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We propose a multiplex interdependent durations model and study its empirical
content. The model considers an empirical stopping game of multiple agents making
optimal timing decisions with incomplete information. We characterize the unique
Bayesian Nash equilibrium of the stopping game in a system of simultaneous
equations involving the conditional distribution of each duration with a moderate
strategic interaction condition. The system of nonlinear simultaneous equations
allows us to obtain constructive identification results of the interaction effects and
other nonparametric model primitives. We propose two consistent semiparametric
estimation methods based on different parameterizations of modeling components
with right-censored duration data.

1. INTRODUCTION

The study of strategic interaction effects has received considerable attention
in economics. Models with continuous (Manski, 1993; Lee, 2007; Bramoullé,
Djebbari, and Fortin, 2009) or discrete (Brock and Durlauf, 2001a; Aguirregabiria
and Mira, 2007; Bajari et al., 2010) decision variables have been applied to many
fields, including financial economics, industrial organization, labor economics,
and socioeconomics. The work of de Paula (2009) and Honoré and de Paula
(2010) are among the first to bring strategic interactions explicitly into the optimal
timing decisions of economic agents. It is evident in de Paula (2009) and Honoré
and de Paula (2010, 2018) that the strategic interaction effect captures a notable
externality and explains interesting timing coordination behaviors.
Complementing Honoré and de Paula (2010), we propose a multiple durations
model involving strategically interacting agents under an incomplete information
structure. Each duration variable is formally defined by the threshold-crossing rule,
motivated from the generic solution of an optimal stopping game (Honoré and
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de Paula, 2010; Abbring, 2012). The interdependence among multiple durations
in our model is generated directly by the strategic feedback among agents rather
than by the dependence of unobserved heterogeneity, which is in contrast with
the standard multivariate mixed proportional hazards model (Lancaster, 1979).
Compared with Honoré and de Paula (2010), who propose a bivariate interde-
pendent durations model with complete information, we consider an incomplete
information game and allow for more than two interacting agents.

To formalize the idea, consider K economic agents making optimal timing deci-

sions regarding durations 71, ..., Tk, taking into account the strategic interactions
of each other. All agents (and the econometrician) observe a common set of d-
dimensional covariates X = (X, ...,Xy) and they make decisions about when to

switch from the initial state to the alternative one. The resulting durations are
characterized simultaneously by the following threshold-crossing rules:

)
T =inf{r:A,<r)¢1<X)+K—_‘1;E[1{Tk < #IX] > el],

8
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where model primitives consist of the kth agent’s monotone trend function Ay, the
covariate effect ¢, the distribution of unobserved threshold &, and the interaction
parameter §;, for k € K = {1,...,K}. Our model assumes that the utility flow
of switching to the alternative state is monotonically increasing with respect to
t as encoded by A(f) and the direct effect from covariates X either amplifies (or
dampens) the magnitude of Aj(¢) through the multiplicative function ¢ (X). The
unobservable threshold ¢, represents the static sunk cost associated with the tran-
sition. The covariates and unobservable terms are incorporated here by extending
the generalized accelerated failure time (GAFT) model as in Ridder (1990), due
to the fact that the model boils down to GAFT model in the absence of interaction
effects; that is, when &, = 0 for k € K. The extra term % Zk#]E[l{Tk < t}1X]
is new in our model and captures the strategic interaction effect. We follow the
incomplete information paradigm since it is (the average of) the expected stopping
time of other agents, not the exact stopping time that affects the decision rules
(Manski, 1991; Ahn and Manski, 1993; Bajari et al., 2010). In accordance with
the aforementioned works, we assume the thresholds are mutually independent
and they follow a common unknown distribution F(-).

The construction of our model is motivated by the empirical study of network
externalities and technology adoption in Gowrisankaran and Stavins (2004), who
analyze the adoption of the automated clearinghouse (ACH) electronic payments
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system in different markets for a group of banks. The complementarity of the
adoption decisions arises here, due to the fact that parties involved in a pay-
ment transaction have to agree on the method of payment and their financial
institutions have to coordinate technologies. In particular, if a bank decides to
adopt the ACH electronic payment technology, this benefits other banks that
already use the technology because they can then directly exchange payments
with an additional institution (Gowrisankaran and Stavins, 2004). The main
empirical analysis of Gowrisankaran and Stavins (2004) builds on a dynamic panel
logit model (see Sect. 3 of Gowrisankaran and Stavins, 2004). Our framework
offers a continuous-time stopping game model in which banks within a network
simultaneously choose when to adopt the ACH technology based on the observable
bank-specific covariates, the preferences of their customers, and the adoption
decisions of other banks. Our model captures the essential feature of the empirical
problem in Gowrisankaran and Stavins (2004) as it provides the simultaneity
in the equilibrium adoption decisions under the strategic interactions between
banks. For applied researchers and policy makers, it is important to quantify the
interdependent effect and there may be a need for policy interventions depending
on the magnitude of such externalities. We use the example to illustrate model
primitives and assumptions we make for the multiplex interdependent durations
model below in Section 2.

We obtain an explicit characterization of the stopping game in equation (1),
assuming the complementarity of the stopping action; that is, §; > 0 for
k € K. Many economic phenomena are naturally modeled as games of incomplete
information (Morris and Shin, 2003) with complementarity among players (Vives,
2005). In the current setting, the complementary interaction in the optimal
switching decision means that a higher expected proportion of others who have
already stopped would induce the agent to stop earlier rather than later. The
main consequence of the complementarity assumption is that the simultaneous
threshold-crossing rules in equation (1) lead to a system of simultaneous equations
for the conditional distributions of T}’s. Under mild restrictions, we obtain the
uniqueness of the conditional distributions given structural parameters in the
model, resorting to a contraction mapping argument (Lin and Xu, 2017; Xu, 2018).
Given the system equations of conditional distributions, our identification analysis
embeds interesting generalizations of Elbers and Ridder (1982) and Heckman and
Singer (1984a) concerning the strategic interaction effects.

The main contribution of this paper is to combine the empirical games for binary
choice models (Manski, 1991; Ahn and Manski, 1993; Bajari et al., 2010) with
the identification techniques developed for the transformation models in order to
determine the empirical content of the interdependent durations model in equation
(1). Our simultaneous equations naturally extend the single-equation transfor-
mation model by incorporating strategic interaction effects. Moreover, referring
to each equation separately, the mathematical structure within the unknown link
function (Horowitz and Mammen, 2007) involves both multiplicative and additive
terms, which makes existing identification results inapplicable as they only handle
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either a purely additive or multiplicative form (Ekeland, Heckman, and Nesheim,
2004; Horowitz and Mammen, 2007; Jacho-Chavez, Lewbel, and Linton, 2010;
Abbring and Ridder, 2015; Chiappori, Komunjer, and Kristensen, 2015). Thus, a
separate analysis is required. Considering the explicit structure of the simultaneous
equations, we propose two consistent semiparametric estimation methods based
on different parameterizations of modeling components, which extend the scope
of Ahn and Manski (1993) to multiple durations models.

It is generally known that the incomplete information game is often more
tractable than its complete information counterpart (Morris and Shin, 2003;
Aradillas-Lopez, 2010; Bajari et al., 2011; Khan and Nekipelov, 2018). Within
our context, there are several substantial advantages when compared with the
specification and assumptions in Honoré and de Paula (2010). First of all, it is
straightforward to consider the optimal timings of more than two agents, whereas
it seems prohibitively complicated to extend the model in Honoré and de Paula
(2010) to multiplex settings. Second, we allow for different covariate effects
¢r(-) and trend functions Ay(-)—which coincides with the cumulative hazard
functions in the absence of interaction effects—for different players. The latter
one is certainly a desirable property, as in the econometric duration analysis,
the (cumulative) hazard function encodes the genuine state dependence and is of
critical importance (Elbers and Ridder, 1982). In contrast, both the covariate effect
¢ and trend function A are assumed to be common for both players in Honoré and
de Paula (2010). Third, we provide primitive conditions to establish uniqueness of
the Bayesian Nash game, which distinguishes from Honoré and de Paula (2010)
where the multiple equilibria arise. The uniqueness guarantees the identification of
the conditional distribution of each duration and also facilitates the identification
of model primitives. Last but not least, our identification results circumvent the
exclusion restrictions from covariates in Honoré and de Paula (2010), so that the
set of covariates X includes observable characteristics for all players.

Despite the continuing interest in applied works for simultaneous equations
models of multiple durations, the literature is relatively sparse. Lancaster (1985)
is among the first who studied the simultaneous equations of an unemployment
duration derived from search theory for a single agent, but the simultaneity is
caused by the accepted wage rather than another duration variable. Lillard (1993)
considers a parametric model that belongs to a triangular system instead of the
simultaneous equation and has demonstrated its practical utility. Abbring and
van den Berg (2003) study a model where the direct impact of one duration
variable on another characterizes the duration-type treatment effect. The central
theme in Abbring and van den Berg (2003) is to separate out the duration
treatment effect from the selection bias due to unobserved heterogeneity. This
framework is extended by Drepper and Effraimidis (2015) to model interactions in
multiple duration outcomes. Our paper adds not only to the literature in nonlinear
simultaneous equations models for limited dependent variables originating from
Heckman (1978), but especially to the recent literature on interdependent duration
models initiated by de Paula (2009) and Honoré and de Paula (2010, 2018).
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The rest of the paper is organized as follows. We present the econometric
model for the multiplex interdependent durations in Section 2, where the unique-
ness of the Bayesian Nash equilibrium is shown. In Section 3, we obtain the
semiparametric identification of the structural components in the interdependent
durations model. We also present two straightforward estimation procedures of our
model with different parameterized model primitives and prove their consistency
properties in Section 4. We conclude in Section 5. The proofs of main theorems are
collected in Appendix A and more technical lemmas are delegated to Appendix B.

2. MULTIPLEX INTERDEPENDENT DURATIONS

Equation (1) can be viewed as a generic solution of optimal stopping time problems
and it extends the discrete choice model to the continuous-time setup (see Abbring,
2012). We take the same stand as in Honoré and de Paula (2010) regarding
the players’ strategies, so that agents condition their strategies only based on
the calendar time and commit to their plans at the beginning of the game. This
constitutes the main feature of many interesting theoretical game models. For
example, in the “silent timing game,” timing decisions must be made well before
the action begins. Its empirical application ranges from high-tech market entry
decisions to the choice of movie release dates (Park and Smith, 2008). It is worth
pointing out that we assume all players start the game at the same time. In practice,
players may enter the game at different times. Our model can be adapted to
accommodate this situation when all players enter the game before any actual
switching happens and the adaption is to include a (negative) constant indicating
the passed time.

Referring to each agent’s stopping behavior, the decision at time ¢ depends on
one’s own utility flow A, ()¢ (X) and the belief of the average action taken by
others conditional on a set of covariates X, % » itk E[1{T; < t}|X]. The monotone
trend A : RT — R™ is anondecreasing function, which coincides with the baseline
hazard function for k € K in the absence of interaction effects (hereafter, we use the
terminologies interchangeably). The covariate effect ¢ (X) acts multiplicatively on
the trend function and is assumed to be non-negative. A standard parameterization
used in the Cox regression sets ¢ (X) = exp(X ' B¢) with the regression coefficient
B (this is not needed for our identification analysis). Considering the strategic
interaction effect, it is the expected average behavior of others that affects one’s
stopping decision action, which is standard in the econometric analysis (Brock and
Durlauf, 2001a, 2001b) and is consistent with the empirical analysis of conformity
(Bernheim, 1994) or of herd behavior (Banerjee, 1992).

We elaborate on the model primitives and their use in the empirical application
of banks’ adoption of ACH payment systems studied by Gowrisankaran and
Stavins (2004). First of all, our multiplex durations setting fits the scenario well
as there are often more than two banks making adoption decisions in different
(geographically separated) markets. The observable covariates X collect bank-
specific variables; for example, the measure of concentration, bank assets, assets
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squared, and deposits. The monotone trend A,(f) encodes the notion that the
ACH payment system is indeed more efficient than the use of checks over time.
The documented network externalities—that a customer’s value from using ACH
payments— increases in the number of customers at other banks that are using
ACH payments, motivates our assumption that §; > O for all k. The latent thresholds
&y represent the sunk-cost related to the technology adoption and are assumed to be
independent. Note that the main identification argument of the externalities and the
estimation of the dynamic panel logit model in Gowrisankaran and Stavins (2004)
also relies on the independence of the latent error terms.

Without additional restrictions, it remains quite a challenge to pin down the
empirical content of the model merely based upon equation (1). The crucial
assumption that delivers an elegant characterization in our context is the com-
plementarity of the strategic interaction; that is, §; > 0,k € K. Intuitively, the
complementarity implies that one’s stopping shall induce others to switch earlier
rather than later. Besides the aforementioned example in Gowrisankaran and
Stavins (2004), numerous empirical applications naturally belong to this category
(Vives, 2005). This timing complementarity among players makes the time-
varying part nondecreasing with respect to ¢ in the utility flow, so that

Sk

ArgL(0) + =

> EIT; < )x],
J#k
is a nondecreasing function of ¢ for any x. Thus, if we know T} is less than or equal

to ¢, then it must be the case that the time-varying part is above or equal to the
threshold variable at time ¢; that is,

Ok
K—-1

(Te =1} & o = MO0 + - S BT < )11} @

J#k
The tractability of a monotone trend also resides in more complicated models; see
Liu (2020) for an example involving some latent stochastic processes.

Define G (¢|X) = P(T; < t|X) and write its probability density function (p.d.f.)
as gx(t]X) for k € K. Let fz(-) denote the p.d.f. of the threshold ¢. Considering the
equivalence in equation (2), we have

8
GI(t1X) = F.[ M (0$1 (0 + 2= Y GultlX) |,

k1
8
Go(11X) = F.[ 020200 + === Y Gut1x) |
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8
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so that the interacting effects generate a system of simultaneous equations of
the conditional distributions, G (#]X),k € K. To the best of our knowledge, this
feature of our model is new in duration analyses. Interestingly, the distribution of
the unobserved heterogeneity term directly becomes the unknown link function
(Horowitz and Mammen, 2007), resembling the classical binary choice model.

There is a close connection of our simultaneous equations to the standard
hazard-based models in duration analyses. Namely, our model boils down to the
additive-multiplicative hazards model, when the thresholds are i.i.d. draws from
the unit exponential distribution. In this case, we get

Ok

Gi(1]X) = 1 —exp [ — AOBX) — anm], k=1,....K. @)
J#k

Let g, (¢|X) be the conditional density function of Gi(#|X). Then, we have the

following representation of the conditional hazard density:

_os@Xx)
A (X)) = Tk(ﬂx) = A (DG (X) + 5 Wi (1), (5)
with
1
Welt) = — D81, (6)
Tk

for the kth agent, k € K. Given the baseline hazard rate function A, (f), the direct
effect of covariates is modeled via ¢y (x), which causes a proportional change
of Ay(?). The influence from the (expected) behavior of other players is now
encoded as the additional time-varying regressor W(¢), so that 6, W;(f) measures
the excess risk (Martinussen and Scheike, 2007) on top of A (¢)¢r(X). The hazard
function specified by equation (5) belongs to the general additive-multiplicative
hazard model in Lin and Ying (1995) and Martinussen and Scheike (2002),
which encompasses both Aalen’s additive hazards model and Cox’s proportional
hazards model. We refer readers to Martinussen and Scheike (2007) for a more
comprehensive discussion on such models.

The simultaneous system of equations in equation (3) characterizes the Bayesian
Nash equilibrium (BNE) for our stopping game. Multiplicity of the equilibria is
not uncommon for an empirical game model, especially for a complete information
game. Tamer (2003) obtains the partial identification results and interval estimation
of structural parameters of an empirical game with complete information. Xiao
(2018) and Aguirregabiria and Mira (2019) use different approaches to address
the multiplicity in incomplete information games. We refer interested readers to
Tamer (2010) for a comprehensive discussion on the partial identification methods
in empirical game studies. In the literature, three types of solutions are proposed
concerning the equilibrium (or equilibria) in empirical game models. First, one
can explicitly allow for the multiplicity and resort to the partial identification
and bounds analysis as demonstrated by Tamer (2003), Chernozhukov, Hong, and
Tamer (2007), and Xiao (2018). Second, one can assume the data is drawn from a
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single equilibrium, no matter how many equilibria there are, as exemplified by
Bajari et al. (2010). Finally, one can impose enough regularity assumptions to
enforce a unique equilibrium as done by Brock and Durlauf (2001a), Horst and
Scheinkman (2006), Lin and Xu (2017), and Xu (2018). In this paper, we follow
the last stream to impose the moderate social influence (MSI) assumption on the
interaction parameters &, k € KC, so that we obtain the unique BNE.

We make the following assumptions of the covariate effects, the distribution of
unobserved threshold, and the interaction effects.

Assumption 2.1. The heterogeneity terms (ei,...,&;) are independent of
covariates X. Furthermore, €1, ..., & are independently and identically distributed
with the c.d.f. F.(-). F¢(-) is absolutely continuous with respect to the Lebesgue
measure with a p.d.f. denoted by f, (-).

Assumption 2.2. The support of the heterogeneity term’s density function f; is
(0, + 00) and f; is uniformly bounded from above; that is, the supnorm || f; () |lco
is less than some positive finite constant B.

Assumption 2.3. We have absolutely continuous covariates X and the effect ¢
has a uniformly bounded and continuous derivative for k € K. Also, ¢, > 0 for
ke K.

Assumption 2.4. The baseline hazard function A, is absolutely continuous with
a non-negative derivative function A; and lim,_, o, A (#) = +oo for k € K.

Assumption 2.5. (MSI) The interdependences are moderate in the sense that
0<& <zt.kek.

The following remarks are regarding the modeling assumptions.

Remark 2.1. The mutual independence assumption between thresholds is
arguably strong and is consistent with Bajari et al. (2010). Heuristically speaking,
the interdependence of our model is driven by the strategic interaction effect
rather than the dependence among thresholds. There are notable works relaxing
the independence assumption in the binary choice games, as done by Aradillas-
Lopez (2010), Wan and Xu (2014), Xu (2014), and Liu, Vuong, and Xu (2017).
However, the extension to our model is challenging and will be pursued in the
future.

Remark 2.2. Assumption 2.2 requires the p.d.f. of &, to be bounded. For specific
parametric error terms, the value of the upper bound B can be easily determined.
For instance, if we draw the error term from the standard exponential distribution,
then B = 1. In Assumption 2.2, we set B as a general value, which is combined
with our Assumption 2.5 to guarantee the unique BNE.

Remark 2.3. Assumption 2.5 is a primary condition that restricts the size of the
interaction effects, motivated by the moderate social influence (MSI) assumption
in Glaeser and Scheinkman (2003) and Horst and Scheinkman (2006). Similar
interpretative assumptions are also imposed in the social interactions literature with
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logistic type models; see Brock and Durlauf (2001a, 2001b), Durlauf and Ioannides
(2010), Lin and Xu (2017), Xu (2018), Hu and Lin (2020), and Jackson, Lin, and
Yu (2020). Furthermore, it is worth pointing out that Assumption 2.5 is a sufficient
condition for the uniqueness and not the necessary condition. Therefore, its failure
in some applications does not necessarily lead to multiple equilibria.

We now present the main theoretical result in this section.

THEOREM 2.1. Under our assumptions, the following statements hold: (i) For
any (t,x), there exists a unique solution (G (t|x), ..., Gk(t|x)) for the simultaneous
equation system defined in equation (3). (ii) The solution Gy(t|x) is absolutely
continuous with respect to both t and x for any k € K. (iii) The solution Gy (t|x)
is a monotonically increasing function with respect to t for any x and k € K.

Remark 2.4. The proof of Theorem 2.1 is different from the existing literature,
which mainly focuses on discrete choices models (see Brock and Durlauf, 2001a,
2001b; Durlauf and Ioannides, 2010; Bajari et al., 2010). In those works, the
uniqueness of the BNE boils down to whether one can obtain the conditional choice
probabilities as the unique fixed point. In our setting the BNEs concern different
conditional distributions as functions of . As shown in the proof of Theorem 2.1 |
we first argue for the existence and uniqueness of the BNE at a fixed point ¢ for
any given x. The second step is to show the conditional distributions resulting from
different (¢, x) are well defined c.d.f., so that they are monotone and satisfy the usual
boundary restriction; that is, lim,_, o G (f|x) = 0 and lim,_, o, Gy (¢|x) = 1.

Remark 2.5. Referring to Brock and Durlauf (2001a, 2001b), there may be
multiple equilibria when social interactions are strong. In the logistic model of
Brock and Durlauf (2001a), all the equilibria can be characterized as roots of a
certain function on a proper interval of the real line and that provides a simple
(numerical) device to determine the number of multiple equilibria with given
observed group characteristics and any possible values of parameters in the model;
see Prop. 2 in Brock and Durlauf (2001a). For incomplete information games, the
recent work of Xiao (2018) also explores the finite equilibria condition in discrete
choices models. However, the sharp characterization of Brock and Durlauf (20012)
relies heavily on the binary logistic structure and is not readily extended to our case
as the number of solutions of our system equations in general will be difficult to
determine. Throughout the rest of our paper, we maintain the MSI condition and
the resulting uniqueness equilibrium in our incomplete information game.

3. IDENTIFICATION RESULTS

In this section, we address the identification issue of the structural components
based on the system of equations for the conditional distributions in equation (3).

'In principle, one can also establish the result by some high-level functional fixed point theorem. Nonetheless, our
current proof is quite elementary and has a closer connection with the existing literature for discrete choices models.
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The model primitives are the finite dimensional interaction effects {Sk}kK:l, as well
as the nonparametric components including (Ax(-), Px(-))rex and the unknown
distribution function F,(-). Given the individual duration (T}).ecxc, the covariates
X =(Xi,...,Xys), and the uniqueness of our BNE, we have access to the conditional
distribution functions Gy (t|x) for all k € .

Recall that the covariate X is a random vector of dimension d. Referring to
the absolute continuity of conditional distributions with respect to covariates, we

denote V;Gi(t|x) = aGk (le) ,k € IC, which is expressible as
3Gt
VG = T = [ A0 + g DG
ﬁék
o), by
(M0= =+ ;vz(}j(ﬂx)), )

forallke K, and [ =1,....,d.

It is clear from equation (3) that structural components cannot be identified
without a proper scale or power normalization even in the absence of interacting
terms because the model would then boil down to the generalized accelerated
failure time model as in Ridder (1990) and Abbring and Ridder (2015), so that
the nonidentifiability issue discussed therein is applicable to our setting too. Also,
considering the extra complications involving the interaction term, we opt for
making sufficient normalizations to get a clean point identification result, instead
of trying to find all observationally equivalent pairs.

Assumption 3.1. The distribution of unobserved thresholds satisfies the follow-
ing regular varying condition at the right tail:

i LMD
i~ £o(7)

with some known 1 > 0.

, ®)

Assumption 3.2. There exists a point X and a set of unknown constants
1, - .., Cx, such that ¢ (X) = c,. There is a limit point x* of the covariates’ support,
such that lim,_, .« ¢x(x) = O for all k. Moreover, the following normalization
condition holds at some point xy:

0y (x0) /0%
¢ (x0)
forallke Kandl=1,...,d.

=1, 9
Assumption 3.3. We assume that there exists x, such that

716Gy (s19)[) #0. (10)

forall s € (0,1) and k € K.
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Remark 3.1. Both Assumptions 3.1and 3.2 are about the normalization condi-
tions that we impose. The regular variation in Assumption 3.1 is satisfied by many
distributions for positive n; for example, stable distribution, Pareto distribution,
Burr distribution, and log logistic distribution. The imposition of a known tail
index (14 n) follows from the key insight in Heckman and Singer (1984a). To
be more concrete, if one parameterizes the heterogeneity term to follow a Pareto
distribution, the free parameter would be the scale parameter and the tail index
is assumed to be known. A Pareto distribution of the heterogeneity term can be
generated by the standard mix proportional hazards model with a gamma frailty as
in Lancaster (1979) and Horowitz (1999). The normalization conditions about the
functions of interest and their derivatives in Assumption 3.2 regarding the covariate
effects are indispensable for nonparametric identification and are assumed in the
literature in one way or another; see Ekeland, Heckman, and Nesheim (2004),
Jacho-Chavez et al. (2010), and Chiappori et al. (2015). The required limit point
x* is implied by a large support condition on at least one of coordinates of X, for
example, when the standard specification ¢;(x) = exp(xT Br) is adopted. In this
case, the limit point x* is at the boundary.

Remark 3.2. We want to emphasize that the tail regularity condition in Assump-
tion 3.1 is consistent with the boundedness condition of f; in Assumption 2.2
because the former only specifies how fast (slow) the density function approaches
zero at the right tail. To further elaborate on this point, we consider the following
Log-Logistic distribution of ¢ with

Fg(u)z—a, u>0,a>0,n>0, a1

where a is the unknown scale parameter and 7 is the known shape parameter. Its
probability density function (p.d.f.) is

(n/a)w/a)""!

fo(w) = (0T way?

12)

1/n
It is straightforward to verify that the p.d.f. has a unique mode at a (%) when

n > 1, which leads to a finite maximum of the p.d.f. as well. Therefore, the uniform
boundedness required by Assumption 2.2 translates into the compactness of the
parameter space for the positive scale parameter a.

Remark 3.3. Assumption 3.3 is a technical assumption that is used to identify
the marginal quantile function of & by solving an inhomogeneous differential
equation, following the strategy in Elbers and Ridder (1982). In particular, Elbers
and Ridder (1982) identify (the inverse of) the Laplace transform of the hetero-
geneity term in the mixed proportional hazards model by solving a homogeneous
differential equation, cf. equations (11)—(15) therein. In comparison, we face an
inhomogeneous differential equation where the extra term is due to the interaction
effect. Intuitively speaking, Assumption 3.3 requires that the covariates affect the
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F1GURE 1. A Numerical illustration of Assumption 3.3.

conditional distributions in the sense that the partial derivative with respect to the
covariate is nonzero along the line G,jl (s|x) for some given point x. We provide
a numerical illustration of this condition with two players. In particular, we set
A@) =7 and ¢p(X) = exp(1+ X;) for k = 1,2. For each realization of (X;,X,) =
(x1,x7) and t, we numerically solve the conditional distributions and their partial
derivatives with respect to x; through fixed point algorithms in equations (3)
and (7). Both conditional distributions and the corresponding derivative functions
are evaluated over a dense grid along ¢t € 7 = (0.001,...,10). Figure 1 plots
VlGl(Gl_'(sly_c)) and Vle(Gz_'(sp'c)) for x; = 1 and x; € {0.25,0.50,0.75, 1.00}
in Figure 1. Apparently, all the curves in the display are above the horizontal line.

Our identification method proceeds in two steps. First, we make use of the
simultaneous equations of the conditional density functions to identify the (ratio
of) strategic interaction parameters. In the second step, we work separately with
each conditional distribution to identify ¢, Ay and F,.

THEOREM 3.1. Under Assumptions 2.1 to 2.5 and 3.1 to 3.3, the interaction
effects 81, ...,k are identifiable up to a scale normalization.

Remark 3.4. There is an interesting connection of the proof of Theorem 3.1
with eqn. (i) in Thm. 1 of Kortram et al. (1995), where they also identify the relative
strength of the regression function (when only discrete covariates are available) via
the limit of a certain ratio. In theory, one can estimate the ratio é;/3x by

:g\k (Olx,) Zj#[(?j (01x,)
2Ol X, 2Ol

based on some kernel-type conditional density estimates g;(-|-) and a properly
chosen sequence x, that converges to x*. Such an estimation strategy is used by

13)
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Fermanian (2001) in a different context for estimating a nonparametric competing
risks model, see equation (4.18) therein. The asymptotic analysis in Fermanian
(2001) is quite complicated. In our Section 4, we present two straightforward
semiparametric estimation methods imposing parametric assumptions on certain
parts of the model primitives.

From now on, we normalize® §x = 1 so that all 8, ..., 8x_ are identified in lieu
of our Theorem 3.1. We focus on the identification of Ay, ¢ for k € K and F, in
the remaining part of this section.

THEOREM 3.2. Suppose Assumptions 2.1 to 2.5 and 3.1 to 3.3 hold. Then the
structural components, Ay(t), pr(x),k € IC, and F(-) are point identified.

Remark 3.5. In all empirical analyses involving durations, the censoring issue
is a salient feature. Our identification results still hold when the censoring variable
Cy is conditionally independent of T; given X, so that one can identify the
conditional distributions Gy (¢|x) for each k € K. In fact, our estimation methods are
constructed explicitly accounting for the presence of censoring with right-censored
duration data (T A Cy,...,Tx A Ck, Dy, ...,Dg), where the censoring indicators
stand for Dy = 1{Ty, < C} fork e K.

Remark 3.6. The multiplicative separability represented by A (7)) (x) is stan-
dard in many econometric duration models (see Elbers and Ridder, 1982; Heckman
and Singer, 1984a; Ridder, 1990; Abbring and Ridder, 2015) and the more general
transformation models of Ekeland et al. (2004); Jacho-Chavez et al. (2010);
Chiappori et al. (2015). When A (#)¢x (x) is relaxed to some general nonseparable
function Ag(t,x), one possible path that leads to identification is to work with
a known distribution F, for the latent heterogeneity. Under similar assumptions

imposed in our Theorem 3.1, one first identifies the interaction effects §y, ..., k.

Thereafter, we get

Aw(t.x) = F; o Gi(tlx) — 8 ) G(tlx). (14)
J#k

We leave a thorough investigation with an unknown distribution F, to future work.

Remark 3.7. The set of normalization conditions is designed to address the
identification of general nonparametric functions ¢ (x) for k € . On one hand,
if one adopts the standard parameterization as in the Cox regression by setting
or(x) = exp(xT Bi), then the identification of the coefficients §; can be achieved
under less stringent normalizations. In this case, one gets

G
(x—x0) " B = IOg[,;w%] /71 -

2In Assumption 2.5, we require the size of 5k to be less than 1/B, where B is the upper bound of the heterogeneity’s
density function. In cases where the error distribution under consideration entails some B > 1, one may choose a
different normalization for .
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along the line of our proof of Theorem 3.2. Therefore, as long as the covariates
are not in a proper linear subspace of R, f; is identifiable without assuming
equation (9). On the other hand, if log¢y(x) contains additional nonlinear terms
such as higher-order polynomials or interaction terms of covariates, then equation
(9) becomes indispensable.

4. SEMIPARAMETRIC ESTIMATION

The estimation of our model is based on a random sample (Vi,Dy;X;)7_, of
(Vi, Dy, X), where the duration T} is subject to random censoring by Cy, so that
one observes V; = min(7y, Cy) and the censoring indicator Dy = 1{T; < C;}.
Both of our estimation procedures can be seen as natural variants of Ahn and
Manski (1993) applied to multiple durations models. The first approach concerns
the model specified by equation (5), in which the thresholds follow the unit
exponential distribution. Given the explicit additive-multiplicative structure of the
hazard rate functions, we adapt the estimation method from Lin and Ying (1995)
with additional nonparametrically estimated time-varying regressors. Our second
approach leaves the distribution of ¢; unspecified, however, we parameterize the
trend functions A, (?) similar to the strategy in Heckman and Singer (1984b), where
the cumulative baseline hazard function is parameterized. The sieve extremum
estimation developed here has some interesting connections with the NPMLE
in Heckman and Singer (1984a), as we also utilize the compactness of the
space for cumulative distribution functions (c.d.f.) in showing the consistency
property.

The following notations facilitate the presentation of our estimation. Let Ny (7)
and Y (¢) be the counting and at-risk processes (Andersen et al., 1993), respec-
tively:

Ni@®) =UVy <t}Dy, Ya()=UVy>1t}, k=1,....K.

From now on, we adopt the standard parameterization for the covariate effect by
setting ¢ (x) = exp(x' By) for all k and assume that the covariates X are linearly
independent. The unknown true parameter values are denoted by (Box,dpx) for
each k. Let X’ be a compact set in the interior of the support for covariates X. For
the Kth agent, we simply take §x = 1, which is consistent with our identification
strategy.

Our estimation procedures require preliminary nonparametric estimates of the
conditional distribution and density functions, for which we adopt the kernel-type
estimators. The following definition for the generalized kernel suits our purpose for
handling the (left) boundary point of the duration near time zero and the trimmed
compact set X within the covariates’ support.

Definition 4.1. Let K, (-,-) denote a univariate generalized kernel with proper-
ties K (u,t) =0ifu >toru <t—1.Forall t € [0, 1],
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1, ifj=0,

t
p=Uth / WKy (u,f)du = , ,
-1 0, ifl<j<r—1.

We call K, (-, -) a univariate generalized kernel of order r.

An explicit construction of generalized kernels can be found in Mueller (1991).
It is sufficient to take a second-order generalized kernel for proving the consistency
property. For multivariate covariates, we denote K, (x,x) to be the product kernel;
that is, K, (x, %) = [, K»(x,,X). Also, denote

1 n
N (1) = o ; Vi < t)DuKp, (%, X;), Y (t]x)

n

1
= —5 > WV = K, (e X k=1, K.
noj=1

Then the conditional distribution function is estimated by

- "dN,

Gi(tlx) =1 —exp <—/ ﬂ), (16)
0 Yu(slx)

and the associated conditional density is its convolution with a generalized

kernel:

8t = [ K, (0.90Cu(s10). a”

The following assumptions are maintained to establish the uniform consistency of
our first-stage estimation.

Assumption 4.1. The censoring variable C; is independent of the duration T}
conditional on X forall 1 <k <K.

Assumption 4.2. There exists a finite constant t, such that
P{Vi > t|X=x} > & >0,
for all 1 < k < K and all x € X. Also, the marginal density of X satisfies
inf,cx fx(x) > & > 0.

Assumption 4.3. The bandwidth b,, of the kernel function satisfies the following
restrictions: b, — 0, nb?/log(n) — 0, and nb>"+? — 0.

Assumption 4.4. Referring to equation (A.17), there exists an envelope function

Hy(Vi,X), such that  sup }ij(S)"l/(iLk(S;ﬁ,(S)} < Hi(Vi, X) and it satisfies the
s€[0,71, 8,5
following integrability condition:

E|H,(Vi,X)| < +00, k=1,....K. 18)
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LEMMA 4.1. Under Assumptions 4.1 to 4.4, we have the following uniform
consistency for the conditional c.d.f. and p.d.f. using the kernel-type estimates:

sup | Gi(tlx) — Ge(1]x)| = 0, (D), 19)
t€[0,7],xeX
and

sup  [gk(t|x) — gi(t|0)| = 0, (1). (20)
tel0, 7], xeX

4.1. Estimation with Exponential Thresholds

There exists a straightforward estimation strategy of our model with parame-
terized thresholds following the unit exponential distribution. Strictly speaking,
the exponential threshold does not satisfy the tail condition in Assumption 3.1.
Nonetheless, one can easily obtain the point identification result given the equiv-
alence of our model to the additive-multiplicative model from Lin and Ying
(1995) or Martinussen and Scheike (2002). It is convenient to introduce the
following notations related to the counting processes. The counting processes
Ny (1), ..., Ny (¢) are adapted to a filtration {F; : ¢ € [0, 7]} satisfying the usual
conditions in Andersen et al. (1993). Associated with each Ny (¢) is a covariate
process (X;, Wi (1)) that is F; predictable. Thus,

M) = Ni(t) — /0 Vi) [S0e Wit () + Aoi(s) exp(X] o] ds 1)

is an F;-martingale. We also denote

Mi(t; B,6) ENik(t)—/O Yix(s) [8Wix(s) + hox(s) exp(X;' B)] ds, (22)

so that My (1) = M (t; Bok. Sox).-

In the construction of our estimating equations, we choose the (d + 1)-
dimensional score vector S;.(-; 8) to be Si(t; 8) = (I/Vik(t)e’XiT’g,X;r)T x 1{X; €
X}; see Sect. 2.4 on p. 1719 of Lin and Ying (1995) Thereafter, we denote the
scores based on the generated regressors by S,k(t B) = (W,k(t)e_x p XT)-r
1{X; € X} after plugging in the kernel estimates of W,k(t) = K g Z #gj(t|X)
For the second step, the finite dimensional parameter is estimated by solving the
estimating equation:

~ n 1 R }:l_ Y. § ; X]Tﬂ
U”’k(lB’(S) = 12/ Sik(s;ﬂ) _ Z =1 ]k(S) jk(s f)e
n i=1 70 Zink(s)er 8

[dNi(s) — Yie(5)8 Wi (s)dls (23)
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so that B\k,é\k satisfies f],lqk(@,&) = 0. The cumulative baseline hazard function is
then estimated by the Breslow-type estimator (Andersen et al., 1993):

A / Z;;,dN,»k<s>—Y,<k(s>§kVV,-k<s)ds‘ o4
0

—
Y0 Yi(s)e'i P
Denote
.
S Yi(s)Si(s Bt P
T
27:1 Yi (S)eXJ' B

The rationale behind those estimating equations is that they can be approxima-
tions of the following martingale when evaluated at the true unknown parameter
values:

Su(s; B) =

I ([T -
Unk(Boks Sox) = - Z/o {Si (53 Boks 801) — Sk (55 Boks o) } M (), (25)
i=1

which has a zero mean. The following theorem establishes the consistency prop-
erty.

THEOREM 4.1. Suppose Assumptions 4.1 to 4.4 hold and the thresholds
are independent draws for the unit exponential distribution. Also, assume that

sup Ao (f) < oo and for E[Y: ()14 ox (1) }dt < 00. Then, for all large n, the root
1€[0,7]

B\;C;S\k for the estimating equation U, (B,8) exists with probability tending to one
and is a consistent estimator of (Box, Sor)- Also, the estimator Ay(t) is uniformly
(for all t € [0, t]) consistent for the cumulative baseline hazard function Ao ().

4.2. Estimation with Arbitrary Thresholds

In this part, we allow an arbitrary distribution function of the threshold but
parameterize the baseline hazard function as A () = Ax(t; i) for k € K. Also,
we assume the parameter y; is identifiable given the identification of the baseline
hazard function Ay (¢); that is, Ag(t; k) = Ar(¢; %) for any ¢ implies that y; =
.. Denote the collection of unknown parameters by 6; = (B, 8k, Vi, Fe(-)). The
convergence in the space of c.d.f. S is defined relative to the metric:

| Fi—F, ||= / |F1 (1) — Fa(u)|e™ " du. (26)

It is well known that the distance in equation (26) metrizes the weak convergence
for distribution functions and the space S is compact under this topology. This
compactness result is also explored by Cosslett (1983), Heckman and Singer
(1984b), and Matzkin (1991) in establishing the consistency results for NPMLEs
in different contexts.
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Denote the unknown parameter space by ® = B x A x I' x S, with §; € B,
k€ A,y €T, and F, € S. Denote the corresponding metric by

d(0,00) = |B — Bokl + 16 — ol + |y —youl+ | F—=F¢ || .

The corresponding sieve spaceis ®;, =B x A x I x S, . Recall the estimated con-
ditional distribution function is G (t]x). We consider the sieve extremum estimator
with the following criterion function:

-~ ) -~
0.0 = [ [Guttly ~ F[A0n + 25 3G ] [duan. @D
J#k
and the resulting estimates
O = (Br.8. 7k F) = arg_min Q,,(6), (28)
9kE®jn

for some given positive and finite measure w(z,x) that is supported on [0, 7] x X.
Assumption 4.5. The parameter spaces B, A, and I" are all compact.

Assumption 4.6. The parameterization of A(t; yx) is continuous with respect
to V.

Assumption 4.7. The sieve space Sy is nested as Sy C Sy C S forall J > 1
and there exists a sequence 7;F, € §;, such that || F, — ,;F, |- 0 as J — oo.
Also, the sieve spaces S; are compact under the metric defined in equation (26).

The desired sequence of sieve spaces S;, should be able to approximate any
cumulative distribution function accurately. For a particular approximating sieve
space, we take the monotone spline wavelet sieve on p. 5578 of Chen (2007):

[e ]

v
S, = :an W= Y an2"’B,@"u—m+ 5) Om = O } 29

m=—00

where B, (-) is the cardinal B-spline of order v > 1; see Sect. 2.1 of Dechevsky
and Penev (1998).

THEOREM 4.2. Suppose that Assumptions 4.1 to 4.7 hold, then d (@;, Oor) — 0
for all k € K in probability, when J,, — 00 as n — 00.

Remark 4.1. The main complication to allow for nonparametric baseline cumu-
lative hazard functions A (?) is due to the fact that Ao, (7) are not bounded, so
that the key compactness assumption on the underlying functional space is no
longer satisfied. More technical proofs from Sect. 3 of Chen (2007) are required
to incorporate the nonparametric baseline hazard functions and we leave this for
future investigation.
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5. CONCLUSION

This paper proposes a multiplex interdependent durations model with an incom-
plete information structure and complementarity, complementing the study of
Honoré and de Paula (2010). The structure is explored for the characterization of
the Bayesian Nash equilibrium and the semiparametric identification with minimal
assumptions. Our study entails the synthesis of duration analysis and empirical
discrete game. The empirical content of our model is expressed via the continuous-
time simultaneous equations of conditional distributions for each duration out-
come. We establish the uniqueness of the Bayesian Nash Equilibrium by resorting
to a moderate social influence condition. We obtain the identification of the finite
dimensional parameters capturing the interaction effects and all nonparametric
model primitives. The identification results extend the techniques for the single-
equation transformation model to the simultaneous equations incorporating strate-
gic interaction effects. Because the sampling information is explicitly presented
by the system of conditional distributions in our model, this opens the possibility
of a flexible semiparametric estimation with right-censored duration data.

We discuss two interesting questions that are worthwhile for future investi-
gation. First, our model and other econometric duration models restrict agents
to commit to the timing decision from the beginning, whereas it is certainly
desirable to allow agents to re-optimize continuously in reaction to time-varying
shocks in more complicated settings. However, it is challenging to incorporate
such dynamic learning into a tractable empirical model. Second, the proposed
estimators follow our identification strategy closely and they depend on pilot
kernel smoothing estimation of the conditional distributions. Some more refined
estimation procedures that can scale up to the modern high dimensional data would
be appealing to applied researchers.

APPENDIX

A. Proofs of Main Results

Proof of Theorem 2.1. Part (i) For fixed (z,x), we consider the following map from
[0, 11X to [0, 11X:

W (G (tx),...,Gk(t|x))

81 Sk
= | Fe[2108100+ == Y GO |- Fe [ Ak 08k 0 + < 3 Graw] |
k#1 k#K
where the existence of solutions (G (¢|x), ..., Gk (t|x)) is guaranteed by the Brouwer’s fixed

point theorem for the map W. Now suppose there are two sets of solutions, denoted by Gl =
(G{mx), . ,G}((t|x)> and G2 = (G%(zpc), ...,G%(zlx)), which are two different sets of

conditional distributions evaluated at 7 and x, respectively. Let GT = (Gl+ (tx),..., G; (tx))
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be the intermediate values. For the kth agent and any (¢, x), we have

8 1)
IGL1) — GEalo) | = Y fe Ak i)+ e > G a)- 16} () = G,
J#k J#k

< max | fe oo 8IG} (1) — G (1],

< max |G (¢|x) — GZ(t]x)|. A.l
max |G (1) — G (40 A.D)

Taking the maximal over the left-hand side (1.h.s.), we have

1 2 1 2
max |G, (t|x) — G; (t|x)| < max|G; (t|x) — G5 (t|x)],
max | Gy (¢) — GR (9] < max |G () — G} )|

which is a contradiction. Therefore, equation (3) delivers a unique solution.

Part (ii) We prove in Appendix B that the solution (Gl(tlx),...,GK(tlx)) is globally
Lipschitz continuous with respect to both ¢ and x, which is basically inherited from the
smoothness assumption on (¢1 x),... ,¢K(x)) and (Al(t), e AK(t)>. Therefore, we get

the desired absolute continuity that is implied by the Lipschitz condition.
Part (iii) Given the almost everywhere differentiability justified in Part (ii), we have the
conditional density functions defined by

G S
auth = " T+ Y G
J#k
S
(0 + K—fl > gj(tlx)),k ek (A2)
J#k

We prove Part (iii) in Lemma B.2 by contradiction. Specifically, we show that if
ming g(¢|x) < O for some (#,x), then ming g(¢|x) necessarily diverges to negative infinity,
which contradicts the global Lipschitz property proved in Part (ii). The non-negative density
function justifies that the solution in equation (3) is a monotone nondecreasing function.
Furthermore, the boundary restriction G (0|x) = O for any x and £ is clearly consistent with
the system. Finally, lim;—, oo G (t|x) = 1 follows from the fact that lim;—, oo Ag(#) = 0o and
lim;— o0 F¢ () = 1. In sum, the unique solution of the simultaneous equations leads to a set
of well-defined conditional cumulative distribution functions. ]

Proof of Theorem 3.1. We break the proof into two parts. First, we construct obser-
vationally equivalent pairs to demonstrate that interaction effects are not identified in the
absence of scale normalization. We then identify the ratio of interaction effects 8 /g, k # K
by assuming §g # 0.

Regarding the nonidentifiability issue, consider two pairs, (Ag(?),Fe(u),8;) and
(o Ap(t),Fg(u/o),06), for an arbitrary positive constant o and any choice of covariate
effects ¢y (x), k € K. Obviously, these two pairs lead to an observationally equivalent
system of conditional distributions. Thereafter, the best possible result is to point identify
the ratio 8y /8g, k # K by assuming §g # 0.

Taking the ratio of g and gg and letting # = 0, we obtain

2O MOk + g5 Y2801
gKOW)  Ag (k) + 255 Yk O

(A3)
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Utilizing the identification-at-limit strategy, we get

lim ¢y (xx) = lim ¢g (xg) =0, for some x*. (A4)
x—x* x—x*

Thus, it becomes clear that

& _ g 8k Olx) - 32 8(01x)

= lim , (A.5)
8k x—>x* gr(01x) - 3z gi(Olx)
where the right-hand side of the equation can be identified from observables. |

Proof of Theorem 3.2. We consider the nonparametric structural components for the kth
agent. Taking the normalization point xq, one starts with the partial derivative with respect
to the /th coordinate of covariates:

VGy(t|x)
VG (tlxp)
Fo (MO0 + 2 X2 G0 )- (M990 /031 + 23 32716y 01))
S (B900) + 227 Lyt Gy 10) - (A0 0) /031 + 5 21 ViGtxo) )
Fo (Ak @@k + g7 Xt G110 )- (0940 / 031+ ey L V110 )

e (AR O9k00) + 2 Xyt Giebi0) ) (3010) 01+ Gy et VIGith0))

(A.6)
Given the boundedness of V;G;(#|x), one obtains
1 V1G;(tx)
im M =0, A7)
=00 AR

utilizing lim;— o0 A (f) = 0o. Referring to the regular variation of the heterogeneity term
on the tail, one gets

di(x)/9x1 7 0¢k(x0)/dx1 _ - ViGr(tl).
o | g g % ViGk(lxo)

(A.8)

Thus, we have identified all the partial derivatives of the function qbg (x); that is,

g (x)/0x; X ¢,:17n(x) for all k € K. A simple integration leads to the identification
of ¢y (x) utilizing the normalization at point X, referring to Assumption 3.2.

Once we have identified §; and ¢y, we proceed by identifying the quantile function
Q¢ (+) of the threshold ¢ following the strategy in Elbers and Ridder (1982). The extra
complication for our case is that, due to the interaction terms, one faces an inhomogeneous
linear differential equation instead of the homogeneous one seen in Elbers and Ridder
(1982). It follows that

Qe G101 — 25 )24, G (1)

A =
2 )

;Y (A9)
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Differentiating with respect to the first coordinate x|, we obtain

S
| QLG9 1 Grtrb) = =" v G,-(r|x>]q>k<x>
ik
e ZG (1) |oge0 /031 =0. (A10)

For some fixed x, we make a change of variable by letting Gy (#]x) = s. This yields an
inhomogeneous linear differential equation for Qg (s) as follows:

0, (5) + P(5)Q¢ (5) = L(s). (A.11)
where
P(s) = — 01 (X)/9x1 (A.12)

V1GGy (510 71k (B

Sk (D) jost V1 GGy (51D — 8dbic @) /01 sy GLG  (s1)15]

L(s) = ————— (A.13)
(K=DV1GklG (s10)1x]p (%)
Referring to the solution for eqn. (A.11) in Lemma B.3, one obtains:
S 1 s D ~
0:(9) =~ Jo PO / o | (A.14)
0

Note that the undetermined constant in the general solution is pinned down with C =0,
because Q¢ (0) = 0. Therefore, F¢(-) is point identified by inverting its quantile function
Q¢ (). Finally, A (?) is identified from equation (A.9). O

Proof of Theorem 4.1. The crux of our proof is to show that the generated regressor
Wik(t) can be replaced by W, (¢) in order to account for the estimation of the conditional
p.d.f. in the time-varying regressor. One can then make use of the results in Lin and Ying
(1995) or Martinussen and Scheike (2002) to establish the consistency property. First, we
show that

fZ / Sik(s: B) [Yi ()8 Wi (s)ds] = Z / Sik(s: B) Y ()8 Wik (5)dls] +0p (1),
(A.15)

and

1< - xTp 1w X7 B

- Z Yir()Sjk(s; B,8)e V= = - Z Yir ()Sjk(s; B,8)e™7 7 +op(1), (A.16)
j=1 j=1

uniformly over (¢, 8,8). We only prove equation (A.16) due to the similarity. Referring to
the specific form of TS’\J-k, we only need to verify equation (A.16) for the first coordinate of
@k as that is the part involving the estimated conditional p.d.f. Hence, the first coordinate
of the L.h.s. of equation (A.16) becomes
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1 n R B T T 1 n

S T8 W™ P = =N V(8 Wi(s)
j=1 j=1

1
+ n2 Z Yir ()it i (55 B,8) +0p (1),

1<j,l<n

where

1)
YLkt B,6) = T—1 Z /Kbn(t,S)‘s'z,m(ds,Xj), (A.17)
m#£k

by the uniform linear representation in Lemma B.4. Then by the uniform law of large
numbers (ULLN) for the V-process in Thm. 5.2.9 of de la Pena and Gine (1999), we get

%Znuswﬂ,k(s;m = op(1).
Jil

More specifically, one verifies that the kernel (of the U-statistic) related to the function
Yie (9)¥j1,x (s; B,8) is of VC-subgraph (de la Pena and Gine, 1999). Following a similar
argument as in Appendix C.3 of Fan and Liu (2018), we get the ULLN for the corresponding
U-process. Also, the moment condition for the envelope function required by Thm. 5.2.9 of
de la Pena and Gine (1999) is satisfied given our assumption. Thereafter, the desired ULLN
for the corresponding V-process follows from combining Thms. 5.2.2 and 5.2.9 of de la
Pena and Gine (1999). Based on equations (A.15) and (A.16), we arrive at

5 xTB
I [T | 2t Yik()Sjk(s; B, 8)e™ -
- Z/ J X5 [Yik(s)(?Wik(S)dS]
i=170 Y Yik(s)e™
I [r
= > /0 Snk (s; B,0) [Yik ()8 Wik (s)ds] 4 0p(1). (A.18)
i=1

The combination of equations (A.15) and (A.18) gives
sup |Un k(B,8) = Un, 1 (B,8)] = 0p(1), (A.19)
where

L[ (7 -
Unk(B.8) =~ > [/0 {Sik (s ,8) — Suk (53 B,8) } [dNige (5) — Yik(S)SWik(S)dS]] -
i=1
Then, the estimating equation U,, (8, 8) at the population level has a unique root at the true

parameter value (Bog, dor) and the desired consistency result follows from the conclusion
in Cor. 2.3 of Lin and Ying (1995). In the same vein, we have

. 13 dNig(s) — Y (8)0x Wik (s)ds
Ak(z)=/(; 2j=t Nk SR +op(1),

X'
| V(s P

for the baseline cumulative hazard function. Hence, its consistency follows from Thm. 3.1
of Lin and Ying (1995). O
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Proof of Theorem 4.2. It is straightforward to see that the limit of the sample criterion
function Q,, (9) is

0(0) = f Grlth — Fe[ A0gn) + 22 ZG,(nx)] da(t.2). (A.20)

The proof essentially verifies Cond. 3.1”, 3.2, 3.4, and 3.5(i) in Chen (2007), which give
rise to the consistency result via Thm. 3.1 of Chen (2007). First, the compactness required
in Conditions 3.1” and 3.4 therein are satisfied in our context, because the parameter spaces
for the finite dimensional parameters are compact and the space for the c.d.f. is compact
under the norm || - || in equation (26).

Regarding the uniform convergence of the sample criterion function over the sieve space
required by Condition 3.5(i), we get

1) —~
O 1 (0) = f Gy (tlx) — Fy, [Ak<r)¢k<x)+K—"IZG,-<z|x)] du(t,x) +op(l),  (A21)
Ok

- / Gy (tlx) — FJn[Ak(t)¢k(x)+ ch(nx)} dp(t,%) + 0p(1), (A.22)

based on the uniform consistency of the conditional c.d.f. and the continuity of the c.d.f.
F, in the sieve space; see Dechevsky and Penev (1998). In other words, we have

sup |Qp,k(6) — 0 (@)| = 0p(1), (A.23)

0€®y,

for any J, > 1. The approximation error due to the use of the sieve is determined by the
space Sy,. The order of the sieve approximation error is bounded up by 02~ %ny as in
Dechevsky and Penev (1998), which satisfies Cond. 3.2 of Chen (2007). O

B. Auxiliary Lemmas and Proofs

LEMMA B.1. Under our assumptions, the solution of the simultaneous equation Gy (t|x)
is absolutely continuous with respect to both t and x, for any k € K.

Proof. We first consider the absolute continuity with respect to x. For any x1,x; in the
support of covariates, we have

|G (tx1) — G (t]x2)|
Sk
<N fe lloo | Ae®19r01) = ()| + = > |Githx1) = G (elx)|
JFk
< max A;j(0)|¢;(x1) — @ij(x2) |+ Or max |Gj(tlxy) — Gji(tlx2)|.
=l fe lleo | max (D1 (x1) — @i () |+ Il fe lloo k135K| i (1lx1) — Gj(tlx) |
Utilizing the assumption that || f¢ ||co dx < 1 for any k, we obtain

(1= 8 [l fe loo) max |Gj(tlxy) — Gj(thxa)| <II fe lloo max Aj(0)|gj(x1) — dj(x2)].
1<j<K I<j<K
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Thus, by the assumed Lipschitz continuity of ¢;(-) functions for j = 1,...,K, we get the
Lipschitz continuity of our conditional c.d.f. with respect to x. Therefore, one gets the
desired absolute continuity, such that %Gk (t]x) 1s defined almost everywhere for all # and
k=1,....K.

A complete analogous argument gives the Lipschitz continuity of the conditional c.d.f.
with respect to f, which in turn guarantees the legitimate conditional p.d.f. gg(¢|x) for k =
I,....K. a

LEMMA B.2. Under our assumptions, the solution of simultaneous equations Gy (t|x) is
a monotonically increasing function with respect to t, for any x and k € IKC.

Proof. We show that the conditional p.d.f. are all non-negative; thatis, min| < <g gx (¢|x)
> 0 for all # and x. We prove this by contradiction. Suppose there exists some (¢, X()
and kg € {1,...,K}, such that gg,(t9|xg) < 0. Without loss of generality, we take ko =
arg minj <<k gk (tolxo). Given that g, (folxp) < 0, a quick inspection of the formula in
equation (A.2) leads to

Ao (10) Py 01 > gj(tolxo) <0,
J#ko
which implies that
. . 1
ko (folxo) = min, g;iolx0) < ming;(iolxo) < - — D sjlolo) < - B, Mo 00k (50)

J#ko

We refer to the formula in equation (A.2),

ZG (r0lx0)|

8k (1010) =z | Ay (10)

‘ (lko (t0) P, 01 Z gj(tOIXO)),
J#ko
which gives rise to
Y gtaohio) < — <; ! )Ako (10) kg (X0):
K 1].#0 kg 1 fe lloo Sk
and
. 1 1
8k (folx0) = lglangj(tObCO) < - (m + 5 ) Mo (10) Py (X0) - (B.1)

At the Nth iteration, one has the following bound for any natural number N:

N

min_gi(tpl|xg) < —
ISiSng 0lXo Z
n

1
N TAS ’\ B.2
Gy 1 lloo)™ (10) by (¥0) — —— Ay (10) iy (X0)- (B.2)

Apparently, miny <x<k gk (folxg) — —oo by letting N — +00, because m > 1 for all
k. This contradicts the global Lipschitz continuity of the conditional c.d.f. with respect to ¢
for any x. ]

https://doi.org/10.1017/50266466620000420 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466620000420

A MULTIPLEX INTERDEPENDENT DURATIONS MODEL 1263

LEMMA B.3. For functions y(s), a(s), and b(s), suppose the following inhomogenous
linear differential equation holds:

Y (8) +a(s)y(s) = b(s), (B.3)

where Y (s) stands for the first-order derivative. The general solution is
S s u
y(s) = e~ Joatwdu [ / e Jo A by 4 c] , (B.4)
0

for some constant C; see Sect. 2.6 in Coddington (2012).

We restate some necessary definitions and terminologies in Chap. 5 of de la Pena and
Gine (1999). Let F be the class of functions and L, (Q) be the Ly-norm defined by a
probability measure Q. For any probability measure Q, let N(e, F,Ly(Q)) be the minimal
number of balls of radius € needed to cover the class F. An envelope function of a functional
class F is a function F, such that |f(x)| < F(x) for all x and f € F. The covering number of
a VC-subgraph functional class F with index v admits the following upper bound:

NG, F,Ly(Q)) S572. (B.5)

The following lemma states the linear representation of the kernel estimators for the
conditional probability density functions. Its proof is essentially the same as Thm. 4.1 from
Fan and Liu (2018) under the independence censoring scheme (so that Cy, is independent of
T} conditional on covariates X for each k), while eliminating the bias terms.

LEMMA B.4. Under Assumptions 4.1 to 4.4, we have the following uniform linear
representation for the conditional p.d.f.:

- I ¢

8k (t10) — gietlx) = — Z/Kb,, (1,9)&;,k (ds,x) + op(1). (B.6)
i=1

foranyte[0,t] and x € X, where

_ ! . -2 : _ :
& k(s,x) = men Xi,x) |:/0 Svk (vlx) [1 (Vz,k = V) Fy, (V|Xz)]
x dFy, p=1 (1) + Sy (510 [1(Vix < 5.D; = 1) = Fy, p=1 (s1X7)]
- /0 ‘ Sy> R [1 (Vi <v.D =1) = Fy, p=1 (0IXp) ] dFy, <v|x)} ,

which has a zero mean for any s and x.
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