢, H) that
respects most additive quadruples. An application of Lemma 2-6 completes the proof.

Proof of Proposition 2-7. Let us first observe that our assumptions imply that V,, N
(Vx, + -+ + Vi, ) ={0} holds for all but at most (p’dﬁ+ ras)lGl’Jrl of (r+ 1)-tuples

(x0, . - ., x) € G197 To see this, assume the contrary. Let G be the set of all x € G such
that |V,| = p9. The total number of (r+ 1)-tuples (xp, . ..,xr) € G971 such that one of
X1,...,X,is not in G is at most r&|G|"*!. Hence we get more than p™@,/¢|G|"*! of (r + 1)-
tuples (xo,...,x,) € G x G such that V,, N (V,, +--- 4+ Vy,) # {0}. By averaging, we get
some r-tuple (x1,...,x,) € G such that for more than p’dﬁ |G| elements X’ € G we have
Ve NS # {0}, where S=V,, + .-+ V. Since |V,| =p9, we see that |S| <p™. By aver-
aging over elements of S\ {0}, there exists a non-zero s € S such that s € V for more than
V£|G| elements x’ € G. However, then s € V,» NV, for more than £|G|? pairs (x', x”), which
is a contradiction.

We shall now exploit this fact to get more control over sums of subspaces indexed by
configurations of elements of G. Write ¢’ = p*? /e 4 4e, corresponding to the factor in the
bound in the observation above for r < 4.

CLAIM 2-8. For all but at most 8¢'|G|* of quadruples (a, x,y,7) € G* we have:

(i) |Va| = |Vx| = |Vy| = |Vx+y—a| = |Vz| :pd;
(i) |Va+ Vi+Vyl =p*; and
(iii) Vx+y—a N (Vx + Vy + VZ) = {O}

Proof. Note that |V, + Vi + V| =p* if V,N(Vy+ Vy)={0}, V,NV,={0} and |V,|=
Vil =1Vy| = p?. By assumptions of the proposition and the observation above, all these
conditions, as well as |Vyyy_q| =|V;| = p¢ and property (iii), are satisfied for all but at most
8¢'|G|? triples (a, x,y) € G>.

For the remainder of the proof, we fix an element a € G such that the set 7 of triples
(x, y, z) such that the quadruple (a, x, y, 7) satisfies properties in the conclusion of the claim
above is of size at least (1 — 8¢/)|G|>. Let © be the set of all pairs (x,y) € G? such that
|Vl = [Vy| = |Vity—al = p? and the subspace V,, + Vi + V, has size p*¢. By Lemma 2.3, for
each (x, y) € P, we have that

Va+ Vi + Vy =Va+Vi+ Vx+y—a =V,+ Vy + Vx+y—a =Vy+ Vy + Vx+y—a
Vit Vit Vo 4+ Vo 21

Since |71 > (1 — 8¢')|G[*, we also have that |P| > (1 — 8¢")|G|.

Fix an arbitrary linear isomorphism 9 : ]Fg — V,. For each ¢ = (x,y) € P, equalities in
(2-1) imply that the subspaces V,, Vy, Vy and V1, satisfy the conditions of Lemma 2-4.
Lemma 2-4 provides us with linear isomorphisms 9(; : IF;I -V, 93 : IF;J — Vyand 93 : IF;I —
Vy4y—a> such that 9; + 93 =60+ 95’ . Our next step is to show that these maps do not depend
entirely on the pair g, but only on the relevant point in G.
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Although g = (x, y) € P is a pair, we misuse the notation and write g3 = x + y — a for the
third element associated to g.

CLAIM 2-9. For each i € [3] there exists a set X; C G of size |X;| > (1 — 10v/€")|G| and
linear isomorphisms ¢.: IF;‘,I — V. for x € X; such that the following holds. For all but at

most 30\/?|G|2 pairs q € P we have g; € X; for each i € [3] and 6; = qbfb_.

Proof. Let us focus first on the case i = 1; we shall comment on the other cases afterwards.
Let us count the number N of pairs (g, ¢') € P> such that g; = ¢y and 6’611 = 9;,. Notice that
whenever ¢ = (x, y), ¢ = (x,y") € P are two pairs with the same first element, then

1 2 3_p_pl 2 3
9q+9q —(9{1—9—9{]/4-9{]/—9(1/,

so 93 - 93 - qu, - 9q3, + (9; - 0;/) =0. If the indexing elements satisfy V,N(Vy+
Vity—a+Vy + Viyy_q) = {0}, then by Lemma 2-5 we have 9(; = qu/. On the other hand,
Lemma 2.3 shows that Vy + Vyyy o+ Vy + Vi o =V, + Viqy o + Vy. By the choice
of a, Vi N (Vy + Vyyy—a + Vi) = {0} holds for all but at most 8¢'|G|? triples (x,y,y) € G°.
From this and Cauchy-Schwarz inequality, we conclude that

N> |G~ 1P)? — 8¢|GP = (1 — 24¢")|G)>.

Let X be the set of all x € G such that the number of pairs (g, ¢") above with x as the first
element is at least (1 — 105/¢")|G|. Then |X;| > (1 — 10+/¢’)|G| and we may take ¢! to be
the most common map appearing as 9(; among triples with g1 = x.

The case i =2 follows by symmetry. For the case i =3, consider z € G and g = (x,z +
a—x),q =(',z+a—x') € P agreeing in the third associated element, that is g3 = ¢ = z.
Observe that we need V, N (Vx4 V,4q—x + Vi + V,1q—r) = {0} property to get the equality
of the maps coming from different pairs. By Lemma 2-3, V., + V., +Vy + V1, v =
Vi 4+ Vega—x + Vi, so we just need V, N (Vy + V4 q—x + V) = {0}. After a change of vari-
ables y =z + a — x, this condition has the form guaranteed by Claim 2-8, so the same proof
works in this case as well.

Let P be the set of all pairs g € P for which the conclusion of the claim above holds.
Let Hom(F¢, H) be the vector space of all linear homomorphisms from ]Fg to H. Write

¢>: X3 — Hom(F¢, H) for the map given by ¢3(x) = ¢3. Let us observe that ¢> respects
most additive quadruples. Consider the set Q of all quadruples (x, X', y, ') € G* such that:

(1) X,x/GXl,ysy,GXZ’x+y_a,xl+y_a,x+yl_a,x/+y/_a€X3;
(i) (), &, y), (x5 y), (. y) eP.

By the work above, we have that |Q| > (1 — 300+/¢’)|G|*. Each such quadruple gives rise
to an additive quadruple respected by ¢3. Namely,

Pty -+ oW +Y @)= PW +y—a) =+ —a)
= (qb; +¢§—9) + (¢;+¢y% —e) - (¢;,+¢y2—9) - (qb; +¢3 —e) —0.
On the other hand, each additive quadruple in X3 can arise at most |G| times in this way.

Hence, ¢ respects at least (1 — 300+/¢")|G|? additive quadruples in X3.
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We are now in position to apply Lemma 2-6. It provides us with an affine map I': G —
Hom(IFd,H) such that I'(x) :¢3(x), and thus ImI'(x) =Im q&; =V,, holds for at least
(1 —¢&")|G| of x € X3, where &” <40+/¢’, provided ¢ < 10~!3. Finally, we define maps
®: G xFd— Hand W: Fd— Has &(x, 1) =T'(x)(h) — ['(0)(2) and W =T'(0), giving us
the desired conclusion.

To prove Theorem 1-5 it thus remains to locate a sufficiently quasirandom piece. The
following regularity lemma for transverse sets achieves this. The proof is based on dependent
random choice and the algebraic structure is essential for ensuring the good bounds.

LEMMA 2-10. Let AC G x H be a transverse set of size §|G||H| and let ¢ >0 be a
parameter. Then there exist a non-negative integer d < [log, (10*6~)] and subspaces

U < GandV < H of codimensions codimgU < 0<(log (267 1? log (28_1)> and codimygV <
O(log (28~ 1?) such that:

() for at least (1 — &)|U| of elements x € U we have |Aye N V| =p~?|V|; and
(i) for at least (1 — 3&)|U|? of pairs (x1,x2) € U? we have |Ay,e NAr,e N V]| =p~2|V|.

Proof. Let Y be the set of all y € H such that |A,y| > (6/2)|G|. By averaging, we have |Y| >
(8/2)|H|. Pick y € Y uniformly at random. Then P(x € A,) = (JAre N Y|/|Y]). Let Xpag be
the set of elements x € A,y such that |Ay,| < (62/100)|H|. Then

)
E(JAay] = 10Xpaa]) =31G1 = 10 Y PCr € Xoaa)
xeG

F) 82 )
=—|G| =10 ) 1(JAwe| < —|H))P(x € Asy) > —|G|.
51l X(j} (Asel < TS IHDPG € Auy) > 216

Hence, there is a choice of yg such that A,y | > (§/2)|G| and |Aye| > (82 /100)|H| holds
for at least (9/10)|A,y,| elements x € A,y,. Hence, for an arbitrary x € A,y, we may find
x' € Aqy, such that |Aye| > (82/100)|H| and |A4.ve| > (62/100)|H| both hold. As A is trans-
verse we have (8%/10%)|H| < |Ave NArive| < |Are|. Thus, [Ag| > (8*/10%)|H| holds for all
elements x € A,y,.

Similarly, there exists an element xo € G such that |Ay | > (§/2)|H| and |Aey| >
(8*/10%|G| holds for all elements y€Aye. Set Uy=Aey,, Vo=Aye and dp=
[logp(1048_4)1. Hence, Uy and V{ have codimension at most dyp in G and H respec-
tively, for each x € Uy we have codimy,(Ay. N Vp) <dy and for each y e Vy we have
codimyy,(Aey N Up) < dy.

We now perform an iterative procedure in which at step i we find further subspaces U; <
Uo, Vi < Vp, of codimension codimy, U; < O(idy log (2e~1)) and codimy, V; < O(idp), such
that the proportion of elements x € U; such that

codimy,(Aye NV;) <do —1i (2-2)

is at least 1 — 1/2¢. The elements x in (2-2) are those that have Ay, N V; at least as large
as we would like, thus we guarantee that most subspaces restricted to V; have at least the
desired size, if not equal to the one required by property (i). The procedure terminates when
we find subspaces U; and V; satisfying the claimed properties in the lemma, with d taken
to be dp — i. Let us emphasize that the property that is kept during the procedure, namely
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that (2-2) holds for most x € Uj;, is weaker than the properties (i) and (ii) of the lemma.
Hence, in each step of the argument, we shall either show that the current U; and V; have
the properties (i) and (ii) or we shall find further U;;+1 and V;4; for which the the properties
described around (2-2) hold.

Suppose that we have subspaces U;, V; for some i > 0 (when i =0 we know that Uy and
Vi have the properties described around (2-2)). If both properties (i) and (ii) of the lemma
hold for U; and V; and integer dy — i, we are done. We now distinguish between two cases,
depending on which one of the two properties fails.

Property (i) fails. We thus have at least ¢|U;| elements x € U; such that codimy,(Ae N V;) #
dp — i. Since codimy;(Axe N V;) < dp — i holds for at least (1 — ¢/2)|U;| elements x € U;, we
conclude that codimy,(Aye N'V;) <dop —i— 1 holds for at least (¢/2)|U;| elements x € U;.
Let r=[2log, (4¢~ 1] and take yi,...,y, uniformly and independently at random from
Vi.Let U1 = Ui NAgy, N---NA,y, and set Vi1 =V;. Let Xp,aq be the set of all elements
x € U4 such that codimy,(V; N Aye) > do — i. Observe that, for each x € U;, P(x € U;j41) =
(JAge N Vi|/|Vi|)r =p—rcodimvl.(V,ﬂAx.). Then

- —Hdy—i—1) € —1 . —r(dy—i
E([Up1] =267 Xoual ) = p @2 U = 267 p @0y

2
—2g~ 1 p o=y (pr% - 1) >0,

by our choice of r. Hence, there is a choice of yi,...,y, producing the desired
pair of subspaces U;y1 and Viyj. Note that codimy, Ui+ < rdp = O(dy logp (2e™") and
codimy, V41 =0.

Property (ii) fails, but (i) holds. In this case have at least 3e|U;|? pairs of elements (x, xp) €
Ul.2 such that codimy,(Ax,e NAx,e N V;) # 2(do — i). We call such a pair (x1, x2) irregular.
Let R be the set of all a € U; such that codimy,(A4e N Vi) = dp — i. Since property (i) holds,
we have |R| > (1 — ¢)|U;|. The number of irregular pairs (x1, xp) such that x| ¢ R is at most
&|U;|?. Hence, there at least 2¢|U;|? irregular pairs (x1,x2) € R x Uj, so by averaging, there
exists a € R such that (a, x) is irregular for at least 2¢|U;| choices of x € U;.

By assumption (2-2), at least |U;| of such elements x € U; also have the property that
codimy,Aye N'V; < dy — i. Note that

codimy,(Age N Axe N V;) = dim V; — dim (Age N Axe N Vi)
— dim V; — dim (Age N Vi) — dim (A,e N V;) + dim ((Aa. N V) + (Axe N Vl-))
— codimy,Age + codimy,A,e — dim V; + dim <(Aa. V) + (A N Vi))
< codimy,Age 4 codimy,Aye < 2(dp — i),

where we used (Agze NVi) + (Ave N Vi) C V; in the inequality between the last two lines.
Since (a, x) is irregular, we have codimy;(Agze NAxe N V;) < 2(dp — ). Setting Viy1 =V;N
Age, for such an x we have

codimy,, (Axe N Vit1)
=dim (Vi+l) —dim (Axe N Vi+1) =dim (ViNAgl) — dim (ViNAye NAge)

- (dim Vi — codimy, (Age N v,-)) - (dim Vi — codimy, (Age N Age N v,-))
= codimy;(Age NAxe N'V;) — codimy,(Age NV;) <dp —i—1.
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We may now repeat the same final step of the previous case, with the same choice of

r=[2log, (4e~1)]. Take yy,...,y, uniformly and independently at random from Vi
and let Ui =U;NAqy N---NA,y,. By the calculations in the previous step, there
exists a choice of yj,...,y, such that codimy,,  (Aye NViy1) <do—i—1 for at least

(1 — %8) |Uit+1] elements x € U;41. In this case, the codimension bounds are codimy, U;4+1 <

rdo = O(dy 10g17 (28_1)) and codimy, Vi1 < dp.
We are now in position to prove Theorem 1-5.

Proof of Theorem 1-5. Let A be the given transverse set of density §. Apply Lemma 2-10
with parameter ¢ = 2’80p716ﬂ°g1' (108741 to get a positive integer d < [log, (10*5~%)] and

subspaces U < G and V < H such that:

(i) codimgU < O(logy (25™")) and codimyV < O(log}, (257 1));
(i1) for atleast (1 — &/3)|U| of elements x € U we have |Aye N V| =p‘d|V|; and
(iii) for atleast (1 — &/3)|U|? of pairs (x1,x2) € U? we have |Ay,e NAy,e N V] =p~2|V].

Note that & <2730p=164 ~ 107328 Fix an inner product - on V and, for each x € U,
define subspace V, = (A,, N V)1, where * indicates orthogonal complement in V with
respect to -. As A is a transverse set, the collection (Vy),cy is a linear system of subspaces. By
properties (ii) and (iii) we have that |V, | = pd holds for at least (1 — £/3)|U| of elements x €
U, and three equalities [Ay,e NV|=p~¢|V|, |Ar,e N V| =p~9|V| and |A; ;e NAre NV|=
p’2d|V| hold simultaneously for at least (1 — ¢)|U 12 of pairs (x1,x2) € U?. These three
equalities together imply that

4 4
Ve llViy| eVl eV |VI|(Vy, + Vi)
|Vx1 N Vx2| = = vV = 2d |y |2
Vi, + Vi, | IV __ p~H|V|
(Ve +Vip) L

=|v; NVL| _AneNAL.NV] .
p~|V| p~2|V| '

hence V,, NV, ={0}.

We may apply Proposition 2.7 to linear system of subspaces (Vy)ycy inside V to find a
bilinear map ®: U x IFI‘)’ — V and a linear map W: IFI‘f — V such that {®(x, L) + ¥ (L): L e
IFI‘f } = V, holds for at least (1 — ZOOpd{‘/E)lGl elements x € U. By our choice of ¢, we have
200p? e < %p‘d. Hence, there exists a set X C U, of size |X| > (1 — p~?/3)|U]|, such that
{®(x, 2) + W(h): 2 € F9) = (A N V)T holds for all x € X.

Taking orthogonal complements in V, we get {®(x, 1)+ W(X): A € Ik'*‘g}L =AwNYV.Let
V' =V N (ImW¥)*, and let Bi(x, y)=®(x, ¢;) -y for i € [d], where ey, ..., eq is the standard
basis of Fg. Then for each x € X, we have {y € V': B(x,y) =0} C A,,. We claim that in fact

{C.y) eUx V': Blx,y) =0} CA.

To see this, take any (x, y) € U x V' such that 8(x, y) = 0. The subspace {u € U: B(u,y) =0}
has codimension at most d inside U. As |X|>(1—p~%/3)|U|, we conclude
that |XN{ueU: Bu,y)=0}>2/3){uceU: B(u,y)=0}. Thus, as PBx,y)=0,
we have that (XN{ueU: Bu,y)=0)+xZ{uelU: B(u,y)=0} as well, so
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XN{ueU: Bu,y)=0D+x and XN{ueU: B(u,y)=0}) intersect, at some ele-

ment u, say. Thus, u, u —x € X and B(u,y) = B(u — x,y) = 0. By properties of elements in

X, we have that (1, y), (u — x,y) € A. But A is a transverse set, so (x, y) € A, as desired.
Finally, let us remark that terms of the form log, (2671 in the bounds above can be

replaced by more esthetically pleasing log,, (8~1). This stems from the fact that if the density
d is at least 15/16, then our transverse set A is in fact the full product G x H. We leave this
simple observation as an exercise to the reader.
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