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Université Paris 13 et CNRS, 99, av. J.-B. Clément, 93430 Villetaneuse, France
(e-mail: parreau@math.univ-paris13.fr)

(Received 17 September 2002 and accepted in revised form 14 February 2003)

Abstract. Assuming that two ergodic automorphisms T and R are disjoint, we prove
that an ergodic extension T̃ of T remains disjoint with R when, in a representation of
T̃ as a skew product over T , the fiber automorphisms belong to a mildly mixing action
of a second countable locally countable abelian (LCA) group and the corresponding
cocycle with values in this group is ergodic. This allows us to show that the class of
ergodic automorphisms which are disjoint from all weakly mixing automorphisms is not
closed under taking ergodic joinings, thereby solving a problem stated by E. Glasner and
B. Weiss.

0. Introduction
The notion of disjointness for dynamical systems was introduced by Furstenberg in
1967 [6]. An important task followed to determine the disjointness between some classes
of automorphisms (see [6, 17, 18, 23, 30, 37, 38]). One motivation of our work was a better
understanding of Furstenberg’s result that the class of weakly mixing automorphisms is
disjoint from the class of distal automorphisms (see also [11]). A related problem consists
of finding conditions under which disjointness lifts to extensions (see [6, 11, 21, 28]) and
this problem is taken up in the present paper.

Let T and R be two ergodic automorphisms of standard probability Borel spaces
(X,B, µ) and (Z,D, ρ), and let T̃ be an ergodic extension of T . The question is, if T
and R are disjoint, under which assumptions can we assert that T̃ and R are still disjoint.
From a theorem of Abramov and Rokhlin [4], T̃ can be considered as a skew product
over T ; that is, T̃ acts on a product probability Borel space (X × Y,B ⊗ C, µ ⊗ ν) by

T̃ (x, y) = (T x, Sx(y)),
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where (Sx)x∈X is a family of automorphisms of (Y, C, ν) such that the map (x, y) �→ Sxy

is measurable. Furstenberg in [6] shows that, if T̃ is a compact group extension of T
(that is, if there exists a compact subgroup G of automorphisms of (Y, C, ν) such that
(Sx)x∈X ⊂ G), then T̃ and R remain disjoint under the necessary condition that T̃ and R
have no common eigenvalues.

In the present paper, we study extensions T̃ = Tϕ,S of the form

Tϕ,S (x, y) = (T x, Sϕ(x)(y)),

where ϕ is a ‘cocycle’ from X to a second countable locally compact abelian (LCA)
groupG, which we throughout assume to be non-compact, and S = (Sg)g∈G is an ergodic
measure-preserving action ofG on a standard probability Borel space (Y, C, ν). We assume
that the map (g, y) �→ Sgy is measurable when G is endowed with its σ -algebra of Borel
sets and we denote a Haar measure of G by λG.

In [21] it was proved that if T and R are disjoint then Tϕ,S is disjoint from R

under the following assumptions: the skew product Tϕ : (x, g) �→ (T x, ϕ(x) + g) on
(X ×G,B ⊗ B(G),µ ⊗ λG) is ergodic and its group of L∞-eigenvalues is a null set for
the maximal spectral type of the associated unitary action of R on the subspace of the zero
mean functions of L2(Z,D, ρ).

One of our main results is that this latter spectral assumption can be omitted if the
action S is mildly mixing (Theorem 3.2). We show that there exists a correspondence
from the set of joinings between Tϕ,S and R to the set of joinings between the G-action
(S−1
g )g∈G and the Mackey G-action of the cocycle ϕR(x, z) = ϕ(x) on X × Z. Then we

show that this latter action preserves a probability measure and is rigid.
Glasner and Weiss [11] proved that the class WM⊥ of ergodic automorphisms which

are disjoint from the class WM of all weakly-mixing automorphisms is strictly larger than
the class DS of distal automorphisms and since DS is closed under ergodic joinings, they
ask whether WM⊥ is also closed under ergodic joinings. In [10], Glasner proved that the
class M(WM⊥) of multipliers of WM⊥, that is the class of automorphisms whose ergodic
joinings with an arbitrary member of WM⊥ remain in WM⊥, is strictly larger than the
class of distal automorphisms. As a consequence of our disjointness results and an earlier
theorem of Smorodinsky and Thouvenot [35] on the joinings of Bernoulli shifts, we show
that the class WM⊥ is not closed under taking ergodic self-joinings and so we have

DS � M(WM⊥) � WM⊥.

Other applications, e.g. on lifting multiple mixing, are given in the last two sections of this
paper.

1. Preliminaries
Throughout we assume that (X,B, µ, T ), G, (Y, C, ν,S) and ϕ : X → G are given
as under the assumptions stated in the introduction. For the spectral theory of unitary
G-actions we refer to [26].
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1.1. Cocycles. By a cocycle we mean any measurable function ϕ : X → G, although
in fact the cocycle is the corresponding function ϕ(·)(·) : Z ×X → G defined by

ϕ(N)(x) =



ϕ(x)+ ϕ(T x)+ · · · + ϕ(T N−1x) if N > 0,

0 if N = 0,

−(ϕ(T Nx)+ · · · + ϕ(T −1x)) if N < 0.

The cocycle ϕ is a coboundary if ϕ = f −f ◦T for some measurable f : X → G and it is
a quasi-coboundary if it is cohomologous to some constant; that is, if there exists g0 ∈ G
such that ϕ − g0 is a coboundary.

Let
Tϕ : (x, g) �→ (T x, ϕ(x)+ g)

denote the associated skew product automorphism on (X×G,B⊗B(G),µ⊗λG). We say
that ϕ is ergodic when Tϕ is ergodic.

Following [33], an element g ∈ G is called an essential value of ϕ if for each ε > 0,
for each A ∈ B of positive measure and for each neighbourhood V of g in G there exists
an integer N such that

µ(A ∩ T −NA ∩ [ϕ(N) ∈ V ]) > 0. (1)

The set E(ϕ) of essential values of ϕ is a closed subgroup of G and ϕ is ergodic iff
E(ϕ) = G [33]. We say that ϕ is regular if it is cohomologous to a cocycle with values
in E(ϕ). It is recurrent [1, 33] if zero is a limit point of {ϕ(n)(x) : n ∈ Z} for µ-a.e.
x ∈ X, equivalently if Tϕ is conservative, or if whenever A ∈ B, µ(A) > 0 and V is a
neighbourhood of 0 in G, there exists a positive N such that (1) is satisfied.

Given a cocycle ϕ : X → G, one associates with it the action of G by translations on
the space of ergodic components of Tϕ , called the Mackey action (see e.g. [1, 13, 20]).
Since the Mackey action is central in our study, we recall the precise definition.

Fix λ, a probability measure on B(G) which is equivalent to λG. We emphasize that for
all of our subsequent study the measure λ will be fixed. Denote by Jϕ ⊂ B ⊗ B(G) the
σ -algebra of Tϕ-invariant sets and let

Cϕ = (X ×G)/Jϕ, µϕ = (µ⊗λ)|Jϕ .
The standard probability space (Cϕ, Jϕ, µϕ)will be called the space of ergodic components
of Tϕ . Given g ∈ G, the infinite measure-preserving automorphism (x, h) �→ (x, h + g)

of (X×G,B⊗B(G),µ⊗λG) commutes with Tϕ . It follows that it acts on the measurable
space (Cϕ, Jϕ) and this defines a non-singular action τ := (τg)g∈G of G on (Cϕ, Jϕ, µϕ).
This action is called the Mackey action (or the associated action) of ϕ. The Mackey action
is always ergodic. Indeed, each measurable function F = F(x, g) which is Tϕ-invariant
and which at the same time is τ -invariant, depends only on the first coordinate and must be
constant since T is ergodic.

Following [13, 33] we say that an ergodic non-singular action τ of G on a standard
finite or σ -finite measure space (C,J , ω) is of type I if µϕ is concentrated on a single
orbit. Otherwise τ is said to be properly ergodic and of type II1 if there exists a τ -invariant
probability measure equivalent to ω on J , of type II∞ if there exists an infinite τ -invariant
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measure equivalent to ω on J , or of type III otherwise. The Mackey action of ϕ is of type I
iff ϕ is regular. If ϕ is recurrent then Tϕ is properly ergodic on almost all of its ergodic
components.

By e(Tϕ) we denote the subgroup of the torus group T (taken as R/Z) of all
L∞-eigenvalues of Tϕ corresponding to eigenfunctions of modulus 1. The group e(Tϕ)
has a unique and natural Polish topology whose Borel σ -algebra is the restriction of B(T).
More precisely, let U(X,µ) denote the Polish group of equivalence classes of modulus 1
measurable functions on X endowed with the L2(X,µ)-topology. Then, the group E(Tϕ)
of modulus 1 eigenfunctions of Tϕ is a closed subgroup of U(X × G,µ⊗λ), and the
Polish topology on e(Tϕ) is obtained by identifying e(Tϕ) to the quotient group of E(Tϕ)
by the subgroup of invariant functions. For these facts and further information on groups
of eigenvalues we refer the reader to [3, 16, 26].

We also denote the subgroup of Ĝ of all characters χ for which χ ◦ ϕ is a quasi-
coboundary by 
ϕ , i.e. for which there exist t ∈ T and a measurable function j : X → C
of modulus 1 such that

χ ◦ ϕ = e2πit j/j ◦ T µ-a.e.

Then the function f : (x, g) �→ j (x)χ(g) is an eigenfunction of Tϕ corresponding to e2πit

and, for each h ∈ G,

χ(h) = f (x, g + h)/f (x, g) µ⊗λ-a.e. (2)

It follows that the group E0(Tϕ) of eigenfunctions of this form is a closed subgroup of
E(Tϕ) and, on E0(Tϕ), the map which to f = j⊗χ associates χ is continuous. Considering
the quotient topology, we also get a Polish topology on 
ϕ . It also follows that 
ϕ is a
Borel subset of Ĝ and its Borel σ -algebra is the restriction of B(Ĝ).

Conversely, it is shown in [2] that, when ϕ is ergodic, E0(Tϕ) = E(Tϕ) (it is enough
to notice that, if f ∈ E(Tϕ), then for every h ∈ G the function (x, g) �→ f (x, g + h) is
still an eigenfunction with the same eigenvalue, so in this case f (x, g + h)/f (x, g) must
be almost everywhere constant and (2) yields a character of G). Then the quotient map
E(Tϕ) → 
ϕ factorizes through e(Tϕ) and more precisely we have the following.

PROPOSITION 1.1. Assume that ϕ is ergodic. Then there exists a continuous group
homomorphism t �→ χt from e(Tϕ) to 
ϕ such that every eigenfunction of Tϕ
corresponding to t ∈ e(Tϕ) is of the form (x, g) �→ j (x)χt (g), where j satisfies
χt(ϕ(x)) j (T x) = e2πit j (x) µ-a.e.

1.2. Joinings and disjointness. Let us now recall basic notions concerning probability-
preserving automorphisms. A factor of T : (X,B, µ) → (X,B, µ) is the quotient
action of T on the space (X/A,A, µ|A), where A is a T -invariant sub-σ -algebra of B.
The σ -algebra A itself will also be called a factor. The centralizer C(T ) of T is the set of
all automorphisms of (X,B, µ) commuting with T .

Given two automorphisms Ti : (Xi,Bi , µi) → (Xi,Bi , µi), i = 1, 2, we denote by
J (T1, T2) the set of joinings of T1 and T2, taken as the set of T1 × T2-invariant probability
measures η on B1 ⊗ B2 whose projections on B1 and B2 are µ1 and µ2, respectively
(the corresponding automorphism T1 × T2 on (X1 × X2, B1 ⊗ B2, η) will be denoted
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(T1 × T2, η)). By J e(T1, T2) we denote the subset of ergodic joinings of T1 and T2.
If we consider a finite or infinite sequence T1, T2, . . . of automorphisms, we define the
sets J (T1, T2, . . . ) and J e(T1, T2, . . . ) similarly, and in the case of T1 = T2 = T we will
use the notation J2(T ), J

e
2 (T ), or Jn(T ), J en (T ) with n ∈ N or n = ∞ when we consider

more copies of T . We refer the reader to [37] for results about joinings.
Following [6], we say that two automorphisms T1 and T2 are disjoint and we write

T1 ⊥ T2 if J (T1, T2) = {µ1 ⊗ µ2}. Recall that if T1 and T2 are spectrally disjoint, that is
when the maximal spectral types of the associated unitary actions on the subspaces of the
zero mean functions of L2 are mutually singular, then T1 ⊥ T2.

Given a class 
 of ergodic automorphisms, we denote the class of all ergodic
automorphisms which are disjoint from all members of 
 by 
⊥. The class M(
) of
multipliers of 
 is defined as the class of those automorphisms whose ergodic joinings
with an arbitrary member of 
 all give rise to automorphisms that are still in 
 (see [10]).
If the one-point system is in 
, then M(
) is contained in 
.

Assume that A is a factor of T and let µ = ∫
X/A δx ⊗µx dµ|A(x) be the disintegration

of µ over its projection on (X,A). Following [7], we say that T is relatively weakly mixing
over A if the relative product over A, that is the self-joining of T given by∫

X/A
δx ⊗ (µx ⊗ µx) dµ|A(x),

remains ergodic. The class of distal automorphisms can be defined as the smallest class of
automorphisms containing the one-point dynamical system, closed under ergodic compact
group extensions, factors and passage to inverse limits (see [6, 7]). It follows from the
structure theorem of Furstenberg [7] that if T is relatively weakly mixing over some proper
factor then it cannot be distal.

We need the following results from [21] (recall that we assume that the action S is
ergodic).

PROPOSITION 1.2. If ϕ is ergodic then Tϕ,S is ergodic.

PROPOSITION 1.3. If ϕ is ergodic and S is weakly mixing then Tϕ,S is relatively weakly
mixing over T ; in particular, Tϕ,S is not distal.

The definitions of factors, centralizer and joinings given above for Z-actions and their
notation have their natural extensions for G-actions.

In [31], Rudolph and Silva introduced the concept of joinings between non-singular
automorphisms. In fact, they show that we have to restrict ourselves to so called rational
joinings. Such joinings will appear here, but only in the particular situation when we join
a probability measure-preservingG-action S = (Sg)g∈G on (Y, C, ν) with a non-singular
G-action τ = (τg)g∈G on a standard measure space (C,J , ω). We denote by τ × S the
product action (τg × Sg)g∈G and we define J (τ,S) as the set of τ × S-quasi-invariant
measures η on (C × Y,J ⊗ C) whose projections are ω and ν, respectively, and such that
the corresponding Radon–Nikodym cocycle of τ × S satisfies, for all g ∈ G,

d(τg × Sg)η

dη
(c, y) = dτgω

dω
(c) for η-a.a. (c, y).
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Then J (τ,S) is precisely the set of rational joinings, in the sense of Rudolph and Silva,
between the two G-actions.

1.3. Mildly mixing actions and Dirichlet measures. In what follows, rigid and mildly
mixing actions play an important role. The notion of mild mixing for Z-actions was
introduced by Furstenberg and Weiss in [9]. For the definition in the case of general
G-actions, we follow [34]. Recall that we constantly assume that G is non-compact and
that its action S = (Sg)g∈G is finite measure-preserving and ergodic.

The G-action S is said to be rigid if there is a sequence (gn) going to infinity in G
such that ν(SgnB�B) → 0 for every set B ∈ C. It is said to be mildly mixing if, for each
properly ergodic non-singular G-action τ , the product G-action τ × S remains ergodic.
It is then shown in [34] that S is mildly mixing iff it has no (non-trivial) rigid factor.

By a standard argument, S is rigid iff its spectral type σ (which is a positive Borel
measure on Ĝ) satisfies

lim sup
g→∞

Re σ̂ (g) = σ(Ĝ). (3)

According to [15, 16], we say that a positive Borel measure σ on Ĝ is a Dirichlet measure
if it satisfies (3) and that a Borel subgroup of Ĝ is a Dirichlet subgroup if every positive
Borel measure concentrated on it is Dirichlet.

Remark 1.1. There is some difference between these definitions and others given in the
literature. For example, in [21], we still find that a G-action is mildly mixing iff it has no
rigid factor, but this corresponds to a slightly different definition of rigidity: S is rigid if
there is a sequence (gn) in G which does not converge to zero such that ν(SgnB�B) → 0
for every set B ∈ C. In this case, either S is rigid in our sense, or there exists a non-
zero g ∈ G such that Sg is the identity automorphism and the subgroup of all such g is
compact.

It follows that the definitions are equivalent if G has no non-trivial compact subgroup,
that is if Ĝ is connected. In the case when G has some non-trivial compact subgroup, the
definition of [21] forbids any G-action to be mildly mixing, which brings an unnecessary
restriction in the present paper.

We also recall that a probability measure σ on Ĝ is full [25] if it is not Dirichlet
(lim supg→∞ Re σ̂ (g)< 1) and moreover it is not supported by any proper closed
subgroup, and the latter condition can be omitted when G has no non-trivial compact
subgroup [25, Remark 3.3]. As noted in [21, Proposition 2], the action S is mildly mixing
(in the sense of [21]) iff the spectral measure σf,S of every zero-mean f ∈ L2(Y, C, ν) is
full, and the same proof shows that S is mildly mixing in our sense iff no spectral measure
σf,S for any zero-mean f ∈ L2(Y, C, ν) is Dirichlet. In particular, the class MM(G) of all
mildly mixingG-actions is spectrally disjoint from the class of rigidG-actions.

The role of full measures and Dirichlet measures in the theory of cocycles is well known
(see [16, 25]). We need the following theorem, which has been proved by Moore and
Schmidt [25] in the case when G has no non-trivial compact subgroups. In Appendix A,
we give a short and simple proof in the general case.
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THEOREM 1.1. Assume that 
ϕ is not a Dirichlet subgroup of Ĝ. Then there exists a
compact subgroup H of G and a second countable LCA group G̃ containing G/H as
a closed subgroup such that the quotient cocycle ϕ̃ : X → G/H is a quasi-coboundary
as a cocycle with values in G̃. If moreover ϕ is recurrent, then ϕ is cohomologous to a
cocycle with values in a compact subgroup of G.

Since an ergodic cocycle is recurrent and not cohomologous to any cocycle with values
in a proper subgroup, in particular we have the following.

COROLLARY 1.1. If ϕ is ergodic, then 
ϕ is a Dirichlet subgroup of Ĝ.

2. Invariant measures of Tϕ,S and non-singular joinings
In order to formulate the main result of this section, we need some more notation.
Let P(Tϕ,S ;µ) denote the set of Tϕ,S -invariant probability measures η on (X× Y,B ⊗ C)
whose marginal η|X on (X,B) is equal to µ (we do not make any assumption on η|Y ).
We establish a correspondence between P(Tϕ,S ;µ) and the set of measures defined as
follows.

We denote by S−1 the inverse action (S−1
g )g∈G and by P(τ,S−1;µϕ) the set of all

τ × S−1-quasi-invariant probability measures η on (Cϕ × Y, Jϕ ⊗ C) such that η|Cϕ = µϕ

and, for all g ∈ G,

d(τg × S−1
g )η

dη
(c, y) = dτgµϕ

dµϕ
(c) for η-a.a. (c, y) ∈ Cϕ × Y. (4)

If η is a probability measure on (X × Y,B ⊗ C) such that η|X = µ and if we let

η =
∫
X

δx ⊗ ηx dµ(x) (5)

be its disintegration over µ, by the unicity of this disintegration, we obtain that

η ∈ P(Tϕ,S ;µ) iff ηT x = Sϕ(x)ηx for µ-a.a. x ∈ X. (6)

A straightforward calculation similarly yields the following.

LEMMA 2.1. Let η be a probability measure on (Cϕ × Y, Jϕ ⊗ C) whose projection
on (Cϕ, Jϕ) equals µϕ , and let η = ∫

Cϕ
δc ⊗ ηc dµϕ(c) be its disintegration over µϕ .

Then η ∈ P(τ,S−1;µϕ) if and only if, for all g ∈ G,

ητgc = S−1
g ηc for µϕ-a.a. c ∈ Cϕ. (7)

PROPOSITION 2.1. There exists an affine isomorphism � between P(Tϕ,S ;µ) and
P(τ,S−1;µϕ), which moreover satisfies:
(i) if ν′ is S-invariant, then �(µ⊗ ν′) = µϕ ⊗ ν′;
(ii) if η ∈ P(Tϕ,S ;µ) and η|Y is S-invariant, then�(η)|Y = η|Y .

Proof. Take η ∈ P(Tϕ,S;µ) and let η = ∫
X
δx ⊗ ηx dµ(x) be its disintegration. From (6),

we have
Sϕ(x)ηx = ηT x for µ-a.a. x ∈ X. (8)
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Let η be the probability measure on (X ×G× Y,B ⊗ B(G)⊗ C) given by∫
X×G×Y

f dη =
∫
X×G×Y

f (x, g, S−1
g y) dη(x, y) dλ(g)

for each measurable bounded function f on X×G× Y . In other words, η = ∫
X×G δx,g ⊗

ηx,g dµ(x) dλ(g), where

ηx,g = S−1
g ηx for µ⊗ λ-a.a. (x, g) ∈ X ×G. (9)

We define η̃ = �(η) as the projection of η on (Cϕ × Y, Jϕ ⊗ C). Clearly, η̃|Cϕ = µϕ .
Since Tϕ is non-singular with respect to µ⊗ λ, it follows from (8) and (9) that

ηTϕ(x,g) = ηx,g for µ⊗ λ-a.a. (x, g) ∈ X ×G. (10)

Hence, in the disintegration η̃ = ∫
Cϕ
δc ⊗ η̃c dµϕ(c) we have

η̃c(x,g) = ηx,g for µ⊗ λ-a.a. (x, g) ∈ X ×G, (11)

where c(x, g) denotes the element of Cϕ corresponding to (x, g). Moreover, for each
h ∈ G we have S−1

h ηx,g = ηx,g+h for µ⊗ λ-a.a. (x, g) ∈ X ×G, so

η̃τhc = S−1
h η̃c for µϕ-a.a. c ∈ Cϕ (12)

and, by Lemma 2.1, η̃ ∈ P(τ, S−1;µϕ).
Suppose conversely that η̃ ∈ P(τ, S−1;µϕ) and η̃ = ∫

Cϕ
δc ⊗ η̃c dµϕ(c). The formula

(11) gives rise to a lift of η̃ to a measure η on (X×G×Y,B⊗B(G)⊗C)whose projection
on (X×G,B⊗B(G)) equalsµ⊗λ and whose corresponding disintegration satisfies (10).
Then we define η on (X × Y,B ⊗ C) by its disintegration (5) with ηx = ∫

G
Sgηx,g dλ(g)

µ-a.e. or equivalently by putting for each bounded measurable f on X × Y∫
X×Y

f dη =
∫
X×G×Y

f (x, Sgy) dη(x, g, y).

In view of Lemma 2.1, (12) is satisfied, so for each h ∈ G we have Shηx,g+h = ηx,g for
µ⊗λ-a.a. (x, g) ∈ X×G. It follows that the function (x, g) �→ Sgηx,g is invariant by the
translations on the second coordinate and, therefore, it is µ⊗λ-a.e. equal to a function of
x alone, whence

ηx = Sgηx,g for µ⊗ λ-a.a. (x, g) ∈ X ×G.

Since Tϕ is non-singular, we have for µ⊗ λ-a.a. (x, g) ∈ X ×G

ηT x = Sϕ(x)+gηT x,ϕ(x)+g = Sϕ(x)+gηx,g = Sϕ(x)ηx

and, therefore, η ∈ P(Tϕ,S ;µ).
It is clear that the two constructions are mutually inverse and that the map � is affine.

Also, (i) easily follows from the construction.
In order to prove (ii), note that if η ∈ P(Tϕ,S ;µ) and ν′ = η|Y is S-invariant then, by

(9)–(11), ∫
Cϕ

η̃c dµϕ =
∫
X×G

S−1
g ηx dµ(x) dλ(g) =

∫
G

S−1
g ν′ dλ(g) = ν′. �
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Remark 2.1. Note that given η̃ ∈ P(τ,S−1;µϕ) the above proof does not tell us whether
the projections on (Y, C) of η̃ and �−1(η̃) are equal.

A particular case appears when ϕ is ergodic. Then τ is the one-pointG-action and every
measure η in P(τ,S−1;µϕ) is of the form µϕ ⊗ ν′ where ν′ is S-invariant, whence, by
Proposition 2.1(i) and the fact that � is one-to-one, η = µ ⊗ ν′. We have thus reproved a
result from [21].

COROLLARY 2.1. [21] If ϕ is ergodic then each measure in P(Tϕ,S;µ) is of the form
µ⊗ ν′, where ν′ is an S-invariant measure on (Y, C).

3. On lifting disjointness
The aim of this section is to give a sufficient (and in a sense necessary) condition for lifting
the disjointness of T from an automorphism R to Tϕ,S .

Throughout we assume that the cocycle ϕ : X → G is ergodic. Let R be an ergodic
automorphism of a standard probability space (Z,D, ρ), such that the direct product
transformation T × R is still ergodic; that is, we assume that the only common eigenvalue
of T and R is zero (in the additive notation of T).

We denote by ϕR : X × Z → G the cocycle (x, z) �→ ϕR(x, z) = ϕ(x), by
(CϕR , JϕR , (µ ⊗ ρ)ϕR ) the space of ergodic components of (T × R)ϕR = Tϕ × R and
by τR = (τRg )g∈G its Mackey action.

3.1. A case where the Mackey action preserves a finite measure.

PROPOSITION 3.1. Under the above assumptions the Mackey action τR preserves the
probability measure (µ⊗ ρ)ϕR .

Proof. Let R̃ := IdX×G ×R. Then R̃ preserves µ⊗ λ⊗ ρ and it commutes with Tϕ ×R,
so it preserves the σ -algebra JϕR of Tϕ × R-invariant sets. The quotient action R̃ϕ of R̃
on (CϕR , JϕR , (µ ⊗ ρ)ϕR ) is ergodic. Indeed, if a B ⊗ B(G)⊗ D-measurable function F
satisfies F(x, g, z) = F(x, g,Rz) forµ⊗λ⊗ρ-a.a. (x, g, z) ∈ X×G×Z, then it depends
only on the first two coordinates since R is ergodic. If moreover F is Tϕ × R-invariant,
then it is almost everywhere constant since Tϕ is ergodic. Now, for each g ∈ G, we have
that R̃ϕ commutes with τRg . Hence the measure τRg (µ ⊗ ρ)ϕR , which is equivalent to

(µ ⊗ ρ)ϕR , is still R̃ϕ-invariant. As R̃ϕ is ergodic, it must be equal to (µ ⊗ ρ)ϕR and the
result follows. �

It follows that either ϕR is regular and cohomologous to a cocycle taking values in a
cocompact subgroupH of G or τR is of type II1.

Remark 3.1. We can identify τR with an ergodic (although, not necessarily faithful)
representation of G in the centralizer of a factor of R.

Indeed, the ergodic decomposition of R̃ on the space (X×G×Z,µ⊗ λ⊗ ρ) is given
by

µ⊗ λ⊗ ρ =
∫
X×G

δ(x,g) ⊗ ρ d(µ⊗λ)(x, g).
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Since the quotient action R̃ϕ is ergodic, for µ⊗λ-a.a. (x, g) ∈ X × G the quotient
action of R̃ on (CϕR , JϕR , δ(x,g) ⊗ ρ) is isomorphic to R̃ϕ . Since the action of R̃ on each
ergodic component is isomorphic with R through the map z �→ (x, g, z), our claim follows
(see also §3.3 below).

Now, suppose moreover that T and R are disjoint. Then we may identify J (Tϕ,S , R)
to the set of measures in P((T × R)ϕR,S ;µ ⊗ ρ) whose marginal on (Y, C) is ν. Also,
J (τR,S−1) is the subset of all measures in P(τR,S−1; (µ ⊗ ρ)ϕR ) whose marginal on
(Y, C) is ν. Denote by � the affine isomorphism from P((T × R)ϕR,S ;µ ⊗ ρ) onto
P(τR,S−1; (µ⊗ ρ)ϕR ) arising from Proposition 2.1.

THEOREM 3.1. If T and R are disjoint and ϕ is ergodic then:
(i) �(J (Tϕ,S , R)) = J (τR,S−1);
(ii) Tϕ,S ⊥ R if and only if τR ⊥ S−1.

Proof. Notice first that (ii) is a consequence of (i) and also that �(J (Tϕ,S , R)) ⊂
J (τR,S−1) follows from Proposition 2.1(ii).

So, we only have to prove �−1(J (τR,S−1)) ⊂ J (Tϕ,S , R). Take η̃ ∈ J (τR,S−1)

and let η = �−1(η̃). We have η|X×Y ∈ P(Tϕ,S;µ) and by Corollary 2.1, since ϕ is
ergodic, η|X×Y is a product measure µ ⊗ ν′ where ν′ is S-invariant. Then ν′ is also the
marginal η|Y and, by Proposition 2.1(ii), we get that �(η)|Y = ν′, so η|Y = η̃|Y = ν and
η ∈ J (Tϕ,S , R). �

3.2. Spectral analysis of τR . We now investigate the spectral properties of the unitary
action of τR . Denote by σR the maximal spectral type of the unitary action of R and by σS
the maximal spectral type of the unitaryG-action S on their spaces of zero-mean functions
and, given f ∈ L2(CϕR , JϕR , (µ⊗ ρ)ϕR ), denote by σf,τR the spectral measure of f with
respect to the unitaryG-action of τR .

Let us recall (see [16, Remark, p. 53] or [1, Theorem 2.7.1.]) that Tϕ × R is ergodic
iff σR(e(Tϕ)) = 0 and then its Mackey action is trivial. In this case, by Theorem 3.1,
Tϕ,S ⊥ R whenever T ⊥ R, a result which was already proved in [21]. We will now
consider the case when Tϕ × R is not ergodic and develop some arguments from [16] in
order to derive a rigidity property of the Mackey action τR .

We identify L2(CϕR , (µ⊗ρ)ϕR ) with the closed subspace of JϕR -measurable functions
in L2(X × G × Z,µ ⊗ λ ⊗ ρ); then we pass to a spectral representation with respect to
the third coordinate. If we denote the unitary action of R on L2(Z, ρ) by UR and identify
f ∈ L2(X ×G× Z,µ⊗ λ⊗ ρ) with a measurable function

(x, g) �→ f ((x, g), ·), X ×G → L2(Z, ρ)

then f is JϕR -measurable iff

f (Tϕ(x, g), ·) = U−1
R f ((x, g), ·) µ⊗λ-a.e. (13)

Consider a decomposition L2(Z, ρ) = ⊕∞
n=0Hn of L2(Z, ρ) into UR cyclic subspaces,

then we may write

f ((x, g), ·) =
∞∑
n=0

fn((x, g), ·),
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where fn((x, g), ·) ∈ Hn µ⊗λ-a.e. and the series converges in L2(Z, ρ). Since Tϕ is
non-singular and U−1

R is unitary on L2(Z, ρ), µ⊗ λ-a.e.,

f (Tϕ(x, g), ·) =
∞∑
n=0

fn(Tϕ(x, g), ·),

U−1
R f ((x, g), ·) =

∞∑
n=0

U−1
R fn((x, g), ·).

Thus, by the unicity of the decomposition and (13), if f is JϕR -measurable, then so is
each fn. Moreover, for each h ∈ G,

f ((x, g + h), ·) =
∞∑
n=0

fn((x, g + h), ·),

µ⊗λ-a.e. and fn((x, g + h), ·) ∈ Hn.
It follows that σf,τR = ∑∞

n=0 σfn,τR and thus in order to compute the spectral type of
τR it is enough to consider the functions f : X × G → L2(Z, ρ) taking values in some
cyclic subspace H of L2(Z, ρ). Then, we have a spectral isomorphism H ≈ L2(T, σ ),
where σ � σR and UR corresponds to the multiplication by e2πit . We denote by f �→ f̂

the corresponding isomorphism

L2(X ×G,µ⊗λ;H) → L2(X ×G,µ⊗λ;L2(T, σ )) = L2(X ×G× T, µ⊗ λ⊗ σ),

so that (URf )ˆ(x, g, t) = e2πit f̂ (x, g, t), µ⊗ λ⊗ σ -a.e.
By (13), f is JϕR -measurable iff

f̂ (Tϕ(x, g), t) = e−2πit f̂ (x, g, t) µ⊗ λ⊗ σ -a.e. (14)

Since Tϕ is ergodic, for σ -a.a. t ∈ T either (x, g) �→ f̂ (x, g, t) vanishes µ⊗ λ-a.e. or it is
an eigenfunction of Tϕ (of constant non-zero modulus). Hence, if we let

dσ ′(t) =
( ∫

X×G
|f̂ (x, g, t)|2 dµ(x) dλ(g)

)
dσ(t),

σ ′ is concentrated on e(Tϕ). Recall (Proposition 1.1) that we have a continuous map
t �→ χt from e(Tϕ) to 
ϕ such that any eigenfunction of Tϕ corresponding to the
eigenvalue t is of the form j (x)χt (g). Thus we may write

f̂ (x, g, t) = j (x, t)χt (g) µ⊗λ⊗ σ ′-a.e. (15)

Let us consider now the unitary action of τR . We still have f ◦ τRg ∈ L2(X × G,

µ⊗λ;H) and in the spectral representation

(f ◦ τRg )ˆ(x, h, t) = f̂ (x, g + h, t) µ⊗λ⊗ σ -a.e.

If f is JϕR -measurable then in view of (15), the unitary action of τRg is the multiplication

by χt(g) and thus

σ̂f,τR (g) = 〈f ◦ τRg , f 〉 =
∫
X×G×e(Tϕ)

χt (g)|f̂ (x, h, t)|2 dµ(x) dλ(h) dσ(t)

=
∫
e(Tϕ)

χt (g) dσ
′(t).
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This shows that σf,τR is the image of σ ′ via the map t �→ χt from e(Tϕ) to 
ϕ . We have
proved the following.

PROPOSITION 3.2. If ϕ is ergodic then the maximal spectral type of τR is concentrated
on 
ϕ .

Now, as a consequence of Theorem 3.1 we get the following.

COROLLARY 3.1. If T and R are disjoint, ϕ is ergodic and σS (
ϕ) = 0, then Tϕ,S is still
disjoint from R.

By Corollary 1.1, if ϕ is ergodic, then 
ϕ is a Dirichlet subgroup of Ĝ and so, by
Proposition 3.2, τR is rigid. In particular,

τR ⊥ MM(G)

and, therefore, we obtain the following.

THEOREM 3.2. If T and R are disjoint, ϕ is ergodic and S is mildly mixing, then Tϕ,S is
still disjoint from R.

In [11] it was proved that the class WM⊥ is larger than the class of distal automorphisms
by constructing non-distal ergodic automorphisms lying in WM⊥. A similar result was
obtained in [21]. By Proposition 1.3, Corollary 3.2 below gives rise to a class of non-distal
elements in WM⊥ containing both classes obtained in [11] and in [21].

COROLLARY 3.2. If T ⊥ WM, ϕ is ergodic and S is mildly mixing, then Tϕ,S ⊥ WM.

3.3. Further properties. We investigate a little further the properties of τR in the case
when it is not trivial, under our general assumptions (T × R is still ergodic, ϕ is ergodic).

Let He(Tϕ) be the spectral subspace of UR of all functions in L2(Z, ρ) whose spectral
measure are concentrated on e(Tϕ). From the above discussion, for every JϕR -measurable
f ∈ L2(X×G×Z,µ⊗λ⊗ρ), for almost all (x, g), the function z �→ f (x, g, z) belongs
to He(Tϕ).

Let σϕ = σR|e(Tϕ). We recall that, since σϕ is concentrated on e(Tϕ), there exists a

measurable function f̂0 of modulus 1 on X ×G× T satisfying

f̂0(Tϕ(x, g), t) = e−2πit f̂0(x, g, t) µ⊗ λ⊗ σϕ-a.e., (16)

i.e. which yields an eigenfunction selector for Tϕ (see e.g. [1, 16, 26]). Moreover we can
choose f̂0 so that for µ⊗λ-a.a. (x, g), the function t �→ f̂0(x, g, t) belongs to the closure
of the exponentials t �→ e2πint , n ∈ Z, in L2(T, σϕ) (see e.g. [16] or [26, Theorem 11.19]).

If H ⊂ He(Tϕ) is any cyclic subspace with spectral measure σ � σϕ , then f̂0 satisfies

(14) and the function f0 ∈ L2(X × G,µ⊗λ;H) corresponding spectrally to f̂0 is
JϕR -measurable. More precisely, it follows from (14) and the ergodicity of Tϕ that the
JϕR -measurable functions in L2(X × G, µ⊗λ; H) correspond exactly to the functions

f̂ ∈ L2(X×G×T, µ⊗λ⊗σ) of the form f̂ (x, g, t) = f̂0(x, g, t)ψ(t), whereψ ∈ L2(σ ).
Therefore, for µ⊗λ-a.a. (x, g), f �→ f (x, g, ·) maps the subspace of JϕR -measurable
functions in L2(X ×G,µ⊗ λ;H) onto H .
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If we consider a decomposition He(Tϕ) = ⊕nHn into an orthogonal sum of cyclic
subspaces, by the proof of Proposition 3.2, we obtain that L2(CϕR , (µ ⊗ ρ)ϕR ) is
naturally identified with the sum of the subspaces of JϕR -measurable functions in
L2(X × G,µ⊗λ;Hn). It follows that, for µ⊗λ-a.a. (x, g), f �→ f (x, g, ·) maps
L2(CϕR , (µ⊗ ρ)ϕR ) onto He(Tϕ).

This means that, forµ⊗λ-a.a. (x, g), theL2-space of the factor ofR defined by the map
z �→ (x, g, z) from (Z,D, ρ) to (CϕR , JϕR , (µ ⊗ ρ)ϕR ) (Remark 3.1) is equal to He(Tϕ).
In particular, this factor does not depend on (x, g). Let us denote by Rϕ : (Zϕ,Dϕ, ρ) →
(Zϕ,Dϕ, ρ) the quotient action of R.

Given h ∈ G, the automorphism of (Zϕ,Dϕ, ρ) corresponding to τRh is given spectrally
by the multiplication by χ(·)(h) and does not depend on the choice of (x, g) either. We still
denote it by τRh .

Since χt (h) = f̂0(x, g + h, t)/f̂0(x, g, t) and for almost all (x, g), the function
t �→ f̂0(x, g, t) is in the closure of the exponentials, so is the function t �→ χt(h). If we
write f̂0(x, g, t) = j (x, t)χt (g), it follows that for almost every x, the unit modulus
function t �→ j (x, t) is also the limit in L2(σϕ) of some sequence e2πink · (depending
on x). Then, the sequence Rnkϕ converges weakly to an automorphism Jx of (Zϕ,Dϕ, ρ),
which corresponds spectrally to the multiplication by j (x, ·). Replacing f̂0(x, g, t) by
j (x, t)χt (g) in (16) yields

χϕ(x)j (T x, t) = e−2πit j (x, t) µ⊗ σϕ -a.e.,

and thus

τRϕ(x)JT x = R−1
ϕ Jx µ-a.e.

In other words, the Rokhlin cocycle x �→ τRϕ(x) is cohomologous to the constant

cocycle x �→ R−1
ϕ and it follows that the extension Tϕ,(τR)−1 is isomorphic to T × Rϕ

(the isomorphism moreover being equal to the identity on X).

PROPOSITION 3.3. Assume that ϕ is ergodic and that R is weakly mixing.
If σR(e(Tϕ)) > 0 then there exists a weakly mixing G-action S such that Tϕ,S and R have
a common factor.

Proof. We can take S = (τR)−1. Since the kernel of the map t �→ χt is the eigenvalue
group e(T ), it is countable and thus the spectral type of τR , which is the image of
σϕ = σR|e(Tϕ) under this map, is a continuous measure. So τR is weakly mixing. �

4. The class WM⊥ is not closed under ergodic joinings
Recall that we denote the class of multipliers of WM⊥ by M(WM⊥). The aim of this
section is to prove the following theorem which brings an answer to the problem raised
by Glasner and Weiss [11]. When G = Z and S = (Sn)n∈Z we shall use the notation
Tϕ,S = Tϕ,S .

THEOREM 4.1. The class WM⊥ is not closed under ergodic joinings. More precisely,
assume that T ⊥WM, ϕ : X �→ Z is ergodic, e(Tϕ) is uncountable and let S be a Bernoulli
automorphism. Then Tϕ,S ∈ WM⊥ \ M(WM⊥).
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Proof. First, we get Tϕ,S ∈ WM⊥ directly from Corollary 3.2.
Since e(Tϕ) is an uncountable Borel set, by Kuratowski’s theorem there exists a

continuous probability Borel measure concentrated on e(Tϕ). It follows that there exists a
weakly mixing R : (Z,D, ρ) → (Z,D, ρ) whose maximal spectral type is concentrated
on e(Tϕ); we can take here any ergodic Gaussian automorphism generated by a Gaussian
process whose spectral measure is concentrated on e(Tϕ).

Denote by τR the Mackey automorphism associated to Tϕ × R. Since τR ⊥ MM,
its entropy vanishes. Therefore, by a result of Smorodinsky and Thouvenot [35], τR

appears as a factor of some ergodic self-joining η of the Bernoulli automorphism S−1.
By Theorem 3.1, it follows that Tϕ,(S×S,η) is not disjoint from R. In view of
Proposition 1.2, Tϕ,(S×S,η) is ergodic and it is isomorphic to (Tϕ,S × Tϕ,S, µIdX ⊗ η),
where µIdX is the diagonal measure on X × X (the graph self-joining of T given by the
identity automorphism of X). So we have an ergodic self-joining of Tϕ,S which is not
disjoint from R.

We still have to show that the construction is not vacuous, i.e. that we can find an ergodic
automorphism T ⊥ WM and an ergodic Z-valued cocycle ϕ with e(Tϕ) uncountable.
In fact, such examples are known for real-valued cocycles. Indeed, let T be an irrational
rotation x �→ x + α on the torus group T and ψ be a step function of the form
1[0,β) − β : T → R. Oren [27] proved that ψ is ergodic whenever β �∈ Zα. On the
other hand, Stewart [36] gives a sufficient condition on s ∈ R in order that exp(2πisψ)
be a quasi-coboundary and this condition shows that, whenever α has unbounded partial
quotients, we can find values of β �∈ Zα such that e(T ψ) is uncountable (see also [24],
or [12] for more precise conditions).

Now, let T be the T-extension of T defined on X = T × T by

T (x, s) = (T x,ψ(x) (mod 1)+ s)

and let ϕ : X → Z be given by

ϕ(x, s) = [ψ(x)+ s],
where s is taken in [0, 1) and [t] denotes the integer part of the real t .

Since ψ is ergodic, T is ergodic and, moreover, as it is a compact group extension of T ,
we still have T ⊥ WM. It is easy to check that the map (x, t) �→ (x, t (mod 1), [t]) settles
an isomorphism between T ψ and Tϕ , so ϕ is ergodic and e(Tϕ) is uncountable. �

Remark 4.1. Since, in the construction, τR is a factor of (S−1 × S−1, η), it follows from
the proof of Proposition 3.3 that, actually, Tϕ,(S×S,η) has a weakly-mixing factor.

In addition, Danilenko and Park [5] have recently extended the result of Smorodinsky
and Thouvenot to countable amenable group actions. So, a similar construction can be
carried out with a Bernoulli action of a countable abelian group G, provided that we are
able to find an ergodicG-valued cocycle with uncountable group e(Tϕ).

5. A lemma on multipliers and applications
In this section we will formulate a sufficient condition for an automorphism to be a
multiplier of a certain class and then obtain some applications.
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5.1. A lemma on multipliers. The aim of this subsection is to give a sufficient
condition for an automorphism T to belong to M({R}⊥), where R is a weakly-mixing
automorphism. When instead of a single automorphism R, we consider a subfamily 

of weakly-mixing automorphisms closed under taking Cartesian squares, the proposition
below shows that an ergodic automorphism T is a multiplier of
⊥ as soon as every ergodic
self-joining of T is disjoint from
.

First, we will briefly recall that joinings are in one-to-one correspondence with certain
Markov operators. Assume that Ti is an automorphism of (Xi,Bi , µi), i = 1, 2. If a
probability measure η is defined on B1 ⊗ B2 and its marginal on Xi equals µi (i = 1, 2)
then the operator�η : L2(X1,B1, µ1) → L2(X2,B2, µ2) given by

〈�ηf, g〉 =
∫
X1×X2

f (x1)g(x2) dη(x1, x2)

is Markov (that is, it is positive and �η1 = �∗
η1 = 1). On the other hand, each Markov

operator� : L2(X1,B1, µ1) → L2(X2,B2, µ2) is necessarily of the form � = �η, for a
unique measure η which is a joining iff

� ◦ UT1 = UT2 ◦�,
where UTi f = f ◦ Ti (see e.g. [23] for more details). Then, moreover, �∗� :
L2(X1,B1, µ1) → L2(X1,B1, µ1) is a Markov operator and it commutes with UT1 ,
so it corresponds to a self-joining of T1. Finally denote by �X1 : L2(X1,B1, µ1) →
L2(X1,B1, µ1) the projection onto the space of constant functions, which is also the
Markov operator corresponding to µ1 ⊗ µ1.

Assume that T : (X,B, µ) → (X,B, µ), R : (Z,D, ρ) → (Z,D, ρ) are two
automorphisms.

PROPOSITION 5.1. Let T be ergodic and R be weakly mixing. Assume moreover that for
every ζ ∈ J e2 (T ), the automorphism (T × T , ζ ) is disjoint from the direct product R × R.

Then T ∈ M({R}⊥).
Proof. All we need to show is that given S : (Y, C, ν) → (Y, C, ν) disjoint with R, any
η ∈ J (T , S,R) is equal to the direct product η|X×Y ⊗ρ. It is enough to prove that for each
bounded measurable f on X, g on Y and h on Z∫

X×Y×Z
f ⊗ g ⊗ h dη =

∫
X×Y

f ⊗ g dη|X×Y
∫
Y

h dρ.

Hence, it is enough to prove that

if
∫
Y

h dρ = 0 then
∫
X×Y×Z

f ⊗ g ⊗ h dη = 0. (17)

We regard η as a joining of (T × R,µ ⊗ ρ) and S. Denote the corresponding Markov
operator by �, where � : L2(X × Z,µ⊗ ρ) → L2(Y, ν). Since S ⊥ R,∫

Y

�(1 ⊗ h)g dν =
∫
Z×Y

h⊗ g dρ dν = 0
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1540 M. Lemańczyk and F. Parreau

and therefore�(1 ⊗h) = 0. It follows that�∗�(1 ⊗h) = 0. Let η̃ ∈ J2((T ×R,µ⊗ρ))
be given by �η̃ := �∗�. Then for each measurable bounded functions fi on X and hi on
Z, i = 1, 2,∫

(X×Z)×(X×Z)
f1 ⊗ h1 ⊗ f2 ⊗ h2 dη̃ =

∫
X×Z

�∗�(f1 ⊗ h1)f2 ⊗ h2 dµ⊗ ρ.

If we take f1 = f2 = 1, we obtain∫
Z×Z

h1 ⊗ h2 dη̃|Z×Z =
∫
Z

h1 dρ

∫
Z

h2 dρ.

Indeed, it suffices to notice that the above integral vanishes whenever
∫
Z h1 dρ = 0.

This proves η̃|Z×Z = ρ⊗ρ. If we let ζ = η̃|X×X, then η̃ ∈ J ((T ×T , ζ ), (R×R, ρ⊗
ρ)). By considering the ergodic decomposition of ζ and applying our assumption we get
η̃ = ζ ⊗ (ρ ⊗ ρ). Since η̃ is a tensor product,�∗� must also be a tensor product and we
obtain

�∗� = �ζ ⊗�Z.

Therefore, if
∫
Y
h dρ = 0,

�∗�(f ⊗ h) = �ζ (f )

∫
Z

h dρ = 0,

whence�(f ⊗ h) = 0 and∫
X×Y×Z

f ⊗ g ⊗ h dη =
∫
Y

�(f ⊗ h)g dν = 0

and (17) follows. �

5.2. Existence of non-distal multipliers of WM⊥. Glasner [10] proved that non-distal
multipliers of WM⊥ do exist. We will now show how, using our results and a result from
[22], we can obtain some new non-distal multipliers of WM⊥.

We still assume that T is an ergodic automorphism of (X,B, µ) and S is an ergodic
action of G on (Y, C, ν) and we assume moreover here that G has no non-trivial compact
subgroup.

Let ϕ : X → G be an ergodic cocycle and let η̃ ∈ J e2 (Tϕ,S ). We denote its projection
on X × X by η. Consider the cocycle (ϕ × ϕ, η) for the action (T × T , η) of T × T on
(X ×X,B ⊗ B, η) given by (x1, x2) �→ (ϕ(x1), ϕ(x2)).

Assume that this cocycle is regular and cohomologous to a cocycle ψ with values in its
essential value group H = E(ϕ × ϕ, η) ⊂ G × G. Then ψ , as a H -valued cocycle, is
ergodic.

Given the closed subgroup H ⊂ G × G, we denote by Pe(Y × Y,H ; ν) the set of
(Sg1 × Sg2)(g1,g2)∈H -invariant ergodic probability measures on (Y × Y, C ⊗ C) whose
projections on (Y, C) are both equal to ν and, given ρ ∈ Pe(Y × Y,H ; ν), we denote
by (S × S)H,ρ the action of (Sg1 × Sg2)(g1,g2)∈H on (Y × Y, C ⊗ C, ρ).

Under these assumptions the following result is proved in [22].
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PROPOSITION 5.2. There exists ρ ∈ Pe(Y × Y,H ; ν) such that the automorphisms
(Tϕ,S × Tϕ,S , η̃) and (T × T , η)ψ,(S×S)H,ρ are isomorphic.

The following proposition gives rise to a class of non-distal multipliers of WM⊥.
Let �G denote the diagonal subgroup of G×G.

PROPOSITION 5.3. Assume that T ∈ M(WM⊥),G has no non-trivial compact subgroup,
ϕ : X → G is ergodic and for each η ∈ J e2 (T ):
(i) the cocycle (ϕ × ϕ, η) is regular;
(ii) if H = E(ϕ × ϕ, η), then either H = �G or Pe(Y × Y,H ; ν) = {ν ⊗ ν}. Assume

moreover that S ∈ MM(G) and:
(iii) for each ergodic self-joining of S the resulting G-action remains mildly mixing.

Then Tϕ,S ∈ M(WM⊥).

Proof. Due to Propositions 5.1 and 5.2, it is enough to show that (T × T , η)ψ,(S×S)H,ρ
belongs to WM⊥, whenever η ∈ J e

2 (T ), H = E(ϕ × ϕ, η), ψ : X × X → H is ergodic
for the action of (T × T , η) and ρ ∈ Pe(Y × Y,H ; ν).

Suppose first that ρ = ν⊗ν. The productG×G-action is mildly mixing and so is each
non-trivial subaction of it, by the assumption that G has no non-trivial compact subgroup,
so the result follows from Corollary 3.2.

Otherwise H = �G and (S × S)H,ρ = ((Sg × Sg)g∈G, ρ) with, in fact, ρ ∈ J e2 (S).
Then the result follows from (iii) and Corollary 3.2 again. �

Note that because of Proposition 1.3, the automorphism Tϕ,S above is not distal. In [22]
for G = R and some irrational rotations, ergodic cocycles ϕ : X → G satisfying (i) and
(ii) are shown to exist. Moreover, mildly-mixing R-actions satisfying (iii) can be found
either in the class of Gaussian systems [23] or in the class of two-fold simple systems [18].

5.3. A sufficient condition for multiple disjointness. In connection with the problem of
decoding some multiplexed signals, Furstenberg et al. [8] introduced the notion of double
disjointness: an automorphism T is doubly disjoint from R if all self-joinings of T are
disjoint fromR. They ask whether systems in WM⊥ are doubly disjoint from WM. In view
of Theorem 4.1 the answer to this question is negative. Another question raised in [8] is that
whether double disjointness implies triple disjointness. In order to give a partial answer to
this question first observe that if the assumption of Proposition 5.1 is satisfied then

every ergodic infinite self-joining of T belongs to M({R}⊥), (18)

in other words T is disjoint of all orders from R. Indeed, this is done by induction for
finite-fold self-joinings and then by a passage to inverse limits.

In [14] (see also [26, Chapter 10]), Host proved that if R1, . . . , Rm are automorphisms
and at least m − 2 of them are weakly mixing with singular maximal spectral types,
then each joining of R1, . . . , Rm which is pairwise independent is globally independent.
Therefore, if T is doubly disjoint from R and R has continuous singular spectrum, then
the assumptions of Proposition 5.1 are satisfied and, from (18), we obtain that all ergodic
infinite self-joinings of T are disjoint from R.
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5.4. Multipliers of some known classes. We will show that using Proposition 5.1 we can
strengthen some known disjointness results.

The main result from [17] states the following. The class SP of simple automorphisms
is disjoint from the class GS of Gaussian automorphisms. In fact, we have more:

SP ⊂ M(GS⊥).

Indeed, if T is simple and R is Gaussian, then as shown in [17], the infinite Cartesian
product T∞ andR have no common factors. If for an ergodic self-joining η of T (T ×T , η)
and the Cartesian product R × R are not disjoint, then by a disjointness result from [23],
a certain ergodic infinite self-joining of (T ×T , η) and R×R has a common factor. By the
simplicity of T this infinite self-joining automorphism is a factor of T∞ while R × R is
still Gaussian and we obtain a contradiction.

We have already noted that the class RG of rigid automorphisms is disjoint from the
class MM. Clearly RG is closed under self-joining, while MM is closed under direct
product. Therefore, by Proposition 5.1, we obtain

RG ⊂ M(MM⊥).

It should however, be emphasized that in general an ergodic joining of two different rigid
automorphisms is not rigid (in fact, M(RG) is precisely the class of ergodic rotations).

6. On lifting multiple mixing
Rokhlin’s problem of whether mixing implies three-fold mixing remains one of the major
open problems in ergodic theory and positive answers are only known in certain classes
of automorphisms (see [14, 19]). In connection, Rudolph showed that multiple mixing
property lifts to weakly-mixing compact group extensions [29] and asked the question of
whether mixing and multiple mixing lift to extensions of the form Tϕ,S when S ∈ MM(G)
and G = Zd or G = Rd [30]. The question on lifting mixing is solved in [21], but in
Appendix A we give a more precise sufficient condition for the general case. Ryzhikov [32]
gives a condition for lifting multiple mixing in the case where S and Tϕ,S are mixing
and G = Z. In [21], another partial answer is given under strong assumptions on ϕ.
In this section we show that the answer is positive whenever Tϕ,S is mildly mixing and ϕ
is recurrent.

The following result is a consequence of the construction in the proof of Proposition 2.1.
We again consider another automorphismR of a standard probability space (Z,D, ρ).
PROPOSITION 6.1. Assume that ϕ is recurrent and R is mildly mixing. Then µ⊗ ν⊗ ρ is
the only joining of Tϕ,S and R whose marginal on X × Z is equal to µ⊗ ρ.

Proof. We prove a little more, namely, with the notation of §2 and §3, that for every
η ∈ P((T × R)ϕR , µ⊗ ρ) we have η = η|X×Y ⊗ ρ.

Following the first steps of the proof of Proposition 2.1 (for T ×R and ϕR instead of T
and ϕ), we consider a disintegration

η =
∫
X×Z

δ(x,z) ⊗ ηx,z dµ(x) dρ(z),
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and the family of measures ηx,g,z = S−1
g ηx,z which define the measure η onX×G×Z×Y .

Then (x, g, z) �→ ηx,g,z is (T × R)ϕR -invariant (formula (10)), i.e. it is JϕR -measurable.
Since ϕ is recurrent, the action of Tϕ on µϕ-a.a. ergodic component c ∈ Cϕ is properly

ergodic and, since R is mildly mixing, then the action of Tϕ × R on c × Z is still ergodic.
Therefore, JϕR = Jϕ × Z (mod µ⊗ λ⊗ ρ).

In particular, (x, g, z) �→ ηx,g,z is almost everywhere equal to a function of x and g
only and it follows that ηx,z = ∫

G
Sgηx,g,z dλ(g) depends only on x. This clearly implies

the result. �

Before coming to the problem of lifting multiple mixing, let us state an immediate
consequence of Proposition 6.1.

COROLLARY 6.1. If T ⊥ R, ϕ is recurrent and R is mildly mixing, then Tϕ,S ⊥ R.

Now, assume that ϕ is recurrent and Tϕ,S is mildly mixing and let η ∈ Jr(Tϕ,S ), where
r is an integer greater than or equal to two.

For 0 ≤ k ≤ r , let ηk = η|(X×Y )k×Xr−k . Given k ≥ 1, suppose that ηk−1 is the
product measure (µ ⊗ ν)⊗k−1 ⊗ µ⊗r−k+1. Then let R be the direct product of k − 1
factors Tϕ,S and of r − k factors T on Z = (X × Y )k−1 × Xr−k equipped with the
product measure ρ = (µ ⊗ ν)⊗k−1 ⊗ µ⊗r−k . Up to a rearrangement of the coordinates,
ηk appears as a joining of Tϕ,S and R whose marginal ηk−1 on X × Z is equal to
µ ⊗ ρ. Moreover R is still mildly mixing, so we can apply Proposition 6.1 and thus
ηk = µ⊗ ν ⊗ ρ = (µ⊗ ν)⊗k ⊗ µ⊗r−k .

It follows by induction that

if η ∈ Jr(Tϕ,S ) and η|Xr = µ⊗r , then η = (µ⊗ ν)⊗r . (19)

THEOREM 6.1. Assume that T is r-fold mixing and that ϕ is recurrent. If Tϕ,S is mildly
mixing then it is mixing of order r .

Proof. We give the proof when r = 3; the argument is the same in the general case. If Tϕ,S
were not three-fold mixing, we could find sequences of integers (mk) and (nk) with mk, nk
andmk −nk going to infinity and a joining η ∈ J3(Tϕ,S ) obtained as a weak limit of graph
joinings by

η(A× B × C) = lim
k→+∞µ⊗ ν(A ∩ T −mk

ϕ,S B ∩ T −nk
ϕ,S C),

for A, B, C ∈ B × C, which would not be the product measure (µ ⊗ ν)⊗3 (see e.g. [26,
Chapter 10]). However, since T is three-fold mixing, we then have η|X3 = µ⊗3 and this
contradicts (19). �

In Appendix A, we show that, if T is mixing, Tϕ,S is mixing as soon as σS (
ϕ) = 0
(Theorem A.1). When ϕ is recurrent, by Theorem 1.1, 
ϕ is a Dirichlet subgroup of Ĝ
unless ϕ is cohomologous to a cocycle with values in some compact subgroup. We hence
obtain the following.

COROLLARY 6.2. Let T be r-fold mixing, S be mildly mixing and assume that ϕ is
recurrent and not cohomologous to a cocycle with values in a compact subgroup of G.
Then Tϕ,S is r-fold mixing.

https://doi.org/10.1017/S0143385703000099 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385703000099
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A. Appendix
A.1. Proof of Theorem 1.1. Our proof will rely on a similar result for the subgroup
�ϕ ⊂ 
ϕ of all χ ∈ Ĝ such that χ ◦ ϕ is a coboundary; that is,

�ϕ = {χ ∈ Ĝ : χ ◦ ϕ = j/j ◦ T for some j ∈ U(X,µ)}.
Moore and Schmidt [25] proved that if �ϕ carries a full measure then ϕ is a coboundary.
We make use of both a version of this result in the case when we only suppose that�ϕ is not
Dirichlet and of the main arguments of the proof, which we recall briefly. The assumption
that T is ergodic is not needed here and we remove it. We need some general properties
of Polish groups and standard spaces, for which references are given in [25] and [16, §3]
(however, the result on �ϕ given in [16] is ambiguous since no definition of a Dirichlet
subgroup for a general LCA group is given there).

Recall that 
ϕ may be considered as a quotient of a closed subgroup of U(X × G,

µ⊗λ), namely of the subgroup E0(Tϕ) of all L∞-eigenfunctions of Tϕ which can
be written as f = j ⊗ χ (§1.1). Similarly, let I0(Tϕ) be the closed subgroup of
U(X ×G,µ⊗λ) of all Tϕ-invariant functions of this form. Clearly j ⊗ χ is Tϕ-invariant
iff (χ ◦ ϕ)(j ◦ T ) = j , so �ϕ is the image of I0(Tϕ) under the continuous homomorphism
j ⊗ χ �→ χ . It follows that �ϕ is a Borel subgroup of Ĝ and that there exists a Borel
cross section �ϕ → I0(Tϕ), hence we can measurably choose a transfer function jχ for
χ ∈ �ϕ . Furthermore, given a positive measure σ concentrated on �ϕ , as χ �→ jχ is a
measurable mapping from �ϕ to U(X,µ), there exists a function J ∈ U(X × Ĝ, µ⊗ σ)

such that J (x, χ) = jχ (x) µ⊗ σ -a.e., whence

χ(ϕ(x)) = J (x, χ)/J (T x, χ) µ⊗ σ -a.e.

If we denote by g �→ g̃ the natural homomorphism from G to U(�ϕ, σ) given by the
duality, that is by g̃(χ) = χ(g), and ϕ̃(x) = ϕ̃(x), this equation becomes

ϕ̃(x) = J (x, ·)/J (T x, ·) µ⊗ σ -a.e., (A.1)

so that the U(Ĝ, σ )-valued cocycle ϕ̃ is a coboundary.
On the other hand, ϕ̃ takes its values in the subgroupG(σ) = {g̃ : g ∈ G} of U(Ĝ, σ ).

A main part of the argument is then the classical fact that ϕ̃ will still be a coboundary
as a G(σ)-valued cocycle if this subgroup is closed. If σ is full then G(σ) is actually
isomorphic to G [15, 25]. When we only suppose that �ϕ is not Dirichlet, we obtain the
following.

PROPOSITION A.1. Let T be any automorphism of a standard probability space and let
ϕ : X → G be a cocycle. If �ϕ is not a Dirichlet subgroup of Ĝ, then ϕ is cohomologous
to a cocycle taking values in a compact subgroup ofG and�ϕ is open.

Proof. Choose for σ a probability measure concentrated on �ϕ which is not Dirichlet,
i.e. lim supg→∞ Re σ̂ (g) < 1. The kernel of the homomorphism g �→ g̃ is the closed
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subgroup H = {g ∈ G : g̃(χ) = χ(g) = 1, σ -a.e.} = {g ∈ G : σ̂ (g) = 1}.
Since σ is not Dirichlet, H is compact and, moreover, g̃k → 1 in U(Ĝ, σ ) iff the
sequence (gk) stays in some compact set and all its limit points are in H ; that is, iff it
converges to 1 inG/H . ThusG(σ) is isomorphic toG/H and it follows, in particular, that
G(σ) is closed in U(Ĝ, σ ). Hence ϕ̃ is still a coboundary as a G(σ)-valued cocycle and
composing the transfer equation with a measurable cross section G(σ) → G yields that ϕ
is cohomologous to a cocycle with values in H .

As for the last assertion, �ϕ contains the annihilator H⊥ = {χ ∈ Ĝ : χ(g) = 1
for all g ∈ H } of H . Since H is compact,H⊥ is open and so is �ϕ . �

We are not able to directly apply the same technique with 
ϕ instead of �ϕ , but the
next lemma shows that these groups belong to the same class.

ByD(ϕ) : X×X → G we denote the cocycleX×X → G defined byD(ϕ)(x1, x2) =
ϕ(x1)− ϕ(x2) for the action of the direct product T × T . Also, to a cocycle ψ : X → T,
we associate the operator Vψ : f �→ e2πiψf ◦ T on L2(X,µ). Notice that ψ is a quasi-
coboundary (respectively a coboundary) iff Vψ has an eigenvalue (respectively has the
eigenvalue 1) with a corresponding eigenfunction of modulus 1.

LEMMA A.1. Assume that T is ergodic and let ϕ : X → G be any cocycle. Then

ϕ = �D(ϕ).

Proof. We have to prove, for χ ∈ Ĝ, that χ ◦ ϕ is a quasi-coboundary iff χ ◦ D(ϕ) is a
coboundary or, equivalently, that a cocycle ψ : X → T is a quasi-coboundary iff D(ψ) is
a coboundary.

The ‘only if’ part is obvious. Suppose that D(ψ) is a coboundary. Then 1 is an
eigenvalue of VD(ψ). However, if we identifyL2(X×X,µ⊗µ)withL2(X,µ)⊗L2(X,µ),
then the operator VD(ψ) is simply Vψ ⊗ V−ψ . So 1 is an eigenvalue of Vψ ⊗ V−ψ .
From elementary spectral theory it follows that Vψ has an eigenvalue and, since T is
ergodic, any corresponding eigenfunction must have constant modulus. This proves that ψ
is a quasi-coboundary. �

Proof of Theorem 1.1. Assume that T is ergodic and 
ϕ is not Dirichlet. We first have
to find a compact subgroup H of G and a second countable LCA group G̃ such that
the quotient cocycle is a quasi-coboundary as a G̃-valued cocycle. Now, it follows from
Lemma A.1 and Proposition A.1 that 
ϕ = �D(ϕ) is open (we apply Proposition A.1 with
T × T instead of T but recall that the ergodicity is not needed there). In particular, 
ϕ is
locally compact in the topology inherited from Ĝ. Also, the annihilator
ϕ⊥ of 
ϕ inG is
compact and this will be our subgroupH .

We define G̃ by duality. Consider the intermediate group 
̃ϕ of all pairs (χ, t) in Ĝ×T

for which there exists j ∈ U(X,µ) satisfying

χ(ϕ(x)) = e2πit j (x)/j (T x) µ-a.e.; (A.2)

that is, the image of E0(Tϕ) by the continuous homomorphism which to each eigenfunction
of the form j ⊗ χ associates χ and the corresponding eigenvalue t . Again, 
̃ϕ is a
Borel subgroup of Ĝ × T and the quotient topology yields a Polish topology on 
̃ϕ .
In addition, the homomorphism j ⊗ χ �→ χ from E0(Tϕ) to Ĝ factorizes through 
̃ϕ
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and the projection π : (χ, t) �→ χ , 
̃ϕ → Ĝ which is hence continuous. Observe that,
up to obvious identification, kerπ is the eigenvalue group e(T ) of T . The quotient map

̃ϕ/e(T ) → 
ϕ ⊂ Ĝ is a continuous one-to-one homomorphism of a Polish group onto a
locally compact group. Thus, it must be an isomorphism and 
̃ϕ/e(T ) is locally compact.
Moreover, since e(T ) is countable, hence discrete in 
̃ϕ , it follows that 
̃ϕ itself is locally
compact.

We let G̃ be the dual group ˆ̃

ϕ . By duality, G/H = 
̂ϕ is embedded in G̃ as a closed

subgroup. More precisely, this embedding is given by the homomorphismg → g̃,G → G̃,
where g̃(χ, t) = χ(g). We also define ϕ̃ : x → ϕ̃(x) by composition.

Now, if we choose a probability measure σ̃ equivalent to the Haar measure of 
̃ϕ , then
G̃ appears as a closed subgroup of U(
̃ϕ, σ̃ ) and, as from (A.2), we can find a function
J ∈ U(X × 
̃ϕ, µ⊗ σ̃ ) such that

χ(ϕ(x)) = e2πitJ (x, (χ, t))/J (T x, (χ, t)) µ⊗ σ̃ -a.e.

Let c be the character (χ, t) �→ e2πit of 
̃ϕ . Since χ(ϕ(x)) = ϕ̃(x)(χ, t), the above
equation becomes

ϕ̃(x) = c J (x, ·)/J (T x, ·) µ⊗ σ̃ -a.e.

Hence, as a U(σ̃ )-valued cocycle, ϕ̃ is cohomologous to the constant c ∈ G̃, but then it
is still cohomologous to c as a G̃-valued cocycle, which proves the main assertion of the
theorem.

Finally, assume moreover that ϕ is recurrent. Then ϕ̃ is recurrent and so is the
cohomologous constant cocycle x �→ c. Therefore, the monothetic group K generated
by c cannot be isomorphic to Z and so K is compact. It follows that �ϕ̃ contains the open

subgroupK⊥ of 
̃ϕ = ˆ̃
G. However, from χ(ϕ(x)) = ϕ̃(χ, t), �ϕ is clearly the image of

�ϕ̃ under the projection π : 
̃ϕ → 
ϕ and thus �ϕ is also open in Ĝ. We conclude by
Proposition A.1 that ϕ is cohomologous to a cocycle with values in a compact subgroup
of G. �

Remark A.1. If G is divisible, then G/H is a direct factor of G̃ and we can compose the
transfer equation by a projection G̃ → G/H . Thus the quotient cocycle is already a quasi-
coboundary as aG/H -valued cocycle. This was already noted by Moore and Schmidt [25]
in the case G = Rn. Also, if T is weakly mixing, we get in the construction 
̃ϕ = 
ϕ and
G̃ = G/H .

Note that more generally, if T is weakly mixing but we allow 
ϕ to be Dirichlet, the
eigenvalue t in (A.2) depends only on χ and we can write e2πit = c(χ) where c is a
measurable function of modulus 1 on 
ϕ . Given a positive measure σ on 
ϕ , we can then
find J ∈ U(X ×
ϕ,µ⊗ σ) so that

χ(ϕ(x)) = c(χ)J (x, χ)/J (T x, χ) µ⊗ σ -a.e. (A.3)

Thus, ϕ̃ : X → U(
ϕ, σ) given by ϕ̃(x)(χ) = χ(ϕ(x)) is cohomologous to c. It follows
in particular that, when ϕ is recurrent, so is the constant cocycle x �→ c ∈ U(
ϕ, σ) and
there exists a sequence (nk) going to infinity such that c(χ)nk → 1 σ -a.e.
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A.2. When mixing lifts. Assume that T is mixing. In [21], it is proved that Tϕ,S is
mixing when σS (
kϕ) = 0 for all k �= 0. Thanks to the above analysis, we are able to
show that this is the case if we only suppose σS (
ϕ) = 0 and, moreover, that this condition
is necessary when ϕ is recurrent. For the direct part, the proof is essentially the same as
the proof in [21], except for the following lemma.

LEMMA A.2. Assume that T is mixing and let ψ : X → T be a cocycle. If ψ is not a
quasi-coboundary then, for every f ∈ L2(X,µ),∫

X

e2πiψ(n)(x)f (T nx)f (x) dµ(x) → 0

as n → ∞.

Proof. Consider the skew product Tψ on X× T (T is equipped with its Lebesgue measure
λT) and let e denote the exponential function y �→ e2πiy . For f ∈ L2(X,µ), we have
f ⊗ e(Tψ(x, y)) = e2πiψ(x)f (T x)e(y), so that the integral in the statement of this lemma
can be written as ∫

X×T
(f ⊗ e) ◦ T nψ (f ⊗ e) dµ⊗ λT. (A.4)

Suppose that this integral does not converge to zero for some f ∈ L2(X,µ), which we
can suppose bounded. Then we can find a subsequence (nk) going to infinity such that the
corresponding graph-joinings of Tψ converge weakly towards some η ∈ J2(Tψ) such that∫

X×T×X×T
f ⊗ e ⊗ f ⊗ e dη �= 0. (A.5)

However, since T is mixing, the projection of η on X × X is equal to µ ⊗ µ. Let
h ∈ L2(X × X,µ ⊗ µ) be the conditional expectation of (x1, y1, x2, y2) �→ e(y1)e(y2)

with respect to the σ -algebra generated by the x-coordinates, for the measure η. So, for
every f1, f2 ∈ L2(X,µ),∫

X×T×X×T
f1 ⊗ e ⊗ f2 ⊗ e dη =

∫
X×X

(f1 ⊗ f2)h dµ⊗ µ. (A.6)

Now, we express the Tψ ×Tψ -invariance of η. In terms of the operators Vψ (defined before
Lemma A.1), we have (f1 ⊗e)◦Tψ = Vψf1 ⊗e and (f2 ⊗e)◦Tψ = V−ψf2 ⊗e. So, from
(A.6) we get ∫

X×X
(Vψf1 ⊗ V−ψf2)h dµ⊗ µ =

∫
X×X

(f1 ⊗ f2)h dµ⊗ µ.

Because of (A.5), h is not almost everywhere equal to zero. This proves that Vψ ⊗ V−ψ =
VD(ψ) has a nonidentically zero invariant function and we conclude as in Lemma A.1 that
ψ is a quasi-coboundary. �

THEOREM A.1. Assume that T is mixing. If σS (
ϕ) = 0 then Tϕ,S is mixing. Conversely,
if σS (
ϕ) > 0 and ϕ is recurrent, then Tϕ,S is not mixing.

Proof. Since T is mixing, Tϕ,S is mixing iff σ̂f⊗h,Tϕ,S (n) → 0 for every f ∈ L2(X,µ)

and for every zero-mean h ∈ L2(Y, ν). For sake of simplicity we denote σf⊗h = σf⊗h,Tϕ,S
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and σh = σh,S . Following [21], we write

σ̂f⊗h(n) =
∫
X

f (T nx)f (x)

( ∫
Y

h(Sϕ(n)(x)y)h(y) dν(y)

)
dµ(x)

=
∫
X

f (T nx)f (x)σ̂h(ϕ
(n)(x)) dµ(x)

=
∫
X

f (T nx)f (x)

( ∫
Ĝ

χ(ϕ(n)(x)) dσh(χ)

)
dµ(x)

and so

σ̂f⊗h(n) =
∫
Ĝ

( ∫
X

χ(ϕ(n)(x))f (T nx)f (x) dµ(x)

)
dσh(χ). (A.7)

According to Lemma A.2, the inner integral converges to zero whenever χ ◦ ϕ is not a
quasi-coboundary, i.e. whenever χ �∈ 
ϕ . So, if σS (
ϕ) = 0, it converges σh-a.e. to zero
and σ̂f⊗h(n) → 0 follows.

Conversely, assume that ϕ is recurrent and that σS (
ϕ) > 0. We choose a zero-mean
h ∈ L2(Y, ν), not almost everywhere equal to zero and such that σh is concentrated on
ϕ ,
so that we can restrict the outer integral in (A.7) to 
ϕ . The function f will be chosen later
on.

Since T is weakly mixing, according to Remark A.1, there is a measurable function J
of modulus 1 on X ×
ϕ satisfying (A.3) with σ = σh, where c(χ) is the unique constant
which is cohomologous to χ ◦ϕ. When we replace χ(ϕ(n)(x)) according to (A.3) in (A.7),
we get

σ̂f⊗h(n) =
∫

ϕ

( ∫
X

c(χ)nJ (x, χ)J (T nx, χ)f (T nx)f (x) dµ(x)

)
dσh(χ).

Moreover, following Remark A.1, since ϕ is recurrent, there exists a sequence (nk) going
to infinity such that c(χ)nk → 1 σh-a.e. Then, since T is mixing, we find

lim σ̂f⊗h(nk) =
∫

ϕ

∣∣∣∣
∫
X

J (x, χ)f (x) dµ(x)

∣∣∣∣2 dσh(χ).
It remains to note that, since χ �→ J (·, χ) is a measurable function from 
ϕ to U(X,µ),
we can choose the function f ∈ L2(X,µ) so that the above limit is non-zero. �

Remark A.2. By Theorem 6.1, assuming that T is mixing, if Tϕ,S is not mixing, it is not
even mildly mixing.
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[2] J. Aaronson, M. Lemańczyk and D. Volný. A cut salad of cocycles. Fund. Math. 157 (1998), 99–119.

https://doi.org/10.1017/S0143385703000099 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385703000099


Rokhlin extensions and lifting disjointness 1549

[3] J. Aaronson and M. Nadkarni. L∞ eigenvalues and L2 spectra of non-singular transformations. Proc.
London Math. Soc. 55 (1987), 538–570.

[4] L. M. Abramov and V. A. Rokhlin. The entropy of a skew product of measure preserving transformation.
Amer. Math. Soc. Transl. 48 (1965), 225–245.

[5] A. I. Danilenko and K. K. Park. Generators and Bernouillian factors for amenable actions and cocycles
on their orbits. Ergod. Th. & Dynam. Sys. 22 (2002), 1715–1745.

[6] H. Furstenberg. Disjointness in ergodic theory, minimal sets and diophantine approximation. Math. Syst.
Th. 1 (1967), 1–49.

[7] H. Furstenberg. Recurrence in Ergodic Theory and Combinatorial Number Theory. Princeton University
Press, Princeton, NJ, 1981.

[8] H. Furstenberg, Y. Peres, and B. Weiss. Perfect filterings and double disjointness. Ann. Inst. Henri
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[23] M. Lemańczyk, F. Parreau and J.-P. Thouvenot. Gaussian automorphisms whose ergodic self-joinings are

Gaussian. Fundamenta Math. 164 (2000), 253–293.
[24] K. Merrill. Cohomology of step functions under irrational rotations. Israel J. Math. 52 (1985), 320–340.
[25] C. Moore and K. Schmidt. Coboundaries and homomorphisms for non-singular actions and a problem of

H. Helson. Proc. London Math. Soc. 40 (1980), 443–475.
[26] M. Nadkarni. Spectral Theory of Dynamical Systems. Birkhäuser Advanced Texts, 1998.
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