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Abstract

We study rare events in spherical and Gaussian random geometric graphs in high dimen-
sions. In these models, the vertices correspond to points sampled uniformly at random on
the d-dimensional unit sphere or correspond to d-dimensional standard Gaussian vectors,
and edges are added between two vertices if the inner product between their correspond-
ing points is greater than a threshold 7,, chosen such that the probability of having
an edge is equal to p. We focus on two problems: (a) the probability that the random
geometric graph is a complete graph and (b) the probability of observing an atypically
large number of edges. We obtain asymptotically exponential decay rates depending on
n and d of the probabilities of these rare events through a combination of geometric and
probabilistic arguments.
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1. Introduction

Random graphs and networks have become fundamental tools for modeling complex sys-
tems across a wide range of disciplines, including computer science, biology, sociology, and
physics. These models help capture the intricate connectivity patterns observed in real-world
networks, such as the internet, social interactions, and neural connections. The study of random
graphs provides insights into the structural properties, robustness, and dynamical behaviors
of large-scale networks, making them indispensable in modern data science and engineering
applications. The mathematical study of random graphs traces its origins to the seminal work
of Erdos and Rényi, who introduced a simple yet powerful model where edges are included
independently with a fixed probability [13]. Since then, many versions of this simple model
have been introduced and studied, such as the inhomogeneous random graph [7], the Chung—
Lu model [1], and the configuration model [6], to name a few. Further, dynamic models, such
as preferential attachment networks [5], where new vertices arrive one at a time and connect
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2 P. DEKA ET AL.

TABLE 1. Lower and upper bounds for log P(E).

Regime Lower bound Upper bound
n?<d —Cn? —cn?
n?/logn <d <n? —Cn? —cn/d
n#3+o) < g <p?/logn —Cny/dlogn —cn/d
logn < d < p#/3+e) —Cn/dlogn —cn/dlogn
d<logn —Cnd —cnd

to the existing network, were developed because most real-world networks grow in size over
time, and explain the scale-free degree distributions observed in many real-world networks.
Another important class of random graphs, random geometric graphs (RGGs), introduced in
[14], incorporate spatial structure by embedding vertices in a metric space and connecting
them on the basis of geometric proximity. One of the main differences between the RGG and
the other models mentioned is the nature of the dependence between the edges. In the Erdés—
Rényi model (and most other models mentioned above), all edges are independent. However,
in the RGG, because of the latent geometry, if the edges (i, j) and (j, k) are present in the
graph, it is more likely that the edge (i, k) is also present, leading to a more intricate depen-
dence between the edges. This phenomenon, often referred to as clustering, is captured by the
clustering coefficient of the network.

In this work, we study two related RGG models, where n vertices are sampled uniformly at
random on the d-dimensional unit sphere or where the n vertices correspond to d-dimensional
standard Gaussian vectors. Edges are formed between pairs of vertices whose inner product
exceeds a threshold 7,, chosen such that each edge appears with probability p. Following ter-
minology in [4], we call the two models the spherical RGG (SRGG) or the Gaussian RGG
(GRGG). These models differ from the more commonly studied RGG variant of Gilbert [14],
where vertices are generated via a Poisson point process of intensity A in R¢ and two points are
connected if their Euclidean distance is below a threshold radius r. The SRGG model is partic-
ularly relevant in high-dimensional statistics and machine learning, where inner-product-based
similarity measures are widely used, such as in kernel methods and neural networks.

Although the model is fairly easy to describe, the dependence between the edges introduces
major challenges in understanding and analyzing even very simple questions. In this paper, we
investigate rare events in this model, focusing on two key problems: (a) the probability that the
RGG is a complete graph and (b) the probability of observing an atypically large number of
edges. These questions are motivated by applications in outlier detection, hypothesis testing,
and understanding the extremal behavior of RGGs.

Previous works [10, 15, 16, 22, 23] studied large deviation principles of certain geometric
functionals in various models, where they fixed d and let n go to infinity. We focus our attention
on the dense RGG in high dimensions, where the edge probability 0 <p < 1/2 is fixed, and
we let both n and d go to infinity. For the first problem, let £ be the event that the SRGG on n
vertices is a complete graph. Table 1 summarizes the bounds from our main results, Theorems
1 and 2, for various regimes of n and d, where the lower bound and upper bound columns
list the dependence of log P(€) on n and d. The constants ¢ and C appearing in each row are
possibly different, but do not depend on n and d. In the regimes d > n? and d < n*/31+o) e
obtain matching lower and upper bounds. In the intermediate regime, there is a discrepancy
between the lower and upper bounds, which our proof technique was unable to address.
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For the upper tail large deviation of the number of edges, we obtain matching lower and
upper bounds in all regimes. We consider the event that the number of edges present in an RGG
exceeds (1 4 ¢) times the expected number of edges. The probability of this event decays as
exp (—=Cn?) whend > /n and as exp (—Czn\/;Z) when d < /n. Here Cy and C, are constants
that depend on p and &, but are independent of n and d. In very high dimensions, the decay
is of order exp (—Q(n2)), similar to the Erdos-Rényi model, while in low dimensions, the two
models behave differently.

1.1. Related works

There has been increasing interest in studying and understanding RGGs, especially in high
dimensions. One of the first works that considered RGGs in high dimensions is [11], where
the clique number in the regime d > log n is studied. An important question in high dimen-
sions is understanding when the geometry of the underlying space is preserved. For dense
RGGs (p = ©(1)), Bubeck et al. [9] established a sharp phase transition: geometry is detectable
when the latent dimension d < n3, but when d > n°, this latent geometry is lost and the
RGG becomes statistically indistinguishable from the Erdos-Rényi model. For sparse RGGs
(p = O(1/n)), Bubeck et al. [9] presented a polynomial time test that can distinguish between
RGG and Erdos-Rényi models when d < (log n)?, and conjectured that geometry is lost once
d > (logn)?, and there has been much progress toward proving this in recent years (see [2],
[8] and [19]).

Chatterjee and Harel [10] studied the large deviation principles for the number of edges in
the RGG model where the vertices are generated by a Poisson point process of intensity n on
the torus T¢, and edges are added between vertices whose Euclidean distance is less than a
threshold r,,. The distance threshold is chosen such that the expected number of edges grows
as n” for some « € (0, 2). Their results show that conditioned on the graph having an atypically
large number of edges, there exists a small ball that contains a large clique, and they further
obtain a large deviation principle for the upper tail of the number of edges.

Ma et al. [20] recently considered an analogue of the SRGG called a random sphere graph
to obtain a new lower bound on off-diagonal Ramsey numbers, which is the first exponential
improvement over the classical lower bound obtained by Erdos in 1947. The proof is based on
estimating the probability of the existence of smaller cliques in the random sphere graph (see
Theorem 3.1 in [20]). Hunter et al. [17] provided a simpler proof and strengthened the results
of [20] by considering the GRGG.

1.2. Organization of the paper

The rest of the paper is organized as follows. We first introduce important definitions and
notation in Subsection 1.3. We state our main results in Section 2, and present an outline of our
proof along with a few necessary tools in Section 3. Finally, in Sections 4 and 5, we prove the
theorems stated in Section 2.

1.3. Definitions and notation

In this section, we introduce the models that we consider in this paper along with some
necessary definitions and notation. A graph G = (V, E) is a pair, where V is the set of vertices
and E C V x V is the set of edges. The graphs we consider are simple, undirected graphs, i.e.
the collection of edges consists of unordered pairs without repetitions and self-loops. A random
graph G, is a probability measure on the space of all simple graphs with n vertices.
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RGGs. For some p € [0, 1], we consider the following two RGG models.

(1) Spherical model. Let (X1, ..., X,) be independent and identically distributed (i.i.d.) ran-
dom variables having distribution Unif(S?—1). Let t, be such that P((Xy, X3) >1,) =p.
Define the SRGG Gs(n, p) to be the random graph on vertices V(Gs(n, p)) = [n] and
edges E(Gs(n, p)) given by (i, j) € E(Gs(n, p)) if and only if (X;, X;) > 1,.

(i) Gaussian model. Let (Xi,...,X,) be iid. random variables having distribu-
tion A0, I;), the standard normal distribution on RY, Let ?p be such that
P((X;, X») > 1,) =p. Define the GRGG Gg(n, p) to be the random graph on vertices
V~(QG~(n, p)) =[n] and edges E(Gg(n, p)) given by (i, j) € E(Gg(n, p)) if and only if
(Xi, Xj) = 1.

Note that the thresholds #, and 7, also depend on the dimension, d, of the underlying space, but
we suppress that dependence in our notation. We write #, 4 and 7, ; when the dependence on
the dimension needs to be made explicit. We can also think of these models as random graphs
in the corresponding space (S?~! or RY, respectively) by treating vertex i as being located at
X; or X;. Note that in both models, because of the choice of thresholds t, and 7,, the probability
of having an edge between two vertices i and j is given by

P((Z, j) € E(G.(n, p))) =p.
Throughout this paper, we will work with RGGs in high dimensions, i.e. d = d(n) grows with n.

Remark 1. For the special case p = 1/2, where we have t1, = 11 ,2 =0, the two models induce
the same random graph measure because of the spherical symmetry of the d-dimensional
standard normal distribution.

Measures on S~ ! and R?. We write ,ugfl for the uniform probability measure on SY~! and
,udG for the standard d-dimensional Gaussian probability measure on R¢. When it is clear which
case we are working on, we drop the subscript. Similarly, when the dimension is clear from
the context, we drop the superscript.

Edge-weighted graphs. An edge-weighted graph H(V) is a graph on vertex set V of size
|V| = n, where each unordered pair (v, w) with v, w € V is assigned an R-valued weight wfw.
We omit the superscript H when the graph is clear from the context. For two edge-weighted
graphs H(V) and H’(V) on the same vertex set V, we write H < H' if wfw < w{;{; forallv,we V.
We list two classes of edge-weighted graphs that we use.

(i) The constant-weighted graph with all edge weights equal to ¢, which we denote by c1,,.

(ii) The inner-product-weighted graph HY (n), where for each v € V, we associate a point
x, € U C R4, and for each unordered pair (v, w), we assign a weight wy,, = (x,, xy).

For our results, we are interested in the special cases of the inner-product-weighted graph
with U =S (respectively U =R%), and the points associated with the vertices are cho-
sen independently on U with distribution u‘si_l (respectively ,udG). We call these random
inner-product-weighted graphs, whose law will be denoted by Hs(n) in the spherical case
and by Hg (n) in the Gaussian case.

Asymptotic notation. Throughout this paper, we use Landau notation in the standard sense.
Given two sequences f;, and g, with g, > 0, we say f, = O(g,) or f, < g, if there is a constant
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M such that |f;)| < Mg, for all n large enough, and say f;, = o(g,) if lim,— oo fr/gn =0. We
write f, < g if f, = O(gy) and g, = O(fy,).

Indicator functions. Throughout this paper, we use 14(-) as the indicator function of a subset
A, and 1 {B} as the indicator of an event B.

2. Main results

In this section, we present our main results. Our first result is about the rare event that the
SRGG is a complete graph. We will always assume that p < 1/2 for technical reasons.

Theorem 1. Let G ~ Gs(n, p). Let € be the event that G is a complete graph on n vertices, i.e.

E=E&n,d,p):={EG)={(,):1<i#j<n}}= ﬂ {(Xi, Xj) = 1} 2.1
1<i#j<n
(1) Lower bound. There exists C > 0 such that for all n, d > 2,
P(€) > exp (—C min (n*, ny/d log n, nd)). (2.2)
(ii) Upper bound. There exists ¢ > 0 such that for all n, d > 2,

1—o(1)
P(E) <exp <—c min (nz, n\/d log <nd3—/4 \Y, e), nd)) 2.3)

We have a similar result for the same event for the GRGG.

Theorem 2. Let G ~ Gg(n, p). Let € be the event that G is a complete graph on n vertices, i.e.
E=Emn d,p)={EG)={G):1<i#j<nl}= [ {X.X)=5%}. @4
I<i#j<n
(i) Lower bound. There exists C > 0 such that for all n, d > 2,
P(€) > exp (—C min (n%, ny/d log n, nd)). (2.5)
(ii) Upper bound. There exists ¢ > 0 such that for all n, d > 2,

~ 1—o(1)
P(E) <exp (—c min (n2, n\/d log <ndT \Y, e), nd)) (2.6)

The next set of theorems presents bounds on the probability that the RGGs have an atyp-
ically large number of edges. Recall that in both models, the expected number of edges is
(;)p For any fixed ¢ > 0 such that (1 4+ ¢)p < 1, we obtain exponential rates of decay for the
probability of the event {|E(G.(n, p))| > (1 + &)E [|E(G.(n, p))|]} as follows.

Theorem 3. Let G ~ Gs(n, p) and |E(G)| be the number of edges in G. For any ¢ > 0, define
the event

7, = {|E(G)| > (1 +e)(§)p} : 2.7
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Then there exist constants ¢, C > 0 such that
exp (—c min (nz, nvd)) <P(Z,) < exp (—C min (nz, nvd)). (2.8)

We also have a similar result for the GRGG.
Theorem 4. Let G ~ Gg(n, p) and let |[E(G)| be the number of edges in G. For any € > 0, define

the event
- {|E(G>| > (14 8)(Z)p} . 2.9)

Then there exist constants ¢, C > 0 such that
exp (—cmin (n?, nv/d)) <P(Z,) < exp (—C min (n*, nV/d)). (2.10)

Remark 2. The constants ¢ and C both depend on the edge probability p and the deviation
rate €. For a more explicit characterization of the constants, see Propositions 10 and 11 for the
lower bounds, and Remark 7 for the upper bounds.

Remark 3. While our results are not strong enough to describe the law of the SRGG (respec-
tively the GRGG) conditioned on any one of the events £ or Z, (respectively € or I,), we can
still obtain some insight into the potential causes of these rare events from our proofs. When the
dimension is very large, it is well known that the geometric structure vanishes from the RGG,
making it indistinguishable from the Erd&s—Rényi graph [9]. So for large d, the rare event
probabilities behave like the Erd6s—Rényi graph. In lower dimensions, these rare events can be
achieved by aligning all the associated vectors weakly in some fixed direction. Conditioning on
this alignment leads to our lower bounds. If these rare events were to occur, the sum of all pair-
wise inner products, Zi# (Xi, X;) (respectively Zi# (Xi, X/)), would be larger than expected,
and we obtain an upper bound by analyzing this statistic.

3. Tools and proof outline

3.1. Coupling the two models

As noted in Remark 1, the SRGG and the GRGG give the same random graph measure
for the special case p = 1/2. While the two models differ for p # 1/2, there is a natural way
to couple the two models using the same set of Gaussian vectors and the observation that
when X ~ N(0, ), the projection of X onto S, X = X/|X||, is distributed uniformly on
S9=1. Although this coupling is standard, most existing works focus on either the Gaussian
model or the spherical model, choosing the one that is easier to deal with for the specific
problem. For example, [11] works with the Gaussian model, where the independence of the
Gaussian coordinates is more helpful, while [18] works with the spherical model, where the
arguments rely on properties of the spherical harmonics, an orthonormal basis for functions on
the sphere. Similarly to the proofs in [4], we use this coupling in both directions, leveraging
the Gaussian model for some arguments, and turning to the spherical model for others. In this
section, we derive results that relate the probabilities of observing a clique in the two models,
and similar results for the probability of having an atypically large number of edges. As a
consequence, it will suffice to obtain lower and upper bounds for only one of the two models,
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combined with the results of this section, to complete the proofs of our theorems. The following
lemma captures the asymptotic behavior of the thresholds #, and 7, as the dimension d goes to
infinity.

Lemma 1. For fixed p € (0, 1), we have
7, =@ ' (p) +o())Vd and 1,=(" (p)+o0(1)/Vd,

where ® (-) is the tail of the standard Gaussian distribution.

Proof. Recall that 7, is defined via P( X1, Xo) > 1,) =p, where X, and X, are two
independent A/(0, I;) random variables. Then we have

d - -
(1. Xa) = KO0
J=1

where 5([@, the jth coordinate of 5(1‘, is a standard one-dimensional Gaussian random variable.
Note that the collection {5(1.(’) :ie{l,2}, 1 <j<d)isindependent. Further, (5(5’)5(3), 1<j<d)
are independent, and IE[f(%’)f(g)] =0and Var(f(?)f(g)) =1forall 1 <j<d.So Var((X, X»)) =
d. Using the central limit theorem, we get

X1, X
1, %) 1}32> = N, 1) 3.1)

as d — oo. Thus
_ Y, ¥,\>7)— (XI’XZ)>;L > >;i — g ;L
p_p((xl,xz)_zp)_p( v _ﬁ) P(N(O,l)_ﬂ>_¢<ﬂ>,

which proves the first claim. To see the second part, we use the coupling representation and
observe that

X1 %
(Xl, X2> = ~<—~)
IX1ll2[1X21l2

By the law of large numbers, d~!/ 2|1 Xill2 LA 1 for i =1, 2. Combining with the central limit
theorem in (3.1) and using Slutsky’s lemma, we get

Vd (X1, X2) = N0, 1) 3.2)
as d — oo. The second claim then follows from a similar argument. t

D~en0te by~ P, 4 the law of n independent d:dim~ensi0nal standard Gaussian vectors. Let X =
(X1, ..., Xn) ~ Py 4, and recall that X; := X;/||X;|| is distributed uniformly on S4-1. For any
1 < m < n, define the events

g(m’ d’P)Z ﬂ {(5(175(»2;1]}’
1<i#j<m

Em.d.py= ] {(X.Xj)=1}.
I<i#j=m

where 7, and t,, are as defined earlier. The following lemma establishes a relationship between
the probabilities of the two events £ and £ using the coupling described above.
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Lemma 2. For fixed p < 1/2 and any small § > 0, there exist constants cs and Ags, where cg
and Ag both go to 0 as § goes to 0, and p < q <p + A such that the following inequalities
hold:

P,.a(€(n, d, p)) < exp (—csdn) + 2" B, a(E((1 — 8)n, d, @), (3.3)
P,.a(E(n, d, p)) < exp (—csdn) + 2"P, a(E((1 = $)n, d, @)). (3.4

Proof. The proofs of (3.3) and (3.4) follow from similar arguments, and we present the
details for only (3.3). Note that we can write

En, d, p)= ﬂ {(X. X)) =1,}

I<i#j<n

e L\NTE 1R W%
= ﬂ l(Xi’X/)ztp'

I<i#j<n

S

1
IX:11X1 |

By Lemma 1, ?p/tp ~ d. Now, suppose for some subset V C [n] that we have ||)~(,- |>1+ 8)\/;1
for all i € V. Assuming without loss of generality that V = [m], where m = | V|, if the event

N {XX)=5}n () {IX]=0+6)Vd)
I<i#j<n 1<i<m
holds, then we also have
X X) =1}
I<i#j=m

holds for a new threshold 7, = (1 + 5)’2tp(l + o(1)), where p < g <p + As, which implies
that

Pn,d<€<n, d.p)n () {||X,~||z(1+6)ﬂ})sm,d (Em. d, q)) .
1<i<m

Thus, to obtain (3.3), it suffices to show that we can take the subset V above to be of size én.
To see that, first note that for a Gaussian vector X, its length || X|| satisfies

X1 — vdlly, <C,

where |||y, is the sub-Gaussian norm (see Theorem 3.1.1 in [25]). Thus, for a single Gaussian
vector X and any § > 0, we have P(IX|| > (1 +8)v/d) < exp (—Cd) for some constant C that
depends only on §. A simple binomial concentration gives that the probability of the event
Bns = {#{i: I1X; ]l > (1 4+ 8)V/d} > 8n} is upper-bounded by

IP>(Brz,(3) <exp (—Cdén) = exp (—cdn),

where ¢ > 0 is again a constant that depends only on §. Let 7 denote all the subsets of [r] with
size | (1 — 8)n]. A union bound gives

Pua(€ . d, p)) <Pua(€n,d, p) N Bus) +Pua(En, d, p) N B 5)

<exp(—cdn)+ ) Pn,d<5(n, d.p)yn () {IXil = 1+ 5)¢Zz}>

I1eJ iel

https://doi.org/10.1017/apr.2026.10076 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2026.10076

Rare events 9

<exp (—cdn) + 2" - P(é(n, d,p)N ﬂ {I1Xi =+ 3)«/2})

i<[(1-d)n]
<exp (—cdn) +2" - Py o(E((1 = &)n, d, q))
as required. U

Similarly, we obtain the following lemma, which uses the coupling to obtain a relationship
between the probabilities of the edge-deviation events in the two models. For any 1 <m <n,
define the events

fs(m, d,p)= {(5(, 5(]) > ?p, for at least (1 + £)p<’;1> pairsof l <i<j< m},
Ze(m, d, p) = {(Xi, Xj> >t,, for atleast (1 + s)p(’;l) pairsof 1 <i<j< m}
Lemma 3. For fixed p <1/2, ¢ >0, and any small § > 0, there exist constants cs and Ag,

where cs and Ag both go to 0 as § goes t0 0, p<q<p+ As and 0 <&’ < ¢ such that the
following inequalities hold:

P(Z:(n, d, p)) < exp (=csdn) + 2"P(Zo/ (1 = 8)n, d, )), (3.5)
P(Z:(n, d, p)) < exp (—csdn) + 2"P(Zy((1 — $)n, d, q)). (3.6)

The proof of this lemma is identical to that for Lemma 2, and we omit the details. Although
Lemmas 2 and 3 are not tight, they allow us to estimate P(£) and IP’(S) (and similarly P(Z;)
and ]P’(i'g)) together, since the additive error term exp (—cdn) and the multiplicative factor 2"
are not comparable to the leading-order terms for the clique probabilities.

3.2. Geometric tools

In this section, we introduce symmetric rearrangement, the core geometric tool used to
establish the upper bounds in our theorems. While the definitions are borrowed from [12] (see
also [3] for a comprehensive treatment), we restate them here for the sake of completeness.
The main idea is to use measure-preserving transformations to transform arbitrary, measurable
subsets of the sphere into spherical caps, defined below.

Spherical caps. For a point v € S ! and a € [0, 1], a spherical cap centered at v with measure
a, denoted by A%, is the subset of S?=1 given by

Al={we S (w, v) > h(a)},

where the altitude of the spherical cap, h(a) € [—1, 1], is chosen such that u(A%) =a (see
Figure 1) Recall that u = ug_l is the uniform probability measure on S¢~!. By definition, the
cap centered at v with measure p is the neighborhood of a vertex located at v in the SRGG
Gs(n, p). With this notation, there is an edge between two vertices i and j if and only if X; lies
in Af(j and vice versa.

Let f;(x) be the density function of a one-dimensional marginal of ,u‘sl_l, given by

R 8 70 BRI NV R V)
10 = st~
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FIGURE 1. A spherical cap centered at v with measure a and height /(a).

and define ¥, (1) := f Ml fa(x)dx to be the corresponding tail distribution function. Then
h(a) = \Ilgl (a) and 1) 4 = \Ild_l (p). If the dimension is clear from the context, we drop d from
the notation and write W (p) and W~! (p).

Symmetric rearrangement of a subset. We associate with S?~! a canonical center

e=(1,0,...,0). Given a measurable subset R C S91 the symmetric rearrangement of R,
denoted by R°®, is a spherical cap centered at e that has the same measure as R does, i.e.
Re = LR

Symmetric rearrangement of a function. Let f : S*~! — R, be a non-negative real-valued
measurable function. The symmetric rearrangement (also called symmetric decreasing rear-
rangement in the references in this section) of f is defined to be a function f*:S% ! — R,
satisfying

n({xe S > t})=n({xe S f) > t})

for each ¢ > 0. Further, it is constant on each slice {x € sd-1. (x,e)=h}, =1 <h<1,andis
non-decreasing in 4. For a rigorous definition of f*, see Subsections 1.6 and 7.1 in [3]. It is easy
to see that for any measurable subset R C S9! the symmetric rearrangement of its indicator
function is equivalent to the indicator of R®.

In this section, we prove two propositions (Propositions 1 and 2) that are immediate
corollaries of Theorem 2.2 in [12], restated below. Intuitively, it says that certain function-
als of functions are maximized by their symmetric rearrangements. To state it formally, let
ALz(R%_) be the set of continuous functions v : Ri — Ry satisfying that for every x; < x and
y1<y2,

V(x1, y2) + ¥ (x2, y1) < ¥(x1, y1) + ¥(x2, y2), (3.7)
and ¥ vanishes on the boundary, i.e. | x=0 = 0 fori=1, 2. A continuous function v : R’i —
R is said to be in ALy(R"}) if after any n — 2 coordinates are fixed, ¥ is in ALZ(Ri) in the
remaining two coordinates. Note that for any ¢ € CZ(R’_L), we have that i satisfies (3.7) if and
only if 9;0;% > 0 for every i # .
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Theorem 5. ([12], Theorem 2.2.) Let M = S fi:M — Ry be n non-negative functions,
¥ be a continuous function in ALz(Ri), and K;j: Ry — Ry, 1 <i<j<n, be increasing
functions. Let

Ifi, .. ol = /M v(fiXo), ... ,fn(Xn))HKi,j((Xi,Xj))dM(Xl)-.- du(Xn),
i<j

where du is the uniform measure on M. Then we have

IMfi, .. ) <IIfL, - ]

Remark 4. In the original statement, K; ;({(X;, X;)) is replaced by K;j(d(X;, X;)), where K;; are
decreasing functions and d(-, -) is the geodesic distance on S-1. Since <X,-, X]> =cos (d(X;, X))
is a decreasing function of d(X;, X;), the version presented here is equivalent to the one in [12].

Using this theorem, we establish two results for SRGGs. Recall that for two edge-weighted
graphs H; and H, on the same node set, we write H; < H» if and only if wg' < wgz for
all i #j. The following proposition states that for any fixed edge-weighted graph Hy and an
edge-weighted RGG H, the probability of the event {H > Hy} under constraints X; € A; is
optimized when the A;’s are spherical caps centered at the same point.

Proposition 1. Let A; C sl e [n], be measurable, and let A} be their symmetric rear-
rangements. Let H ~ Hg(n). Then for any edge-weighted graph Hy on the same node set [n],

n n

P({H > Ho} N[ iXi eA,-}) < P({H = Ho} N[ )iX; eA,-'}) (38)
i=1 i=1

Proof. Take fi(X) =14,(X), i€[n], and set ¥ (y1,...,Yu) =Y1Y2 - - - Y. Further, set K; ;

) =1{x> wg‘)}. Then the left-hand side of (3.8) is equal to I[fi, . .., f,] and the right-hand

side is equal to I[f?, ..., f7], and the conclusion immediately follows from Theorem 5. O

Proposition 2. Let f be a non-negative function on S¢~', and let X1, . . ., X,, be i.i.d. uniformly
on S Then for any 0 <p <1 and 6 > 0, we have

E exp(e (;”ﬂxw > (X X)) = tp})) sEexp(@ (;"f‘(XfH > X xj) = tp}))-

i<j i<j

Proof. Take fi(X) =exp (6f(X)) for all i € [n], and ¥ (y1, ..., Yn) =Yy1Y2 - Yu. Also set
K; j(x) =exp (61{x > 1,}). By the definition of symmetric rearrangements and using that exp (-)
is an increasing function, we have f*(X) =exp (6f*(X)). It is a simple to verify that the
conditions of Theorem 5 are satisfied, and the result follows immediately. O

3.3. Proof outline

The estimation of the probability of the RGGs being a complete graph and of the edge
deviation events follows a similar approach. Instead of individually proving Theorems 1 and 2
(respectively Theorems 3 and 4), we use the coupling lemmas established in Subsection 3.1 to
reduce the analysis to only one of the two models. For some bounds, the spherical model turns
out to be simpler to handle, whereas for others, we work with the Gaussian model.

The lower bounds for the probability of observing a complete graph are proved in
Subsection 4.1. We first obtain an Erd6s—Rényi-type lower bound, p(g), for the spherical model
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using a purely geometric argument. Note that this lower bound does not depend on the dimen-
sion d. The remaining bounds in (2.2) and (2.5) are proved by considering the Gaussian model,
which is easier to handle with our method. To obtain these bounds, we consider the ‘bias’ event
that the first coordinates of all the vectors f(l, R f(n are larger than ¢¢/d log n for some con-
stant ¢ > 0. Conditioned on this event, we show that the GRGG is a clique with a probability
bounded away from 0. We apply a similar idea to establish a lower bound on the edge deviation
probability (see Subsection 5.1).

The upper bounds are proved in Subsection 4.2 and are more involved. We observe that
conditioned on the GRGG being a complete graph, the statistic S =, £ X;, )N(j) is atypically
large. This statistic is easier to handle since it is the sum of products of independent standard
Gaussian random variables, and we use a Bayesian argument to get one upper bound. We obtain
another upper bound by considering the SRGG on n vertices to be obtained by a graph process,
where the vertices are added one at a time. This gives us a corresponding subset-valued random
process (Ax)k>0 starting from Ag = S9! and conditioned on Xj, ..., Xi, Ay is the subset of
S?=1 where X4 can be in so that the SRGG on the first kK + 1 vertices is still a complete
graph. By construction, Ag4+1 =Ax N Aikﬂ. We use symmetric rearrangements of subsets to
transform the process (Ax)x>0 to a spherical-cap-valued random process. This reduced process
is more tractable, and we prove one of the bounds in Theorems 1 and 2 by analyzing how the
caps shrink with the arrival of each new vertex.

For the edge deviation event Z,, we first obtain a bound on the moment-generating function
(MGF) of the number of edges in the RGG. Defining

k
AO=D 14 0
i=1 '

we can write the number of edges in the SRGG as |E(G)| =), fi—1(X;). To get an upper
bound on the MGF of |E(G)|, we use symmetric rearrangement of functions to transform f
into a more tractable process, and then bound the MGF of |E(G)| by the MGF of this reduced
process. Use of the exponential Markov’s inequality then completes the proofs.

4. Estimating clique probability

This section contains the proofs of Theorems 1 and 2, along with the statements and proofs
of various lemmas and propositions that we use.

4.1. Lower bounds

In this section, we obtain the lower bounds in Theorems 1 and 2. The three different bounds
in the exponent are derived via different techniques. First, we prove a lower bound that does
not depend on the dimension d. As a consequence, we see that the clique probability for the
SRGQG is at least as large as that for the Erd6s—Rényi graph, which matches the intuition that
the RGGs are more clustered than the Erd6s—Rényi graph.

Proposition 3 Foralln,d>?2 and 0 <p < %,
P(€) = p®) = exp (—en?).

We prove the above proposition by using the following result for the spherical model. We
drop the subscript and superscript from pfs’l*] for simplicity.
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Lemma 4. Let u denote the uniform probability measure on S, Suppose A C S~ is
convex, and x € A. Then

n(ANAL) > p - pu(A).

Proof. Recall that ¥ (x) = P(X 51) > x) is the tail distribution function of a one-dimensional
marginal of ;. We construct a contraction mapping ¢ = @p » ST\ {—x} — AX as follows.
Forevery y € SY~1 \ {—x}, set ¢p.x(y) to be the unique point z on the geodesic segment connect-
ing x and y such that (x,z) =W~ (p- ¥ ((x, y))). Then 1o ¢ =p - u, and since A is convex
with x € A, ¢(A) C A. So we immediately conclude that

w(ANAD) = w(@A) =p- u(A). U
Proof of Proposition 3. Define the sets Ay = ﬂle AR .» and consider the events

&= [ X X)=0) 1<k=n.
I<i#j<k

Note that £, = &, and

n—1

PE) = [ PEir1lE.

i=1
Further, observe that P(Exy1|E) = E[Xk+1 € Ak|Ek] = E[1t(Ar)|Ek]. Using Lemma 4 recur-
sively, we obtain E[1(Ax)|E] = p¥, which we plug into the previous equation to conclude that

PE) = p&) = p*. O

Note that the result above does not depend on d. But for k large enough, a typical Ay is
too ‘small’, in the sense that Ai4 has nearly the same measure as Ay instead of pu(Ax). We
obtain a dimension-dependent bound in this regime by introducing a biasing argument, where
we condition on the event that all the points have a slightly large first coordinate. The technique
can be used in both the spherical case and the Gaussian case. We choose the Gaussian case for
simplicity.

Proposition 4. There exists a constant C > 0 such that for all n, d > 2 and logn < d,
<~ 1
PE) > 3 exp (—Cny/d log n).

Proof. Suppose )~(i = (5(;1), R 5(1@), where the X}k)’s are i.i.d. standard Gaussian random
variables. For any constant C > 0, define the biased event
n
Be:= ({X" = G, + CJ/dlogm)'/?}.
i=1
Recall that the tail of the standard Gaussian distribution satisfies ® (x) > (1/ IOx)e_xz/ 2for all
x > 2 (see Proposition 2.1.2 in [25]), the 5(51)’5 are independent, and ip = (9! ) + 0(1))«/3,
so we have

P(Bc) = @((i, + Cy/dlog n)l/z)n > exp (—Cny/d log n).
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Conditionally on B¢ happening, & fails only if
d
S OROKO <3, — XVRD < _cy/diogn
=2

for some i, j € [n]. Since (5(56)5(;6))25@5,1 are independent, mean zero, subexponential random
variables, we can apply Bernstein’s inequality (see Theorem 2.8.1 in [25]) to get

d
P ( > X% > ¢/dlog n) <2exp [—cmin (C?logn, Cy/dlog n)].

(=2
For log n < d and appropriately chosen constant C, the right-hand side above is bounded by
2n~3. Then, by a union bound on all possible pairs (i, j), we have

PE|Bc)= 1 - <Z> 2n73 >
Combining the above two inequalities, we get

~ ~ 1
P(E)=P(E|Bc)P(Bc) = 5 EXP (—Cny/dlogn),
which completes the proof. O

If n is exponentially large in d, then the union bound used in the proof above will be
redundant, and we can establish a better bound by adding a small bias to all coordinates.

Proposition 5. There exists a constant C > 0 such that for all n, d > 2,
P(€) > exp (—Cnd).
Proof. Consider a different event

&= () (X2 @/a)")

1<i<n
1<t<d

which immediately implies &. Recall that t,/d= 0(d~'7?), so we have
P(E) = &((i,/d)"/?)"" = 271+ > exp (—Cnd). O

Combining the results of Propositions 3, 4, and 5 via the coupling result (Lemma 2) gives
us the desired lower bounds in Theorems 1 and 2.

4.2. Upper bounds

We can infer from the proof of Proposition 4 that in some regimes (e.g. d = /n) the event
E happens if there is a small bias for a majority of the Gaussian vectors. To capture a similar
phenomenon from a macroscopic perspective, we introduce a statistic S := Zlg#jin (f(i, f(,)
The following lemmas cover some properties of this statistic.

Lemma 5. There exists a constant ¢c; = cp > 0 such that for alln, d > 2,

E[S|E] > cin*Vd.
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Proof. If p <1/2, we can deduce from Lemma 1 that
E[S|E] > (n? — ni, > cinVd.

For the case p=1/2, 7, =0, and we use a geometric argument to obtain the result. Note that
in this case, the two RGG models coincide. So we first consider the spherical model and prove
that P(E| (X1, X») = x) is monotonically increasing in x. For 0 <x < x’ <1, fix X1, X» so that
(X1, X2) = x, and choose X}, to lie on the geodesic connecting X1 and X; such that (X1, X)) =x'.

By construction, Xé is a convex combination of X and X3, so if X3, ..., X, are sampled uni-
formly at random on sd-1 independently of X1, X», and Xé, the event that (X1, X», X3, ..., X))
forms a clique implies that (X7, Xé, X3, ..., X,) also forms a clique. Then we get

P(E] (X1, X2) =x) = P(E| (X, X2) = x).

Recalling that we denote by f; the density of (X1, X2), we find that Bayes’s formula gives

1
E[(X1, X2)|€] = P(E)™! /0 B(E] (X1, Xa) = 0fa) dx

1 1 1 -1
29(5)_1</0 P(E] (X1, X2) = x)fa(x) dx)(/o Xfa(x) dx)(/(; Ja(x) dx)

=E[{X1, X2)|(X1, X2) > 0].

The inequality in the second line follows from Chebyshev’s integral inequality (see Chapter 9
in [21]). Further, the first two terms in the second line cancel out, and the remaining two terms
are equal to the conditional expectation in the final line. Finally, recall that when p=1/2,
t, =1, =0. Hence, under the coupling X; =X;/|IX;|l, the event & coincides exactly with &.
Moreover, since || X; || and || X2 || are independent of X, . .., Xj,, we obtain

E[(X1, X2)|E1=E[IX ]| - X2l - (X1, X2) |E1=E|X; || - E| X2 - E[(X1, X2)|E]
> E[IX | - E[ X2l - E[(X1, X2)|(X1, X2) > 0] = E[(X;, X2)|(X1, X2) > 0].

Since (5(1 , 5(2) has asymptotic distribut~ion~J\/' 0, d), the term on the right is bounded below
by c1+/d for some ¢; > 0. Replacing (X1, X») by any pair (X;, X;), i # j, we obtain the same
bound. Summing up over all i, j gives E[S|E] > c1n*Vd. O

Since S is the sum of i.i.d. subexponential random variables, it concentrates around its mean,
and we have the following estimate using Bernstein’s inequality.

Lemma 6. There exists a constant ¢ > 0 such that for alln,d > 2 and t > 0,

2ot
P(|S| = 1) <2exp (—cz min (T _)) _
n*d n

Proof. Note that we can decompose the sum as

d d
=3 (X )=y
k=1

k=1 1<i#j<n

https://doi.org/10.1017/apr.2026.10076 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2026.10076

16 P. DEKA ET AL.

where Y® are iid. mean zero random variables with the same distribution as Y :=
(O, Y)? — XL, Y2, in which the ¥;’s are i.i.d. standard normal variables. For every positive
integer ¢, the following moment estimate on Y holds:

n 2 n
1Y, < (Z Y,~> + > IV I, < 6ng.
i=1

L, i=1

This coincides with property (b) in Proposition 2.7.1 in [25]. It follows that Y is a subexpo-
nential variable with || Y|y, <n, where |||y, is the subexponential norm (see Subsection 2.7
in [25]). Then Lemma 6 follows from Bernstein’s inequality. O

Lemmas 5 and 6 together give the following upper bound.
Proposition 6. There exists a constant ¢ > 0 such that for all n, d > 2,
P(€) < exp (—c min (2, nv/d)).

Proof. We use the following extension of Markov’s inequality for the tail of positive ran-
dom variables. Suppose A is measurable and £ is a real-valued random variable such that
a=[E[&|A] is finite. Then for any b < a,

(@ —bPA) =E[(§ — b)1a] <EE — b = P(A) < ﬁE(é —-by*, (4.1)

where (x)7 = max (x, 0). Take A = g, £=S, and b=a/2. By Lemma 5, since a = E[S|g],
b> clnzﬂ /2. With use of Lemma 6 in the first line below, the right-hand side of (4.1) can be
bounded by

~+00
E(S — b)4 < / (2exp (—eat/n) + 2 exp (—cat? /nd)) dt
b

2 *d
< i exp (—c2b/n) + e exp (—czbz/nzd)
o cb

< Cn+d) exp(—c min (nz, n\/;l))

for some ¢ > 0. Therefore

PE) < ﬁE[(S —b)1] <exp (—(c + o(1)) min (nz, n«/Zl)) O

Remark 5. In principle, we can consider the same argument in the spherical model and use the
statistic Zi#j (Xi, Xj) to derive a similar upper bound. But in the spherical model, Zi# (Xi, Xj)
is not the sum of i.i.d. random variables, which presents a minor obstacle. So we chose to
obtain the bounds for the Gaussian model and rely on Lemma 2 to get bounds of the same
order for the spherical model.

Another way of dealing with the upper bound is to analyze the convex set-valued random
process Ay, defined in the proof of Proposition 3. If we define Hy to be the induced subgraph
of Gs(n, p) on the last k verticesn —k + 1, .. ., n, then we have the inequality

n

PE) < P({an > tpali-i} N [ Xi€ Ak}).
i=k+1
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This reduces analyzing £ to the study of the random process Ag, which is still quite compli-
cated. The following proposition allows us to compare A; with its symmetric rearrangement

A7, which is easier to analyze. Define Cp = S=1, and iteratively define Cy,1 := (Cx N Al;fm ).
It is a sequence of spherical caps all centered at e.
Proposition 7. For any 0 <k < n, we have
n
P(E) < P({Hn_k > tyalii} N [ (Xi€ ck}>. (4.2)
i=k+1

Proof. When k=0, H, > 1, 41, is exactly the event £, and Cy = S9-1 5o the two sides
of (4.2) are equal. To prove the statement, we show that the right-hand side of (4.2) is
non-decreasing in k. Note that forany 0 <k <n— 1,

]P)({Hn—k > tp,dln—k} N ﬂ {Xi € Ck})

i=k+1

]P’({Hn—k—l >tyalp—k—1} N ﬂ {Xie(Cn A’;}M)})

IA

P<{an1 > tpalai-1}N [ {Xie (G A?(Hl)})
i=k+2

n
< ]P’({Hn—k—l > tpalp—k—1} N ﬂ {Xi e Ck+1}>~
i=k+2

Here, in the first inequality we drop Bigg{Xx+1 € (Cx N .A[;(Hl )}, and in the second inequality,
we apply Proposition 1, which completes the proof. (]

Defining i := u(Cy), and dropping the event {H,,_; >, 41,—¢} on the right-hand side of
(4.2), we get
P(E) <E(n; 7).

(k>0 1s a random, decreasing process, and the following lemma quantifies the difference
Nk — Nk+1- Recall that h(n) is the altitude of a spherical cap with measure 7.

Lemma 7. For any n >0, let ' = ,u‘slfl(Ag N .AI;), where Y is uniformly distributed on S~ 1.
Then there exist ¢, co > 0 such that for any § € (0, ¢c) and n € [exp(—c0d82/2), 1/2],

P (n — ' >cdexp (—%(1 + 352)h(n)2)) > 1 — exp (—d5§%/2).

Recall that W (-) is the tail distribution function of a one-dimensional marginal of M‘éfl,

ie. V() = ]P’(Xil) > 1), where Xil) is the first coordinate of X;. To prove Lemma 7 we use the
following distributional approximation result obtained by Sodin [24].

Lemma 8. There exist constants C, C1, C3 > 0 and a sequence €4\ 0 such that for all t €
[0, C],

(1 — e)®(Vdt) exp(—Cide*) < W(1) < (1 + ) D(Vdr) exp(—Cadr*).
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Proof of Lemma 7. Note that i’ depends only on Y1, the first coordinate of Y. Recall the

density of Y1 is given by
rd/2
faw) = (12
L(d—-1)/2)/7

From Lemma 8, we know that P(Y) > §) <exp (—d62/2). Next we show that if Y <§
then n —n’ > ¢8 exp (—(d/2)(1 +38%)h(n)?). Since 7’ is monotonically increasing in Yy,
it suffices to consider ¥ = (8, —+/1 — 82,0, ..., 0). Note that {(x,y,...)€ Sl x> h(n),

y > 8x/~/1— 82} C Al \ A}. Further, the two-dimensional marginal of 1 ' on the first two
coordinates has density function

d—2 _
mmw=3;ﬂ—f—fW“@

By direct computation, when Y’ (D < § we have

n 4
M(-Ae \Ay(l)) z /x2+y2<1 1{x>h(n),y>3/m)c}fd(x’ y) dxdy

2

1/2 1—x
> cd/ / (1—x*— yz)(d_4)/2dy dx
h(n) 8x//(1-6%)

1/2 1
=cd / / (1 —x*)4=3/2 / 1= qr | dx
h(n) Sx/+/(1=82)(1—x2)

1/2
> cd / (1 — x> 25x(1 — 28%x%)? dx
h(n)

> c8(1 — (1 4+ 28%)h(n)>)?/?

d 2 2
> c§ exp <—§(1 + 35%)h(n) ) .

For the last two inequalities to hold, we need h(n) < ¢’§ for some constant ¢’ small enough.
This can be achieved by taking cq to be sufficiently small in the assumption, which completes
the proof. O

Using Lemma 7, we obtain the following two rates of decay of the sequence (17,),>1 as n
goes to infinity, for different regimes of d.

Proposition 8. For a sufficiently small constant ¢ > 0 and logn < d < n*/3,

logn — log d®/*
P (nn - exp <_C¢;,. %» < exp (—eny/dTogn).
ogn

Proof. We first select a constant 0 < ¢ < 1 and § = c¥/logn/d. Let I C [n] contain all
indices i such that the first coordinate of X; is smaller than §. Since I is a Bernoulli process
with success parameter pg > 1 — exp (—d8?/2) > 1 — exp (—c/d log n),

n/2
P(I| <n/2) < Zpé(l —po)ni<’:> <2"(1 — po)"/* < exp (—cny/dlog n).
i=0
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Let N = (log n — log d®/*)//log n. On the event |I| > n/2 we prove 1, < exp (—c+/dN). Since
n1 =p < 1/2, we may assume 7); € [exp(—c+/dlogn), 1/2] for any 1 <i < n. From the proof
of Lemma 7, we deduce that fori € I, n; — ni+1 > ¢§ exp (—(d/2)(1 + 352)h(m)2). Denote [ =
IN{i:n; € (e=*1, e‘k]} for any integer 1 <k < /d log n. Using Lemma 8, we get that for any

iely,
e k1 < Cexp (= Lnin? 4.3
=Cexp(—3 )| - (4.3)
Then
Mi— g1 > C(Se—(1+362)k,
and therefore
I| < e <14 A 4.4
x| < oo +oget 4.4
Summing the above inequality for 0 < k < c+/dN gives
cv/dN Q32N
Dl <eVdAN +1+ ———— < -
= (@3 —1) " 2

The last inequality holds for sufficiently small ¢ > 0. Therefore 7, < exp (—cv/dN) when
1| > n/2. O

Proposition 9. For sufficiently small constant ¢ > 0, and d < log n,
P(n, > exp (—cd)) < exp (—cnd).

Proof. The proof is similar to that of Proposition 8. We select a small constant § < 1,
and define I and I} for 1 <k <d as before. In this regime, [ is again a Bernoulli process,
but with parameter pg > 1 — exp (—cd). Therefore P(|I| <n/2) < exp (—cnd). The inequalities
(4.3) and (4.4) still hold, and we can sum over k to get that

cd o3c8%d n

g|1k| sl+ed+— =3
holds for a small enough constant ¢. Thus 7, < e~ if |I| > n/2. O
Finally, we complete the proof of the upper bounds in Theorems 1 and 2. Substituting
Proposition 8 into (4.2), when log n < d < n*/3, we obtain

logn —logd®/4
P(E) <E(n;)3) <P (nn > exp (—w/ﬁ- %))

logn —logd3* n pl—o(l)
+ exp (—C\/C_Z . W . E < eXp | —¢n d log W

Similarly, in the regime d < log n, we use Proposition 9 to get
B(E) <E(1)3) <P (s = exp (—cd)) +exp (—cd - 5 ) < exp (~cnd).

The results above, along with Proposition 6 and Lemma 2, complete the proof of the upper
bounds in Theorems 1 and 2.
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Remark 6. Since we lose some information during the symmetric rearrangement transforma-
tions, the upper bound we finally get is not tight when n*/3> < d < n?. The Bayesian argument
gives a matching upper bound when n? < d. Meanwhile, in the intermediate regime, it is not
immediately clear what the correct order of decay should be, and is left as an open problem for
the future.

5. Estimating edge deviation probability
In this section we present the proofs of Theorems 3 and 4, our main results on the large

deviation for edges of the SRGG and GRGG models.

5.1. Lower bounds

The first lower bound is a corollary of Proposition 3, the Erd6s—Rényi-type lower bound
for the clique probability. It follows from noting that conditioned on the existence of a large
enough clique, the event Z; happens with a probability bounded away from zero.

Proposition 10. For all n and d > 2,

P(Z)>exp | — 2(l_p)s—i—o(l) n-|.

Proof. Let o = \/pe/(1 — p), and let 4,417 be as defined in the proof of Proposition 4.1.
We can infer from the proof that

2(1=p)

Note that conditioned on Ef4,4-17 happening, the connection probability of edges not included
in this small clique remains equal to p. That implies if G ~ Gs(n, p),

1 1
@z (7)) 0| (3) - (1) [zra 0 (5) 41

Hence

1 1
P <|E(G>| > p(l + s)@ \smnm) = [EHE(G)HSWHJ —p(1+ e)('z‘)} > .

2
Combining with (5.1) completes the proof. U

1
an plog -
P(Eran+17) Zp(r ) > exp (— P_gn? —n) . G.D

For the second lower bound, we apply the biasing argument as we did in the proof of
Proposition 4. Again, we prove the result for the Gaussian model and use Lemma 3 to obtain
the result for the spherical model.

Proposition 11. For alln and d > 2,

S IEN . |
P(L)zexp[—(q’ ®) q’z (”(1+‘9))+o(1>)n\/2]

~ ~ 1 ~ d ~ ~
Proof Suppose X=X, ..., X). Let Ci= Cuupe=\/fpa—Tntsertima-t, and
define the biased event

BC = ﬂ {)N(El) > C}.

1<i<n
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Then for all 1 <i <j <n we have

d

P((Xi. X;) = 7,.alBc) = P (Z XOx0 > 7,4 - c2) =@ +e)+1/m Al
k=2

Let G ~ Gg(n, p). By summing over all i, j, we obtain

E[|EG)||Bc] = p(1 + s)(Z) bl

Similarly to in the proof of Proposition 10, we get

P <|E(G>| > p(l + 8)@ \Bc> = (5:2)
Since 1/n — 0 as n — 0o, we can deduce from Lemma 1 that
C? =Ty = Tpi+errimat = [ (0) = @7 (p(1 + &) +o(D]Vd. (5.3)
Using the standard estimation for Gaussian tails, we obtain
P(Bc) = ®(0)" > exp [—(1 + o(1))C?n/2]. (5.4)
Combining (5.2), (5.3), and (5.4) concludes the proof. O

Combining Propositions 10 and 11 together with Lemma 3 gives the lower bounds in
Theorems 3 and 4.

5.2. Upper bounds

We consider the number of edges |E(G)| as the final term of the following stochastic
process. Denote by |Ex(G)| the number of edges between Xi, ..., Xk, and define fi(x) =
Z]Sifk I‘AS?('(X). Then f;—1(Xx) counts the number of edges from Xj to Xi, ..., Xx—1, and

|Ex(G)] — |Ex—1(G)| = fr—1(Xk).

Similarly to the idea in Subsection 4.2, we will use Proposition 2 here to obtain a bound on
the MGF of |E(G)| =) ;_; fi—1(Xx) by a sequence of symmetric rearrangements. We start
by defining another sequence of functions (gx)i>0 by setting go =0 on S9-1 and iteratively
defining

o= (14 1) 1sksn—1.

Using these functions, we define an interpolating process

k n
me= Y gaX)+ Y aXo+ Y. HXuX)=t) 1<k<n  (55)
i=1 i=k+1 k+1<i<j<n
By definition, we have mo = |E(G)| and m, =Y ;_, gk—1(Xx). For each k, the first term in
(5.5) corresponds to the symmetric rearrangement of the edges between X1, . . ., Xj, the sec-
ond term corresponds to the symmetric rearrangement of the edges between X1, ..., Xj and
Xk+1, - - - » Xp, and the final term counts the true edges between X1, ..., X, in G.

Proposition 12. The MGF's of my are non-decreasing in k, i.e. for any 6 > 0, we have
Eexp (0|E(G)]) = Ee”™ <Ee™™ <... <Ee’™.

https://doi.org/10.1017/apr.2026.10076 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2026.10076

22 P. DEKA ET AL.
Proof. It suffices to show that Eef/mi—1 < Ref™ for any 1 <k <n. Fix k. Then by first
conditioning on X1, . .., Xi, we get
E[e”™1[X, ..., Xi]
k n
=exp (9 Z&»(X») Exproxexp [0 D s+ Y 1{{X: X;) =1}
i=1 i=k+1 k<i<j<n

Here Eyx,,,....x, means taking expectation over randomness of Xj 1, ..., X, and we drop the
subscript and simply write E to simplify the notation. Let f(X) = gx—1(X) + 1 AL (X), and note
k

that f* = gx. By applying Proposition 2, we obtain

E exp (9< Z gk—1(X) + Z 1{<Xi,X,->ztp}>>

i=k+1 k<i<j<n

(9( YofXo+ > X X)) >r,,})>
i=k+1 k+1<i<j<n
<E (e( S+ Y XL X)) }))
i=k+1 k+1<i<j<n
=E (9( aX)+ Y X, X)) ))
i=k+1 k+1<i<j<n
Thus
E[e”™"|X1, ..., Xkl <E[”™ X1, ... Xl.
Taking the expectation over X1, . .., Xj completes the proof. (]

We complete the proof of Theorems 3 and 4 using the following upper bound on m,,.

Proposition 13. Let my, be defined as in (5.5). Then

my < (p+ pe/2) (Z) (5.6)
holds with probability at least
1 — exp(— min (c1(p, e)nz, c(p, e)n«/ﬁ)).

Here c1(p, €) and c(p, €) are positive constants that depend only on p and ¢.

We first prove Theorem 3 assuming Proposition 13, using the following general lemma on
stochastic order. The proof of Proposition 13 is delayed to the end of this section.

Lemma 9. Suppose Y and Y' are random variables satisfying Y, Y’ < 1, and for all 0 > 0,

Ee?Y <RefY. (5.7)
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Then for all § > 0,
logP(Y = §) < g log P (Y/ > %) + log 2. (5.8)
Proof. Note that for all 6 > 0,
Ee’ =E [e"y’l {Y’ > g” +E [e”’l {Y’ < g” <e’P (Y/ > g) +e7C2),
Applying Markov’s inequality, we obtain
log P(Y > §) < log (e"PEe?Y) < —08 + log RefY' < —% + log (1 +P (Y/ > g) 60_2>> .
We get (5.8) by taking & = —log P(Y' > §/2) > 0, since

8
log (1 +P (Y’ > 5) ee_(93/2)>) =log (1 +e_(95/2)) <log?2. O

Proof of Theorem 3. Let
y=BOI_ M
() ()
It is clear that Y, Y’ <1, and they satisfy (5.7) due to Proposition 12. Combining with
Proposition 13, we get

p,Y =

e e €
logP(Y > ¢) < 7 logP (Y’ > 5) +log2 < —3 min (c1(p, e)nz, c(p, 8)71\/6_1') +log 2.
Note that event Z; is exactly Y > ¢, so the proof is complete. O

For the proof of Proposition 13, it is sufficient to bound each gx—1(Xy) individually, and
then sum over k. We are going to bound an analogue of the MGF and then apply Markov’s
inequality. Given a measurable function g : S9! > R, asubset V.C S !, and A € R, define

Mg VI(A) := f exp (Ag(X)) du(X).
14
Let g =p + pe/32, and select a constant a > 0 that satisfies

a? a?
thg——>max [ty g—1, |1 — — ) t, 4— 59
p.d «/3 ( q,d—1 < «/3) q,d l) (5.9

for all d sufficiently large. Such an a exists since Lemma 1 indicates a gap of order Q(d~/?)
between f,, 4 and 4 4 1. Consider the strip L;, and the complement of a cap V;, defined as

.

V= {weSdI: (w,e) <5 }

L := {weSd1:|(w,e)|S

ST

The key observation is the following lemma.

Lemma 10. Suppose A > 0. Then for any function g such that g = g* almost everywhere, and
vector Y € L,

Mg+ 143 Va]o) < (1 —q+ge* + 26 VA0 Mig: V,](M).
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Proof. LetS;={X €S !: (X, e) =1} be a (d — 2)-dimensional slice at 7 and let 11, denote
the uniform measure on S;. We first prove that for all || < a/ {‘/H,

/ exp [A . lApy(X)] du(X)<1-— q—i—qe)‘. (5.10)
S

This is equivalent to showing (SN .A’;) < g, which can be computed directly. Suppose

Y=(y,+/1—-y%0,...,0). Then
S,ﬂAp={X=(t,u,...):ty+u,/l—y22tp,d}.

After scaling by 1/+/1— 12, S,OA’; is a spherical cap on S? 2 with altitude (tp,a —

) // (1 —y)(1 — £2), and so

(S N AD) = Wy <ﬂ) ,

VI =y =)

Recall that |7|, |y| < a//d, and a satisfies (5.9). This is upper-bounded by Wy 1(tga-1)=4q,
which proves (5.10).

Next we show that the integral on V,, — L, is small. For those ¢ < —a/~/d, the integral on
V, — L, can be bounded by that on L, since g is non-decreasing in the direction e as

Mg+ 1405 Va—La](h) <€ Mlg: Va — Lal()

<e)L (Ve —Lg)
- w(Va)

Here in the last inequality we apply Lemma 8 on u(V, — L,). Multiplying (5.10) by the value
of g on S, and integrating over || < a/~/d gives

MUg; Val(h) < 26~ VAI2HOO+A p 1o v 1(2).

Mg+ 145 Va]) = Mg+ 1403 La]V) + Mg+ 1 03 Ve — La](3)
< (1 — g+ ge* + 26 VAW Mg V| (). O

Finally, we derive an upper bound on gz_;(Xs) from Lemma 10, and complete the proof of
Proposition 13.

Proof of Proposition 13. Let A and c( be constants to be determined later, and define

h:= min Coﬁ’g .
a2

Define the index set
I'={1<k<n:Xp¢Lp}.

These vectors {Xi}res are atypical and have large contributions to M[gk; V,](1). Consider
the bad event B := {|I| > pen/16} of having too many atypical vectors. Its probability can be
controlled as follows. By Lemma 8, for a single k,

P(Xi ¢ Ly) = 2W(h/V/d) < exp (—Vdh*/2 + O(1)).
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A union bound gives
P(B)<2".P (Xk ¢ Ly forall 1 <k< ’%) <2"exp (%(—\/th/z + 0(1)))
<exp (—penﬁh2/64).
Since gr = (gk—1 + lAik )®, we can use Lemma 10 to bound M[gg; V,](A) as

(1 —g+qe* +o(1)Mlgk—1;Val(X),  kél,

;Va A < _ 1 ,Va A =
Migis Val®) s Mgior + Lag s Val®WI =y e vaoy ker

Note that M[go; Va1(A) = n(V,) < 1. We can deduce from above that for all 1 <k <n,
Mg Vald) < (1 = g + ge* + o)) exp N {1, ... K}
In particular, on B¢, [IN{1, ..., k}| <pen/16, and thus for all 1 <k <n,
log Mlgk: Val() < klog (1 — g+ ge* +o(1)) + Apen/16.

From here we derive a bound on g1 (X) by using Markov’s inequality. Since h < a/2 = O(1),
we have

(V= Vi) =< w(VE) = exp (—vdh* /2 + O(1)).
Then for all k ¢ I, Xy € L, and
Migk—1; Val(V) = Mlgi—1; Va — Vil(A) = pu(Vy — Vy)eh8k-1 &0

which implies

1 1
gk—1(Xp) < 5 log M[gi—1; Val(A) — 5 log u(Vy — Vi)

log (1 — A 1 dh?
_log(1—g+qe" +o ))(k—1)+p8n/16+f

1.
P . T

For ke, Xy ¢ Ly, and gx—1(Xx) <n is trivially true. Finally, we upper-bound n1,. Summing
over k, we get that on 5,

my=Y g1 (X0 + Y gk 1(Xe)
kel kel

_ log(1 —g+ge* +o(1)
- A

dh?
(';) +pen?/16 + "“g + O(n) + pen?/16.

Choose A such that (1/A)log (1 — g+ ge*) < p 4 pe/16, and ¢y < /peAr/10. Such a A exists
since

log (1 — 2
lim w:q<p+p8/16.
A—0t A
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Then m,, is bounded by

® +p8/16)<;> + pen?/16 + pen /16 + O (%) + pen?/16 < (p + pe/2) (’;)

So we can conclude that (5.6) holds on €. The proof of Proposition 13 is completed by noting
that

P(B) < exp (—penv/dh? /64) < exp (— min (c1(p, e)n?, c2(p, e)nv/d)),
where c¢1(p, €) :pec(z)/64 and c»(p, €) = pea? /64 are constants. O

Remark 7. We can determine the dependence of the constants in Theorem 4 (and also
Theorem 3) on p and ¢ by estimating the constants used in the proof of Proposition 13 Take
A =¢/100 and co = ,/pe/100. Note that o~ (p) ~ /Tog 1/p, so we may take

2=&)I(p)—<i>](p+p8/32):g( e )
2 Vieg(T/p))

Then the corresponding constants satisfy c{(p, ) = Q(p?e>) and c2(p, &) = Q(pe?//Tog 1/p).
This gives

a

3
P(Z) < exp (— min (Q(P284)n2, Q (&) n\/3>> .
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