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Abstract. We analyze here, a two-grid finite element method for the two dimen-
sional time-dependent incompressible Navier-Stokes equations with non-smooth ini-
tial data. It involves solving the non-linear Navier-Stokes problem on a coarse grid
of size H and solving a Stokes problem on a fine grid of size h, h << H. This
method gives optimal convergence for velocity in H'-norm and for pressure in L?-
norm. The analysis mainly focuses on the loss of regularity of the solution at t = 0
of the Navier-Stokes equations.
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1. Introduction

We consider a two-grid semi-discrete finite element approximation to the two di-
mensional time-dependent incompressible Navier-Stokes equations

g—ltl+u-Vu—VAu—l—Vp:f(x,t), reN, t>0 (1.1)
with incompressibility condition
V-u=0, z€Q,t>0, (1.2)
and initial and boundary conditions
u(z,0) =up in2, u=0, ondN, t>0. (1.3)
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Here, Q is a bounded domain in R? with boundary 92 and v > 0 is the viscosity. u and
p are the velocity field and pressure, respectively. And f is a given force field.

Two-grid methods are well-established and efficient methods for solving non-linear
partial differential equations. Due to high computational cost of solving a non-linear
problem on a fine grid, we solve the original problem on a coarse grid and update the
solution by solving a linearized problem on a fine grid. In other words, in the first step,
we discretize the non-linear PDE on a coarse mesh, of mesh-size H and compute an
approximate solution, say, uy. Then, in the second step, we solve a linear problem
on a fine mesh, of mesh-size h, h < H, thereby, compute an approximate solution,
say, u". With appropriate h, H, we obtain comparable solution to that of Galerkin
approximation on the fine grid, although, in this case, with far less computational cost,
since, instead of solving a large non-linear system, we solve a small non-linear system
and a large linear system.

In this article, we study the following two-grid finite element approximation for the
problem (1.1)-(1.3): Compute a semi-discrete Galerkin finite element approximations
(ug, pm), over a coarse mesh of mesh-size H. Then, refine this rough approximation
uy by solving the following Stokes problem:

u; —vAu+uy-Vug+Vp=f, V-u=0, in Q (1.4)

over a fine mesh of mesh-size h < H.

The above algorithm is nothing new and in fact, this and similar algorithms have
been studied on numerous occasions, see [1,2], [5]- [7]1, [9]1-[11], [13]- [15] and [18]-
[25]. But to the best of our knowledge, no study has been done for non-smooth initial
data. The importance of this, in the context of Navier-Stokes equations, has been
pointed out by Heywood and Rannacher in their paper [16]. It has been noted that
higher-order regularity estimates remain valid (as ¢ — 0), only in the presence of
non-local compatibility conditions of various order, for the given data, at time ¢ = 0.
Since these conditions are not natural and are difficult to verify, we have to allow the
possibility that regularity estimates are no longer bounded as ¢t — 0. These singularities
are more prominent in case of non-smooth initial data. Since error analysis is based on
various regularity assumptions, this is of vital importance. Hence the task at hand is to
carry out the necessary analysis under realistically assumed data.

Two-grid method was first introduced by Xu [29, 30] for semi-linear elliptic prob-
lems and by Layton et.al [18-20] for steady Navier-Stokes equations. It was carried
out for time dependent Navier-Stokes by Girault and Lions [11] for semi-discrete case.
The method may vary depending on the algorithm, by formulating different linearized
problem, to solve in the second step; as in the case of Navier-Stokes, one can chose
a Stokes problem or an Oseen problem or a Newton step to solve on the fine mesh.
Several works in this direction, involving both semi-discrete and fully discrete analysis,
can be found in [1,2,5,6,9,13-15,21-23,25] and references therein.

The two-grid methods are similar to non-linear Galerkin methods, post-processed
and dynamical post-processed methods, in the sense that, all these method try to con-
trol the computational cost or efficiency by controlling the non-linear term, implement-
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ing similar ideas: solve the non-linear problem on a coarse grid and use that solution to
solve a linearized problem on a fine grid. A discussion on this can be found out in [9].

But in all these methods, including two-grid, very few articles can be found which
have carried out the analysis, taking into account the loss of regularity of the solution of
the Navier-Stokes equations at the initial time. Recently, two articles [9,10] have taken
this into account. For example, both these articles assume no more than second-order
spatial derivative of the velocity bounded in L2, up to initial time ¢ = 0. Under realistic
assumptions on the given data, the solution of the Navier-Stokes equations suffers from
lack of regularity at t = 0. For us to assume regularity at ¢t = 0, we need that the data
satisfy some non-local compatibility conditions at ¢t = 0 (see [16]). These conditions
are very hard to verify even for simple models and hardly appear in physical context.
We have avoided these conditions in our analysis and more. We have worked here
with non-smooth initial data, that is, initial velocity uy belong to H}. Now, even the
second-order spatial derivative of the velocity is not bounded in L?, up to initial time
t = 0. Lemma 2.1 tells us that |ju(t)|ls ~ O(t~'/2). So, our assumption on the initial
data forces us to have only the first-order spatial derivative of the velocity bounded in
L2 at t = 0. This proves to be a bottle-neck in our error analysis.

Our work here closely resembles the works of [1,9,13]. In [1], Abboud et al. have
studied a second-order two-grid fully discrete scheme, whereas, in [9], Frutos et al.
have considered two-grid mixed finite elements for spatial discretization. And in [13],
Y. He has considered the fully discrete two-level finite element Galerkin method. We
present here similar results that have been obtained in [13], but with weaker condition
on uyg. In that sense, this work is devoted to the technicalities required to deal with the
non-smooth initial data.

Apart from the error analysis of this two-grid method, we have also discussed the
error analysis of finite element Galerkin method for (1.1)-(1.3). Although, these later
results are discussed in [16], the results here vary slightly, due to non-smooth initial
data. Also, the pressure estimate has been improved for conforming finite element, in
the sense that, it now reads as ~ O(t~/2) rather than ~ O(t~'). For smooth initial data,
it can be shown to have no singularity at ¢t = 0 (using similar argument presented here,
e.g., using Lemma 4.1 for pressure error), rather that the estimate ~ O(t_l/ 2)in [16].
Similar improvement is also realized in the two-grid method. Theorem 5.3 in [13]
states that the error in velocity is ~ O(H?) and the error in pressure is ~ O(t~/2H?),
when the initial data is smooth. Note that whereas the velocity error remains bounded
at t = 0, it is not so for the pressure error. In our case, we have shown that velocity and
pressure errors are ~ O(t ! H?) (see Lemmas 6.3 and 6.4), when initial data is non-
smooth. By following similar procedure, for smooth initial data, we can show that the
errors, in fact, are ~ O(H?). This improves the pressure error presented in [13]. We
would like to mention here that this improvement of error bound for the pressure has
already been observed in [7, Corollary 4.19, Remark 4.3] for higher-order Taylor-Hood
elements, but for smooth initial data. Similar observations for first-order mixed finite
elements (more precisely, for the mini-element) can also be found in [7, Remark 4.2]
and [8, (24),(25)]; that the errors for both velocity and pressure are bounded at ¢t = 0
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for smooth initial data.

Finally, we observe that, it is of practical importance to discretize in time and to
implement the fully discretize scheme to verify the usefulness of the present method.
In fact, computational results are shown in [15] to support the fact that this two-grid
method is better that the standard Galerkin finite element method. But the analysis
presented there, for a fully discrete two-grid method is for smooth initial data, that is,
the initial velocity uy is in Hj N H2. We will deal with non-smooth initial data for a
fully discrete two-grid method somewhere else.

In the following sections, we will assume C' and K to be generic positive constants,
where K generally depends on the given data, that is, ug, f. And for the sake of conve-
nience, we would write v(¢) as v when there arises no confusion.

The article is organized as follows. In Section 2, we introduce some notations
and preliminaries, and present a priori estimates and regularity results for the solution
of (1.1)-(1.3), when the initial data is non-smooth. Section 3 deals with finite ele-
ment Galerkin approximations, whereas Section 4 deals with the error analysis of the
Galerkin approximation. The two-grid method is briefly discussed in Section 5 and its
error analysis is carried out in Section 6.

2. Preliminaries

For our subsequent use, we denote by bold face letters the R?-valued function space
such as

Hj = [Hy ()], L? =[L*(Q).
Note that H} is equipped with a norm
2 1/2 2 1/2
19vli= (X @) = (S v u)
ij=1 i=1
Further, we introduce some divergence free function spaces:
le{qbeHé:V-qb:O}
J= {¢€L2 :V-¢p=0in Q,¢ njpg =0 holdsweakly},

where n is the outward normal to the boundary 992 and ¢ - n|gpq = 0 should be un-
derstood in the sense of trace in H~/ 2(09), see [26]. For any Banach space X, let
L?(0,T; X) denote the space of measurable X -valued functions ¢ on (0,7") such that

T
| 1ol ar<oo i 1p <o,
0

and for p = oo

ess sup [[@(t)]|x < oo if p= 0.
o<t<T
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When there arises no confusion, we simply denote these spaces by LP(X).

Through out this paper, we make the following assumptions:

(A1). For g € L2, let the unique pair of solutions {v € Jy,q € L?/R} for the steady
state Stokes problem

—Av+Vg=g,
V.-v=0 in Q, v]sq =0,

satisfy the following regularity result

vz + llgll g m < Cllgll-

(A2). The initial velocity uy and the external force f satisfy for positive constant M,
and for T with 0 < T < o0

ug € Jy, f,£,f, € L0, T;L%) with |Juglly < Mo, sup {|If], || [|fxll} < Mo.
o<t<T
With P : L? — J as orthogonal projection and A = P(—A) : J;NH2 ¢ J — J as
Stokes operator, we first note that (A1) implies
v]l2 < C||Av]|, v eI, nH2
And (see [16, (2.4)])

1/2

V< AT lvie < AT vle, veJinH?, (2.1)

where \; > 0 to be the least eigenvalue of the Stokes operator.
With these assumptions, let us now introduce the weak formulation of (1.1)-(1.3). Find
a pair of functions {u(t),p(t)}, t > 0, such that

(u, ) + v(Vu, Vo) + (u-Vu, @) = (p,V - ¢) + (f,¢) Vo € Hy, (2.2)
(V-u,x)=0 VyelL’

Equivalently, find u(¢) € J;, ¢t > 0 such that
(u, ) + v(Vu, Vo) + (u-Vu,¢) = (f,¢), Vo € J;. (2.3)

For existence and uniqueness, and the regularity of the solution of the problem (2.2)
or (2.3), we refer to [16, Theorem 2.1], [12, Ch. V, Theorem 1.4, 1.5], [26, Ch. III,
Theorem 3.1, 3.2] and [27, Part I., Theorem 3.1, Remark 3.1, Sec. 6.2].

Theorem 2.1. Let (A1) hold and let ug € Jy and £ € L>(0,T; L?), T > 0. Then, there
exists a unique weak solution u of (2.3) such that

ue L®0,T;J) N L*0,T;J;).
In fact, the solution has further regularity.

uc L°(0,T;J1) N L0, T;J; N H).
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Remark 2.1. Since the two weak formulations (2.2) are (2.3) equivalent, Theorem 2.1
provides us with a unique solution u of (2.2) and we recover pressure p, unique up to
a constant. In fact, p € L(0,T; H' /R).

For the sake of completeness, we present below the a priori estimates and higher-
order estimates, which will be used in our error analysis. These vary slightly with the
results presented in [16] due to non-smooth initial data. And hence, we sketch a proof
here.

Lemma 2.1. Assume that (A1) and (A2) hold and let 0 < o < v\y. Then, for some
constant K > 0, which depends only on the given data, the weak solution pair (u,p) of
(1.1)-(1.3) satisfies the following estimates:

la(®)]* + e /Ot ***|lu(s)|[fds < K, (2.4)
la(®)[F + e~ /Ot e {u(s)ll3 + fus(s)l*} ds < K, (2.5)
T (O {ue @) + @3 + [lpO)17} + e /OtU(S)IIus(S)II?dS <K, (2.6)
(7" () ue ()17 + em/o ($){ s ()13 + s () [* + llps ()17} ds < K, (2.7)
(T (O)* { e @)l + [[ue(®)ll2 + e (D)1} < K, (2.8)

where 7*(t) = min{1,t}, o(t) = 7*(t)e®** and o1 (t) = (7*(t))%e2.
Proof. We choose ¢ = e?**u = e“*11 in (2.3) and use (2.1) to find
1d 2, o .
30+ (v = 5 Il < —= 1. (29)
Use kickback argument, then integrate and multiply by e~ to obtain

—2o¢t)

2 AN _2at s 2 —2at 2 (1—e 2
ull + (v = )7 [ Na()lfds < e ug P + IF)% = K

20(v\ — «)

where ||f|[oc = ||f][ o0 (12). Now choose ¢ = u in (2.3) and integrate from ¢ to ¢ + ¢, for
some fix tg > 0.

)\1t0

t+to
e+l + [ s < P + 226 < Ko 210

Next, we choose ¢ = Au in (2.3) to find (see [16, (2.11)])

d ~
—lullf + vl Au)* < CJE* + Clluffuly. (2.11)
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Keeping in mind (2.10), we apply uniform Gronwall lemma (see [28, Lemma 1.1, pp.
91]) to observe that for fixed ty > 0

lu(t +to)|1 < K, t>0.

Multiply (2.11) by e?**, integrate with respect to time, use the above estimate to con-
clude the first part of (2.5). Choose ¢ = e2>*'u, for the rest of (2.5).
For next estimate, we differentiate (2.3) with respect to time and put ¢ = o(¢)u; to get

%{U(’f)\\uwr\\z} +2vo(t)uelli = oe(t)l[wel* — o (t)(ue - Vu, ue) + o (t) (£, ue).

Observe that
(e - Vu,ug) < Jlwlffaollull < Cllug]ffug]l1[ul:-

And therefore, we have
d (6%
%{U(t)HUtHQ} +vo(t)|lulf < Ce* P (1+ [[ulff) + o (t)]I]].

Integrate with respect to time and use (2.5) to conclude part of (2.6). The rest of it can
be proved by using the Egs. (2.3) and (2.2).

Put ¢ = al(t)Aut and ¢ = o1 (t)uy, respectively, after differentiating (2.3) and proceed
in similar fashion as above to find (o (t) = (7*(t))%e2*%)

t
(7 ()2l ()17 + em/ o1(s){[us ()5 + [uss(s)?} ds < K. (2.12)
0
Differentiate the Eq. (2.2) and use (2.12) to obtain the pressure estimate of (2.7).

Finally, we differentiate (2.3) twice, with respect to time. First, put ¢ = oa(t)uy, oa(t) =
(7*(t))3e?** and use (2.7) to obtain

W@mwﬁm+fm/0MWm®ﬁ®§K
0

And then use the double differentiated equation and the Eq. (2.2) (after double differ-
entiation) with the above obtained estimate to conclude (2.8) and this completes the
rest of the proof. O

We present below Gronwall’s Lemma, which will be used subsequently.

Lemma 2.2 (Gronwall’s Lemma). Let g, h, y be three locally integrable non-negative func-
tions on the time interval [0, c0) such that for all t > 0

ym+Gmsc+AM$w+Ag@M@m

where G(t) is a non-negative function on [0,00) and C > 0 is a constant. Then,

y(t)+G(t) < (C + /Ot h(s) ds) exp(/ot g(s) ds).
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3. Classical Galerkin method

From now on, we denote h with 0 < h < 1 to be a real positive discretization
parameter tending to zero. Let Hy, and Ly, 0 < h < 1 be two conforming finite element
spaces; subspaces of H} and L?/R, respectively, approximating velocity vector and
the pressure. Assume that the following approximation properties are satisfied for the
spaces Hy, and Ly:

(B1) For each w € H, N H? and ¢ € H'/R there exist approximations i,w € Hj, and
jnq € Ly, such that

lw —ipwl| + V(W — inw)|| < Ch?||wll2, [lg — juall < Chllq|l1.
Further, suppose that the following inverse hypothesis holds for w;, € Hy:
VWl < Ch™H|wy. (3.1
To define the Galerkin approximations, we set for v,w, ¢ € H},
a(v,$) = (Vv,Ve),

b(v,w,p) = %(V -Vw, ¢) — %(V Vo, w).

Note that the operator b(-,-,-) preserves the antisymmetric property of the original
nonlinear term, that is,

b(Vh,Wh,Wh) =0 Vvp,wp € Hy.

The discrete analogue of the weak formulation (2.2) now reads as: Find uy(t) € Hy,
and py(t) € Ly, such that uy(0) = ug, and for ¢t > 0

(uht’ ¢h) + Va’(uha ¢h) + b(uha up, ¢h) - (pha % ¢h) = (f’ ¢h)a
(v *Up, Xh) =0, (32)

for ¢, € Hy, xp € L. Here ug, € Hy, is a suitable approximation of ug € J;.
In order to consider a discrete space analogous to J;, we impose the discrete incom-
pressibility condition on Hj, and call it as J,,. Thus, we define J, as

Jp = {’Uh e Hy, : (Xh,v-?}h) =0 th S Lh}.

Note that J, is not a subspace of J;. With J; as above, we now introduce an equivalent
Galerkin formulation as: Find uy(t) € Jj, such that u,(0) = ugy, and for ¢ > 0

(uns, @) + va(up, @) = —b(up, up, ¢p,) + (£, @) Vo, € Jp. (3.3)

Since Jy, is finite dimensional, the problem (3.3) leads to a system of nonlinear ordinary
differential equations. For global existence of a unique solution of (3.3) (or unique
solution pair of (3.2)), we again refer to [16, pp. 289].
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For continuous dependence of the discrete pressure py(t) € Lj on the discrete
velocity uy(t) € Jj,, we assume the following discrete inf-sup (LBB) condition on the
finite dimensional spaces H;, and Lj,:

(B2') For every ¢, € Ly, there exists a non-trivial function ¢, € H; and a positive
constant K, independent of h, such that

(gn: V- @) = ClIVy|lllanl L2 /e

Moreover, we also assume that the following approximation property holds true for J,.

(B2) For every w € J; N H?, there exists an approximation r,w € Jy, such that
Iw = rawl|| + hl[V (W — raw)|| < Ch? || w2

The L? projection P, : L? — J;, satisfies the following properties (see [16, Lemma
4.3]): for ¢ € Jy,
I — Prpll + RV Pl < Ch| V], (3.4)

and for ¢ € J; N H?,
6 — Puopll + BV (¢ — Pagp)|| < CR?[Ag|. (3.5)
We now define the discrete operator A, : H, — Hj, through the bilinear form a(-,-) as

a(Vh, @) = (—Apvh, @) Vi, ¢y € Hy,. (3.6)

Set the discrete analogue of the Stokes operator A=P(-A)as A, = Pn(—Ap). Note
that the A, restricted to Jj, is invertible and we denote its inverse by (A;)~!; for
details, see [16,17]. Following [17], we define discrete Sobolev norm as:

IValle = [[(=AR)"?vy|, for vy, € Jp, reR.

Using Sobolev imbedding and Sobolev inequality, it is easy to prove the following
Lemma (similar to [17, (3.4)]).

Lemma 3.1. Suppose conditions (A1), (B1) and (B2) are satisfied. Then there exists a
positive constant K such that for v, w, ¢ € Hy, the following holds:

VI v 2w 2 A w 2 ],
VI Apv 2w ]|l
(v Vw, @) < K q [Iv["2(IVv] 2 Vwl]le] /2 Va2, B.7)
VIV Wil ]2 A2,
VIV w2 Apwll 2]l /2 V ]|/

Examples of subspaces Hj, and L, satisfying assumptions (B1) and (B2') are abundant
in literature, for example, see [3,4,12]. We present below a couple of lemmas, one
dealing with a priori and regularity estimates of u;, and the other, with higher-order
regularity results. The proof is similar to that of Lemma 2.1.
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Lemma 3.2. Under the assumptions of Lemmas 2.1 and 3.1, the semi-discrete Galerkin
approximation wuy, of the velocity u satisfies, for t > 0,

t

lan () + 2 / 25 [up(s) 12 ds < K, 3.8)
0
t

lan ()3 + 2 / o {lun ()2 + ()P} ds < K, (3.9)
0

()2 { (B2 + ol m} < K. (3.10)

where 7*(t) = min{l,t} and K depends only on the given data. In particular, K is
independent of h and t.

Lemma 3.3. Under the assumptions of Lemma 3.2, the semi-discrete Galerkin approxi-
mation uy, of the velocity u satisfies, for t > 0 and for r € {0,1}, i € {1,2}, r+i <2,

t
(T (@) Dpan ()7 + 62‘”/ (7*(s))" e | Diup(s)l[7 41 ds < K, (3.11)
0

where Di = 2. And

- ot
t
2t [ P a6 + Ions e} ds < K. (312
(T (@) {unell2 + lpre ()1 } < K. (3.13)

Here K depends only on the given data. In particular, K is independent of h and t.

4. Error analysis: Galerkin method

In this section, we briefly present a convergence analysis for Galerkin approxima-
tion. The analysis for smooth initial data, that is, ug € J; N H? can be found in [16].
The analysis below is for non-smooth initial data, that is, uy € J;. Although the proofs
are along the similar lines as those for smooth data (see [16]), they are more involved
due to the presence of singularities at ¢ = 0.

Let us denote the finite element Galerkin approximation error as E = u — u;. We
split the error in two parts, one due to non-linearity and the other due to linearization;

E=u—-vp)+(vi—w)=€&+n

Here vy, satisfies the linearized Eq. (5.3) from [16]. And then we have
(see [16, Lemma 5.1]; same proof will go through)

t
eQat/ e ||€(s)||2ds < Kh*. (4.1)
0
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For L>°(L?) estimate of &, we now split £ as follows:
E=(u—vpy) =(u—Spu)+ (Spu—vp) =1 ¢+ 6,

where S}, is given by (4.52), [16]. Lemma 4.7, [16] tells us that

I+ Al¢h < Cr* (1 + lall) ulls + [l ) 4.2)

€l + AlCls < CH((1+ lall) fuellz + lpel ). (4.3)

We note here that the above estimates of ¢ are not quite the same as in [16], since
[u(t)||2 is no longer bounded near ¢t = 0; rather it behaves like ¢t~'/2, due to non-
smooth initial data.

In order to complete the estimate for £, we now need to estimate 6. The equation in

reads as

(01, &p) +va(0, @) = —(Cp, @n), Pp € I (4.4)
Slmply putting ¢, = 0 would not work, since after 1ntegrating, we need to estimate
fo |¢4(s)||?ds. Using (4.3), we find a term fo lus(s)||3ds, which does not make sense,

again due to singularity at ¢t = 0. In order to take care of this, we introduce a weight
o(t) = 7*(t)e** as in Lemma 2.1.
We put ¢, = o(t)0 in (4.4) to find

{0 16117} — oe(t)]16]* + 2vo (1)[|0]fF = —20(1)(¢;, 0).
Using Cauchy-Schwarz and Young’s inequality, we obtain
{ff 1617} + 2va(t)]6]1F
< Cewneu? +or(BlC? < ce (I + 1¢IP) + o1 (0) 1>
Integrate with respect to time and use (4.1), (4.2) and (4.3).
t
a(t)6()]* + V/o a(s)]6(s)l[3ds
t
< Keetnt o Cnt [ e (o) + (o)) ds
0
e 2 2
0 [ o) (o)1 + (1R ds

Use (2.5) and (2.7) and then multiply by e~2°* to get

T ()10 + 6‘””/0 o(s)[|0(s)[ds < Kh*.
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An use of triangle inequality along with inverse hypothesis (3.1) results in
€@ + hllE®) Il < Kt /202, (4.5)

We pause here and note again that ||£|| is no longer bounded for all ¢ > 0 (as in [16]).
It now remains to estimate 7). The equation in 7 is

(e, @) +va(n, ) = M p(er), @y € In, (4.6)

where

A n(@y) = b(up,up, @) — b(u,u, ¢p,) = —b(up, E, ¢) — b(E,u, ¢y,). 4.7)

Since 7 satisfies a non-linear equations, the complexity due to the singularity at¢t = 0 is
much more telling. We can not expect to handle it just by introducing a weight function.
In our case, we need to handle the non-linear term A, ;,. The analysis says that we need
an additional estimate of n in L?(L?)-norm, before we proceed for L>°(L?) estimate of
n. For that, choose ¢, = €2**(—A};)~'n in (4.6) to obtain

1d

5ol = a2+ vl = A (A0 ) 4.8)

Here, ) = e*n. Using (4.7) and the definition of b(-, -, -), we observe that

Avp((=An)"'n)

= b(uh’ E +n, (_Ah)iln) - b(£ +n,u, (_Ah)iln)
= (V)& + ), (<A ) — (- V) (A, 6+ )

2
(€ +m VA7) - (€ +m) A) Tnu). @9

Use Lemma 3.1 to arrive at the following:

1 -
— 5 ((uy- v><—Ah>*n,s+n>scuuhul/?HuhumHnui/funul/?(usu+Hnu), (4.10)
1
—5((€+m-v) ) 7)< CIEN+ Iml) il 2 )2, (4.11)
1
—5((€+m-v) n,w) < CIE)+ Iml) Inl 2 lml 2 )2 aly. - 412)

For the first term on the right-hand side of (4.9), we have (with the notations D; = a%i
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and v = (v1,v2))

(up - V)€ +m), (—Ap)"'n) (4.13)
2
=§:AUMDA@+Mﬁ«ﬂMYﬂmdx
i =1
J ) 2
- _ A (=AD" dx — wn DL ((—A ) ") - )
__igizyzhﬁf+mﬂ<Am m); d g;%;hﬂz«<Am ), }HE+ ),

=~ ((V-un) (€ +n),(=An)"'n) = (un - V)(=An)"'n, (£ +n))
<Cualy (€11 + ) il 25 I /2 + a2 2 ) 22 2 (N -+ i )

in view of Lemma 3.1. Incorporate (4.10)-(4.13) in (4.9) and use Lemma 2.1 to find

A1,h((—5h)’1n)
<Celllml 2 Iml2 (Ihanlly + lally) + Cllnl 2 In )2l

< ellmll? + K (JInl2, + €]1). (4.14)
Hence, with appropriate ¢, we obtain from (4.8)
d ., . R R A
ZlalZy+vlial® = KRl + 1€]1°)-
Integrate and use (4.1). Apply Gronwall’s lemma to coclude that
t
IO, + e [ e n(s) Pds < ekt 15)
0
We are now in a position for the final estimate. Choose ¢, = o(¢)n in (4.6) to obtain
d 2 2 2
1o @Iml} + 2va@)nlli = o: ()0l + 20 (D) A1 (n).
As in (4.9), we have

A1,h("7) = b(uh’ E’ 77) - 5(5 + n,u, 77)
== S (- V)& — 5((w - V)0, €)
(€ +m) V) - (€ +m Vmu). @16
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Using Lemma 3.1, we find

- %(((E +n)- V)mn) - %(((E +n)-V)n, u)

— L& Vum) - L€ Vi) - (- Vywm) - L Vimw)

1/2 1/2 1/2 1/2
< Clel{ il rally il 2lmi + il a2y §

+ Clmllmlh s + Cllml 2 )32 ) 2] )2, (4.17)
and
1 1/2 1/2
—5((an - V). €) < Cllun V2 [us ]y ] €] (4.18)

And as for the first term on the right-hand side of (4.16), we observe, as in (4.13),

(Vg ) = LV wEm) — (e V)m8)

1/2 1/2 1/2 1/2
< Clan 3 ln 5 €N Iml1 2 iml + C a2 a1y €] (4.19)

Incorporating (4.17)-(4.19) in (4.16) and using Lemmas 2.1 and 3.2, we obtain

Avp(m) < K€l (@) + K(nlllnll + 2172 m13?)

< K||glllmll (7 ()" +elmll§ + K |nl?, (4.20)
for some ¢ > 0. Therefore,
20(t)A1n(n) < deo(t)nli + Ko(t)|nl* + Ke***[|€]|*.
With appropriate ¢, we now obtain
d P .
E{U(t)Hn!P} +vo(t)nlf < K{IE1* + 9]}

Integrate and use (4.1) and (4.15) to find that
t
PO+ [ o(o)lne)lids < Kk, (4.21)
0

With inverse hypothesis (3.1), we conclude that
In(®)]| + k)| < KeX't=/2n2 (4.22)

This along with (4.5) gives us the following error estimate.
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Theorem 4.1. Let €2 be a convex polygon and let the conditions (A1)-(A2) and (B1)-
(B2) be satisfied. Further, let the discrete initial velocity ugy, € J, with ug, = Pyuy,
where ug € Jq. Then, there exists a positive constant C, that depends only on the given
data and the domain €, such that for 0 < T < oo with t € (0,7

I = w)(®)] + AV = w) ()] < Kekie 252,

Theorem 4.2. Under the assumptions of Theorem 4.1 and with an additional assumption
of (B2'), we have
I = pn) ()| < KX /h.

Proof. Following Lemma 6.1, [16], and using (B1), (2.6) and (B2') along with the
observation that

Avn(@n) < KIE[1llé ]2

we obtain
(0 = pr) ()l z2/m < Kt 720 + K|E()|ly + C||Ee(t)]| -1, (4.23)

where B, ¢

< , >

|- = sup — I
otp,en, 9nl

Taking supremum over a bigger set, we find that

<E¢ o>
|E|—1.n < ||E¢]|-1 = sup tiqb (4.24)
orpery @l
This is possible due to conforming finite elements. We now have from (4.23), using
Theorem 4.1,
1(p = p) ()| 2 /m < K420 4 C|[Be(1)] -1
We complete the proof by proving the following Lemma. O

Lemma 4.1. The error E = u — u;, due to Galerkin approximation satisfies, for t > 0
B (t)]| 1 < Keftt1/2p,
Proof. The equation in E reads as
(Et, ¢p) +va(E, ¢p,) = A p(pp) + (0, V- 0y), by € I (4.25)
Now, for any ¢ € H}, we use (4.25) to find

(Et, @) = (E¢, Pyop) + (Et, ¢ — Pro)
= —va(E, Pyop) + A n(Prd) + (0, V - Pro) + (Ey, ¢ — Prp). (4.26)
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Using discrete incompressibility condition, H'-stability of P, and (B1), we obtain

—va(E, P,¢) < C||E[[1]|¢]1
(P, V- Pr) = (p— jnp, V- P) < Chllp||1]| @1

4.27)
A1 (Pud) < CIE bl (luls + s )
(Bt, @ — Prop) = (s, ¢ — Prop) < Chllug|[|]:-
From (4.26), we now have, using the definition of negative norm
|E¢|l-1 < CE[1 + Chpllr + K|E[l1 + Chljul]. (4.28)
Use Lemma 2.1 and Theorem 4.1 to complete the rest of the proof. O

Remark 4.1. Instead of using (4.24), if we had used a crude estimate, like ||E;||_1 <
C||E¢|| (asin [16, (6.2)]), we had obtained

I(p —pr) (@) < Kef't 1.

In that sense, we have improved the pressure error estimate for conforming finite ele-
ments.

Remark 4.2. In the process, we observe the following estimate, combining (4.1) and
(4.15):

t
¢~20t / €203 | B (s) | 2ds < KeXtht, (4.29)
0

Below we present an estimate for E;, which will be needed in our error analysis for
two-grid method.

Theorem 4.3. Under the assumptions of Theorem 4.1, we have
t
e_2at/ o1(s)|Es(s)||?ds < KeXtht, (4.30)
0

Proof. The proof is similar to that of Theorem 4.1 and so, we will only sketch a
proof here. First we split the error:

E;, =& +mn.

The equation in &, is given by

(Ett> &p) +va(&y, &) = (p1, V- ). (4.31)
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With P, : L?(Q) — J}, as L?-projection, we choose ¢;, = o1(t)P,&, = o1(t)(&;, — (u —
Pyu);) in (4.31) to find (recall oy (t) = (7*(¢))%e?*, 7*(t) = min{1,t})

S A DI + v Dl

= %O‘l,t(t)HEt‘P + 01 (t) (&4, (0 — Pyu),)

+voi(t)a(€y, (u— Pyu)) + 01(t)(pe — jape, V - Pr&y).

Use projection properties (B1) and Cauchy-Schwarz inequality to obtain

AR DIEN) +vor ()&

< Co&ll + = )dtH( = Pya)e|” + Choor@)ll€ N1 {l[uellz + el } - (4.32)

(recall that o(t) = 7*(¢)e?**, 7%(t) = min{1,t}). Use Young’s inequality and kickback
argument. Integrate the resulting inequality to find

Aol +v [ o)l olids
<c/ $)1€.(5)|%ds + Ch.o (1)
+Ch /0 o(s)s(s) s + 0 “or(s) {3 + pl12} ds.
Use Lemma 2.1 to observe that
(Pl + e [ or() €, ()12
< Qe /O ()€ () |Pds + KR, (4.33)

To estimate the first term on the right hand-side of (4.33), we first recall the equation

in &:
(& @p) +va(§ o) = (0, V- @y,), Vo, € Ip.

Choose ¢;, = o(t) P&, above.

o0& |7 + % o nEIR)

<Ce*|l| + Ch-ff@)(\lét\lllmlll + 1€l a2 + lell\lﬁt\ll)-
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Use kickback argument and then integrate with respect to time. Use Lemma 2.1 to
obtain

/O o (5)|IE.(5)]Pds + o (8) [

t t
< [ elglas+ ket o [ as)le o)
0 2C Jo
Use (5.7) from [16], that is,
t
e_2o‘t/ e28||€(s)||3ds < Kh? (4.34)
0

to find

t t
e o)l Pds + Ol < KR+ 55 [ ol o). @39
0 0

Using (4.35) in (4.33) leads us to

t
(T @®)?1&:° + ezat/o o1(s)lI€, ()]l ds < Kh?. (4.36)

Next, we use parabolic duality argument to establish (as in Lemma 5.1 from [16],
except that the right hand-side of (5.8), [16] should now read o1 (¢)&,)

t
e_2o‘t/ o1(s)||€,(s)]|?ds < Kh*. (4.37)
0

An estimate of n, would now complete the proof. By definition, we can easily deduce
the equation satisfied by n,.

(M4e> dp) +va(ng, ép) = A ni(Pp), (4.38)

where ¢, 5, , is given by

A ni(dp) = —b(uns, B, @) — b(up, By, @) — b(Eg,u, @) — b(E,ug, @)  (4.39)
Choose ¢, = o1(t)(—Ay) "', to find

1d
5 7 (1@} +vor @),
< Co®)|ml2y + o1 ()AL p (—A5) " y). (4.40)
Using similar proof technique of (4.14), we estimate the non-linear term A, j ; as fol-

lows:

a1(O)b(up e, E, (=Ap)"ny) + o1 (Ob(E, ug, (—As) " 'ny)
< Cor Bl llm 1 (anells + aeln)

< eor(t)[ml* + Co(t)myl2 1 + Ke* B[ (4.41)
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and
o1 (t)b(up, By, (—AR)7'n,) + o1 (Ob(Er, u, (—A4) ')
< Cor(B) (&1 + lme D mellE Il (lnlly + )
< Kor(®)]|&Im |2 mell 2 + Koa(8)]Im |2 i)

< eor()nyl* + Ko (t)[ne|21 + Kon()lI€]*. (4.42)

Incorporate (4.41) and (4.42) in (4.40). Use Young’s inequality and appropriate € > 0
and finally, integrate with respect to time to find

m@wmwwl+uéaa$wggw@
<K/ MSH%@+K/2%EMH@
+Kémwme@

Use (4.29) and (4.37) to obtain
t
(O)lm ()21 + V/O a1(s)|ns(s)|[*ds

< K(t)e Kth4+K/ s)|ms(s)]1% 1ds. (4.43)

To estimate the last term of (4.43), we recall the equation in 1 (4.6):

(Mg &p) +va(n, dp,) = A p(Py).
Choose ¢, = a(t)(—Ah)*lnt to find

oWl + 2o )n]?} < 2 Sot®lnl* + o ()AL (=An) ' n,). (4.44)

2dt

Similar to (4.14), we estimate the non-linear term as follows:
o)A p((—AR)ny) = —o()b(E, up, (—A) 'ny) — o(t)b(W,E, (=A)) " 'n,)
< Co)E[In:ll-1{llanll2 + [[ull2}

Incorporate this in (4.44), use kickback argument and then integrate with respect to
time. Next, use Lemmas 2.1 and 3.2.

/0 o(s)|ns(s)[I2 1ds + o (&) [n(t)]*

¢ t
< C'/ % ||ln(s)||>ds + K/ 25| E(s)||>ds. (4.45)
0 0
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Apply (4.15) and (4.29) in (4.45). Use the resulting estimate in (4.43) to obtain

Ollm, ()12 + V/O o1(s)ns(s)[*ds < K (t)e"'h*. (4.46)

This along with (4.37) now completes the rest of the proof. O

The pressure error estimate for the two-grid method requires another estimate.

Lemma 4.2. Under the assumptions of Theorem 4.1, we have
t
/ o1(s)||Es(s)||2ds < Kef'h?. (4.47)
0

Proof. Keeping in mind (4.36), we only need the estimate in 7. Choosing ¢; =
o1(t)n, in (4.39) and estimating non-linear as

At () < ellmellf + CIBIE (Iranells + el ) + CHENE (IranlF + Il ) + &l 1
we find
2 ! 2
OOl +v [ ar(s)lma(olids
< & [ o@lm )P+ K [ ois)1e ol
KK / o(){lun s (5)[1F + s (5)]12 s

Using (4.36) and Lemmas 2.1 and 3.3, we have

t
1(8)[|m, (¢ )H2+V/O o1(s)|ns(s)llfds < K s)Iny(s)lPds + Ke"'h?. (4.48)

Now, for the first term on the right-hand side, we take ¢, = o(¢)n, in the n equation,
to obtain, as in (4.44):

oDl + %o )HUH?}S%Ut(t)Han+0(t)A1,h(m)-

2dt

We estimate the non-linear term as:

Avp(ny) < K|nlI1EIL (laslly + [ually?)

to find

t t
() n()]? + / o(s)llmy(s)|2ds < KeKth2 + © / oo |n(s)[2ds.  (4.49)
0 0
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To estimate the last term, choose ¢, = €2*'n in the i equation and estimate the non-
linear term as:

Avn(m) <elnmlls + K(I€1F + Inl?)
to obtain J
EWIHQ +v|al < K(IEIT+ I1al%)

Integrate with respect to time and the use (5.7), [16], that is

t
| el as < we=e, (450)
0
to observe

t t
M@W+A¥MM@Mwsm@W+AemeWw.

Use Gronwall’s lemma.
t
HWW+/¥%wwmﬁxﬁw. 4.51)
0

Combining (4.50) and (4.51), we conclude

/Ot e ||E(s)||2ds < Kef'h?. (4.52)
Now from (4.49), we have
AOnO1F + [ o) )|Pds < K (453)
And from (4.48), we have
a1 (t)[lmy(t)|* + V/Ot o1(s)n(s)|[fds < Ke'h?. (4.54)
Combining with (4.36), we complete the rest of the proof. O
5. Two-Grid

In this section, we work with an additional space discretizing parameter H, that
corresponds to a coarse mesh. In other words, 0 < h < H and both h and H tend to 0.
The associated conforming finite element spaces are (Hy, Ly) and (Hy, L) such that
(Hg,Ly) C (Hp, Ly,). Also the assumptions of Section 3 are still valid for these two
pair of spaces.

https://doi.org/10.4208/nmtma.2015.m1414 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.m1414

570 D. Goswami and P. Damézio

In the first step of our two-grid method, we compute the mixed finite element ap-
proximation (ug,py) € (Hy,Ly) of (u,p) of (2.2). In other words, we solve the
nonlinear problem in a coarse mesh: Find (ug,py) € (Hy, Ly) satisfying

(th,d)H)+VG(UH,¢H)+6(UH,UH,¢H) - (pH7vd)H) = (fvd)H)v

for (¢, xr) € (Hu, Li).
In the second step, we solve a linearized problem on a fine mesh, that is to say, we
solve a Stokes problem: Find (u”,p") € (Hy, Ly,) satisfying

(U?, ¢h) + Va(uh’ ¢h) - (pha V- ¢h) = (f’ ¢h) - b(llH, um, ¢h)a
(v ' uh7 Xh) - 07 (52)

for (¢4, xn) € (Hp, Lp).
An equivalent way is to look for solution in a weekly divergent free space.

First step: Find uy € Jy satisfying

(umt, @) +va(um, dg) +b(um,un, @) = (£, ¢y), Voy € Jn. (5.3)
Second step: With uy as the solution of (5.3), find u® € J,, satisfying
(u), dp) +va(u", ¢y) = (£, ¢) — blu, umr, ¢y), ¥ ¢y € I (5.4)

Remark 5.1. We do not actually solve/implement for a weakly divergent free space.
This is just for the ease of analysis.

Remark 5.2. The well-posedness of the above systems can be seen from the facts that
(5.1) or (5.3) is classical Galerkin approximation and hence is well-posed as is stated in
Section 3. And (5.2) or (5.4) represent linearized version. Given uy and with suitable
u”(0), it is therefore an easy task to show the existence of a unique solution pair (u”, p")
(or an unique solution u”) for the linearized problem following the foot-steps of the
non-linear problem.

Following Lemma 3.2, we can easily obtain the a priori estimates of uy.

Lemma 5.1. Under the assumptions of Lemma 3.2 and for uy(0) = Pguy, the solution
uy of (5.3) satisfies, fort > 0,

t

g (8)] + &2 / &2 ugy (1)|2 ds < K, (5.5)
0 t

lag(®)] + 2 / o ug (|2 ds < K, 5.6
0

()2 (0]l < K, 57

where 7*(t) = min{l,t} and K depends only on the given data. In particular, K is
independent of H and t.
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The following higher-order estimate of uy is required for error analysis. The proof is
similar to that of Lemma 3.3.

Lemma 5.2. Under the assumptions of Lemma 5.1, the solution uy of (5.3) satisfies, for
t>0,

t
(T2 OlumeOIF + (7 @)l w13 + 6_2“/0 7 (8)e** lups(s)||* ds < K. (5.8)

For the a priori estimates of u”, we present another lemma.

Lemma 5.3. Under the assumptions of Lemma 5.1, the solution u” of (5.4) satisfies, for
t>0,

[u”(£)]| + =2 [ e2os|juh ()]} ds < K, (5.9)
[u ()|l + 2 [ e |l (4)]3 ds < K. (5.10)
Proof. Given uy along with the estimates of Lemma (5.1), we choose ¢}, = e?**'u”(t) =
e’ (t) in (5.4) to obtain
Ld, po B2 B2 ¢ ah 20t h
5 10017 = el ol + vlaty = (£, 0%) — e™b(up, ug, u’). (6.1

Use Cauchy-Schwarz inequality, Poincaré inequality with first eigenvalue of Stokes op-
erator as the constant and Young’s inequality, we have

R
1/2
AL

A A A v, . 1 -
(F,a") < |If|/[la" < IE][a" ] < Z||uh||% + V—)\leHz- (5.12)

From Lemmas 3.1 and 5.1, we find that

b(uH,uH,uh)

3/2 h hnl/2 h
< g |72 g |22 a2 112 + g o)
1%
<K+ [u[}.
Therefore,
2t h(ug, ug, ul) < Ke2t 4 ZHﬁhH%. (5.13)

Putting the estimates (5.12)-(5.13) in (5.11) gives us
L 62 — 2082 + v[at? < Ke2t + —— |2
dt 1= vA
Use Poincaré inequality to get

d, hi2 20\ e 2at 1 os02
— - — < Ke* " 4+ —|If]|~. 5.1
dﬂuH+<v M)mub_e i (5.14)
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Since 0 < a < vA1/2, we have that v — 2a/A; > 0. We integrate (5.14) with respect to

time.
B2 200\ (" on e 20t
[a" @+ (v - ~ ) [a"(s)[l7ds < Ke ™.

Multiply by e~2** to conclude (5.9). i
For the next estimate, we choose ¢;, = ¢?**A,u”(t) in (5.4) and proceed as above. For
the non-linear term, we again follow similar proof technique of (4.14) to obtain

b(ug, g, Apu) < Cllug ||V g |y Jug | |- (5.15)
These estimates let us have
1d, . . .
5 g 10" IF — ol + 8" 3
< |EI10" |2 + Ce a2 gy [l |1 "2 (5.16)

Using Cauchy-Schwarz inequality and Poincaré inequality as earlier, we find that
[0

S8 3 < IR+ 0! (|2 fur [ + [ugl3).  5.17)

d .
S + (v -

Integrate (5.17) with respect to time, use Lemma 5.1 and finally multiply by e~2°¢ to
obtain (5.10). O

6. Error estimate
Here, we carry out the error analysis for the two-grid finite element approximation.
We present below, the main results of our paper.

Theorem 6.1. Let (uy, pp,) and (uh,ph) be the solutions of (3.2) and (5.1)-(5.2), respec-
tively. Then, under the assumptions of Theorem 4.1 and with the additional assumption
that u"(0) = uy(0), the following estimate holds:

[(up =) @)1+ [[(on = P")(®)]| < KtTTH?, ¢ > 0. (6.1)
(Note that here and in the rest of the paper, we write K e/t simply as K.)

Remark 6.1. We have not presented the L? error bound in the velocity, since it is sub-
optimal, i.e., ||(uj, —u”)(t)|| ~ O(H?), see Lemma 6.2 below. Such a sub-optimal result,
for two-grid schemes with linear elements is, in fact, the best we could hope for, see for
example, [8, Remark 2].

We achieve the desired results through a series of Lemmas. Denote the error, due to
two-grid method, as e = uj, — u”. From the Egs. (3.3) and (5.4), we have the following
error equation:

(e, @) +vale, @p,) = Ap(@p) Vo, € I, (6.2)

https://doi.org/10.4208/nmtma.2015.m1414 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.m1414

Two-Grid for NS Equations with Non-Smooth Initial Data 573
where
Ap(éy) = b(un, un, ¢p,) — b(up, un, ¢y)
= b(ug,ug —up, @p,) + b(ug — up, up, @p). (6.3)
Lemma 6.1. Under the assumptions of Theorem 4.1 and with the additional assumption
that u"(0) = uy(0) and for 0 < a < vA1/2, the following estimate

t
le(®)]|2, + 62‘”/0 e**|le(s)||?ds < KH* 6.4)

holds, for t > 0.
Proof Choose ¢, = 2*(—Ap) te(t) = e*(—Ay)~'é(t) in (6.2) to obtain

1d,. . . o -
slelZy = allelZi +vle]* = e*An((=An)"e). (6.5)

Following (4.14) and using Lemmas 3.2 and 5.1, we find

A(=Ap)re) = b(ug,uy — up, (—Ap) " e) + b(uy — up, up, (—Ap) 'e)
< lug —wplllell{[uglly + [upll1} < Kllug —up|le].

Incorporate this in (6.5).
d . . . . . "
a\lell{il +vlle]* < 2alle]® + Klam — > (6.6)

Integrate (6.6) with respect to time. Using (4.29), we first observe that

/ s — ) (5)]Pdls
0

t t
< / (& —ag)(s)||>ds + / (00— ty)(s)||?ds < Ke?tH*, 6.7)
0 0
And hence
t t
le(t)||?; + 1// |e(s)]|?ds < 2a/ le(s)||? ds + Ke?* H?, (6.8)
0 0
Multiply by e~2** and use Gronwall’s Lemma to complete the rest of the proof. O

Lemma 6.2. Under the assumptions of Lemma 6.1, the following estimate
t
T (t)lle(®)]|* + 6_2‘”/ o(s)lle(s)|ds < K(t)H" (6.9)
0

holds, for t > 0, where o(t) = 7*(t)e?*, 7*(t) = min{1,t}.
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Proof. Choose ¢;, = o(t)e(t) in (6.2) to obtain

L {o0)lel?} +2v o(1)lell? = ou(t)ell* + 20(1)Ane). (6.10)

To estimate the non-linear term, we follow (4.19) and use Lemmas 5.1 and 3.2.

An(e) < Cllug — wplllells {laally[luplly® + [unlly [l )y}
< Kljug — upllefl {[[uz |y + Juny*}. (6.11)
And hence, we find from (6.10)
{o (@®)llel®} +2v o(t)el?
smwF+Kdmmme—um0mmu-Hmm”ﬁ.
Use Cauchy-Schwarz inequality and then kickback argument to yield
{a @®)llel*} + v a(t)[e]?
sme+KdmmH—wW0mmu+wwa. (6.12)

Use Lemmas 5.1 and 3.2 to estimate the last term of (6.12) as follows:
Ko(t)lug — wp|*{ugllz + [unll2} < Kllag — x>

We have used the fact that 7*(¢) < 1. Incorporate this in (6.12) and integrate in time.
Use (6.7) to estimate the last term.

t t
a(t)|le(t)]|* + y/ o(s)|le(s)|?ds < C’/ |&(s)||?ds + Ke** H. (6.13)
0 0

Use Lemma 6.1 and multiply the resulting inequality by e~2%! to complete the rest of
the proof. O

Lemma 6.3. Under the assumptions of Lemma 6.1, the following estimate
t
(T (@) lle()|] + e~ / o1(s)lles(s)[Pds < K (t)H* (6.14)
0

holds, for t > 0, where o1 (t) = (7*(t))2e2.

Proof. Choose ¢;, = 01(t)e;(t) in (6.2) to obtain

201 (t)lec]l” + V—{Ul e} = voru(t)ellf + 201(t)An(er). (6.15)
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Integrate (6.15) with respect to time.

2/ (8)lles(s)[*ds + voi (t)[le(t)I}

t
< c/ s)lle(s Hlds—|—2/ L(5)An(es) ds. 6.16)

We rewrite the non-linear terms as follows:

Ap(er) = b(ug,ug —up, e) + b(ug — up, up, €;)
:%{b(uH, ug —up,e) +bluy — uy, uh,e)} —blug,ug — up, )
—b(ug,upy —upse) —b(ugy — upe,up,e) —b(ug — up, upy, e).
And hence
o1(t)An(er) = o1(t) (b(upg, ug — up, er) + b(ug — up, up, ep))
—E{al(t)(b(uH,uH —up,e) +bluyg — uh,uh,e))} — Ul,t(t)(b(uH,uH —up,e)

+b(ug — up, up,e)) — o1 (H)b(ugy, ug —up,e) — o1 (t) (b(ug, upe — upy, €)

+ b(ll]-Lt — Up ¢, Up, e) + b(uH — Up, Up ¢, e)) . (617)

As seen earlier, we have

—b(upgs,ug —up,e) —b(ug — up, upy,e)
< Cllug = unllell { el el + lane |y han el
Use Lemmas 3.3 and 5.2 to conclude that
—b(upys,uyg —up,e) —b(ug —up, upy,e) < K@) 3 |ug — wpl|lell;.  (6.18)

Similarly

—b(ug,ug — up,e) — b(ug — up, up, e) < K(7* (1) |lug — up||els (6.19)

—b(up, Wy — Up, @) = b(Upy — g, up, ) < K(75(4) 72 Jum, — wnyllflel1 (6.20)

Incorporate (6.18)-(6.20) in (6.17) and integrate with respect to time. Re-use (6.19)
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to find
/0 o1(s)Ap(es) ds

gal(t)( (ug,ug —up,e) + b(uyg — uh,uh,e))
FK / 205 { (7 (5) 2 | (g — w) ()|
+ (77(s ))3/ (s — un,s)(s)[l}le(s)][1ds

< Ke* (7 (1)) |ug — upl|le]lr + 0/ s)lle(s)llids
+ K/ e {[l(urr —un)(5)1* + (7°(9))* [ (wrrs — wp6)(5)[*} ds

< Lor(t)lell + Ko(t) jum —w? + c/ 9)le(s)|2ds

vk [ @l — w6 + (5P lurme — w )P} ds. (62D
0

Put (6.21) in (6.16) to obtain

t
2/0 o1(5)les(s)] ds+2m<>ueul<c/ 9)lle()]2ds + Ko ()| [um — up?

+K / (]| (g — ) ()2 + (7 ()2 (e — wi) ()2} ds. (6:22)

Now, use Lemma 6.2. For the remaining part, rewrite ugy — up as u — u; — (u — upg).
Then use (4.29) and Theorems 4.1 and 4.3 to complete the rest of the proof. O

Lemma 6.4. Under the assumptions of Lemma 6.1 and additionally that the assumption
(B2’) holds, we have

lpn = p" | < K ()(7* (1)~ H>. (6.23)
Proof. The LBB condition (B2’) tells us that, for t > 0
_ph .
Ipn =9 loye < o sup DALY ) (6.24)
A P

From (3.2) and (5.2), we have, for ¢, € Hy,
(pn — P,V - @) = (e, pp,) +vale, dy,) — An(dy,)

< Cllgnll{llec]-1n + llel} + K (r* ()" *luz — unll gl

We have estimated A, as in (6.11) and have used Lemmas 5.1 and 5.3. Using (6.24),
we obtain, thanks to Lemma 4.1 and 6.3

lpn = P" 22/ < Clletll—1n + K (7)) H. (6.25)

https://doi.org/10.4208/nmtma.2015.m1414 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.m1414

Two-Grid for NS Equations with Non-Smooth Initial Data 577

Following (4.24), we observe

ledll—1n < llecll-1-

Keeping in mind that, for ¢ € H(l), Py,¢ € Jp,, we use (6.2) to write (e, ¢) as in (4.26)
and similar to estimates in (4.27), we find

(er,d) <Clell /|l + Cllug — wy || {|lug |l * us
1/2 1/2
+ an 2 sl Yl + Chlled|| ¢l (6.26)

Use Lemmas 5.1, 5.3 and 6.3. We again rewrite uy — u; as u — u;, — (u — uy) and use
Theorem 4.1. Now, for ¢ # 0, we divide (6.26) by ¢ to finally obtain

et -1 < K(r*(t)) " H? 4+ Chlle]].
And hence, from (6.25), we find
Ipn = "l r2/m < CHlle|| + K (7*(t)) " H>. (6.27)

Now the following lemma completes the proof. O

Lemma 6.5. Under the assumptions of Lemma 6.1, the following estimate holds, fort > 0.
lleell < K (7*(1)) "' H.
Proof. Differentiate the error Eq. (6.2) with respect to time.

(ewt, dp) + valer, dp) = Ap (@) Vb, € I, (6.28)

where

Api(bp) = b(ups, ug —up, @) +b(ug, up; — upy, @)

+b(up — pt,ap, @p) +b(ug — up, p g, @p). (6.29)
Choose ¢;, = o1(t)e; in (6.28) to find
d
a{m ()ledl|*} + 2vo1(t)[les]IT < ove(t)lled]* + 201 () Ani(er)- (6.30)
Similar to (6.18)-(6.20), we obtain

201 (t)Ans(er) < Cor(t)|lecll {I[umells + [[un el Hlug — unlh

+ Cor(t) et { luglly + luplls Ham: — ap el (6.31)

https://doi.org/10.4208/nmtma.2015.m1414 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.m1414

578 D. Goswami and P. Damézio

Incorporate (6.31) in (6.30). Use kickback argument and then integrate with respect
to time.

t
o1(t)[le: ()| +V/O o1(s)|let||?
<c/ s)lleu(s)l| ds+K/ o1 ()| (s — tns)(s)[12ds
+KH2/ o(s)(lum,s()|IT + [an,s(s)|7) ds (6.32)
0

Use Lemmas 2.1 and 5.3 to bound the last term of (6.32). For the second last term, we
rewrite ugs — up s as us — up s — (uy — upy,) and use Lemma 4.2.

t
a1(t)[le(t)]|* + V/ ai(s)llef < C s)llec(s)|Pds + K H. (6.33)
0
To estimate the first term on the right hand-side of (6.33), we put ¢, = o(t)e; in (6.2).

o®)ledl? + £ Lo (®)lel} = au(t) el + o () An(e). (6.34)

2dt

We take care of the non-linear term as earlier.

Ap(er) =b(ug,uyg —up, ) +b(ug — up, up, €)

1/2 1/2
< Clledllfwr — wally (I M2 37 + fwn /2 a5
1/2 1/2 1/2 1/2 1/2
o Clledllfwsr = wnll 2w = wnlly (s I3 fuglly + a2 o132
1/2
< Klledlltug = unlh (5 + anlly).

We have used Lemmas 5.1 and 3.2. Incorporate in (6.34) and after kickback argument,
integrate with respect to time.

t t t
/ o()lles(s)[2ds + o (&) [e(®)|? < C / €25 e(s) [2ds + K / €295 |[B(s) | 2ds.
0 0 0
Use (4.52) to obtain

t t
/ o(s)lles(s)2ds + o (&) le(®)|? < C / &2 le(s) [2ds + K H. (6.35)
0 0

To estimate the first term on the right hand-side of (6.35), we choose ¢, = e**'e in

(6.2) to find

2 ( g)(§2<e2o‘tA e) < K|le (eo‘tu —u )
58I+ (v = 5 ) el} < = an(e) < K el (e*fun — wll
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Use kickback argument and then integrate with respect to time.

t t
emme+A¥“w@ﬁ@SKééwm@mm

We recall that e(0) = 0. Apply (4.52) to get

et + [ els) s < K%
Now, from (6.35), we have

/Ot a(s)lles(s)]*ds + o (t)le(t)|} < KH?.

And from (6.33)
t
mmme+¢/m@WMSKw.
0

And this completes the rest of the proof.

579

(6.36)

(6.37)

(6.38)

0

Remark 6.2. Note that the estimate of the Lemma 6.5 is sub-optimal. An optimal result
would read ||e;|| ~ O(t~3/2H?). And if we plug in this optimal estimate in (6.27), then

we find

lpn — P"l2/e < K(7*(£)7*2H? + K (r*(t)) ' H? < K(v*(t))"**H”.

But it is sub-optimal in comparison to (6.23). Hence a sub-optimal estimate of ||e;|| is

obtained.
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