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Abstract. We study one-dimensional transformationsT with indifferent fixed pointsp
and q (p and q are fixed points withT ′(p) = T ′(q) = 1). In the case whenT has a
Lebesgue equivalent infinite invariant measure, we give the ratio ergodic theorems which
describe the limit value of the ratio of the sojourn time of the trajectory{T k(x)}nk=0 in a
small neighborhood ofp to that in a small neighborhood ofq.

1. Introduction
For an interval mapT , a fixed pointp is called indifferent if

lim
x→p

T (x) = p and lim
x→p

|T ′(x)| = 1.

Maps with indifferent fixed points are related to intermittency. A typical example of an
interval map with indifferent fixed points is the following transformationT : [0, 1] →
[0, 1], which is related to continued fractions (see [IY ]):

T (x) =


x

1 − x
for x ∈ [0, 1

2)

2x − 1

x
for x ∈ [ 1

2, 1].
(1.1)

This mapT has the indifferent fixed points 0 and 1. The behavior of the typical trajectory
is as follows. Once the trajectory{T k(x)}nk=0 enters a small neighborhood of 0 or 1, the
trajectory stays in the neighborhood for an extremely long time and eventually goes out
of the neighborhood. After this, the trajectory oscillates chaotically and next enters a
small neighborhood of 0 or 1. The trajectory repeats this kind of behavior. This behavior
results from indifferent fixed points 0 and 1.

We have the following questions. Does the limit value

lim
n→∞

]{k ≤ n; T k(x) ∈ [0, ε)}
]{k ≤ n; T k(x) ∈ (1 − δ, 1]} (1.2)

exist? What is the limit value if it exists? (]S stands for the number of elements of the
setS, andε andδ are positive small constants.)
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626 T. Inoue

The transformation (1.1) has a Lebesgue equivalent ergodicσ -finite invariant measure
µ. As a classical result of the ergodic theory, we have the Hopf ratio ergodic theorem
[H, K ], by which we have

lim
n→∞

]{k ≤ n; T k(x) ∈ U}
]{k ≤ n; T k(x) ∈ V } = µ(U)

µ(V )
if µ(U) < ∞ andµ(V ) < ∞.

But, in this case, sinceµ([0, ε)) = ∞ andµ((1−δ, 1]) = ∞, we cannot obtain the limit
value (1.2) by the Hopf ratio ergodic theorem.

In this paper, we study more general transformationsT with indifferent fixed points
p andq, and give the ratio ergodic theorems which describe limit values like (1.2).

2. Setting and results
In this section, we consider the following class of transformations including the previous
transformation (1.1). LetT : [0, 1] → [0, 1] be a transformation satisfying the following
conditions (i)–(v):
(i) there exists a partition 0= c0 = p1 < c1 < p2 < c2 < · · · < pr−1 < cr−1 < cr =

pr = 1 of [0, 1] such that the restrictions ofT to the interval(ci−1, pi) and(pi, ci)

areC2 functions for eachi;
(ii) T (pi) = pi andT is continuous atpi for eachi;
(iii) T (ci−1, ci) = (0, 1) for eachi;
(iv) there exists a positive constantc such that |T ′′(x)|/(T ′(x))2 < c < ∞ for

x /∈ {p1, . . . , pr , c1, . . . , cr−1};
(v) T ′(x) > 1 for x /∈ {p1, . . . , pr}.
Remark 1.We do not assumeT ′(pi) > 1.

Remark 2.T satisfying the above conditions (i)–(v) has a Lebesgue equivalent ergodicσ -
finite invariant measureµ whose density function is bounded away from 0 and continuous
except on the set of the indifferent fixed points (cf. [T1]).

Put p = pi and q = pj (it is not necessary thati 6= j ). Let U and V be a small
one-sided neighborhood ofp and a small one-sided neighborhood ofq respectively.
(The closure ofU does not contain any fixed points exceptp.) We consider the ratio
of the sojourn time of the trajectory{T k(x)}nk=0 in U to that inV . (If p = q (i = j),
we consider a left neighborhood ofp and a right neighborhood ofp.) If we consider a
small left neighborhood ofp, assume that

lim
x→p−0

T ′(x) = 1.

If we consider a small right neighborhood ofp, assume that

lim
x→p+0

T ′(x) = 1.

We make the same assumption forq. Further, assume that

|T (x) − x| = θU |x − p|dU + o(|x − p|dU ) in U (2.1)

and
|T (x) − x| = θV |x − q|dV + o(|x − q|dV ) in V, (2.2)

whereθU , θV , dU anddV are constants.
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Remark 3.Let µ be the invariant measure as in Remark 2. Then,µ(U) = ∞ if and only
if dU ≥ 2 (see Lemma 4.2 and Remark 4.1 in [I1] and Theorem 1.1 in [I2]).

By this remark and the Hopf ratio ergodic theorem, ifdU anddV are less than 2, we
have

lim
n→∞

∑n
k=0 1U(T k(x))∑n
k=0 1V (T k(x))

= µ(U)

µ(V )
for Leb-a.e.x,

where 1U is the indicator function onU and Leb is the Lebesgue measure. Further, a
basic corollary of the Hopf ratio ergodic theorem (Lemma 3.1) implies that

lim
n→∞

∑n
k=0 1U(T k(x))∑n
k=0 1V (T k(x))

= 0 for Leb-a.e.x

if dU < 2 anddV ≥ 2. So, we only consider the case 2≤ dU ≤ dV .
Now we give the two main theorems in this paper.

THEOREM 1. If dV > dU ≥ 2,

lim
n→∞

∑n
k=0 1U(T k(x))∑n
k=0 1V (T k(x))

= 0 for Leb-a.e.x.

This gives the limit in the casedU 6= dV . On the other hand, in the casedU = dV ,
we have the following theorem.

THEOREM 2. If dU = dV = 2,

lim
n→∞

∑n
k=0 1U(T k(x))∑n
k=0 1V (T k(x))

= ρ for Leb-a.e.x,

whereρ is a positive finite constant. In particular:
(1) if p = q (U is a small left neighborhood ofp, andV is a small right neighborhood

of p), then

ρ = θV

θU

;
(2) if r = 2, p = 0 andq = 1, then

ρ = θV M1

θUM2
,

where
M1 = lim

x↑c1

T ′(x) and M2 = lim
x↓c1

T ′(x).

From this it follows that the limit value (1.2) forT defined by (1.1) is equal to 1,
sincedU = dV = 2, θU = θV andM1 = M2.

In the casedU = dV > 2, the limit value of the ratio does not exist, which will be
proved in another paper. Further, we have the following conjecture.

Conjecture.If dU = dV > 2, the ‘limit distribution’

G(s) = lim
n→∞ Leb

{
x;
∑n

k=0 1U(T k(x))∑n
k=0 1V (T k(x))

< s

}
exists.
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3. Preliminaries
In this section we give the definition of ergodicity and a basic corollary of the Hopf
ratio ergodic theorem, and we state a basic property of the first return maps which
are important tools in this paper. Further, we prepare a notation which we will often
use. First we define the ergodicity for a transformationT on a σ -finite measure space
(X,F , µ).

Definition 3.1.(T , µ) is calledergodic if µ(A) = 0 or µ(X \ A) = 0 for everyA ∈ F
with T −1A = A µ-a.e.

The following lemma is a basic corollary of the Hopf ratio ergodic theorem.

LEMMA 3.1. LetT be a measure-preserving ergodic transformation on aσ -finite measure
space(X,F , µ), let f ∈ L1(µ) and let

∫
g dµ = ∞, g ≥ 0. Then

lim
n→∞

∑n
k=0 f (T k(x))∑n
k=0 g(T k(x))

= 0 for µ-a.e.x.

The proof of this is easy (see Lemma 2.1 in [I2]).

The first return map ofT onA is defined asT n(x)(x), wheren(x) is inf{n ≥ 1; T n(x) ∈
A}. In the following lemma, letT be a transformation on aσ -finite measure space
(X,F , µ) and letA ⊂ X be a measurable set withA ⊂ ⋃∞

n=1 T −n(A). Then the first
return map is well defined.

LEMMA 3.2. Assume thatµ is a T -ergodic σ -finite invariant measure. Letµ|A be the
restriction ofµ to A. Then the first return mapR of T on A is µ|A-ergodic invariant.
As a consequence, if̃µ is a µ-absolutely continuousσ -finite R-invariant measure, then
µ̃ = constant · µ|A.

The proof of this is a minor modification of the proof of Lemma 1 in [P].

The following notation will be used in the rest of this paper.

Notation.vn ∼ wn stands for limn→∞(vn/wn) = 1.

4. Probabilistic lemmas
In this section we give probabilistic lemmas, which will be used in the next section. Let
L be a subset ofN , whereN is the set of natural numbers.

LEMMA 4.1. Let ξz,k be a random variable on a probability space(X,F , µ) for k =
0, 1, . . . , z. Assume that∑

z∈L

1

z2(E(ξz,0))2
< ∞ and E(ξz,i · ξz,j) ≤ constant· (E(ξz,0))

2.

Then,

lim
L3z→∞

1

(z + 1)2(E(ξz,0))2

z∑
k=0

ξz,k = 0 µ-a.e.
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Proof. Let ε > 0 be arbitrary. Putpz = E(ξz,0). Then it follows from the Chebyshev
inequality that

µ

({∣∣∣∣∣ 1

((z + 1) · pz)
2

z∑
k=0

ξz,k

∣∣∣∣∣ > ε

})
≤ 1

ε2(z + 1)4 · pz
4

E

(∣∣∣∣ z∑
k=0

ξz,k

∣∣∣∣2)
≤ constant· ε−2(z + 1)−2 · pz

−2.

By the Borel–Cantelli lemma we obtain Lemma 4.1. �

LEMMA 4.2. Letu : N → N be a function. Letζz,k be a random variable on a probability
space(X,F , µ) for k = 0, . . . , z. Assume that

E(ζz,0) = E(ζz,k) ≥ 0,
∑
z∈L

u(z)

zE(ζz,0)
< ∞ and

E(ζz,k · ζz,i) − E(ζz,0)
2 ≤ Kγ −|k−i|u(z)E(ζz,0),

whereK > 0 andγ > 1 are constants. Then,

lim
L3z→∞

1

(z + 1)E(ζz,0)

z∑
k=0

ζz,k = 1 µ-a.e.

Proof. Let ε > 0 be arbitrary. By the Chebyshev inequality we have

µ

({∣∣∣∣∣ 1

(z + 1)E(ζz,0)

z∑
k=0

ζz,k − 1

∣∣∣∣∣ > ε

})

≤
(

1

ε(z + 1)E(ζz,0)

)2 ∫ ∣∣∣∣ z∑
k=0

ζz,k − (z + 1)E(ζz,0)

∣∣∣∣2dµ.

Since it follows from the first and third assumptions of the lemma that∑
0≤k,i≤z

E(ζz,k · ζz,i) ≤
∑

0≤k,i≤z

E(ζz,0)
2 +

∑
0≤k,i≤z

Kγ −|k−i|u(z)E(ζz,0)

= (z + 1)2E(ζz,0)
2 + K

z∑
i=0

(i + 1)γ −z+iu(z)E(ζz,0)

≤ (z + 1)2E(ζz,0)
2 + constant· (z + 1)u(z)E(ζz,0),

we have

µ

({∣∣∣∣∣ 1

(z + 1)E(ζz,0)

z∑
k=0

ζz,k − 1

∣∣∣∣∣ > ε

})

≤
(

1

ε(z + 1)E(ζz,0)

)2 (
constant· (z + 1)u(z)E(ζz,0)

)
≤ constant· u(z)

ε2(z + 1)E(ζz,0)
.

The lemma follows from the second assumption of the lemma and the Borel–Cantelli
lemma. �
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5. Ergodic properties for piecewise monotonic maps with countable partitions
We devote this section to the investigation of some ergodic properties for piecewise
monotonic maps with countable partitions which naturally arise from the first return
maps.

Let J be the union of disjoint intervalsJ1, . . . , Jn with Leb(J ) < ∞. We assume
that S : J → J satisfies the following conditions (1)–(4):
(1) there exists a partition{Iλ}λ∈3 of J such that the restriction ofS to the intervalIλ

is a C2 function for eachλ;
(2) for eachλ there exists ani such thatS(Iλ) = Ji ;
(3) there exists a positive constantK0 such that

|S ′′(x)|/(S ′(x))2 < K0 < ∞,

whenever the first and the second derivatives ofS are defined;
(4) there exists a constantK1 > 1 with S ′(x) > K1, whenever the first derivative ofS

is defined.
Then we have the following lemma.

LEMMA 5.1. (See [R].) S has an absolutely continuous invariant probability measure
µ and there exists a non-negative functiong of bounded variation such thatµ(U) =∫
U

g(x) Leb(dx) for all measurable setU .

Notice thatSk : J → J satisfies the conditions (1)–(4) replacingS with Sk. Let
{I (k)

λ }λ∈3k be the partition associated withSk and let ϕ(k)
λ be the inverse function of

the restriction toI (k)
λ of Sk. Let vλ and wλ be the left and right endpoints ofSk(Iλ)

respectively.

LEMMA 5.2. ϕ
(k)
λ

′
(x) ≤ K2 Leb(I (k)

λ ) for x ∈ Sk(I
(k)
λ ), whereK2 is a constant independent

of k andλ.

Proof. For simplicity, we omit the index(k) in the proof. Letx, y ∈ (vλ, wλ). By the
mean value theorem there exists anω such that

log
ϕ′

λ(x)

ϕ′
λ(y)

= ϕ′′
λ(ω)

ϕ′
λ(ω)

(x − y) ≤ K0(wλ − vλ).

Since there exists auλ such thatϕλ(wλ) − ϕλ(vλ) = ϕ′
λ(uλ)(wλ − vλ), it follows from

the previous inequality that

ϕ′
λ(x) ≤ exp(K0(wλ − vλ))ϕ

′
λ(uλ)

= exp(K0(wλ − vλ))
ϕλ(wλ) − ϕλ(vλ)

wλ − vλ

= exp(K0(wλ − vλ))

wλ − vλ

· Leb(Iλ).

Put K2 = exp(K0 Leb(J ))(mini{Leb(Ji)})−1. Then we obtain the lemma. �

LEMMA 5.3. (I) Assume that the densityg satisfies

0 <
K4

Leb(J )
≤ g ≤ K5

Leb(J )
.
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Let A be a union of disjoint intervals, that is,A = ∪j (xj , yj ), and letB = ∪λ∈3B
I

(k)
λ ,

where3B is a subset of3k. Then

µ(S−kA ∩ B) ≤ K3 · µ(A) · µ(B),

whereK3 is a constant independent ofA, B andk.
(II) Let Ĵi,n be a decreasing sequence of the intervals with respect ton such that

Leb(Ĵi,n ∩ Ĵj,n) = 0 (i 6= j). Put Ĵn = ∪i Ĵi,n. ConsiderŜn : Ĵn → Ĵn instead of
S : J → J . Assume that̂Sn : Ĵn → Ĵn satisfies conditions(1)–(4), and assume that
Leb(Ĵn)/ Leb(Ĵi,n) is bounded for alli, n. Then, the assertion corresponding to(I) holds
and the constant corresponding toK3 is finite even ifLeb(Ĵi,n) → 0 for all i asn → ∞.

Proof. For simplicity, we omit the index(k) in the proof. By the assumption ong we
have

µ(S−kA ∩ B)

µ(B)
≤ K5

∑
λ∈3B

∑
j (ϕλ(yj ) − ϕλ(xj ))

K4 Leb(B)
.

By the mean value theorem, there existszj ∈ (xj , yj ) such that

ϕλ(yj ) − ϕλ(xj ) = ϕ′
λ(zj )(yj − xj ).

This equality and the previous lemma imply

µ(S−kA ∩ B)

µ(B)
≤ K5K2

∑
λ∈3B

∑
j Leb(Iλ)(yj − xj )

K4 Leb(B)

= K5K2 Leb(A)

K4
≤ K5K2 Leb(J )µ(A)

K2
4

,

which shows the first half of the lemma. The latter half of the lemma follows from the
end of the proof of Lemma 5.2. �

Let {3l} be a decreasing sequence of subsets of3. Put

El = ∪λ∈3l
Iλ.

Let {3k
l } be the decreasing sequence of the subsets of3k such that

El = ∪λ∈3k
l
I

(k)
λ .

LEMMA 5.4. Let u : N → N be a function satisfying

z · µ(Eu(z)) ∼ constant· log2(log2 z), (5.1)

and let
L = {z; log2(log2 z) is a positive integer}. (5.2)

Assume that the densityg is bounded away from0. Then

lim
L3z→∞

1

(z + 1)2(µ(Eu(z)))2

z∑
k=0

1Eu(z)
(Sk(x)) = 0 for µ-a.e.x.

Proof. We easily obtain this from Lemmas 4.1 and 5.3. �

https://doi.org/10.1017/S0143385797084952 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797084952


632 T. Inoue

Now put

ζ̂u,k(x) =
u∑

m=1

1Em
(Sk(x)),

whereu is an integer.
Let P be the Frobenius–Perron operator corresponding to(S, Leb) (the definition of

the Frobenius–Perron operator is found in [LM ]).

LEMMA 5.5. Assume thatS is ergodic and thatP is asymptotically periodic, that is, for
any probability density functionf ,

lim
n→∞

∥∥∥∥P nf −
M∑
i=1

λi(f )gαn(i)

∥∥∥∥
L1(Leb)

= 0,

whereg1, . . . , gM are probability density functions withgi(x) · gj (x) = 0 for all i 6= j

andα is a cyclic permutation of{1, . . . , M}. Then

E(ζ̂u,k · ζ̂u,i) − E(ζ̂u,0)
2 ≤ K6γ

−|k−i|uE(ζ̂u,0),

whereE(ζ ) is the expectation ofζ on the probability space(J, µ), K6 > 0 and γ > 1
are constants independent ofi, k andu.

Proof. It is sufficient to prove that

E(ζ̂u,k · ζ̂u,0) − E(ζ̂u,0)
2 ≤ K6γ

−kuE(ζ̂u,0).

Put g = M−1∑M
i=1 gi . Then g is the Radon–Nikodym derivative ofµ. Put Ci =

{x; gi(x) > 0} andµi(E) = µ(E ∩ Ci). We first estimate E(ζ̂u,k · ζ̂u,0):

E(ζ̂u,k · ζ̂u,0) =
u∑

l=1

M∑
i=1

u∑
m=1

∫
J

1El∩Ci
(x)1Em

(Sk(x))µ(dx)

=
u∑

l=1

M∑
i=1

u∑
m=1

∫
S−k(Em)

1El∩Ci
(x)g(x) Leb(dx)

= 1

M

u∑
l=1

M∑
i=1

u∑
m=1

∫
S−k(Em)

1El
(x)gi(x) Leb(dx)

= 1

M

u∑
l=1

M∑
i=1

u∑
m=1

∫
Em

P k(1El
· gi)(x) Leb(dx)

= 1

M

u∑
l=1

∑
i

?
u∑

m=1

µi(El)

∫
Em

P k

(
1

µi(El)
1El

· gi

)
(x) Leb(dx),

(5.3)

where
∑

i
? is the sum overi with µi(El) > 0. Next we estimate E(ζ̂u,0)

2:

E(ζ̂u,0)
2 =

u∑
l=1

u∑
m=1

µ(El)

∫
Em

g(x) Leb(dx)
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= 1

M

u∑
l=1

u∑
m=1

µ(El)

∫
Em

M∑
i=1

gαj (i)(x) Leb(dx)

≥ 1

M

u∑
l=1

u∑
m=1

M∑
i=1

µi(El)

∫
Em

gαj (i)(x) Leb(dx), (5.4)

wherej is the integer satisfyingk = j (mod M), 0 ≤ j < M. Since∫
Em

{
P k

(
1

µi(El)
1El

· gi

)
(x) − gαj (i)(x)

}
Leb(dx)

≤
∥∥∥∥P k

(
1

µi(El)
1El

· gi

)
− gαj (i)

∥∥∥∥
L1(Leb)

for i with µi(El) > 0,

it follows from (5.3) and (5.4) that

E(ζ̂u,k · ζ̂u,0) − E(ζ̂u,0)
2 ≤ u

M

u∑
l=1

∑
i

?
µi(El)

∥∥∥∥P k

(
1

µi(El)
1El

· gi

)
− gαj (i)

∥∥∥∥
L1(Leb)

.

Now we denote the norm‖ · ‖V by

‖f ‖V = max(‖f ‖L1(Leb), inf{Var(f̃ ); f̃ is a version off }),
where Var(f ) is the variation off .

From Theorem 1 in [R] it follows that there exists aγ > 1 and aK7 > 0 such that∥∥∥∥P k

(
1

µi(El)
1El

· gi

)
− gαj (i)

∥∥∥∥
L1(Leb)

≤ K7γ
−k

(∥∥∥∥ 1

µi(El)
P j
(
1El

· gi

)∥∥∥∥
V

+ ∥∥gαj (i)

∥∥
V

)
,

where we considerP kgi, P
jgi and gαj (i) as functions onC(αj (i)) = Cαj (i). We are

going to estimate the variation ofP j (1El
· gi). For simplicity we omit(j) of ϕ

(j)

λ and
I

(j)

λ , andj of 3
j

l .

VarC(αj (i))(P
j (1El

· gi)) ≤ Var(P j (1El
· g)) = Var

(∑
λ∈3l

ϕ′
λ · g(ϕλ)

)
≤

∑
λ∈3l

(
supx∈J ϕ′

λ(x) · Var(g(ϕλ))+
∫

g(ϕλ(x))|ϕ′′
λ(x)| dx

)
≤ Var(g)

∑
λ∈3l

supx∈J ϕ′
λ(x) + supx∈J g(x)

∑
λ∈3l

∫
|ϕ′′

λ(x)| dx

≤ Var(g)K3

∑
λ∈3l

Leb(Iλ) + supx∈J g(x)
∑
λ∈3l

K0 Leb(Iλ)

= (K3 Var(g) + K0 supx∈J g(x)) Leb(El).

We remark that Leb(El)/µ(El) ≤ K−1
4 , sinceg ≥ K4.

Put
K6 = K7((K3 Var(g) + K0 supx∈J g(x))K−1

4 + Var(g) + 2).

Then we have
E(ζ̂u,k · ζ̂u,0) − E(ζ̂u,0)

2 ≤ uK6γ
−kE(ζ̂u,0),

and hence we obtain the lemma. �
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LEMMA 5.6. Let u : N → N be a function satisfying(5.1) and (5.2) and letS satisfy the
assumption as in Lemma 5.5. Assume thatµ (El) ∼ constant · l−s (0 < s ≤ 1). Then

lim
L3z→∞

1

(z + 1)
∑u(z)

m=1 µ(Em)

z∑
k=0

u(z)∑
m=1

1Em
(Sk(x)) = 1 for µ-a.e.x.

Proof. In the cases = 1, puttingζz,k = ζ̂u(z),k we easily obtain this by Lemmas 4.2 and
5.5. In the cases < 1 we obtain this by a similar technique. �

6. Proof of the theorems
In this section we are going to prove Theorems 1 and 2. LetT be a map satisfying the
conditions (i)–(v) of§2. Let Ti be the restriction ofT to (ci−1, ci). Set

Ti(ci−1) = lim
x→ci−1

Ti(x) and Ti(ci) = lim
x→ci

Ti(x).

Put

aj,n = T −n
j (cj−1) for j = 2, . . . , r,

bi,n = T −n
i (ci) for i = 1, . . . , r − 1,

αj,κ,n = T −1
κ (aj,n) for κ 6= j andn ≥ 0,

βi,κ,n = T −1
κ (bi,n) for κ 6= i andn ≥ 0.

Then the first return mapR of T on � = [0, 1] \ (∪i [pi, bi,1] ∪ ∪j [aj,1, pj ]) can be
represented in the following form. Forn ≥ 1,

R(x) = T n(x) if x ∈
⋃

i

(⋃
κ 6=j

(αj,κ,n−1, αj,κ,n)

)
∪
⋃
j

(⋃
κ 6=i

(βi,κ,n, βi,κ,n−1)

)
.

It is clear thatR(x) is defined except on the set of the endpoints of the countable partition
of �. It is easy to see thatS = R satisfies conditions (1)–(4) in§5 and the assumption
of Lemma 5.5.

Let µ be a Lebesgue equivalentT -ergodic invariant measure (such a measure exists
as we have already remarked in§2) and letµ̃ be an absolutely continuousR-ergodic
invariant measure. We remark thatµ̃ = constant· µ|� (Lemma 3.2).

Now fix i andj . We first consider the case whenU is a small right neighborhood of
p andV is a small left neighborhood ofq, wherep = pi andq = pj . Put c = ci and
d = cj−1.

We prepare some notation.

Notation.

F(t, x) :=
∑t

k=0 1(p,c)(T
k(x))∑t

k=0 1(d,q)(T k(x))
,

ακ,n := αj,κ,n, βκ,n := βi,κ,n,

E(αn) :=
⋃
κ 6=j

[ακ,n, T
−1
κ (q)], E(βn) :=

⋃
κ 6=i

[T −1
κ (p), βκ,n],

τt := max

{
τ ;

τ∑
k=1

1�(T k(x)) = t

}
,

t∗ : the integer satisfying log2(log2 t∗) = [log2(log2 t)] + 1,
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where [ ] is theGaussian symbol,

n(t) : the maximal integer satisfying log2(log2 t∗) ≤ t∗(µ(E(αn(t))) + µ(E(βn(t)))),

Hp(t, x) :=
τt∑

k=0

1[p,bi,n(t))(T
k(x)), Hc(t, x) :=

τt∑
k=0

1[bi,n(t),c)(T
k(x)),

Hd(t, x) :=
τt∑

k=0

1(d,aj,n(t)](T
k(x)), Hq(t, x) :=

τt∑
k=0

1(aj,n(t),q](T
k(x)),

η(t, x) := Hc(t, x)

Hd(t, x)
.

As we see in the following lemma, it is essential for our purpose to calculate the limit
value ofF(t, x).

LEMMA 6.1. Assume that

µ(U) = ∞, µ(V ) = ∞ and µ(((p, c) \ U) ∪ ((d, q) \ V )) < ∞
and thatlimt→∞ F(t, x) exists. Then

lim
t→∞ F(t, x) = lim

t→∞

∑t
k=0 1U(T k(x))∑t
k=0 1V (T k(x))

for µ-a.e.x.

Proof. We easily obtain this by Lemma 3.1. �

In the rest of this section we assume (2.1) and (2.2). The following lemma is important
in determining the limit value ofF(t, x).

LEMMA 6.2. Assume that2 ≤ dU ≤ dV . Then

µ(E(αn)) ∼ α′n−1/(dV −1), µ(E(βn)) ∼ β ′n−1/(dU −1),

whereα′ andβ ′ are positive constants. In addition

ρ = lim
n→∞

µ(E(βn))

µ(E(αn))
(6.1)

exists and0 ≤ ρ < ∞. Further, letg be the Radon–Nikodym derivative of the invariant
measureµ. Thenρ is given by

ρ = lim
n→∞

∑
κ 6=i g(T −1

κ (p)) Leb([T −1
κ (p), βκ,n])∑

κ 6=j g(T −1
κ (q)) Leb([ακ,n, T −1

κ (q)])

= lim
n→∞

∑
κ 6=i g(T −1

κ (p))(T ′
κ(T

−1
κ (p)))−1(θV (dV − 1)n)1/(dV −1)∑

κ 6=j g(T −1
κ (q))(T ′

κ(T
−1
κ (q)))−1(θU (dU − 1)n)1/(dU −1)

. (6.2)

As a consequence:
(1) ρ = 0 if dU < dV ;
(2) 0 < ρ < ∞ if dU = dV ;
(3) if p = q anddU = dV = 2, thenρ = θV /θU ;
(4) if r = 2, p = 0, q = 1 anddU = dV = 2, thenρ = (T ′

1(c1)θV )/(T ′
2(c1)θU ).
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To prove this we need the following lemma.

LEMMA 6.3. (See [T2, Corollary,§3].)

Leb([p, bn]) ∼ (θU (dU − 1)n)−1/(dU −1).

Proof of Lemma 6.2.SinceTκ is a C1 function in the neighborhood ofT −1
κ (p) for each

κ, Leb([T −1
κ (p), βκ,n]) ∼ (T ′

κ(T
−1
κ (p)))−1 Leb([p, bn]) for eachκ. Thus it follows from

Lemma 6.3 that

Leb([T −1
κ (p), βκ,n]) ∼ (T ′

κ(T
−1
κ (p)))−1(θU (dU − 1)n)−1/(dU −1)

for eachκ 6= i. Similarly, we have

Leb([ακ,n, T
−1
κ (q)]) ∼ (T ′

κ(T
−1
κ (q)))−1(θV (dV − 1)n)−1/(dV −1)

for eachκ 6= j . So, the limit

lim
n→∞

∑
κ 6=i g(T −1

κ (p))Leb([T −1
κ (p), βκ,n])∑

κ 6=j g(T −1
κ (q)) Leb([ακ,n, T −1

κ (q)])

exists. Sinceg is continuous and bounded away from 0 atT −1
κ (p) for κ 6= i and at

T −1
κ (q) for κ 6= j , we have

lim
n→∞

∑
κ 6=i µ([T −1

κ (p), βκ,n])∑
κ 6=j µ([ακ,n, T −1

κ (q)])
= lim

n→∞

∑
κ 6=i g(T −1

κ (p)) Leb([T −1
κ (p), βκ,n])∑

κ 6=j g(T −1
κ (q)) Leb([ακ,n, T −1

κ (q)])
.

Therefore limn→∞ µ(E(βn))/µ(E(αn)) exists andρ is given by equality (6.2). From the
assumption 2≤ dU ≤ dV it follows that 0≤ ρ < ∞. If 2 ≤ dU < dV , we haveρ = 0
by equality (6.2). So we have (1).

If 2 ≤ dU = dV , we have 0< ρ < ∞ by the equality (6.2). So we have (2).
Now we prove (3). Sincep = q, we have

ρ = lim
n→∞

∑
κ 6=i g(T −1

κ (p)) · (T ′
κ(T

−1
κ (p)))−1(θV (dV − 1)n)1/(dV −1)∑

κ 6=i g(T −1
κ (p)) · (T ′

κ(T
−1
κ (p)))−1(θU (dU − 1)n)1/(dU −1)

.

Thus, sincedU = dV = 2, we haveρ = θV /θU .
Finally, we show (4). Sincer = 2, p = 0, q = 1 anddU = dV = 2, we have

ρ = lim
n→∞

g(T −1
2 (0)) · (T ′

2(T
−1

2 (0)))−1(θV n)

g(T −1
1 (1)) · (T ′

1(T
−1

1 (1)))−1(θUn)

= θV · g(T −1
2 (0)) · T ′

1(T
−1

1 (1))

θU · g(T −1
1 (1)) · T ′

2(T
−1

2 (0))
.

Since g is essentially continuous atT −1
1 (1) = T −1

2 (0) = c1, we obtain ρ =
T ′

1(c1)θV /T ′
2(c1)θU . �

LEMMA 6.4. ρ in (6.1) satisfies the following property:

lim
t→∞

∑n(t)

l=1

∑t
k=0 1E(βl)(R

k(x))∑n(t)

l=1

∑t
k=0 1E(αl)(R

k(x))
= ρ for µ-a.e.x. (6.3)

As a consequence,η(t, x) converges toρ for µ-a.e.x.
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Proof. Notice that

lim
n→∞

∑n
l=1 µ(E(βl))∑n
l=1 µ(E(αl))

= lim
n→∞

µ(E(βn))

µ(E(αn))
= ρ,

since
∑∞

l=1 µ(E(αl)) = ∑∞
l=1 µ(E(βl)) = ∞. Then, by Lemma 5.6 we can easily obtain

equality (6.3).
We remark that

Hd(t, x) =
τt∑

k=0

n(t)∑
l=1

1(aj,l−1,aj,l ](T
k(x)) =

t∑
k=0

n(t)∑
l=1

1E(αl−1)(R
k(x)),

Hc(t, x) =
t∑

k=0

n(t)∑
l=1

1E(βl−1)(R
k(x)).

From this fact and equality (6.3) it follows thatη(t, x) converges toρ for µ-a.e.x. �

We are going to show the following proposition.

PROPOSITION6.5. F(t, x) converges toρ for µ-a.e.x if 2 ≤ dU < dV or dU = dV = 2.

In order to show this, we prove the following lemma.

LEMMA 6.6. If 2 ≤ dU < dV or dU = dV = 2, then

µ|�
( ∞⋂

k=0

∞⋃
t=k

{x; |F(τt , x) − ρ| > ε}
)

= 0 for anyε > 0.

To prove Lemma 6.6 we prepare the following lemma.

LEMMA 6.7. If dU = 2, Hc(t, x) ∼ constant· t logn(t).

Proof. SinceHc(t, x) ∼ ∑t
k=0

∑n(t)

l=1 1E(βl)(R
k(x)), it follows from Lemma 5.6 that

Hc(t, x) ∼ t

n(t)∑
l=1

µ(E(βl)) ∼ constant· t

n(t)∑
l=1

l−1 ∼ constant· t logn(t).

This completes the proof. �

Proof of Lemma 6.6.Put

En(t) := E(n(t)) := E(αn(t)) ∪ E(βn(t)).

Let Rn(t) be the first return map onE(n(t)) of R and letµ
E(n(t))

be the Lebesgue equivalent
Rn(t)-invariant ergodic probability measure. For simplicity of notation, put

ll(t) = log2(log2 t∗).

First we consider the casedU = dV = 2. We remark that

F(τt , x) = Hp(t, x) + Hc(t, x)

Hd(t, x) + Hq(t, x)
.
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Roughly speaking,η(t, x) converges toρ as t → ∞ (Lemma 6.4), and hence it is
sufficient to show thatHc(t, x) andHd(t, x) are much greater thanHp(t, x) andHq(t, x)

for sufficiently larget . Put

Ct :=
{
x ∈ �;

t∗∑
l=1

1E(n(t))(R
l(x)) > (ll(t))2

}
,

Dn(t) := {x ∈ En(t); Rl
n(t)(x) ∈ (E(n(t)+M(t)))

C for all 1 ≤ l ≤ (ll(t))2},
whereMt = [(t∗(logn(t))1/2)/(ll(t))2],

E1
n(t) := En(t), Eh

n(t) := R−h+1En(t) \
( h−1⋃

k=1

Ek
n(t)

)
for h ≥ 2,

D1
n(t) := Dn(t), Dh

n(t) := R−h+1Dn(t) \
( h−1⋃

k=1

Ek
n(t)

)
for h ≥ 2.

Then, since

{x ∈ Eh
n(t); Hp(t∗, x) + Hq(t

∗, x) ≥ t∗(logn(t))1/2} ∩ CC
t ⊂ Eh

n(t) \ Dh
n(t),

we have

µ|�
( ∞⋂

k=0

∞⋃
t=k

{x ∈ �; Hp(t∗, x) + Hq(t
∗, x) ≥ t∗(logn(t))1/2}

)
= µ|�

( ∞⋂
k=0

∞⋃
t=k

∞⋃
h=1

{x ∈ Eh
n(t); Hp(t∗, x) + Hq(t

∗, x) ≥ t∗(logn(t))1/2}
)

≤ µ|�
( ∞⋂

k=0

∞⋃
t=k

∞⋃
h=1

(Eh
n(t) \ Dh

n(t))

)
+ µ|�

( ∞⋂
k=0

∞⋃
t=k

Ct

)
. (6.4)

Applying Lemma 5.3 we have

µ|�
( ∞⋃

h=1

(Eh
n(t) \ Dh

n(t))

)

=
∞∑

h=1

µ|�(Eh
n(t) \ Dh

n(t))

=
∞∑

h=1

µ|�(Eh
n(t)) · (µ|�(Eh

n(t) \ Dh
n(t))/µ|�(Eh

n(t)))

≤ constant·
∞∑

h=1

µ|�(Eh
n(t)) · (µ|�(En(t) \ Dn(t))/µ|�(En(t)))

= constant· µ|�(En(t) \ Dn(t))/µ|�(En(t)) = constant· µ
E(n(t))

(Dn(t)
C).

Hence, sincen(t) is a constant for 22
n

< t ≤ 22n+1
, we have

µ|�
( ∞⋂

k=0

∞⋃
t=k

∞⋃
h=1

(Eh
n(t) \ Dh

n(t))

)
≤ constant· lim

k→∞

∑
t∈Lk

µ
E(n(t))

(Dn(t)
C), (6.5)
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whereLk = {t ≥ k; log2(log2 t) is an integer}. Since Lemma 5.4 implies

µ|�
( ∞⋂

k=0

∞⋃
t=k

Ct

)
= 0,

it follows from (6.4) and (6.5) that

µ|�
( ∞⋂

k=0

∞⋃
t=k

{x ∈ �; Hp(t∗, x) + Hq(t
∗, x) ≥ t∗(logn(t))1/2}

)
≤ constant· lim

k→∞

∑
t∈Lk

µ
E(n(t))

(Dn(t)
C).

Sincet ≤ t∗, the above inequality implies

µ|�
( ∞⋂

k=0

∞⋃
t=k

{x ∈ �; Hp(t, x) + Hq(t, x) ≥ t∗(logn(t))1/2}
)

≤ constant· lim
k→∞

∑
t∈Lk

µ
E(n(t))

(Dn(t)
C).

To estimate
µ

E(n(t))
(Dn(t)

C)

we first estimate
µ

E(n(t))
(E(n(t)+M(t))).

Put ν = α′ + β ′. Sincen(t) ∼ νt∗/ll(t) holds by Lemma 6.2 ifdU = dV = 2 and since

n(t) + M(t) ∼ νt∗ + (ll(t))−1t∗(log(νt∗/ll(t)))1/2

ll(t)

holds, we have

µ
E(n(t))

(E(n(t)+M(t))) = µ(E(n(t)+M(t)))

µ(En(t))
∼ ll(t)

ν

(
log

(
νt∗

ll(t)

))−1/2

.

Thus, applying Lemma 5.3 we have

µ
E(n(t))

(Dn(t)
C) = 1 − µ

E(n(t))
(Dn(t))

≤ 1 − (1 − constant· µ
E(n(t))

(E(n(t)+M(t))))
(ll(t))2

∼ constant· (ll(t))3

ν(log(νt∗/ll(t)))1/2
.

Therefore we obtain
lim

k→∞

∑
t∈Lk

µ
E(n(t))

(Dn(t)
C) = 0.

Hence

lim
t→∞

Hp(t, x) + Hq(t, x)

t (logn(t))
= 0 for µ|�-a.e.x,

which implies the lemma in this case.
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Next we consider the case 2≤ dU < dV . Similar to the first case, it is sufficient to
prove that

Hp(t, x)/(Hp(t, x) + Hq(t, x)) → 0 (t → ∞).

Put

G(βn(t)) := {x ∈ En(t); Rl
n(t)(x) ∈ E(βn(t)) for some 1≤ l ≤ (ll(t))2}.

If we show

lim
k→∞

∑
t∈Lk

µ
E(n(t))

(G(βn(t))) = 0, (6.6)

we obtain the lemma in this case in a way similar to the first case. So, we are going to
prove (6.6). By Lemma 6.2 and by the definition ofn(t) we have

µ(E(βn(t))) ∼ β ′n(t)−1/(dU −1) ∼ β ′((α′)−1µ(E(αn(t))))
(dV −1)/(dU −1)

∼ constant· (ll(t)/t∗)(dV −1)/(dU −1).

Thus we have

µ
E(n(t))

(G(βn(t))) = µ(G(βn(t)))

µ(En(t))
≤ (ll(t))2µ(E(βn(t)))

µ(En(t))

∼ ll(t)µ(E(βn(t)))t
∗ ∼ constant· (ll(t)/t∗)(dV −1)/(dU −1)ll(t)t∗.

Since 2≤ dU < dV , we obtain (6.6). Thus the proof of the lemma is complete. �

Proof of Proposition 6.5.Let Q be an arbitrary set withµ|�(Q) = 0. Since
Leb(

⋃∞
n=0 T −n�) = 1 and Leb(

⋃∞
n=0 T −nQ) = 0, it is sufficient to show that

µ|�
( ∞⋂

k=0

∞⋃
t=k

{x; |F(t, x) − ρ| > ε}
)

= 0 for anyε > 0.

Obviously, this is equivalent to

µ|�
( ∞⋂

k=0

∞⋃
t=k

{x; |F(τt , x) − ρ| > ε}
)

= 0 for anyε > 0.

Thus the proposition follows from Lemma 6.6. �

Proof of Theorems 1 and 2.In the case whenU is a small right neighborhood ofp and
whenV is a small left neighborhood ofq, Theorems 1 and 2 follow from Lemmas 6.1
and 6.2 and Proposition 6.5. The other cases are similarly proved. �

7. Corollaries
In this section we give easy corollaries of our main theorems, which are analogues to
the Birkhoff individual ergodic theorem and results concerning asymptotic measures.

Let T : [0, 1] → [0, 1] be a map satisfying (i)–(v) in§2.

COROLLARY OF THEOREM1. Let U be a one-sided small neighborhood of a fixed pointp

and assume that condition(2.1) with dU ≥ 2 is satisfied.
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(1) If we have constantsd0 < dU andθ0 > 0 such that

|T (x) − x| > θ0|x − q|d0 + o(|x − q|d0) (7.1)

in a one-sided small neighborhood ofq = p which is opposite toU and in a small
neighborhood of each fixed pointq 6= p, then

lim
n→∞

1

n

n−1∑
k=0

1U(T k(x)) = 1 for Leb-a.e.x.

(2) If we have constantsd0 < dU andθ0 > 0 satisfying (7.1) in a small neighborhood of
each fixed pointq 6= p, then

lim
n→∞

1

n

n−1∑
k=0

δT k(x) = δp weakly forLeb-a.e.x,

whereδx is the Dirac delta measure onx.

COROLLARY OF THEOREM 2. Let U1, U2, . . . , Um, . . . , U2r−2 be one-sided small
neighborhoods of fixed pointspi1, pi2, . . . , pim, . . . , pi2r−2 respectively(Leb(Uj ∩Uk) = 0
if j 6= k). Assume that(2.1) with dU = 2 is satisfied inU = Ui for eachi ≤ m, and
assume that(7.1) with d0 < 2 andθ0 > 0 is satisfied inUi for eachi > m. Then:
(1)

lim
n→∞

1

n

n−1∑
k=0

1Uj
(T k(x)) = sj for Leb-a.e.x,

wheresj is a positive constant for eachj ≤ m and sj = 0 for eachj > m.
(2)

lim
n→∞

1

n

n−1∑
k=0

δT k(x) =
m∑

j=1

sj δp(ij ) weakly forLeb-a.e.x,

where
∑m

j=1 sj = 1 andp(ij ) = pij .

8. Remark
Until now we have assumed thatT is a piecewise increasing function. In this section
we consider the mapT which is not piecewise increasing.

Assume that conditions (i) and (v) in§2 are replaced by conditions(i)∗ and (v)∗

respectively.
(i)∗ There exists a partition 0= c0 ≤ p1 < c1 < p2 < c2 < · · · < pr−1 < cr−1 < pr ≤

cr = 1 of [0, 1] such that the restrictions ofT to the interval(ci−1, pi) and(pi, ci)

areC2 functions for eachi.
(v)∗ |T ′(x)| > 1 for x /∈ {p1, . . . , pr}.
In (i)∗ we allow 0< p1 andpr < 1. Let U , V , dU anddV be as in§2. Let Û andV̂ be
small one-sided neighborhoods ofp andq which are opposite toU andV respectively.
(If U is a right neighborhood of 0 or a left neighborhood of 1, we do not considerÛ .)
Define

d̄U =
{

min(dU , dÛ ), if T ′(x) < 0 in U

dU, if T ′(x) > 0 in U .
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In the same way we definēdV . Then:
• if 2 ≤ d̄U < d̄V , the conclusion of Theorem 1 holds;
• if 2 = d̄U = d̄V , the conclusion of Theorem 2 holds without the ‘in particular’ part.

These kind of facts can be proved in essentially the same way as Theorems 1 and 2.

Acknowledgement.The author thanks Professor Izumi Kubo for his kind remarks to the
preliminary version of the manuscript.
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