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Abstract We study one-dimensional transformaticfiswith indifferent fixed pointsp

andg (p andg are fixed points withT’(p) = T'(¢) = 1). In the case wheff has a
Lebesgue equivalent infinite invariant measure, we give the ratio ergodic theorems which
describe the limit value of the ratio of the sojourn time of the traject@(x)}7_, in a

small neighborhood op to that in a small neighborhood qf

1. Introduction
For an interval maf’, a fixed pointp is called indifferent if
limTx)=p and lim|T'(x)|=1.
X—>p X—=>p
Maps with indifferent fixed points are related to intermittency. A typical example of an
interval map with indifferent fixed points is the following transformatifn [0, 1] —
[0, 1], which is related to continued fractions (sé¥ ]):
X 1
1—y for x € [0, 3)

TI=1 2c-1

(1.2)
for x € [3, 1].

This mapT has the indifferent fixed points 0 and 1. The behavior of the typical trajectory
is as follows. Once the trajectOI{)T"(x)}Zzo enters a small neighborhood of 0 or 1, the
trajectory stays in the neighborhood for an extremely long time and eventually goes out
of the neighborhood. After this, the trajectory oscillates chaotically and next enters a
small neighborhood of 0 or 1. The trajectory repeats this kind of behavior. This behavior
results from indifferent fixed points 0 and 1.

We have the following questions. Does the limit value

i Gk=n T*(x) € [0, &)}
n—oo f{k < n; Tk(x) € (1-6,1]}

exist? What is the limit value if it exists?.{ stands for the number of elements of the
setS, ande and$ are positive small constants.)

(1.2)
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626 T. Inoue

The transformation (1.1) has a Lebesgue equivalent ergodiitite invariant measure
u. As a classical result of the ergodic theory, we have the Hopf ratio ergodic theorem
[H, K], by which we have
im Fk=m Té(x) e U} _ n(U)
noo gk <n; TH(x) € V) (V)
But, in this case, sincg ([0, ¢)) = oo andu((1— 4§, 1]) = oo, we cannot obtain the limit
value (1.2) by the Hopf ratio ergodic theorem.
In this paper, we study more general transformatiGnaith indifferent fixed points
p andg, and give the ratio ergodic theorems which describe limit values like (1.2).

if w(U) <ooandu(V) < oo.

2. Setting and results

In this section, we consider the following class of transformations including the previous

transformation (1.1). LeT : [0, 1] — [0, 1] be a transformation satisfying the following

conditions (i)—(v):

(i) there exists a partition & co=p1 <ci1 < p2<c2 <+ < p1<C_1<¢C =
pr =1 of [0, 1] such that the restrictions df to the interval(c;_1, p;) and (p;, ¢;)
are C2 functions for each;

(i) T(p;) = p; andT is continuous ap; for eachi;

(i) T(ci_1,¢;) = (0,1) for eachi;

(iv) there exists a positive constaat such that|7”(x)|/(T'(x))?> < ¢ < oo for
x ¢{p1,.-.s prsC1, ..., Cro1};

(V) T'(x) >1forx ¢ {p1,..., p}-

Remark 1We do not assum&’(p;) > 1.

Remark 2T satisfying the above conditions (i)—(v) has a Lebesgue equivalent ergedic
finite invariant measurg whose density function is bounded away from 0 and continuous
except on the set of the indifferent fixed points (&f1]).

Putp = p; andg = p; (it is not necessary that# j). Let U andV be a small
one-sided neighborhood gf and a small one-sided neighborhood pfrespectively.
(The closure ofU does not contain any fixed points excgp) We consider the ratio
of the sojourn time of the trajectodyT’* (x)};_, in U to thatinV. (If p =g (i = j),
we consider a left neighborhood gfand a right neighborhood qf.) If we consider a
small left neighborhood op, assume that

lim T'(x)=1.
x—p—0
If we consider a small right neighborhood pf assume that
lim 7'(x) = 1.
x—p+0
We make the same assumption for Further, assume that
T (x) = x| = 6ylx — p|” +o(x — pI) InU 2.1)
and
IT(x) = x| = Oylx —q|" +o(x —g|™) inV, (2.2)

wheredy, 0y, dy anddy are constants.
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Remark 3Let 1 be the invariant measure as in Remark 2. Thei) = oo if and only
if dy > 2 (see Lemma 4.2 and Remark 4.1 ift][and Theorem 1.1 inl2]).

By this remark and the Hopf ratio ergodic theoremy,if anddy are less than 2, we
have n
lim Yo L (T*(x)) _ wn(l)
n—oo 3 o Ly(Th(x)) (V)
where % is the indicator function o/ and Leb is the Lebesgue measure. Further, a
basic corollary of the Hopf ratio ergodic theorem (Lemma 3.1) implies that

im Yo Lu(T*(x))
=00 3o v (TH(x))

if dy <2 anddy > 2. So, we only consider the case<2d; < dy.
Now we give the two main theorems in this paper.

for Leb-a.e.x,

=0 forLeb-a.ex

THEOREM 1. If dy > dy > 2,
i k=0 T (T ()
im = .
n—o00 Y o Ly (T*(x))

This gives the limit in the caséy # dy. On the other hand, in the cage = dy,
we have the following theorem.

=0 forlLeba.e.x.

THEOREM 2. If dy = dy = 2,
jim Zh-o (T ) _
n—o0 300 1y (T (x))

wherep is a positive finite constant. In particular:
(1) if p =q (U is a small left neighborhood gf, andV is a small right neighborhood

for Leb-a.e.x,

of p), then
J— 9\/.
P = oy
(2) ifr=2, p=0andg =1, then
_ vy
P = Oy My’

where
My =I1limT'(x) and M> = lim T’'(x).
xter xic

From this it follows that the limit value (1.2) fof defined by (1.1) is equal to 1,
sincedy =dy = 2,0y =6y and M1 = Mo.

In the casely = dy > 2, the limit value of the ratio does not exist, which will be
proved in another paper. Further, we have the following conjecture.
Conjecturellf dy = dy > 2, the ‘limit distribution’

r=0 Lu(T*(x)) - }

G(s) = nILmoo Leb{x; " 1T ()

exists.
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3. Preliminaries

In this section we give the definition of ergodicity and a basic corollary of the Hopf
ratio ergodic theorem, and we state a basic property of the first return maps which
are important tools in this paper. Further, we prepare a notation which we will often
use. First we define the ergodicity for a transformatiron ao-finite measure space

(X, F, ).

Definition 3.1.(T, n) is calledergodicif w(A) =0 or u(X \ A) = 0 for everyA € F
with 7714 = A p-a.e.

The following lemma is a basic corollary of the Hopf ratio ergodic theorem.

LEMMA 3.1. LetT be a measure-preserving ergodic transformation enfinite measure
space(X, F, w), let f € LY(n) and let [ gdu = oo, g > 0. Then

I|m ZZ:O f(Tk(-x))
n—00 ZZ:O g(T*(x))

The proof of this is easy (see Lemma 2.1 i]).

=0 for u-a.e.x.

The first return map of” on A is defined ag "™ (x), wheren(x) isinf{n > 1; T"(x) €
A}. In the following lemma, letT be a transformation on a-finite measure space
(X, F,n) and letA C X be a measurable set with C |J,~, 7 "(A). Then the first
return map is well defined.

LEMMA 3.2. Assume thaj is a T-ergodic o-finite invariant measure. Let|4 be the
restriction of u to A. Then the first return mag of 7 on A is u|4-ergodic invariant.
As a consequence, jf is a u-absolutely continuous -finite R-invariant measure, then
L = constant - [i|4.

The proof of this is a minor modification of the proof of Lemma 1 ij.[

The following notation will be used in the rest of this paper.

Notation.v, ~ w, stands for lim_  (v,/w,) = 1.

4. Probabilistic lemmas
In this section we give probabilistic lemmas, which will be used in the next section. Let
L be a subset o, whereN is the set of natural numbers.

LEMMA 4.1. Let &, ; be a random variable on a probability spac&, 7, u) for k =
0,1,...,z. Assume that

1
Z 22(E(£, 0))2 <oo and E(&;-&. ) < constant (E(g, o))

zel

Then,
1 Z
lim =0 p-a.e.
L5200 (z + D2(E(E: 0))2 ;5‘"" o
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Proof. Let ¢ > 0 be arbitrary. Pup, = E(&,.0). Then it follows from the Chebyshev

inequality that
b pe=((%e])
< E
- 82(1 + 1)4 : pz4 k=0

“(H((ZH) pZ)ZZS h7° 2k
)

By the Borel-Cantelli lemma we obtain Lemma 4.1. O

< constante 2(z +1)72- p,

LEMMA 4.2. Letu : N — N be afunction. Let, ;, be a random variable on a probability
space(X, F,u) fork=0,...,z. Assume that

u(z)
E(¢,.0) = E(z,.0) > 0, and
(£2.0) = E(L.0) ZL g =%

E(Cok- &) — E(G0? < Ky " u(2)E(L, 0),

whereK > 0 andy > 1 are constants. Then,

1 Z
lim =1 p-a.e.
L3200 (2 + DE(L:.0) ,Z:; S a

Proof. Let ¢ > 0 be arbitrary. By the Chebyshev inequality we have

A
(8(1 + 11)E(§z,o)> '

— (z + DE(:.0)
Since it follows from the first and third assumptions of the lemma that

z +1)E(; 0L ZQ"

2
du.

Y E@k- ) =), EGo*+ Y Ky Mu@E(0)
O<k,i<z O<k,i<z 0<k,i<z
=+ DEG0+K Y+ Dy T u@EC.0)
i=0
< (z+D%E(.0° + constant (z + Du(z)E(: o),

we have

Z

(@« + 1>E<cz o &bkt

)

(constant (z + Du(z)E(Z;,0))

0l

2
<8(Z + DE(,, o))

constant u(z)
e2(z + DE(L.0)

The lemma follows from the second assumption of the lemma and the Borel-Cantelli
lemma. O
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5. Ergodic properties for piecewise monotonic maps with countable partitions
We devote this section to the investigation of some ergodic properties for piecewise
monotonic maps with countable partitions which naturally arise from the first return
maps.

Let J be the union of disjoint intervaldy, ..., J, with Leb(J) < co. We assume
that S : J — J satisfies the following conditions (1)—(4):
(1) there exists a partitiofi, },c, of J such that the restriction of to the intervall,

is a C? function for eachi;

(2) for eachx there exists am such thatS(/,) = J;;
(3) there exists a positive constakiy such that

1S”(x)1/(S'(x))? < Ko < 00,

whenever the first and the second derivatives @fre defined;
(4) there exists a constait; > 1 with §'(x) > K1, whenever the first derivative of
is defined.
Then we have the following lemma.

LEMMA 5.1. (See R].) S has an absolutely continuous invariant probability measure
w and there exists a non-negative functigrof bounded variation such that(U) =
[y 8(x) Leb(dx) for all measurable set/.

Notice thatS* : J — J satisfies the conditions (1)—(4) replacisgwith S*. Let
{I)Ek)}AeAk be the partition associated witkt and Iet<p£’” be the inverse function of
the restriction to/"’ of S*. Let v, andw, be the left and right endpoints & (1,)
respectively.

LEMMA 5.2. o' (x) < K, Leb(1¥) for x e S*(1*'), wherek, is a constant independent

of k and A.

Proof. For simplicity, we omit the indexk) in the proof. Letx,y € (v;, w;). By the
mean value theorem there existsarsuch that

P () ¢(w)
%) ¢ ()
Since there exists a, such thaty;, (w;) — ¢, (v:) = ¢; (u;)(w; — v;), it follows from
the previous inequality that

log (x —y) < Ko(wy, — vyp).

@, (x) = exp(Ko(ws — v))¢; (u3)

= exp(Ko(w; — vk))%(wk) 2]

Wy — V)
_ exXp(Ko(wy — v3)) Leb(L,).
w) — Uy
Put K, = exp(Ko Leb(J))(min;{Leb(J;)})~. Then we obtain the lemma. O

LEMMA 5.3. (I) Assume that the densigysatisfies
K4 Ks
0 <g< .
= Leb() =% = Leb(/)
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Let A be a union of disjoint intervals, that is} = U;(x;, y;), and letB = Uca, I”,
whereA is a subset of\*. Then

n(S*AN B) < K3- 1u(A) - n(B),

whereK3 is a constant independent df B andk.

(1) Let JA,-,,l be a decreasing sequence of the intervals with respeat soich that
Leb(Ji, N J;,) = 0 (G # j). Putd, = UiJ,. ConsiderS, : J, — J, instead of
S :J — J. Assume thaf, : J, — J, satisfies condition§l)—(4), and assume that
Leb(f,l)/ Leb(f,-,n) is bounded for all, n. Then, the assertion corresponding(tp holds
and the constant corresponding & is finite even iﬂ_eb(f,-,n) — Oforall i asn — oc.

Proof. For simplicity, we omit the indexk) in the proof. By the assumption onwe

have
w(S*ANB) - Ks) e, 2oj(02(y) — @a(x)))

w(B) - K4Leb(B)
By the mean value theorem, there exists (x;, y;) such that

0.(0) — 0.(xj) = ¢, (2) (y; — x)).
This equality and the previous lemma imply

WESFANB) _ KsK2}en, 20 Leb(L) () — )

w(B) - K4leb(B)
KsK>» Leb(A) - Ks5K» Leb(J)u(A)

K4 - K?

)

which shows the first half of the lemma. The latter half of the lemma follows from the
end of the proof of Lemma 5.2. O

Let {A;} be a decreasing sequence of subseta .oPut
E; = Ujen, I
Let {Af} be the decreasing sequence of the subsets‘afuch that
E; = U I
LEMMA 5.4. Letu : N — N be a function satisfying
z - (Ey ) ~ constant log,(log, z), (5.2)

and let
L = {z; log,(log, z) is a positive integgt (5.2)

Assume that the densityis bounded away frorl. Then
1 Z
lim 1z, (S¥(x)) =0 for u-a.e.x.
Laz—o0 (z + 1)2(M(Eu(z)))2 ; Bt

Proof. We easily obtain this from Lemmas 4.1 and 5.3. O
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Now put
Guk(x) =Y 1g, (S*(x)),

m=1
whereu is an integer.
Let P be the Frobenius—Perron operator correspondingstteb) (the definition of
the Frobenius—Perron operator is found lit[]).

LEMMA 5.5. Assume thas is ergodic and thatP is asymptotically periodic, that is, for
any probability density functiorf,

=0,
L(Leb)

M
lim H P f — Z)»i(f)ga"(i)
i—1

n—o00o

wheregs, ..., gu are probability density functions with; (x) - gj(x) = O for all i # j
ande is a cyclic permutation ofl, ..., M}. Then

ECui - Cui) — EZu0)? < Koy ¥ UE(4.0),

whereE(¢) is the expectation of on the probability spacéJ, 1), K > 0andy > 1
are constants independentigfk andu.

Proof. It is sufficient to prove that

E(Eu,k : Eu,O) - E(EM,O)z < KGy_kuE(Eu,O)~

Putg = M 1Y¥ g. Theng is the Radon-Nikodym derivative qi. Put C; =
{x; gi(x) > 0} andu; (E) = u(E N C;). We first estimate &, « - £,.0):

u M u
E(zu,k . Eu,O) == Z Z Z 1E[ﬂC, (x)lE,,, (Sk(X)),bL(dx)
=1 i=1m=1"J
u M u
- Z Z Z/ 1g,nc, (x)g(x) Leb(dx)
I=1 i=1 m=19 S~ (En)
1 M
- 1, (x)gi (x) Leb(dx)
M ;;n;‘[gk(Em) g
u M u

> fE P*(1g, - g)(x) Leb(dx)

=1 i=1m=1

1L i . 1 '
= Zm(E,)/E P <Mi(El)1E,-g,>(x)Leb(dx),

=1 i m=1 m
(5.3)

X -

where)_.* is the sum over with u;(E;) > 0. Next we estimate Eu,o)z:

EGo? = DD uED [ gtoLebidx)
=1 m=1 E

m
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ZM(EZ) / Zgwm(x) Leb(dx)

Ey =

Z Z Z i (Ep) /E gai(iy (%) Leb(dx), (5.4)

=1 m=1i=

wherej is the integer satisfying = j (mod M),0 < j < M. Since

1
/E {Pk (u,-(El) 1 - g") R (x)} Lebldx)

1
< |P* 1 - 8 ) — 8uid
B H <Mi(E1) = g) Hel®

it follows from (5.3) and (5.4) that

for i with u;(E;) > 0,

L(Leb)

~ ~ ~ u u * 1
Eu *Cu _Eu 2< iE Pk 1 *8i ) T Sai
Cuk - €u0) — ECuo) _M;;u( o‘ <m<El> E, g) Sai ()

L1(Leb) .
Now we denote the norm- ||y by
I £l = max(ll fll e, inf(Var(f); £ is a version off}),

where Var f) is the variation off.
From Theorem 1 inR] it follows that there exists & > 1 and aK7 > 0 such that

HP"< ! 1El'gi>_g06j(i) §K7V_k<H ' P/ (g -&)| + el )
wi(Ep) L1(Leb) wi(Ep) v v

where we consideP*g;, P/g; and g,y as functions onC (e’ (i)) = Cuig)- We are
going to estimate the variation d#/ (1, - g;). For simplicity we omit(;) of ¢\ and
11”, andj of A/.

IA

Var(P/(1g, - g)) = Var( Y o g(fﬂx))

AEN;

Z (SUQCEJ ¢, (x) -Var(g(w))+/g((ﬂx(X))Ifﬂi’()C)MX)

)\EA;

Var(g) ) suf.c; ¢, (x) +Sup.; g(x) Y / | (x)| dx

)\EA/ )\EA[
< Var(g)Ks Y Leb(l) +sup., g(x) Y Koleb(l;)
reEN) reEAN;

= (KzVar(g) + Kosup..; g(x)) Leb(E)).

Varc iy (P! (1g, - 81))

IA

IA

We remark that LetE))/u(E;) < K;l, sinceg > K.
Put
Ko = K7((K3Var(g) + Kosup..; g(x)K; " + Var(g) + 2).

Then we have
E(Cuk * £u.0) — E(Gu0)® < uKey *E(u.0).
and hence we obtain the lemma. O
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LEMMA 5.6. Letu : N — N be a function satisfyings.1) and (5.2) and letS satisfy the
assumption as in Lemma 5.5. Assume haE;) ~ constant -17* (0 <s < 1). Then

1 z  u(z)
lim Z Z 1, (S*(x)) =1 for u-a.e.x.

L2200 (2 4+ 1) Yop2h w(En) 55zt
Proof. In the cases = 1, putting¢; , = fu(z),k we easily obtain this by Lemmas 4.2 and
5.5. In the case < 1 we obtain this by a similar technique. O

6. Proof of the theorems
In this section we are going to prove Theorems 1 and 2.7Lée a map satisfying the
conditions (i)—(v) of§2. Let 7; be the restriction of" to (c;_1, ¢;). Set

Ti(ci-) = lim . Ti(x) and Ti(c) = lim T;(x).
Put
aj, = Tj_"(cj_l) forj=2,...,r,
bin=T"() fori=1...,r—1,
Qjen =T Yaj,) forx #jandn >0,
Bivcn =T (b;,) forx #iandn > 0.

Then the first return maR of T on @ = [0, 1] \ (U;[p;:, bi1] U Y;[a; 1, p;]) can be
represented in the following form. Far> 1,

Rx)=T"(x) ifxel (U(a,-,ml, a,-,K,n)> iy (U(ﬁi,w ﬂ,-,ml))

i K#j Jj K#i
It is clear thatR(x) is defined except on the set of the endpoints of the countable partition
of Q. It is easy to see thaf = R satisfies conditions (1)—(4) i§6 and the assumption
of Lemma 5.5.

Let © be a Lebesgue equivalefitergodic invariant measure (such a measure exists
as we have already remarked §&) and letii be an absolutely continuoug-ergodic
invariant measure. We remark that= constant x| (Lemma 3.2).

Now fix i and j. We first consider the case whéhis a small right neighborhood of
p andV is a small left neighborhood qf, wherep = p; andq = p;. Putc = ¢; and
d= Cj—1-

We prepare some notation.

Notation.
_ Yol (TH()

Z;(:o 1(d,q)(Tk (x)) ’
Oen = W xons ﬂk,n = ,Bi,/(,m

E(en) = Jlown. T @) EB) = JIT7H(P). Beal,
K#] KL

F(t,x):

T = maX{z'; lg(Tk(x)) = t},

k=1
t* : the integer satisfying loglog, t*) = [log,(log, 1)] + 1,
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whete [ ] is the Gaussian symbol,
n(t) : the maximal integer satisfying 19dog, t*) < t*(W(E (@n())) + L(EBur))),

Hy(t,x) =Y App, o) (TH@),  He(t,x) = " 1p,,0.0(T ),
k=0 k=0

Hy(t, %) =Y L) (T ), Hy(t,x) =Y Ly, (THX)),
k=0 k=0

Hc(t’ x)

n(t,x) = Hyt.x)"

As we see in the following lemma, it is essential for our purpose to calculate the limit
value of F (¢, x).

LEMMA 6.1. Assume that
uU) =00, pV)y=o00 and u(((p,c)\U)U(d,q)\V)) < o0
and thatlim,_, o, F(z, x) exists. Then

4 k
lim F(t,x) = lim Zl;:olu(T (x))
t—00 t—00 Zk:o 1v(Tk(x))

Proof. We easily obtain this by Lemma 3.1. O

for u-a.e.x.

In the rest of this section we assume (2.1) and (2.2). The following lemma is important
in determining the limit value of (¢, x).

LEMMA 6.2. Assume tha2 < dy < dy. Then
H(E(en)) ~a'n™ @D W(E(B,) ~ YD,
wherea’ and 8’ are positive constants. In addition
i MEBD)
n=00 ((E ()

exists and) < p < oo. Further, letg be the Radon—-Nikodym derivative of the invariant

measureu. Thenp is given by
by lim S g(T7H(p) Leb( T, (p), Ben))

n—oo 37 8(T ) Leb([a . T @]

im > i 8T )TN () MOy (dy — Hm)/ v =D
noo 3o g (LY @) (TU(THg)) MOy (dy — DHn)Y/@w-b"
As a consequence:

(1) ,020|de <dv,

(2) 0<p<ooifdy =dy;

(3) if p=q anddU =dy =2, then,O =0y /0y,
(4) ifr=2p=04g=1anddy =dy = 2, thenp = (T{(c1)bv)/(T,(c1)0v).

(6.1)

(6.2)
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To prove this we need the following lemma.
LEMMA 6.3. (See T2, Corollary, §3].)
Leb([p, b,]) ~ By (dy — Hn) /@Y.

Proof of Lemma 6.2Since T, is a C* function in the neighborhood df,jl(p) for each
i, Leb([T1(p), Bew]) ~ (TUT1(p)))~tLeb([p, b)) for eachk. Thus it follows from
Lemma 6.3 that
Leb([7, 7 (p), Ben)) ~ (T (T () Oy (dy — n) V@D
for eachk # i. Similarly, we have
Leb([a,n, T, (9)]) ~ (T/(T,(9) " v (dy — D)~/
for eachk # j. So, the limit
im > i T (p)Leb( T (p), Ben))
n—00 Zk;é‘] g(kal(q)) Leb([aKJ’H kal(q)])
exists. Sinceg is continuous and bounded away from 07atl(p) for « # i and at
T (q) for k # j, we have
e (TP, BeaD) Y (TN (p)) Leb( TN (p), Bienl)
lim . = lim 1 1 .
=00 3 (e, TLUDD 10 Y, g(T74g)) Leb([ . T2 (g)])

Therefore lim_, . w(E(B,))/u(E(a,)) exists ando is given by equality (6.2). From the
assumption X dy < dy it follows that 0< p < c0. If 2 < dy < dy, we havep =0
by equality (6.2). So we have (1).

If 2 < dy =dy, we have O< p < oo by the equality (6.2). So we have (2).

Now we prove (3). Sincg = ¢, we have

Do (I (p)) - (TUT () MOy (dy — Hn)Y/ @ =D
n—00 3" i 8(TH(p)) - (TUT () "0y (dy — Dn)Y =D~
Thus, sincaly = dy = 2, we havep = 0y /0y.

Finally, we show (4). Since =2, p =0, = 1 anddy = dy = 2, we have

" (T, 10) - (T5(T, 1(0)))1(0yn)

7T RN ) - (T ) L Eun)
Oy - (T, 1(0) - T{(T; (1))
Ou - g(TH (D) - T3(T; H0)
Since g is essentially continuous af; *(1) = 7,%(0) = ci, we obtainp =
T{(c1)0v/ Ty(c1)by. O

LEMMA 6.4. p in (6.1) satisfies the following property:
lim Z;i? 2:0 1E(ﬁ1)(Rk(x))

o0 Y 3 o Lo (RE(x))
As a consequence(s, x) converges te for p-a.e.x.

=p foru-a.e.x. (6.3)
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Proof. Notice that

lim ZZ:l H(EPB)) _ lim WCE(Bn) _
n—00 3 1 (E ()  n=o0 (E(ay))
since) 2, n(E(a)) = > ;o1 w(E(B))) = co. Then, by Lemma 5.6 we can easily obtain

equality (6.3).
We remark that

)

T t) t

n(t)
Hy(t,x) = Ly 10,1 (T () = 1p@ o (R¥(x)),
0 /=1

»
~

o
S ~ =
= | >
S e

H.(t, x) 1 o (RE(x)).

~
o
~
Il

i

From this fact and equality (6.3) it follows thatz, x) converges tq for u-a.e.x. O

We are going to show the following proposition.
PROPOSITIONG.5. F (¢, x) converges te for u-a.e.x if 2 <dy <dy ordy =dy = 2.
In order to show this, we prove the following lemma.

LEMMA 6.6.1f 2 <dy < dy ordy =dy = 2, then
M|n<ﬂU{x; |F(t,x) — p| > g}) =0 foranye > 0.
k=0 t=k

To prove Lemma 6.6 we prepare the following lemma.
LEMMA 6.7.If dy = 2, H.(t, x) ~ constant ¢ logn(z).

Proof. Since H,. (1, x) ~ 3o Sr) 15, (R¥(x)), it follows from Lemma 5.6 that

n(t) n(t)
H,(t,x) ~ 1Y u(E(B)) ~ constant ¢ Y " I~* ~ constant ¢ logn(z).
=1 =1

This completes the proof. O

Proof of Lemma 6.6Put

Eny ' = E(n@®)) = E(anm) Y EBury)-

Let R, be the first return map o (n(¢)) of R and letu,,,,, be the Lebesgue equivalent
R, y-invariant ergodic probability measure. For simplicity of notation, put

I1(r) = log,(log, *).

First we consider the cask;, = dy = 2. We remark that

_ Hy(t,x) + He(1, %)

Fa = g oo+ Hy(t.x)
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Roughly speakingy(z, x) converges top ast — oo (Lemma 6.4), and hence it is
sufficient to show thatf.(z, x) and H,(¢, x) are much greater thaH, (z, x) and H, (¢, x)
for sufficiently larger. Put

C, = {x € Q; ZlE(n(t))(Rl(x)) > (”(t))z}’
=1

Dyy i= {x € Eny: Ry () € (Euanyaman)© for all 1 <1 < ()%},
where M, = [(*(logn(1))*?)/((1))7],
h-1
Ery = Eup. El,=R"E,q\ (U E,’;m> for h > 2,
k=1

h-1

D,}a) ‘= Dy, Dn(,) = R~h*1 Dy \ <U E,’;(,)> for h > 2.
k=1

Then, since

{x € El,: Hy(t*, x) + Hy(t*, x) = t*(logn(t))"*} N CF C E!, )\ D}

n(t)’

we have
msz(ﬁ G{x € Q; Hy(t*, x) + Hy (1", x) > r*(logn<r>>1/2})
k=0 =k
= M|Q(ﬁ
/’L|Q<ﬁ
Applying Lemma 5.3 we have
mQ(}Q(E,’:m \ D,’:(,p)

o0
Z 1lo(E, \ D} )

{x € Ell,: Hy(t*, x) + Hy(t*, x) > t*(logn(t))l/z})

n(t) \Dn(t))> +M|Q<ﬂUCt)~ (6.4)

k=01t=k

IA

y
e

LC8 QC8

ng(En(,)) (mla(EL )\ D)/ la(EL )

IA

constant Z 1la(EL ) - (mla(Engy \ Da)/ttl2(En))

= constant ulq(Euq) \ Dun)/itle(Ene) = constant w, . (D ©).

Hence, sincei(r) is a constant for?2 < ¢ < 22" e have

Hla ( ﬂ U U(Eh(,) \ Dnm)) < constant I|m Z MEW))(Dn(,) ), (6.5)

k=01t=k h= teLk
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whereL; = {r > k; log,(log, ¢) is an integey. Since Lemma 5.4 implies
(o olNe e}
um(ﬂUC,) =0,
k=0t=k

it follows from (6.4) and (6.5) that

M|Q<m U{x € €2 Hp(t*, x) + Hq(t*,x) > t*(|ogn(t))1/2}>

k=01=k
H C
< constant lim D My D).

teLy

Sincer < r*, the above inequality implies

MIQ(ﬂU{x € Hy(t,x) + Hy(t, x) > t*(|Ogn(t))1/2}>

k=0r1=k

. C
< constant kILrgo[ezL: Ppinin Py ©)-
k

To estimate
Mg (D)
we first estimate
Mgy (B +m))-
Putv = «’ + B'. Sincen(t) ~ vt*/ll(t) holds by Lemma 6.2 ifl; = dy = 2 and since
ney+ My~ "0 T a (I))_lt;gc))g(w*/” 0)Y?

holds, we have

—1/2
W(E@n+may) @) vt

E = ~ lo .
Mgy By +-m ) 1 (Ene) ) 9

Thus, applying Lemma 5.3 we have

H’E("W(D"(’)C) 1- ) (Dnry)
2
1— (1 —constant i, (Ea@+man)" ™
constant (I1(1))3
v(log(ve* /Il (£)))1/2"
Therefore we obtain

. C _
kll_[go Z M’E(,,(,))(Dl’l(t) ) - O

telLy

Hence
Hp(ta x) + Hq(t’ 'x)

=00 t(logn(t))
which implies the lemma in this case.

=0 forulg-a.e.x,
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Next we consider the case2dy < dy. Similar to the first case, it is sufficient to
prove that
Hy(t,x)/(Hy(t,x)+ H,(t,x)) - 0 (t = 00).

Put
G (Bu) = {x € Enq; Ri,,)(x) € E(Bu) for some 1< 1 < (I1(1))%}.

If we show
Jim 3 11, (GBa)) =0, (6.:6)

tely

we obtain the lemma in this case in a way similar to the first case. So, we are going to
prove (6.6). By Lemma 6.2 and by the definition:af) we have

WEBu)) ~  Bn@ W™V ~ B(@) T (E @n(n)) @ D@D
~ constant (Il (z)/¢*) @~/ =D,

Thus we have

(G Bui) _ )21 (E (Bury))
M(En(t)) - M(En(t))
~ M@ RE Bup))t* ~ constant (Il () /%)@ =D/ @u=Dj| (1)r*,

H’E(;x(x)) (G (ﬂn(t)))

Since 2< dy < dy, we obtain (6.6). Thus the proof of the lemma is complete. O

Proof of Proposition 6.5.Let O be an arbitrary set withu|o(Q) = 0. Since
Leb(U;2,T7"Q) =1 and Lekl )2, 7" Q) = 0, it is sufficient to show that

“|9<ﬂU{x§ |F(t,x) — pl| > s}) =0 foranye > 0.

k=01=k

Obviously, this is equivalent to

M|Q<HU{X§ |F (7, x) — p| > g}) =0 foranye > 0.

k=01t=k
Thus the proposition follows from Lemma 6.6. O

Proof of Theorems 1 and 21 the case whe/ is a small right neighborhood gf and
whenV is a small left neighborhood af, Theorems 1 and 2 follow from Lemmas 6.1
and 6.2 and Proposition 6.5. The other cases are similarly proved. O

7. Corollaries

In this section we give easy corollaries of our main theorems, which are analogues to

the Birkhoff individual ergodic theorem and results concerning asymptotic measures.
Let 7 : [0, 1] — [0, 1] be a map satisfying (i)—(v) i§2.

COROLLARY OF THEOREM1. Let U be a one-sided small neighborhood of a fixed pgint
and assume that conditiof2.1) with d; > 2 is satisfied.
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(1) If we have constantgy < dy and6p > 0 such that
T (x) — x| > folx — | + o(lx — q|®) (7.1)

in a one-sided small neighborhood @f= p which is opposite td/ and in a small
neighborhood of each fixed poigt£ p, then
n—oon

1 n—1
lim Z 1,(T*(x)) =1 for Leb-a.e.x.
k=0

(2) If we have constantdy < dy anddy > 0 satisfying (7.1) in a small neighborhood of
each fixed poing # p, then

n—1
lim =% 87wy =8, weakly forLeba.e.x,

wheres, is the Dirac delta measure on

COROLLARY OF THEOREM 2. Let Ui, U,,...,U,,...,Us_, be one-sided small
neighborhoods of fixed poinis,, pi,, ..., Pi,. - - -, Pi,_, f€spectivelyLeb(U; NU;) = 0
if j # k). Assume thaf2.1) with dy = 2 is satisfied inU = U; for eachi < m, and
assume that7.1) with dg < 2 and 8y > 0 is satisfied inU; for eachi > m. Then:

(1)

n—

1=
lim Z 1y,(T*(x)) = 5; for Leba.e.x,
NI

wheres; is a positive constant for each< m ands; = 0 for eachj > m.

()
1 n—1 m
im = 8y = D584, weakly forLeba.e.x,
=0 =1

n—oon

where} 7, s; = 1and p(i;) = p;,.

8. Remark

Until now we have assumed that is a piecewise increasing function. In this section

we consider the maf which is not piecewise increasing.

Assume that conditions (i) and (v) i§2 are replaced by condition§)* and (v)*
respectively.

(i)* There exists a partition & co < py <ci1<pa<ca <+ < pr_1 <C_1 < py <
¢, = 1 of [0, 1] such that the restrictions @f to the interval(c;_1, p;) and (p;, ¢;)
are C? functions for each.

W)* |T'(x)| > 1 forx ¢ {p1..... pr}. o

In (i)* we allow O< p; andp, < 1. LetU, V, dy anddy be as in§2. LetU andV be

small one-sided neighborhoods pfandg which are opposite t&/ andV respectively.

(If U is a right neighborhood of 0 or a left neighborhood of 1, we do not condidpr

Define

g — min(dy,dy), £ T'(x) <0inU
U7 dy, if 7(x) >0inU.
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In the same way we defing,. Then:

e if2 <dy <dy, the conclusion of Theorem 1 holds;

e if 2 =dy =dy, the conclusion of Theorem 2 holds without the ‘in particular’ part.
These kind of facts can be proved in essentially the same way as Theorems 1 and 2.

Acknowledgement. The author thanks Professor Izumi Kubo for his kind remarks to the
preliminary version of the manuscript.
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