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Abstract. Assuming that two ergodic automorphisms 7 and R are disjoint, we prove
that an ergodic extension 7 of T remains disjoint with R when, in a representation of
T as a skew product over T, the fiber automorphisms belong to a mildly mixing action
of a second countable locally countable abelian (LCA) group and the corresponding
cocycle with values in this group is ergodic. This allows us to show that the class of
ergodic automorphisms which are disjoint from all weakly mixing automorphisms is not
closed under taking ergodic joinings, thereby solving a problem stated by E. Glasner and
B. Weiss.

0. Introduction

The notion of disjointness for dynamical systems was introduced by Furstenberg in
1967 [6]. An important task followed to determine the disjointness between some classes
of automorphisms (see [6, 17, 18, 23, 30, 37, 38]). One motivation of our work was a better
understanding of Furstenberg’s result that the class of weakly mixing automorphisms is
disjoint from the class of distal automorphisms (see also [11]). A related problem consists
of finding conditions under which disjointness lifts to extensions (see [6, 11, 21, 28]) and
this problem is taken up in the present paper.

Let T and R be two ergodic automorphisms of standard probability Borel spaces
(X,B, ) and (Z, D, p), and let T be an ergodic extension of T. The question is, if T
and R are disjoint, under which assumptions can we assert that T and R are still disjoint.
From a theorem of Abramov and Rokhlin [4], T can be considered as a skew product
over T'; that is, T acts on a product probability Borel space (X x ¥, B ® C, u ® v) by

T(x,y) = (Tx, Sx()),
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where (Sy)yex is a family of automorphisms of (Y, C, v) such that the map (x, y) — S,y
is measurable. Furstenberg in [6] shows that, if 7 is a compact group extension of T
(that is, if there exists a compact subgroup G of automorphisms of (Y, C, v) such that
(St)xex C G), then T and R remain disjoint under the necessary condition that T and R
have no common eigenvalues.

In the present paper, we study extensions 7 = T,,s of the form

Ty s(x,y) = (Tx, Spx)(¥))s

where ¢ is a ‘cocycle’ from X to a second countable locally compact abelian (LCA)
group G, which we throughout assume to be non-compact, and S = (Sg)4ec is an ergodic
measure-preserving action of G on a standard probability Borel space (Y, C, v). We assume
that the map (g, y) = S,y is measurable when G is endowed with its o -algebra of Borel
sets and we denote a Haar measure of G by Ag.

In [21] it was proved that if 7 and R are disjoint then T, s is disjoint from R
under the following assumptions: the skew product 7, : (x,g) — (Tx,¢(x) + g) on
(X x G,B® B(G), u ® Ag) is ergodic and its group of L>°-eigenvalues is a null set for
the maximal spectral type of the associated unitary action of R on the subspace of the zero
mean functions of L2(Z, D, p).

One of our main results is that this latter spectral assumption can be omitted if the
action S is mildly mixing (Theorem 3.2). We show that there exists a correspondence
from the set of joinings between T, s and R to the set of joinings between the G-action
(Sg_l)ge(; and the Mackey G-action of the cocycle (pR(x, 7) = ¢(x) on X x Z. Then we
show that this latter action preserves a probability measure and is rigid.

Glasner and Weiss [11] proved that the class WM of ergodic automorphisms which
are disjoint from the class WM of all weakly-mixing automorphisms is strictly larger than
the class DS of distal automorphisms and since DS is closed under ergodic joinings, they
ask whether WM is also closed under ergodic joinings. In [10], Glasner proved that the
class M(WM™) of multipliers of WM™, that is the class of automorphisms whose ergodic
joinings with an arbitrary member of WM™ remain in WM™, is strictly larger than the
class of distal automorphisms. As a consequence of our disjointness results and an earlier
theorem of Smorodinsky and Thouvenot [35] on the joinings of Bernoulli shifts, we show
that the class WM is not closed under taking ergodic self-joinings and so we have

DS C M(WMY) C WM+,

Other applications, e.g. on lifting multiple mixing, are given in the last two sections of this
paper.

1. Preliminaries

Throughout we assume that (X, B, u,T), G, (Y,C,v,S) and ¢ : X — G are given
as under the assumptions stated in the introduction. For the spectral theory of unitary
G-actions we refer to [26].
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1.1. Cocycles. By a cocycle we mean any measurable function ¢ : X — G, although
in fact the cocycle is the corresponding function ¢ (-) : Z x X — G defined by

(X)) +o(Tx)+ -+ (TN 1x) if N >0,
—(@(TNx) + -+ (T 'x)) if N <0.

The cocycle ¢ is a coboundaryif ¢ = f — f o T for some measurable f : X — G anditis
a quasi-coboundary if it is cohomologous to some constant; that is, if there exists go € G
such that ¢ — g is a coboundary.

Let

Ty : (x,8) = (Tx,9(x) +g)

denote the associated skew product automorphismon (X x G, BQB(G), u®Xrg). We say
that ¢ is ergodic when T, is ergodic.

Following [33], an element g € G is called an essential value of ¢ if for each ¢ > 0,
for each A € B of positive measure and for each neighbourhood V of g in G there exists
an integer N such that

wANTNAan[e™ ev) > o0. (1)

The set E(¢p) of essential values of ¢ is a closed subgroup of G and ¢ is ergodic iff
E(p) = G [33]. We say that ¢ is regular if it is cohomologous to a cocycle with values
in E(p). It is recurrent [1, 33] if zero is a limit point of {¢™ (x) : n € Z} for p-a.e.
x € X, equivalently if T, is conservative, or if whenever A € B, u(A) > Oand Vis a
neighbourhood of 0 in G, there exists a positive N such that (1) is satisfied.

Given a cocycle ¢ : X — G, one associates with it the action of G by translations on
the space of ergodic components of 7, called the Mackey action (see e.g. [1, 13, 20]).
Since the Mackey action is central in our study, we recall the precise definition.

Fix A, a probability measure on B(G) which is equivalent to L. We emphasize that for
all of our subsequent study the measure A will be fixed. Denote by J, C B ® B(G) the
o -algebra of T,-invariant sets and let

Co=(XxG)/Jy py=m@NIy,.

The standard probability space (Cy, Jy, 1,) Will be called the space of ergodic components
of Ty. Given g € G, the infinite measure-preserving automorphism (x, h) = (x,h + g)
of (X xG, BRB(G), u® i) commutes with T;,. It follows that it acts on the measurable
space (Cy, J,) and this defines a non-singular action t := (7g)gec 0f G on (Cy, Jy, [y).
This action is called the Mackey action (or the associated action) of ¢. The Mackey action
is always ergodic. Indeed, each measurable function F' = F(x, g) which is Tj,-invariant
and which at the same time is t-invariant, depends only on the first coordinate and must be
constant since T is ergodic.

Following [13, 33] we say that an ergodic non-singular action 7 of G on a standard
finite or o -finite measure space (C, J, w) is of type I if u, is concentrated on a single
orbit. Otherwise 7 is said to be properly ergodic and of type Il if there exists a T-invariant
probability measure equivalent to w on 7, of type Il if there exists an infinite T-invariant
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measure equivalent to w on 7, or of type III otherwise. The Mackey action of ¢ is of type I
iff ¢ is regular. If ¢ is recurrent then T, is properly ergodic on almost all of its ergodic
components.

By e(Ty) we denote the subgroup of the torus group T (taken as R/Z) of all
L*>-eigenvalues of T, corresponding to eigenfunctions of modulus 1. The group e(7,)
has a unique and natural Polish topology whose Borel o-algebra is the restriction of 5(T).
More precisely, let U (X, i) denote the Polish group of equivalence classes of modulus 1
measurable functions on X endowed with the L%(X, u)-topology. Then, the group £ (Ty)
of modulus 1 eigenfunctions of T, is a closed subgroup of U(X x G, u ® A), and the
Polish topology on e(T,) is obtained by identifying e(T) to the quotient group of £(T,)
by the subgroup of invariant functions. For these facts and further information on groups
of eigenvalues we refer the reader to [3, 16, 26].

We also denote the subgroup of G of all characters x for which x o ¢ is a quasi-
coboundary by X, i.e. for which there exist ¢+ € T and a measurable function j : X — C
of modulus 1 such that

xop=e""j/joT p-ae.
Then the function f : (x, g) = j(x)x (g) is an eigenfunction of T;, corresponding to e2it
and, foreach i € G,

x(h)y=f(x,g+h)/f(x.8) pn®rae. 2)

It follows that the group £y(7,) of eigenfunctions of this form is a closed subgroup of
E(Ty) and, on & (Ty), the map which to f = j® x associates x is continuous. Considering
the quotient topology, we also get a Polish topology on X,. It also follows that X, is a
Borel subset of G and its Borel o-algebra is the restriction of B (@).

Conversely, it is shown in [2] that, when ¢ is ergodic, £0(T,) = E(Ty,) (it is enough
to notice that, if f € £(T,,), then for every i € G the function (x, g) — f(x, g+ h) is
still an eigenfunction with the same eigenvalue, so in this case f(x, g + h)/f(x, g) must
be almost everywhere constant and (2) yields a character of G). Then the quotient map
&E(T,) — %, factorizes through e(7;,) and more precisely we have the following.

PROPOSITION 1.1. Assume that ¢ is ergodic. Then there exists a continuous group
homomorphism t +  x, from e(Ty) to X, such that every eigenfunction of T,
corresponding to t € e(1y) is of the form (x,8) +— j(x)x:(g), where j satisfies
Xi(p()) j(Tx) = & j (x) p-ace.

1.2.  Joinings and disjointness. Let us now recall basic notions concerning probability-
preserving automorphisms. A factor of T : (X,B,u) — (X, B, ) is the quotient
action of T on the space (X/A, A, u|4), where A is a T-invariant sub-o-algebra of B.
The o-algebra A itself will also be called a factor. The centralizer C(T) of T is the set of
all automorphisms of (X, B3, ) commuting with 7.

Given two automorphisms 7; : (X;, B;, ui) — (X;, Bi, ui), i = 1,2, we denote by
J(T1, T») the set of joinings of T1 and T3, taken as the set of 77 x T>-invariant probability
measures 7 on 3] ® B, whose projections on B; and B, are p; and uj, respectively
(the corresponding automorphism 77 x T» on (X; x X2, B; ® By, n) will be denoted
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(Ty x Tr,n)). By J¢(T1, T>) we denote the subset of ergodic joinings of 77 and T5.
If we consider a finite or infinite sequence 71, 7>, ... of automorphisms, we define the
sets J(T1, Tz, ...) and J¢(T1, 15, . . .) similarly, and in the case of 71 = 1o = T we will
use the notation J»(T), J5(T), or J,(T), J{(T) withn € N or n = oo when we consider
more copies of 7. We refer the reader to [37] for results about joinings.

Following [6], we say that two automorphisms 77 and T, are disjoint and we write
T L Trif J(Th, T2) = {01 @ ua}. Recall that if T1 and T, are spectrally disjoint, that is
when the maximal spectral types of the associated unitary actions on the subspaces of the
zero mean functions of L are mutually singular, then 77 L T>.

Given a class ® of ergodic automorphisms, we denote the class of all ergodic
automorphisms which are disjoint from all members of ® by ®L. The class M(®) of
multipliers of ® is defined as the class of those automorphisms whose ergodic joinings
with an arbitrary member of ® all give rise to automorphisms that are still in ® (see [10]).
If the one-point system is in ®, then M (®) is contained in ©.

Assume that A is a factor of 7 and let u = |, X/ A 8% ® ux d | 4 (%) be the disintegration
of u over its projection on (X, A). Following [7], we say that T is relatively weakly mixing
over A if the relative product over A, that is the self-joining of 7' given by

/ I ® (ux ® ux) dul4(x),
X/A

remains ergodic. The class of distal automorphisms can be defined as the smallest class of
automorphisms containing the one-point dynamical system, closed under ergodic compact
group extensions, factors and passage to inverse limits (see [6, 7]). It follows from the
structure theorem of Furstenberg [7] that if T is relatively weakly mixing over some proper
factor then it cannot be distal.

We need the following results from [21] (recall that we assume that the action S is
ergodic).

PROPOSITION 1.2. If ¢ is ergodic then T, s is ergodic.

PROPOSITION 1.3. If ¢ is ergodic and S is weakly mixing then T, s is relatively weakly
mixing over T'; in particular, Ty s is not distal.

The definitions of factors, centralizer and joinings given above for Z-actions and their
notation have their natural extensions for G-actions.

In [31], Rudolph and Silva introduced the concept of joinings between non-singular
automorphisms. In fact, they show that we have to restrict ourselves to so called rational
Jjoinings. Such joinings will appear here, but only in the particular situation when we join
a probability measure-preserving G-action S = (Sg)geg on (Y, C, v) with a non-singular
G-action T = (74)gec On a standard measure space (C, J, w). We denote by 7 x S the
product action (ty X Sg)gec and we define J(r, S) as the set of T x S-quasi-invariant
measures 1 on (C x Y, J ® C) whose projections are @ and v, respectively, and such that
the corresponding Radon—-Nikodym cocycle of T x S satisfies, forall g € G,

)= dT_g

d S
M(C, y) = a)(c) for n-a.a. (c, y).
dn dw
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Then J(z, S) is precisely the set of rational joinings, in the sense of Rudolph and Silva,
between the two G-actions.

1.3.  Mildly mixing actions and Dirichlet measures. In what follows, rigid and mildly
mixing actions play an important role. The notion of mild mixing for Z-actions was
introduced by Furstenberg and Weiss in [9]. For the definition in the case of general
G-actions, we follow [34]. Recall that we constantly assume that G is non-compact and
that its action S = (S,)gec is finite measure-preserving and ergodic.

The G-action S is said to be rigid if there is a sequence (g,) going to infinity in G
such that v(Sg, BAB) — 0 for every set B € C. It s said to be mildly mixing if, for each
properly ergodic non-singular G-action t, the product G-action T x S remains ergodic.
It is then shown in [34] that S is mildly mixing iff it has no (non-trivial) rigid factor.

By a standard argument, S is rigid iff its spectral type o (which is a positive Borel
measure on 6) satisfies

limsupRe 6 (g) = o (G). 3)
g—00
According to [15, 16], we say that a positive Borel measure o on G is a Dirichlet measure
if it satisfies (3) and that a Borel subgroup of G is a Dirichlet subgroup if every positive
Borel measure concentrated on it is Dirichlet.

Remark 1.1. There is some difference between these definitions and others given in the
literature. For example, in [21], we still find that a G-action is mildly mixing iff it has no
rigid factor, but this corresponds to a slightly different definition of rigidity: S is rigid if
there is a sequence (g,) in G which does not converge to zero such that v(Sg, BAB) — 0
for every set B € C. In this case, either S is rigid in our sense, or there exists a non-
zero g € G such that S, is the identity automorphism and the subgroup of all such g is
compact.

It follows that the definitions are equivalent if G has no non-trivial compact subgroup,
that is if G is connected. In the case when G has some non-trivial compact subgroup, the
definition of [21] forbids any G-action to be mildly mixing, which brings an unnecessary
restriction in the present paper.

We also recall that a probability measure o on G is full [25] if it is not Dirichlet
(limsup,_, Reé(g) <1) and moreover it is not supported by any proper closed
subgroup, and the latter condition can be omitted when G has no non-trivial compact
subgroup [25, Remark 3.3]. As noted in [21, Proposition 2], the action S is mildly mixing
(in the sense of [21]) iff the spectral measure o4 s of every zero-mean f € L2(Y,C,v) is
full, and the same proof shows that S is mildly mixing in our sense iff no spectral measure
oy.s for any zero-mean f € L%(Y, C, v) is Dirichlet. In particular, the class MM(G) of all
mildly mixing G-actions is spectrally disjoint from the class of rigid G-actions.

The role of full measures and Dirichlet measures in the theory of cocycles is well known
(see [16, 25]). We need the following theorem, which has been proved by Moore and
Schmidt [25] in the case when G has no non-trivial compact subgroups. In Appendix A,
we give a short and simple proof in the general case.
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THEOREM 1.1. Assume that L, is not a Dirichlet subgroup of G. Then there exists a
compact subgroup H of G and a second countable LCA group G containing G/H as
a closed subgroup such that the quotient cocycle ¢ : X — G/H is a quasi-coboundary
as a cocycle with values in G. If moreover @ is recurrent, then ¢ is cohomologous to a
cocycle with values in a compact subgroup of G.

Since an ergodic cocycle is recurrent and not cohomologous to any cocycle with values
in a proper subgroup, in particular we have the following.

COROLLARY 1.1. If ¢ is ergodic, then ¥, is a Dirichlet subgroup of G.

2. Invariant measures of Ty, s and non-singular joinings
In order to formulate the main result of this section, we need some more notation.
Let P(Ty, s; 1) denote the set of T, s-invariant probability measures n on (X x ¥, B& C)
whose marginal n|x on (X, B) is equal to 4 (we do not make any assumption on 7|y).
We establish a correspondence between P(7,, s; ) and the set of measures defined as
follows.

We denote by S~! the inverse action (S;l)gec and by P(r, S~ !; W) the set of all
T x S~!-quasi-invariant probability measures 1 on (Cy x Y, Jp ®C) such that nlc, = wy
and, forall g € G,

d(ty x S71 d
T "% M yy = T8 () forp-aa. (e, y) € Cp x Y. )
dn dity

If n is a probability measure on (X x Y, B ® C) such that n|x = u and if we let

1= [ 6@ neduty )
be its disintegration over u, by the unicity of this disintegration, we obtain that
nePTys;n) iff nry = Spuynx for p-aa. x € X. 6)
A straightforward calculation similarly yields the following.

LEMMA 2.1. Let n be a probability measure on (Cy, x Y, J, ® C) whose projection
on (Cy, Jy) equals j1y, and let n = fcw 8¢ @ nedug(c) be its disintegration over [iy.

Thenn € P(r,S™; W) if and only if, for all g € G,
Nege = Sg_lnc Jor py-a.a. c € Cy. @)

PROPOSITION 2.1. There exists an affine isomorphism A between P (T, s; u) and
P(r, S o), which moreover satisfies:

(i)  ifV' is S-invariant, then A(n ® V') = py @ V';

(i) ifn e P(Ty,s; u) and nly is S-invariant, then A(n)|y = nly.

Proof. Take n € P(T, s; i) and let n = fx 8x ® nx dpu(x) be its disintegration. From (6),
we have
Spynx = nrx  for p-aa. x € X. (8)
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Let 7 be the probability measure on (X x G x Y, B® B(G) ® C) given by

/ fdﬁ=/ fx. 8.8 y)dn(x, y) dr(g)
XxXGxY XxXGxY

for each measurable bounded function f on X x G x Y. In other words, 7 = [y, ; 8x.s ®
Mg du(x)dr(g), where

Meg=Sg nx forp®iraa (x.g)€X xG. 9)

We define 7 = A(n) as the projection of 77 on (Cy x Y, J, ® C). Clearly, 7|c, = py-
Since T, is non-singular with respect to i ® A, it follows from (8) and (9) that

T,.g) = Tx.g for u ® r-a.a. (x, g) € X x G. (10)
Hence, in the disintegration 77 = |, c 8¢ @ Tl djug(c) we have
Ne(x.g) = Tx,g fOr 4 ® A-aa. (x,8) € X X G, (11)

where c(x, g) denotes the element of C, corresponding to (x, g). Moreover, for each
h € G we have Sh_lﬁx)g =Ty, g4h fOr e @ 2-a.a. (x, g) € X x G, s0

flege = Sy 'iie for py-aa.c € Cy (12)

and, by Lemma 2.1, 5 € P(x, s o).

Suppose conversely that 7j € P(t, S7!; He) and i = fcw 8¢ ® e drgy(c). The formula
(11) gives rise to a lift of 77 to a measure 7 on (X x G x Y, BQ B(G) ® C) whose projection
on (X x G, B B(G)) equals 1 ® A and whose corresponding disintegration satisfies (10).
Then we define n on (X x Y, B ® C) by its disintegration (5) with n, = fG SgMy, g d1(8)
u-a.e. or equivalently by putting for each bounded measurable f on X x Y

/ fdn =/ Fx Sey) dil(x. 8. ).
XxY XxGxY

In view of Lemma 2.1, (12) is satisfied, so for each h € G we have ST o1j = 7, , for
n®Ar-aa. (x,g) € X x G. It follows that the function (x, g) — Sg7), , is invariant by the
translations on the second coordinate and, therefore, it is u ® A-a.e. equal to a function of
x alone, whence

Nx = SgNy,, forp®r-aa. (x,g) € X xG.

Since T, is non-singular, we have for u ® A-a.a. (x,g) € X x G

N7 = Se)+8MTx.p(0)+g = Sp0+sle.g = Se(0lx

and, therefore, n € P(T, s; w).

It is clear that the two constructions are mutually inverse and that the map A is affine.
Also, (i) easily follows from the construction.

In order to prove (ii), note that if n € P(T}, s; ) and V' = n|y is S-invariant then, by
9—11),

/ e dity =/ Sg_lnx du(x)dk(g)=/ Sg_lv’d)\(g)=v/. O
Co XxG G
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Remark 2.1. Note that given 7j € P(r,S™!; Ie) the above proof does not tell us whether
the projections on (Y, C) of 77 and A~!(7}) are equal.

A particular case appears when ¢ is ergodic. Then  is the one-point G-action and every
measure 7 in P(t, S W) is of the form py ® v’ where V' is S-invariant, whence, by
Proposition 2.1(i) and the fact that A is one-to-one, n = 1 ® v'. We have thus reproved a
result from [21].

COROLLARY 2.1. [21] If ¢ is ergodic then each measure in P(T, s; u) is of the form
1 ® V', where V' is an S-invariant measure on (Y, C).

3. Onlifting disjointness
The aim of this section is to give a sufficient (and in a sense necessary) condition for lifting
the disjointness of T from an automorphism R to 7, s.

Throughout we assume that the cocycle ¢ : X — G is ergodic. Let R be an ergodic
automorphism of a standard probability space (Z, D, p), such that the direct product
transformation 7 x R is still ergodic; that is, we assume that the only common eigenvalue
of T and R is zero (in the additive notation of T).

We denote by (pR : X x Z — G the cocycle (x,z) — (pR(x, 7) = ¢(x), by
(Cyr, Jyr, (1 ® p)yr) the space of ergodic components of (T x R)yr = Ty x R and
by R = (rgR)ge(; its Mackey action.

3.1. A case where the Mackey action preserves a finite measure.

PROPOSITION 3.1. Under the above assumptions the Mackey action T8 preserves the
probability measure (1L @ p) yr.

Proof. Let R := Idxxg % R. Then R preserves u ® A ® p and it commutes with Ty X R,
so it preserves the o-algebra J,r of T, x R-invariant sets. The quotient action 15(,, of R
on (Cyr, Jyr, (L ® p)yr) is ergodic. Indeed, if a B ® B(G) ® D-measurable function F
satisfies F(x, g,z) = F(x, g, Rz) for u® A® p-a.a. (x, g, z) € X x G x Z, then it depends
only on the first two coordinates since R is ergodic. If moreover F is T, X R-invariant,
then it is almost everywhere constant since 7, is ergodic. Now, for each g € G, we have
that 15(/, commutes with TgR . Hence the measure réfe (u ® p)yr, which is equivalent to
(n ® p)yr, is still Iéw-invariant. As Iéw is ergodic, it must be equal to (u ® p),r and the
result follows. O

It follows that either ¢* is regular and cohomologous to a cocycle taking values in a
cocompact subgroup H of G or ¥ is of type II;.

Remark 3.1. We can identify t® with an ergodic (although, not necessarily faithful)
representation of G in the centralizer of a factor of R.
Indeed, the ergodic decomposition of R on the space (X x G x Z, u ® A ® p) is given
by
LOL® p= /

X x

a(x,g) ®pd(p®A)(x, g)«
G
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Since the quotient action Iéw is ergodic, for u ® A-a.a. (x,g) € X x G the quotient
action of R on (Cyr, Jyr, S(x,0) ® P) is isomorphic to Iéw. Since the action of R on each
ergodic component is isomorphic with R through the map z — (x, g, z), our claim follows
(see also §3.3 below).

Now, suppose moreover that 7" and R are disjoint. Then we may identify J (7, s, R)
to the set of measures in P((T x R)WR,S; U ® p) whose marginal on (Y, C) is v. Also,
J(tR,871) is the subset of all measures in P(®, S7!; (u ® p),r) Whose marginal on
(Y,C) is v. Denote by A the affine isomorphism from P((T x R)wkys; u ® p) onto
PaR.S™(u® p)yr) arising from Proposition 2.1.

THEOREM 3.1. If T and R are disjoint and ¢ is ergodic then:
() AU(Tys.R) =JER 8,
(i) Tysl R ifand only if t® 1 S~1.

Proof. Notice first that (ii) is a consequence of (i) and also that A(J(T, s, R)) C
J (R, S~1) follows from Proposition 2.1(ii).

So, we only have to prove A~1(J (%, 871)) c J(Ty,s, R). Take 7 € J(R, 871
and let n = A~!(7). We have n|xxy € P(Ty,s; 1) and by Corollary 2.1, since ¢ is
ergodic, n|xxy is a product measure u ® v’ where v’ is S-invariant. Then V' is also the
marginal ]y and, by Proposition 2.1(ii), we get that A(n)|y = v/, so n|ly = #jly = v and
neJ(Tys, R). O

3.2. Spectral analysis of T®. We now investigate the spectral properties of the unitary
action of 7%, Denote by o the maximal spectral type of the unitary action of R and by o5
the maximal spectral type of the unitary G-action S on their spaces of zero-mean functions
and, given f € LZ(C(/)R, J(pR, (n® ,O)(pR), denote by Of R the spectral measure of f with
respect to the unitary G-action of 7X.

Let us recall (see [16, Remark, p. 53] or [1, Theorem 2.7.1.]) that 7, x R is ergodic
iff or(e(Ty)) = 0 and then its Mackey action is trivial. In this case, by Theorem 3.1,
Ty,s L R whenever T L R, aresult which was already proved in [21]. We will now
consider the case when T, x R is not ergodic and develop some arguments from [16] in
order to derive a rigidity property of the Mackey action 7 ¥.

We identify LZ(C(/JR, (L® p)(pR) with the closed subspace of ka—measurable functions
in L>(X x G x Z, n @ A ® p); then we pass to a spectral representation with respect to
the third coordinate. If we denote the unitary action of R on L>(Z, p) by Ug and identify
feL*X xG xZ,u®AQ p) with a measurable function

(x,8) — f((x,8),), XxG— L*Z,p)
then f is J,r-measurable iff
f(Ty(x,8),) =Ug' f((x,8),) n®irae. (13)

Consider a decomposition LZ(Z, p) = @2020 H, of LZ(Z, p) into Ug cyclic subspaces,
then we may write

flx,8),) =) fullx, 8), ),
n=0
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where f,((x,g), ) € H, n® i-a.e. and the series converges in L%(Z, p). Since Ty is
non-singular and U;l is unitary on LZ(Z, p), L A-a.e.,

F(Tp(x,8),) =Y fulTy(x, 8), ),

n=0
Ug' f((x,8).) =Y Up' fullx. 8). ).
n=0

Thus, by the unicity of the decomposition and (13), if f is J,x-measurable, then so is
each f,. Moreover, for each i € G,

o
(G g+h), )= fullx, g +h), ),
n=0
u®rae.and f,((x,g+h), ) € Hy.
It follows that o .r = YonioOo .,k and thus in order to compute the spectral type of
7R it is enough to consider the functions f : X x G — L*(Z, p) taking values in some
cyclic subspace H of L?(Z, p). Then, we have a spectral isomorphism H ~ L*(T, o),

where 0 < og and Ug corresponds to the multiplication by ¢>*'!. We denote by f f
the corresponding isomorphism

LXX x G, u®@M H) > L*(X x G, u®1 LX(T,0) = L’ (X x G x T, u @A Q o),

so that (Ug f) (x, g, 1) = e2””f(x, g, 1), L®ARac-ae.
By (13), f is J,r-measurable iff

f(Tyx,0),0=e 2 f(x,g,1) p®rQo-ae. (14)

Since T, is ergodic, for o-a.a. t € T either (x, g) f(x, g, t) vanishes © ® A-a.e. oritis
an eigenfunction of Ty, (of constant non-zero modulus). Hence, if we let

do'(t) = ( /X . 1f(x, g, t)lzdu(x)d)\(g)> do (1),

o’ is concentrated on e(Ty,). Recall (Proposition 1.1) that we have a continuous map
t = x from e(Ty) to X, such that any eigenfunction of 7, corresponding to the
eigenvalue ¢ is of the form j (x) x;(g). Thus we may write

fe,g.0)=jx, DT nO®rA®d-ae. (15)

Let us consider now the unitary action of ®. We still have f o tf € L*(X x G,
U ® A; H) and in the spectral representation

(fo t;)A(x,h,t) = f(x,g—i—h,t) URARo-ae.

If f is J,r-measurable then in view of (15), the unitary action of t; is the multiplication

by x:(g) and thus

Gper() = (forl f)= f X/ (e, b, D) dp(x) di(h) do (1)
XxGxe(Ty)

= / x:(g)do' ().
e(Ty)
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This shows that o' ;& is the image of o’ via the map ¢t — ¥, from e(7},) to £,. We have
proved the following.

PROPOSITION 3.2. If ¢ is ergodic then the maximal spectral type of TR is concentrated
on 2.

Now, as a consequence of Theorem 3.1 we get the following.

COROLLARY 3.1. If T and R are disjoint, ¢ is ergodic and 05(%y) = 0, then T, s is still
disjoint from R.

By Corollary 1.1, if ¢ is ergodic, then X, is a Dirichlet subgroup of G and so, by
Proposition 3.2, t® is rigid. In particular,

® 1L MM(G)
and, therefore, we obtain the following.

THEOREM 3.2. If T and R are disjoint, ¢ is ergodic and S is mildly mixing, then T, s is
still disjoint from R.

In [11] it was proved that the class WM is larger than the class of distal automorphisms
by constructing non-distal ergodic automorphisms lying in WML, A similar result was
obtained in [21]. By Proposition 1.3, Corollary 3.2 below gives rise to a class of non-distal
elements in WM~ containing both classes obtained in [11] and in [21].

COROLLARY 3.2. If T L WM, g is ergodic and S is mildly mixing, then T, s 1. WM.

3.3.  Further properties. We investigate a little further the properties of 7 in the case
when it is not trivial, under our general assumptions (7 x R is still ergodic, ¢ is ergodic).

Let H,(r,) be the spectral subspace of Ug of all functions in L*(Z, p) whose spectral
measure are concentrated on e(7y,). From the above discussion, for every J(ﬂR -measurable
feLl*XxGxZ, uQArQ p), for almost all (x, g), the function z — f(x, g, z) belongs
to He(T(p)-

Let o, = 0R|e(7¢). We recall that, since o, is concentrated on e(7y), there exists a
measurable function fo of modulus 1 on X x G x T satisfying

Jo(T,(x, ), 0) = e 7 fo(x, 8,1) n®rQoa,-ae., (16)

i.e. which yields an eigenfunction selector for T, (see e.g. [1, 16, 26]). Moreover we can
choose fo so that for u ® A-a.a. (x, g), the function ¢ — fo(x, g, t) belongs to the closure
of the exponentials ¢ emint p e 7. in L2('JI‘, 0y) (seee.g. [16] or [26, Theorem 11.19]).

If H C He(r,) is any cyclic subspace with spectral measure o0 < oy, then fo satisfies
(14) and the function fo € L*(X x G, ®A; H) corresponding spectrally to fo is
J,r-measurable. More precisely, it follows from (14) and the ergodicity of 7, that the

4

ka—measurable functions in L2(X x G, w®A; H) correspond exactly to the functions

f € L2 (X xGxT, n®1Q®0) of the form f(x, g, 1) = fo(x, g, DV (1), where v € L%(0).
Therefore, for p ® A-a.a. (x,g), f +— f(x,g,-) maps the subspace of J, r-measurable
functions in L2(X x G, u ® A; H) onto H.
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If we consider a decomposition He(r,) = @®nH, into an orthogonal sum of cyclic
subspaces, by the proof of Proposition 3.2, we obtain that LZ(C(/)R, (n ® plyr) is
naturally identified with the sum of the subspaces of J,r-measurable functions in
L*(X x G,u®x; Hy). It follows that, for u ® A-a.a. (x,g), f — f(x,g,-) maps
LZ(C(/,R, (1 ® p)yr) onto Her).

This means that, for 4 ® A-a.a. (x, g), the Lz-space of the factor of R defined by the map
z > (x,g,z) from (Z,D, p) to (Cyr, Jyr, (0 @ p)yr) (Remark 3.1) is equal to He(7,)).
In particular, this factor does not depend on (x, g). Let us denote by Ry : (Zy, Dy, p) —
(Zy, Dy, p) the quotient action of R.

Given h € G, the automorphism of (Z,, Dy, p) corresponding to tf is given spectrally
by the multiplication by X (., () and does not depend on the choice of (x, g) either. We still
denote it by tf.

Since x;(h) = fo(x, g+ h, t)/fo(x, g,t) and for almost all (x, g), the function
t fo(x, g, t) is in the closure of the exponentials, so is the function ¢ — ¥, (h). If we
write fo(x, g, t) = j(x,t)x,(g), it follows that for almost every x, the unit modulus
function ¢t +— j(x,t) is also the limit in Lz(cr(p) of some sequence e2ming: (depending
on x). Then, the sequence R('Z," converges weakly to an automorphism Jy of (Zy, Dy, p),
which corresponds spectrally to the multiplication by j(x,-). Replacing fo(x, g,1) by
(e, D%, (g) in (16) yields

—2mit

Ko J(Tx, 1) =e " jx, 1) p®op-ae.,

and thus

r(ff(x)JTx = R;ljx J-a.e.

In other words, the Rokhlin cocycle x +— 'C(f(x) is cohomologous to the constant

cocycle x — R, I and it follows that the extension T, (-®)-1 is isomorphic to T X Ry
(the isomorphism moreover being equal to the identity on X).

PROPOSITION 3.3. Assume that ¢ is ergodic and that R is weakly mixing.
If or(e(Ty)) > O then there exists a weakly mixing G-action S such that T, s and R have
a common factor.

Proof. We can take S = (z®)~!. Since the kernel of the map ¢ +> ¥, is the eigenvalue
group e(T), it is countable and thus the spectral type of t®, which is the image of
0y = 0Rle(1,) under this map, is a continuous measure. So 7R is weakly mixing. O

4. The class WM™ is not closed under ergodic joinings

Recall that we denote the class of multipliers of WM~ by M(WM-). The aim of this
section is to prove the following theorem which brings an answer to the problem raised
by Glasner and Weiss [11]. When G = Z and S = (5"),,cz we shall use the notation

T(/,)g = Tw,s.

THEOREM 4.1. The class WM™ is not closed under ergodic joinings. More precisely,
assume that T LWM, ¢ : X +— Zis ergodic, e(Ty) is uncountable and let S be a Bernoulli
automorphism. Then Ty, s € WML\ M(WM™).
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Proof. First, we get Ty g € WM directly from Corollary 3.2.

Since e(Ty) is an uncountable Borel set, by Kuratowski’s theorem there exists a
continuous probability Borel measure concentrated on e(7y,). It follows that there exists a
weakly mixing R : (Z, D, p) — (Z, D, p) whose maximal spectral type is concentrated
on e(Ty,); we can take here any ergodic Gaussian automorphism generated by a Gaussian
process whose spectral measure is concentrated on e(7y).

Denote by T the Mackey automorphism associated to T, x R. Since 8 1 MM,
its entropy vanishes. Therefore, by a result of Smorodinsky and Thouvenot [35], T%
appears as a factor of some ergodic self-joining 1 of the Bernoulli automorphism S~!.
By Theorem 3.1, it follows that Ty (sxs,; is not disjoint from R. In view of
Proposition 1.2, T, (sxs,;) is ergodic and it is isomorphic to (Ty, s x Ty, s, h1dy @ 1),
where (4, is the diagonal measure on X x X (the graph self-joining of 7' given by the
identity automorphism of X). So we have an ergodic self-joining of T, ¢ which is not
disjoint from R.

We still have to show that the construction is not vacuous, i.e. that we can find an ergodic
automorphism 77 L WM and an ergodic Z-valued cocycle ¢ with e(7,) uncountable.
In fact, such examples are known for real-valued cocycles. Indeed, let 7 be an irrational
rotation x +— x + o« on the torus group T and ¥ be a step function of the form
1oy — B : T — R. Oren [27] proved that ¥ is ergodic whenever 8 ¢ Za. On the
other hand, Stewart [36] gives a sufficient condition on s € R in order that exp(27wisy)
be a quasi-coboundary and this condition shows that, whenever « has unbounded partial
quotients, we can find values of 8 ¢ Za such that e(TI/,) is uncountable (see also [24],
or [12] for more precise conditions).

Now, let T be the T-extension of T definedon X =T x T by

T(x,s) = (Tx, ¥(x) (mod1) +s)
and let ¢ : X — Z be given by
@(x,s) =[Y(x) + 5],

where s is taken in [0, 1) and [¢] denotes the integer part of the real 7.

Since 1 is ergodic, T is ergodic and, moreover, as it is a compact group extension of T,
we still have T L WM. It is easy to check that the map (x, #) — (x, ¢ (mod 1), [¢]) settles
an isomorphism between T¢ and Ty, so ¢ is ergodic and e(T,) is uncountable. O

Remark 4.1. Since, in the construction, t® is a factor of (S_1 x S~ n), it follows from

the proof of Proposition 3.3 that, actually, T, (sxs,, has a weakly-mixing factor.

In addition, Danilenko and Park [5] have recently extended the result of Smorodinsky
and Thouvenot to countable amenable group actions. So, a similar construction can be
carried out with a Bernoulli action of a countable abelian group G, provided that we are
able to find an ergodic G-valued cocycle with uncountable group e(T)).

5. A lemma on multipliers and applications
In this section we will formulate a sufficient condition for an automorphism to be a
multiplier of a certain class and then obtain some applications.
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5.1. A lemma on multipliers. The aim of this subsection is to give a sufficient
condition for an automorphism 7 to belong to M({R}}), where R is a weakly-mixing
automorphism. When instead of a single automorphism R, we consider a subfamily ®
of weakly-mixing automorphisms closed under taking Cartesian squares, the proposition
below shows that an ergodic automorphism 7 is a multiplier of @ as soon as every ergodic
self-joining of T is disjoint from ®.

First, we will briefly recall that joinings are in one-to-one correspondence with certain
Markov operators. Assume that 7; is an automorphism of (X;, B;, u;), i = 1,2. If a
probability measure 7 is defined on 3] ® B, and its marginal on X; equals u; (i = 1, 2)
then the operator &, : L%(X1, Bi, p1) = L*(X2, B, u2) given by

(@1, 8) =/ fxDgx2) dn(xy, x2)
X1><X2

is Markov (that is, it is positive and ®,1 = CD;I = 1). On the other hand, each Markov
operator ® : L2(Xy, By, 1) — L*(X2, Ba, p2) is necessarily of the form & = &,, for a
unique measure 1 which is a joining iff

®oUr =Up, 09,

where Ur, f = f o T; (see e.g. [23] for more details). Then, moreover, ®*®
L2(X1,B1, 1) — L%*(Xy,Bi, 1) is a Markov operator and it commutes with Ur,,
so it corresponds to a self-joining of 77. Finally denote by Iy, : L2(X1, Bi,u1) —
L%(X,, By, u1) the projection onto the space of constant functions, which is also the
Markov operator corresponding to ;1 ® pg.

Assume that T : (X,B,u) — (X,B,un), R : (Z,D,p) — (Z,D,p) are two
automorphisms.

PROPOSITION 5.1. Let T be ergodic and R be weakly mixing. Assume moreover that for
every ¢ € J5(T), the automorphism (T x T, ¢) is disjoint from the direct product R x R.
Then T € M({R}1).

Proof. All we need to show is that given S : (¥,C,v) — (Y, C, v) disjoint with R, any
n e J(T, S, R) is equal to the direct product n|x xy ® p. It is enough to prove that for each
bounded measurable f on X, g on Y and 4 on Z

/ f®g®hdn= f®gdn|nyfhdp-
XxYxZ Y

XxY

Hence, it is enough to prove that

if/hdp:O then / f®g®hdn=0. 17)
Y XxXYxZ

We regard 1 as a joining of (T x R, u ® p) and S. Denote the corresponding Markov
operator by ®, where ® : L>(X x Z, u ® p) — L*(Y, v). Since S L R,

/CD(I(XJh)gdv:/ h®gdodv=0
Y ZxY
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and therefore ® (1 ® h) = 0. It follows that ®*®(1 ® k) = 0. Letp € JL((T X R, u ® p))
be given by @5 := ®*®. Then for each measurable bounded functions f; on X and /; on

Z,i=1,2,
/ f1®h1®f2®h2dﬁ=/ Q*O(fi®h1)rQhrduQ p.
(XXZ)X(XXZ) XxZ

If we take f1 = f» = 1, we obtain

/ h1®h2dﬁI2xz=/h1dp/hzd,o.
ZxZ Z Z

Indeed, it suffices to notice that the above integral vanishes whenever f 4z hidp =0.

This proves fj|zxz = p® p. If welet ¢ = 5j|xxx,thenn € J(T xT,¢), (RX R, p®
p)). By considering the ergodic decomposition of ¢ and applying our assumption we get
n=1¢® (p® p). Since 7 is a tensor product, ®*® must also be a tensor product and we
obtain

o*d = &, @ Iz
Therefore, if [, hdp =0,

o (f &) = o) [ hdp =0,
Z

whence ®(f ® h) = 0 and

/ f®g®hdn=/<b(f®h)gdu=o
XxYxZ Y

and (17) follows. O

5.2.  Existence of non-distal multipliers of WM=.  Glasner [10] proved that non-distal
multipliers of WML do exist. We will now show how, using our results and a result from
[22], we can obtain some new non-distal multipliers of WM.

We still assume that 7 is an ergodic automorphism of (X, B, u) and S is an ergodic
action of G on (Y, C, v) and we assume moreover here that G has no non-trivial compact
subgroup.

Let ¢ : X — G be an ergodic cocycle and let 77 € J; (T, s). We denote its projection
on X x X by n. Consider the cocycle (¢ x ¢, n) for the action (T x T,n) of T x T on
(X x X, B® B, n) givenby (x1, x2) = (p(x1), ¢(x2)).

Assume that this cocycle is regular and cohomologous to a cocycle ¢ with values in its
essential value group H = E(¢ X ¢,n) C G x G. Then v, as a H-valued cocycle, is
ergodic.

Given the closed subgroup H C G x G, we denote by P¢(Y x Y, H; v) the set of
(Sg; X Sg,)(g1,g2)eH-Invariant ergodic probability measures on (¥ x Y,C ® C) whose
projections on (Y, C) are both equal to v and, given p € P*(Y x Y, H; v), we denote
by (S x 8)u,p the action of (Sg; X Sg,)(g,e9em on (¥ x Y, C®C, p).

Under these assumptions the following result is proved in [22].
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PROPOSITION 5.2. There exists p € P¢(Y x Y, H;v) such that the automorphisms
(Ty.s x Typ.s,m) and (T X T, 1)y (SxS)y,, are isomorphic.

The following proposition gives rise to a class of non-distal multipliers of WM.
Let A denote the diagonal subgroup of G x G.

PROPOSITION 5.3. Assume that T € M(W M=), G has no non-trivial compact subgroup,
¢ : X — G is ergodic and for each n € J5(T):
(i)  the cocycle (¢ x @, n) is regular;
(i) ifH = E(¢ x @, n), then either H = Ag or P¢(Y x Y, H;v) = {v ® v}. Assume
moreover that S € MM(G) and:
(iii) for each ergodic self-joining of S the resulting G-action remains mildly mixing.
Then T, s € M(WM?').

Proof. Due to Propositions 5.1 and 5.2, it is enough to show that (T' x T, n)y (SxS)y.,
belongs to WM, whenever 7 € J5(T),H=E(px@,n),¥ : X xX — H is ergodic
for the action of (T x T, n) and p € P°(Y x Y, H; v).

Suppose first that p = v @ v. The product G x G-action is mildly mixing and so is each
non-trivial subaction of it, by the assumption that G has no non-trivial compact subgroup,
so the result follows from Corollary 3.2.

Otherwise H = Ag and (S x S)n,p = ((Sg X Sg)gec, p) with, in fact, p € JJ(S5).
Then the result follows from (iii) and Corollary 3.2 again. a

Note that because of Proposition 1.3, the automorphism T, s above is not distal. In [22]
for G = R and some irrational rotations, ergodic cocycles ¢ : X — G satisfying (i) and
(ii) are shown to exist. Moreover, mildly-mixing R-actions satisfying (iii) can be found
either in the class of Gaussian systems [23] or in the class of two-fold simple systems [18].

5.3. A sufficient condition for multiple disjointness. In connection with the problem of
decoding some multiplexed signals, Furstenberg et al. [8] introduced the notion of double
disjointness: an automorphism 7 is doubly disjoint from R if all self-joinings of T are
disjoint from R. They ask whether systems in WM are doubly disjoint from WM. In view
of Theorem 4.1 the answer to this question is negative. Another question raised in [8] is that
whether double disjointness implies triple disjointness. In order to give a partial answer to
this question first observe that if the assumption of Proposition 5.1 is satisfied then

every ergodic infinite self-joining of T belongs to M({R 1), (18)

in other words T is disjoint of all orders from R. Indeed, this is done by induction for
finite-fold self-joinings and then by a passage to inverse limits.

In [14] (see also [26, Chapter 10]), Host proved that if Ry, ..., R, are automorphisms
and at least m — 2 of them are weakly mixing with singular maximal spectral types,
then each joining of Ry, ..., R, which is pairwise independent is globally independent.
Therefore, if T is doubly disjoint from R and R has continuous singular spectrum, then
the assumptions of Proposition 5.1 are satisfied and, from (18), we obtain that all ergodic
infinite self-joinings of 7' are disjoint from R.
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5.4. Multipliers of some known classes. We will show that using Proposition 5.1 we can
strengthen some known disjointness results.

The main result from [17] states the following. The class SP of simple automorphisms
is disjoint from the class GS of Gaussian automorphisms. In fact, we have more:

SP c M(GSY).

Indeed, if T is simple and R is Gaussian, then as shown in [17], the infinite Cartesian
product 7°° and R have no common factors. If for an ergodic self-joining n of T (T x T, 1)
and the Cartesian product R x R are not disjoint, then by a disjointness result from [23],
a certain ergodic infinite self-joining of (7" x T, ) and R x R has a common factor. By the
simplicity of 7T this infinite self-joining automorphism is a factor of 7°° while R x R is
still Gaussian and we obtain a contradiction.

We have already noted that the class RG of rigid automorphisms is disjoint from the
class MM. Clearly RG is closed under self-joining, while MM is closed under direct
product. Therefore, by Proposition 5.1, we obtain

RG c M(MM™).

It should however, be emphasized that in general an ergodic joining of two different rigid
automorphisms is not rigid (in fact, M(RG) is precisely the class of ergodic rotations).

6. On lifting multiple mixing
Rokhlin’s problem of whether mixing implies three-fold mixing remains one of the major
open problems in ergodic theory and positive answers are only known in certain classes
of automorphisms (see [14, 19]). In connection, Rudolph showed that multiple mixing
property lifts to weakly-mixing compact group extensions [29] and asked the question of
whether mixing and multiple mixing lift to extensions of the form 7, s when S € MM(G)
and G = Z% or G = R? [30]. The question on lifting mixing is solved in [21], but in
Appendix A we give a more precise sufficient condition for the general case. Ryzhikov [32]
gives a condition for lifting multiple mixing in the case where S and T, s are mixing
and G = Z. In [21], another partial answer is given under strong assumptions on ¢.
In this section we show that the answer is positive whenever T;, s is mildly mixing and ¢
is recurrent.

The following result is a consequence of the construction in the proof of Proposition 2.1.
We again consider another automorphism R of a standard probability space (Z, D, p).

PROPOSITION 6.1. Assume that ¢ is recurrent and R is mildly mixing. Then p @ v @ p is
the only joining of T, s and R whose marginal on X x Z is equal to 1 ® p.

Proof. We prove a little more, namely, with the notation of §2 and §3, that for every
n€PUT x R)yr, @ p) we have n = nlxxy ® p.

Following the first steps of the proof of Proposition 2.1 (for T x R and ¢* instead of T
and ¢), we consider a disintegration

n= / 8(x,2) ® Nx,z dp(x) dp(2),
XxZ
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and the family of measures 77, , . = Sg_l Nx.; Which define the measure 7on X xGx Z x Y.
Then (x, g, 2) > 7y g - 18 (T % R)yr -invariant (formula (10)), i.e. it is J,r-measurable.

Since ¢ is recurrent, the action of T, on jy-a.a. ergodic component ¢ € C, is properly
ergodic and, since R is mildly mixing, then the action of T, x R on ¢ x Z is still ergodic.
Therefore, J,r = Jp, x Z (mod 4 ® A ® p).

In particular, (x, g, z) > 7, , , is almost everywhere equal to a function of x and g
only and it follows that 7, ; = [, G SgTx,q,- dA(g) depends only on x. This clearly implies
the result. a

Before coming to the problem of lifting multiple mixing, let us state an immediate
consequence of Proposition 6.1.

COROLLARY 6.1. If T L R, ¢ is recurrent and R is mildly mixing, then T, s 1 R.

Now, assume that ¢ is recurrent and 7, s is mildly mixing and let n € J, (T, s), where
r is an integer greater than or equal to two.

For0 < k < r,let g = nI(XXy)ker—k. Given k > 1, suppose that n;_; is the
product measure (1 ® V)® ! @ u® ~k*1 Then let R be the direct product of k — 1
factors T, s and of r — k factors T on Z = (X x V)=l x X"k equipped with the
product measure p = (1 ® v)® 1 @ u® ~*. Up to a rearrangement of the coordinates,
nk appears as a joining of T, s and R whose marginal n¢—; on X x Z is equal to
©w ® p. Moreover R is still mildly mixing, so we can apply Proposition 6.1 and thus
Mm=pn®v®p=(uev)*eusr—*

It follows by induction that

ifn € Jy(T,.s) and n|xr = n®", thenn = (L@ v)®". (19)

THEOREM 6.1. Assume that T is r-fold mixing and that ¢ is recurrent. If T, s is mildly
mixing then it is mixing of order r.

Proof. We give the proof when r = 3; the argument is the same in the general case. If T, s
were not three-fold mixing, we could find sequences of integers (my) and (ny) with my, ny
and my — ny going to infinity and a joining n € J3(7,, s) obtained as a weak limit of graph
joinings by
— 1 —Mmg —Tk
NAx BxC)= kilrfoou@)v(A N Tw,S BN TW’S 0),

for A, B, C € B x C, which would not be the product measure (1 ® v)®3 (see e.g. [26,
Chapter 10]). However, since T is three-fold mixing, we then have n|ys = u®3 and this
contradicts (19). O

In Appendix A, we show that, if 7' is mixing, T, s is mixing as soon as 05(Xy) =9
(Theorem A.1). When ¢ is recurrent, by Theorem 1.1, X, is a Dirichlet subgroup of G
unless ¢ is cohomologous to a cocycle with values in some compact subgroup. We hence
obtain the following.

COROLLARY 6.2. Let T be r-fold mixing, S be mildly mixing and assume that ¢ is
recurrent and not cohomologous to a cocycle with values in a compact subgroup of G.
Then T, s is r-fold mixing.
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A. Appendix
A.l. Proof of Theorem 1.1. Our proof will rely on a similar result for the subgroup
Ay C X, of all x € G such that x o ¢ is a coboundary; that is,

Ay = {x €G:xop=j/joT forsome j € U(X,p)}.

Moore and Schmidt [25] proved that if A, carries a full measure then ¢ is a coboundary.
We make use of both a version of this result in the case when we only suppose that A, is not
Dirichlet and of the main arguments of the proof, which we recall briefly. The assumption
that T is ergodic is not needed here and we remove it. We need some general properties
of Polish groups and standard spaces, for which references are given in [25] and [16, §3]
(however, the result on A, given in [16] is ambiguous since no definition of a Dirichlet
subgroup for a general LCA group is given there).

Recall that ¥, may be considered as a quotient of a closed subgroup of U(X x G,
1 ®A), namely of the subgroup & (Ty) of all L*°-eigenfunctions of T, which can
be written as f = j ® x (§1.1). Similarly, let Zo(7,) be the closed subgroup of
U(X x G, n®A) of all Ty-invariant functions of this form. Clearly j ® x is T,-invariant
iff (x o@)(joT) = j,s0 Ay is the image of Zo(Ty) under the continuous homomorphism
J ® x = x. It follows that A, is a Borel subgroup of G and that there exists a Borel
cross section A, — Zy(Ty,), hence we can measurably choose a transfer function j, for
X € Ay. Furthermore, given a positive measure o concentrated on Ay, as x — jy isa
measurable mapping from A, to U (X, ), there exists a function J € U(X x @, URo)
such that J(x, x) = j,(x) u ® o-a.e., whence

x(@@) =Jx, x)/J(Tx, x) n®oc-ae.

If we denote by g + g the natural homomorphism from G to U(Ay, o) given by the
duality, that is by g(x) = x(g), and ¢(x) = ¢(x), this equation becomes

ox)=J(x,)/J(Tx,) puo-ae., (A1)

so that the U (6, o)-valued cocycle ¢ is a coboundary.

On the other hand, ¢ takes its values in the subgroup G(o) = {g : g € G} of U(a, o).
A main part of the argument is then the classical fact that ¢ will still be a coboundary
as a G(o)-valued cocycle if this subgroup is closed. If ¢ is full then G (o) is actually
isomorphic to G [15, 25]. When we only suppose that A, is not Dirichlet, we obtain the
following.

PROPOSITION A.1. Let T be any automorphism of a standard probability space and let
¢ : X — G be acocycle. If Ay is not a Dirichlet subgroup of G, then ¢ is cohomologous
to a cocycle taking values in a compact subgroup of G and A is open.

Proof. Choose for ¢ a probability measure concentrated on A, which is not Dirichlet,
Le. limsup,_, Red(g) < 1. The kernel of the homomorphism g +— g is the closed
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subgroup H = {g € G : g(x) = x(g) = l,0-ae} = {g € G : f(g) = 1}
Since o is not Dirichlet, H is compact and, moreover, g — 1 in U(G, o) iff the
sequence (gx) stays in some compact set and all its limit points are in H; that is, iff it
convergesto 1 in G/H. Thus G (o) is isomorphic to G/H and it follows, in particular, that
G(o) is closed in U (5 ,0). Hence ¢ is still a coboundary as a G (o0)-valued cocycle and
composing the transfer equation with a measurable cross section G(o) — G yields that ¢
is cohomologous to a cocycle with values in H.

As for the last assertion, A, contains the annihilator H L=y e G : x(g =1
forall g € H} of H. Since H is compact, H* is open and so is Ay. a

We are not able to directly apply the same technique with X, instead of A, but the
next lemma shows that these groups belong to the same class.

By D(¢) : X x X — G we denote the cocycle X x X — G defined by D(¢)(x1, x2) =
@(x1) — @(x2) for the action of the direct product 7 x T. Also, to a cocycle ¢ : X — T,
we associate the operator Vy, : f — e?™V f o T on L*>(X, u). Notice that ¥ is a quasi-
coboundary (respectively a coboundary) iff Vi, has an eigenvalue (respectively has the
eigenvalue 1) with a corresponding eigenfunction of modulus 1.

LEMMA A.l. Assume that T is ergodic and let ¢ : X — G be any cocycle. Then
Xy = Ay

Proof. We have to prove, for x € 6, that x o ¢ is a quasi-coboundary iff x o D(¢) is a
coboundary or, equivalently, that a cocycle ¢ : X — T is a quasi-coboundary iff D(y) is
a coboundary.

The ‘only if’ part is obvious. Suppose that D(yr) is a coboundary. Then 1 is an
eigenvalue of Vp(y). However, if we identify LA(Xx X, u®u) with L2(X, )@ L*(X, p),
then the operator Vp(y) is simply Vi ® V_y. So 1 is an eigenvalue of Vy ® V_y.
From elementary spectral theory it follows that Vy has an eigenvalue and, since T is
ergodic, any corresponding eigenfunction must have constant modulus. This proves that
is a quasi-coboundary. O

Proof of Theorem 1.1. Assume that T is ergodic and X, is not Dirichlet. We first have
to find a compact subgroup H of G and a second countable LCA group G such that
the quotient cocycle is a quasi-coboundary as a G-valued cocycle. Now, it follows from
Lemma A.1 and Proposition A.1 that X, = A p(y) is open (we apply Proposition A.1 with
T x T instead of T but recall that the ergodicity is not needed there). In particular, X, is
locally compact in the topology inherited from G. Also, the annihilator Zwl of Xy in G is
compact and this will be our subgroup H.

We define G by duality. Consider the intermediate group f)(p of all pairs (x, #) in GxT
for which there exists j € U (X, ) satisfying

X(@() =" j(x)/j(Tx) p-ae; (A2)

that is, the image of £y(7},) by the continuous homomorphism which to each eigenfunction
of the form j ® x associates x and the corresponding eigenvalue 7. Again, f](p is a
Borel subgroup of G x T and the quotient topology yields a Polish topology on iw
In addition, the homomorphism j ® x +— x from &(T,) to G factorizes through f)(p
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and the projection 7w : (x,t) — X, f)(p — G which is hence continuous. Observe that,
up to obvious identification, ker 7z is the eigenvalue group e(7) of T. The quotient map
fi(p /e(T) = Xy C G is a continuous one-to-one homomorphism of a Polish group onto a
locally compact group. Thus, it must be an isomorphism and f](p /e(T) is locally compact.
Moreover, since ¢(T') is countable, hence discrete in iw’ it follows that f](p itself is locally
compact.

We let G be the dual group fl(p. By duality, G/H = EAJ(/, is embedded in G as a closed
subgroup. More precisely, this embedding is given by the homomorphismg — g, G — G,
where g(x,t) = x(g). We also define ¢ : x — w,(}) by composition.

Now, if we choose a probability measure 6 equivalent to the Haar measure of fl(p, then
G appears as a closed subgroup of U (fl(ﬂ, 0) and, as from (A.2), we can find a function
JeU(X x fl(p, i ® &) such that

X)) =" T (x, (X, 0)/I(Tx, (x,1) n®s-ae.

Let ¢ be the character (x, 1) — e of fl(ﬂ. Since x(¢(x)) = @¢x)(x,t), the above
equation becomes

ox)=cJ(x,)/J(Tx,) poc-ae.

Hence, as a U(6)-valued cocycle, ¢ is cohomologous to the constant ¢ € G, but then it
is still cohomologous to ¢ as a G-valued cocycle, which proves the main assertion of the
theorem.

Finally, assume moreover that ¢ is recurrent. Then ¢ is recurrent and so is the
cohomologous constant cocycle x + c¢. Therefore, the monothetic group K generated
by ¢ cannot be isomorphic to Z and so K is compact. It follows that A5 contains the open

subgroup K+ of fl(/, = G. However, from x(@x)) = @(x,1), Ay is clearly the image of
A under the projection 7 : fl(p — X, and thus A, is also open in G. We conclude by
Proposition A.1 that ¢ is cohomologous to a cocycle with values in a compact subgroup
of G. a

Remark A.1. If G is divisible, then G/H is a direct factor of G and we can compose the
transfer equation by a projection G — G/H. Thus the quotient cocycle is already a quasi-
coboundary as a G/ H-valued cocycle. This was already noted by Moore and Schmidt [25]
in the case G = R". Also, if T is weakly mixing, we get in the construction f)(p = X, and
G=G/H.

Note that more generally, if T is weakly mixing but we allow X, to be Dirichlet, the
eigenvalue ¢ in (A.2) depends only on x and we can write e2™it = ¢(x) where ¢ is a
measurable function of modulus 1 on X,. Given a positive measure o on Xy, we can then
find J € U(X x Xy, u ® o) so that

x(p(x)) =cOOJ(x, )/J(Tx, x) p®oc-ae. (A.3)

Thus, ¢ : X — U(Zy, o) given by ¢(x)(x) = x(¢(x)) is cohomologous to c. It follows
in particular that, when g is recurrent, so is the constant cocycle x — ¢ € U(Xy, 0) and
there exists a sequence (ny) going to infinity such that c(x)™ — 1 o-a.e.
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A.2. When mixing lifts. Assume that T is mixing. In [21], it is proved that T, s is
mixing when os5(Xg,) = 0 for all k # 0. Thanks to the above analysis, we are able to
show that this is the case if we only suppose o05(%,) = 0 and, moreover, that this condition
is necessary when ¢ is recurrent. For the direct part, the proof is essentially the same as
the proof in [21], except for the following lemma.

LEMMA A.2. Assume that T is mixing and let v : X — T be a cocycle. If { is not a
quasi-coboundary then, for every f € L>(X, i),

/ ATV (T T @) dpn(x) = 0
X
asn — oQ.

Proof. Consider the skew product Ty, on X x T (T is equipped with its Lebesgue measure
Ar) and let e denote the exponential function y €2 For f € L*(X, p), we have
f®e(Ty(x,y) = 2TV &) £(Tx)e(y), so that the integral in the statement of this lemma
can be written as

/ T(f@e)o Ty (f®e)du® Ar. (A.4)
X x

Suppose that this integral does not converge to zero for some f € L?(X, u), which we
can suppose bounded. Then we can find a subsequence (n;) going to infinity such that the
corresponding graph-joinings of Ty, converge weakly towards some n € J>(Ty) such that

/ fRe® f®edn#0. (A.5)
XxTxXxT

However, since T is mixing, the projection of n on X x X is equal to u ® u. Let
hel*X x X, u ® ) be the conditional expectation of (x1, y1, X2, y2) > e(yl)m
with respect to the o-algebra generated by the x-coordinates, for the measure 1. So, for
every fi, f» € L*(X, p),

/ f1®e®f2®5dn=/ (fi® HL)hdu ® . (A.6)
XxTxXxT XxX

Now, we express the Ty, x Ty -invariance of 1. In terms of the operators Vy, (defined before
Lemma A.1), we have (fi®e)oTy = Vy fi®eand (f2®e)oTy = V_y fo®e. So, from
(A.6) we get

/ Vy fi ®Vfwfz)hdu®u=/ (f1® f)hdp ® .
XxX XxX

Because of (A.5), & is not almost everywhere equal to zero. This proves that Vy ® V_y =
Vp(y) has a nonidentically zero invariant function and we conclude as in Lemma A.1 that
Y is a quasi-coboundary. O

THEOREM A.1. Assume that T is mixing. If 05(2y) = 0 then T, s is mixing. Conversely,
ifos(Xy) > 0and ¢ is recurrent, then T, s is not mixing.

Proof. Since T is mixing, T, s is mixing iff 6 rgn 1, 5 (1) — O for every f € L*(X, )
and for every zero-mean i € L>(Y, v). For sake of simplicity we denote Ofoh = Of®h,T,s
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and o5, = o0, 5. Following [21], we write
& pan(n) = fX f(T"x)m< fY h(Sw(,,)(x)y)Fy)dv(y)> du(x)
= /X ST ) F@)8 (9™ (x)) dpa(x)

- /X f(T"x)%( /ax(qom)(x))dah(x)) du(x)

and so

6ren(n) = /a ( fx x(fp(")(x))f(T”x)f(x)du(x)> don(x). (A7)

According to Lemma A.2, the inner integral converges to zero whenever x o ¢ is not a
quasi-coboundary, i.e. whenever x ¢ X,. So, if 05(X,) = 0, it converges o-a.e. to zero
and 6 g (n) — 0 follows.

Conversely, assume that ¢ is recurrent and that o5(X,) > 0. We choose a zero-mean
h € L%(Y, v), not almost everywhere equal to zero and such that oy, is concentrated on X,
so that we can restrict the outer integral in (A.7) to X,. The function f* will be chosen later
on.

Since T is weakly mixing, according to Remark A.1, there is a measurable function J
of modulus 1 on X x X, satisfying (A.3) with o = o3, where c() is the unique constant
which is cohomologous to x o ¢. When we replace x ((p(") (x)) according to (A.3) in (A.7),
we get

5f®h(n):/ (/XC(X)”J(x,X)J(T”x,X)f(T"X)f(X)dM(X))dcrh(x).

12

Moreover, following Remark A.1, since ¢ is recurrent, there exists a sequence (ny) going
to infinity such that ¢(x )™ — 1 oj-a.e. Then, since T is mixing, we find

2
dop(x).

limc}f®h(nk) =/ /;{J(X’X)md,u«(x)

¢

It remains to note that, since x — J(:, x) is a measurable function from X%, to U (X, u),
we can choose the function [ € L2(X, () so that the above limit is non-zero. O

Remark A.2. By Theorem 6.1, assuming that 7" is mixing, if 7, s is not mixing, it is not
even mildly mixing.

Acknowledgement. The research of the first author is party supported by KBN grant
5P03 A 02721.

REFERENCES

[1] J. Aaronson. An Introduction to Infinite Ergodic Theory (Mathematical Surveys and Monographs, 50).
American Mathematical Society, Providence, RI, 1997.
[2] J. Aaronson, M. Lemariczyk and D. Volny. A cut salad of cocycles. Fund. Math. 157 (1998), 99-119.

https://doi.org/10.1017/50143385703000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000099

31
(41
(51
(6]
(71
(8]
91

[10]
[11]

[12]
[13]
[14]

[15]
[16]

[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]
[25]

[26]
[27]

[28]
[29]

[30]
[31]
[32]

[33]

Rokhlin extensions and lifting disjointness 1549

J. Aaronson and M. Nadkarni. L, eigenvalues and L; spectra of non-singular transformations. Proc.
London Math. Soc. 55 (1987), 538-570.

L. M. Abramov and V. A. Rokhlin. The entropy of a skew product of measure preserving transformation.
Amer. Math. Soc. Transl. 48 (1965), 225-245.

A. 1. Danilenko and K. K. Park. Generators and Bernouillian factors for amenable actions and cocycles
on their orbits. Ergod. Th. & Dynam. Sys. 22 (2002), 1715-1745.

H. Furstenberg. Disjointness in ergodic theory, minimal sets and diophantine approximation. Math. Syst.
Th. 1 (1967), 1-49.

H. Furstenberg. Recurrence in Ergodic Theory and Combinatorial Number Theory. Princeton University
Press, Princeton, NJ, 1981.

H. Furstenberg, Y. Peres, and B. Weiss. Perfect filterings and double disjointness. Ann. Inst. Henri
Poincaré 31 (1995), 453-465.

H. Furstenberg and B. Weiss. The Finite Multipliers of Infinite Ergodic Transformations (Lecture Notes
in Mathematics, 668). Springer, Heidelberg, 1978, pp. 127-132.

E. Glasner. On the multipliers of wi. Ergod. Th. & Dynam. Sys. 14 (1994), 129-140.

E. Glasner and B. Weiss. Processes disjoint from weak mixing. Trans. Amer. Math. Soc. 316 (1989),
689-703.

M. Guenais and F. Parreau. Valeurs propres de systtmes dynamiques associés a un cocycle en escalier
au-dessus d’une translation irrationnelle. Preprint.

T. Hamachi and M. Osikawa. Ergodic groups of automorphisms and Krieger’s theorems. Seminar Math.
Sci. Keio Univ. 3 (1991).

B. Host. Mixing of all orders and pairwise independent joinings of systems with nonsingular spectrum.
Israel J. Math. 76 (1991), 289-298.

B. Host, J.-F. Méla and F. Parreau. Analyse harmonique des mesures. Astérisque 135-136, SMF, (1986).
B. Host, J.-F. Méla and F. Parreau. Non-singular transformations and spectral analysis of measures. Bull.
Soc. Math. France 119 (1991), 33-90.

A. del Junco and M. Lemanczyk. Simple systems are disjoint from Gaussian systems. Studia Math. 133
(1999), 249-256.

A. del Junco and D. Rudolph. On ergodic actions whose self-joinings are graphs. Ergod. Th. & Dynam.
Sys. 7 (1987), 531-557.

S. Kalikow. Twofold mixing implies threefold mixing for rank one transformations. Ergod. Th. & Dynam.
Sys. 4 (1984), 237-259.

A. B. Katok in collaboration with E. A. Robinson Jr. Cocycles, Cohomology and Combinatorial
Constructions in Ergodic Theory (Proceedings of Symposia in Pure Mathematics, 69). 2001,
pp. 107-173.

M. Lemariczyk and E. Lesigne. Ergodicity of Rokhlin cocycles. J. d’Anal. Math. 85 (2001), 43-86.

M. Lemariczyk, M.K. Mentzen and H. Nakada. Semisimple extensions of irrational rotations. To appear
in Studia Math.

M. Lemarczyk, F. Parreau and J.-P. Thouvenot. Gaussian automorphisms whose ergodic self-joinings are
Gaussian. Fundamenta Math. 164 (2000), 253-293.

K. Merrill. Cohomology of step functions under irrational rotations. Israel J. Math. 52 (1985), 320-340.
C. Moore and K. Schmidt. Coboundaries and homomorphisms for non-singular actions and a problem of
H. Helson. Proc. London Math. Soc. 40 (1980), 443-475.

M. Nadkarni. Spectral Theory of Dynamical Systems. Birkhduser Advanced Texts, 1998.

1. Oren. Ergodicity of cylinder flows arising from irregularities of distribution. Israel J. Math. 44 (1983),
127-138.

E. A. Robinson. A general condition for lifting theorems. Trans. Amer. Math. Soc. 330 (1992), 725-755.
D. Rudolph. k-fold mixing lifts to weakly mixing isometric extensions. Ergod. Th. & Dynam. Sys. §
(1985), 445-447.

D. Rudolph. Z" and R" cocycle extension and complementary algebras. Ergod. Th. & Dynam. Sys. 6
(1986), 583-599.

D. Rudolph and C. Silva. Minimal self-joinings for non-singular transformations. Ergod. Th. & Dynam.
Sys. 9 (1989), 759-800.

V. V. Ryzhikov. Polymorphisms, joinings and the tensor simplicity of dynamical systems. Funct. Anal.
Appl. 31 (1997), 109-118.

K. Schmidt. Cocycles of Ergodic Transformation Groups (Lecture Notes in Mathematics, 1). MacMillan,
India, 1977.

https://doi.org/10.1017/50143385703000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000099

1550

[34]
[35]
[36]
[37]

[38]

M. Lemariczyk and F. Parreau

K. Schmidt and P. Walters. Mildly mixing actions of locally compact groups. Proc. London Math. Soc.
45(3) (1982), 506-518.

M. Smorodinsky and J.-P. Thouvenot. Bernoulli factors that span a transformation. Israel J. Math. 32
(1979), 39-43.

M. Stewart. Irregularities of uniform distribution. Acta Math. Sci. Hung. 37 (1981), 185-221.

J.-P. Thouvenot. Some properties and applications of joinings in ergodic theory. Ergodic Theory and
its Connections with Harmonic Analysis (London Mathematical Society Lecture Note Series, 205).
Cambridge University Press, Cambridge, 1995, pp. 207-235.

J.-P. Thouvenot. Les systémes simples sont disjoints de ceux qui sont infiniment divisibles et plongeables
dans un flot. Coll. Math. 84/85 (2000), 481-483.

https://doi.org/10.1017/50143385703000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000099

