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ABSTRACT

A methodology referred to as the continuation design framework is
developed for application to nonlinear flight control problems. This
forms the basis of a systematic approach to control system design for
aircraft operating in highly nonlinear regions of the flight envelope.
The essence of the continuation design framework is to combine bifur-
cation analysis with modern control methods such as eigenstructure
assignment. Theoretical and practical issues of the approach are
discussed with particular reference to the problems posed by agile
fighter aircraft. The proposed methodology is applied to a fifth order
hypothetical aircraft model and is shown to provide a visible, flexible
and logical approach to nonlinear aircraft control law design.

NOMENCLATURE

Symbols

a thrust model index

b thrust model index

H Height (m)

1. moment of inertia about x-body axis
I, product of inertia (x and z-body axes)
L, moment of inertia about y-body axis
I, moment of inertia about z-body axis

K
S

thrust model coefficient
thrust model coefficient
thrust model coefficient
thrust model coefficient
aerodynamic and propulsive rolling moment

aerodynamic and propulsive pitching moment or Mach

number

aerodynamic and propulsive yawing moment
body axis roll rate

body axis pitch rate

body axis yaw rate

engine thrust

full power thrust

full power thrust (4 = 0, Mach number = 0)
maximum reheat thrust

maximum reheat thrust (H = 0, Mach number = 0)
total translational velocity (constant)

vector of n state variables

desired system state

equilibrium point

x-axis nozzle pivot displacement

y-axis nozzle pivot displacement

y-wind axis aerodynamic forces

z-axis nozzle pivot displacement

z-wind axis aerodynamic forces
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Abbreviations

BA bifurcation analysis

BACTM bifurcation and catastrophe theory methodology
CDF continuation design framework

EA eigenstructure assignment

HHIRM hypothetical high incidence research model
ICE innovative control effectors

LQR linear quadratic regulator
UCAV uninhabited combat air vehicle

Greek letters

o angle-of-attack
B angle-of-sideslip
é vector of m controls

3, aileron deflection (degrees)

S, elevator deflection (degrees)

3, rudder deflection (degrees)

8,01 thrust vectoring roll control deflection (degrees)
5, throttle control input —0 < 3, < 1-0

O fp full power throttle control input

- thrust vectoring yaw control deflection (degrees)
A continuation parameter

P density

1.0 INTRODUCTION

The continuation design framework (CDF) is a practical extension to
the bifurcation analysis and catastrophe theory methodology
(BACTM) laid out by Mehra er al(-3). It provides a novel and
comprehensive approach to the control of highly nonlinear systems,
with particular application to aircraft flight dynamics problems. A
particular strength of the CDF is that the combination of analysis and
design methodologies leads to a much greater insight and under-
standing of both the open and closed loop systems. This paper
demonstrates advantages of the CDF approach, especially when
employed for rapid control law prototyping.

Bifurcation analysis is a methodology whereby a map of fixed
points (steady states) in state/parameter space is generated for a
nonlinear system. The stability of branches of these fixed points can
be examined in light of nonlinear systems theory, enabling the global
nonlinear behaviour of the system to be inferred. The CDF extends
this in an inverse sense, facilitating the design of the system to meet
desired behaviour. In principle, this can be applied to optimise
airframe sizing to meet stability and control requirments; but in
practise, by the time a good nonlinear mathematical model of
aerodynamic reactions has been derived, the airframe shape and size
is generally frozen. In practice therefore, the CDF is more useful for
control law design.

In this paper the open loop nonlinear system topology of a
theoretical aircraft model, the hypothetical high incidence research
model (or HHIRM) is examined. Strategies for control are derived,
and subsequent control system design is carried out using the CDF.
A fifth order version of the HHIRM is implemented and substantial
improvement in the aircraft response is demonstrated. Control
system design is carried out in accordance with desired handling
qualities levels.

The paper is organized as follows. The problem definition and
proposed continuation design framework is presented in Section 2.
Section 3 outlines the underlying theory contained within the
framework. The HHIRM is presented in Section 4 and the open
loop aircraft analysis in Section 5. Section 6 contains results for
the closed loop augmented HHIRM. Conclusions are given in
Section 7.
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1.1 Problem definition

Research conducted in the late 1970s (Mehra et al(-3)) demonstrated
the first comprehensive application of bifurcation analysis methods
to the flight dynamics field. The work carried out by Mehra during
this three year period was extensive and touched on many areas of
interest that are still under consideration today. Bifurcation analysis
and catastrophe theory methodology, as the new technique was
named, was applied to several different fighter aircraft models.
Results were generated for specific examples that related to jump,
hysteresis and limit cycle phenomena. A clear demonstration of the
new method’s potential was the identification for the first time of
wing rock onset as a Hopf bifurcation and its development into a
stable limit cycle.

The vast majority of subsequent applications of bifurcation
analysis dealt with the assessment of existing open loop and closed
loop systems, e.g. Jahnke“5), Guicheteau(®, Liebst and Planeaux(,
Lowenberg®-1D, etc. Some of this work focussed on the assessment
of new control laws, e.g. Littleboy, Nichols & Gibson(12 and
Littleboy and Smith(13), but the methodology had not been extended
to enable it to contribute directly to the controller design process.
Lowenberg® initiated this in the context of feedforward systems and
the development of bifurcation tailoring which is the manipulation of
the fixed point maps in state-parameter space. Both Mehra and
Lowenberg used open loop control in the form of aileron-rudder
interconnects to provide bifurcation-free manoeuvres.

The CDF however deals with feedback systems, allowing bifur-
cation tailoring to address both the stability and handling qualities
requirements of highly nonlinear aircraft models with wide operating
envelopes. The CDF approach combines continuation methods with
control system design processes. In this paper the control systems
design is achieved within the CDF using a classical state feedback
control structure and eigenstructure assignment embedded within the
continuation algorithm.

1.2 Continuation design framework

A summary of the CDF methodology follows. As this is an
extension to the BACTM methodology, it involves steps identified
by Mehra(-3), Goman(14-10) and Lowenberg®. The novel additional
steps are related to the explicit integration of a controller design
method and implementation in the context of design rather than for
assessment only. The framework has been laid out in three sections
which relate to the baseline analysis, checking the feasibility of the
desired equilibria, and control system design.

Note: not all these steps will always be necessary and individual steps
may be omitted depending on the design problem being addressed.

A — Analysis of the baseline model

1. Creation of one-parameter bifurcation diagrams for the baseline
nominal system.

2. Calculation of asymptotic stability regions for all the discovered
attractors (equilibria/fixed points and, in general, closed orbits).

3. Examination of eigenstructure variation (eigenvalues and eigen-
vectors).

4. Prediction of aircraft behaviour using information about the
evolution of the phase portrait and eigenstructure with the
continuation parameters.

5. Use of time histories to check the predicted behaviour and
transient characteristics of the aircraft.

B - Define and check feasibility of desired equilibria

6. Identify desired change in operating characteristics, specify
design goal in terms of the equilibria and eigenstructure.

7. Identify if the design goal is achievable physically and if a
possible steady state solution exists;
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i.e. use an inverse approach: find the parameter values (control
surfaces) that are required to give the desired branch of equilibria.
The desired equilibria will only exist if there is sufficient control
power available.

C - Design and evaluate gain scheduled controller

8. Select a suitable controller structure and control algorithm e.g.
state feedback or PID, LQR or eigenstructure assignment.

9. Implement controller structure and solve iteratively during
continuation for the controller gains (taking care to extract the
correct local stability for the desired branch).

10. If necessary re-run the continuation solving for additional
branches, revealing the global structure of the closed loop
system with the gains determined in step 9.

11. Use appropriate transformations to create state scheduled
dynamic controllers from the closed loop variation in gain. This
will account for hidden coupling terms when scheduling gains
against closely coupled states.

12. Use of time histories to check the predictions and transient
characteristics of the closed loop aircraft.

2.0 NOTES ON THE FRAMEWORK

The result of these steps is a methodology that, whilst requiring
knowledge of nonlinear systems theory, provides a much deeper
understanding of both the open and closed loop systems than
conventional approaches. The CDF formalises and extends conven-
tional control systems design approaches based on gridding,
trimming and linearisation of nonlinear aircraft models.

The use of eigenstructure assignment allows the placement of
selected eigenvalues with the use of selected state feedback.
Integration of the eigenstructure assignment algorithm within the
continuation algorithm allows elements of the controller to be
scheduled with outputs, states and/or parameters. For example,
eigenvalue position could be linked to chosen aircraft states and
eigenvector requirements could be relaxed at high angles of attack.
Integration of the gain calculation within the continuation algorithm
also ensures that the aircraft plus controller states are in trim at each
solution point.

Other methods for gain calculation can easily be implemented in
place of Eigenstructure Assignment and current work in Bristol
includes the application of LQR(7 within the CDF framework to
the ICE(® (innovative control effectors) UCAV model.

Continuation methods are based on steady states so numerical
simulation is necessary to check the predictions and transient
characteristics of the aircraft for large amplitude and/or rapid state
and parameter disturbance. The faster the parameter changes, the
greater the difference between the steady-state solution and
transient motion.

Gain variation may be highly nonlinear and implemented
schedules may have to be simplified. The gains are calculated
during each iteration and are stored for each solution point. As such,
the resulting gains show smooth variation with the states x but the
desired stability of the system is only achieved for fixed gains
around any given equilibrium point x*.

These gains can either be scheduled against the continuation
parameter (e.g. stick position) and/or uncoupled states.
Alternatively the gain variations can be transformed and scheduled
against desired system states xa(1920). The resultant controller allows
rapid variation in the scheduled variable whilst ensuring that the
system response closely tracks the desired response for each instan-
taneous state of the system.

The continuation design framework allows a more subtle
approach to control system design. Analysis of the baseline aircraft
model within the framework allows regions to be selected within
which the dynamic response is unacceptable. Within these regions
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closed loop and feedforward control is used to modify the
individual aircraft modes in light of existing control power. For
example, where aerodynamic controls lose authority at high angles
of attack, either the design requirements can be relaxed and/or
additional control motivators may be introduced.

3.0 THEORETICAL BACKGROUND

3.1 Bifurcation analysis

Bifurcation analysis for dynamical systems is normally applied to a

nonlinear model expressed as » first order autonomous differential

equations:

x=f(x,0) x, f e Rn de Rm (D

X is a vector of n state variables

) is a vector of m controls

X is the time derivative of x

f Rn x Rm — R~ is the continuous vector field
(the n nonlinear functions)

where

In the aircraft case, f consists of the standard flight dynamics
equations of motion; when feedback controllers are incorporated in
the model then equations are added to describe control, actuator and
sensor dynamics.

The basis of bifurcation analysis applied to large-scale highly
nonlinear models, such as aircraft, is the calculation of fixed points
(which are also referred to as zeroes, equilibria or stationary
solutions) i.e. X= 0. A full analysis often involves generating paths
of periodic orbit solutions in additional to those of the fixed points;
these are not required for the purposes of this paper. In this paper,
branches of fixed points are found as a selected parameter varies
whilst the other input values remain constant. The parameter
selected for this purpose is known as the continuation parameter, A
(a member of the parameter vector, 8). A numerical continuation
algorithm is used to solve for branches of steady states as A is
varied, with equilibrium specified as:
x=f(x,A)=0 x,fe Rn AeR ... (2
Continuation methods rely upon the implicit function theorem,
which states that if the Jacobian matrix of the linearised system at a
fixed point is invertible (i.e. non-singular) then there exists locally a
unique solution. So for all fixed points excluding those with a real
eigenvalue lying at zero, there exists locally a unique fixed point for
the given value of A. Therefore for a smooth variation in A from an
initial fixed point there must exist a unique curve of fixed points.
This assumes that the Jacobian remains non-singular; but most
continuation methods possess the ability to solve through certain
classes of singularity, e.g. folds (using the properties of an
‘extended’ Jacobian).

As parameters vary in a dynamical system, changes may occur in
the qualitative structure of the dynamics at certain parameter values.
These changes are called bifurcations and the corresponding
state/parameter values, bifurcation points. There are various types
of bifurcations, classified according to the centre manifold and
other dynamical systems theorems (see, for example, Ref. 21).

The continuation algorithm solves for the branch using a
predictor-corrector method. If an initial solution is known, then the
system can be extrapolated in the local region by an incremental
approximation in each system state Ax;. Newton’s method? is then
used to reduce the error between the approximation and the new
fixed point. For a continuous system, the fixed-point solution path
can be determined across the selected range of the continuation
parameter values.
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Table 1
Bifurcation diagram notation
Line type Equilibria type
Solid Stable
Dashed Unstable (divergent)
Dotted Unstable (oscillatory)

In order to generate all the branches that are present within a given
parameter range, a set of starting solutions is required for the system.
One of the main difficulties in applying bifurcation methods is in
finding these initial solutions. There are several approaches to solving
this problem, some systematic, some that require flight dynamics
insight and some based on the nonlinear systems theory. It should be
noted, however, that none of the methods can be guaranteed to find
all the starting solutions for a given set of nonlinear equations. In
most cases though, a combination of methods and perseverance
allows a comprehensive set of starting solutions to be found.

As the continuation along the branch proceeds, the system is
linearised about each fixed point in order to investigate its local
properties. The theorem attributed to Liapunov (1892)@3 relates the
stability of a nonlinear system to eigenvalues, p;, of the linearised
system, i.e of the Jacobian evaluated at the stationary point:

Re(l) < 0 for all j implies asymptotic stability
Re(u,) > 0 for one (or more) k implies instability of some kind

Results are usually presented in the form of one-parameter bifur-
cation diagrams showing each individual system state component
solution versus the continuation parameter. The stability of each
branch is indicated by line type. The conventions used in this paper
are shown in Table 1. Since limit cycles are not investigated here the
only bifurcation results presented are those relating to system
equilibria.

Linearisation and stability analysis of a nonlinear system can be
carried out at any point and simply indicates the behaviour of the
system as if it were trimmed about that point. Evaluating the
continuous set of fixed points of a nonlinear system instead of simply
gridding the flight envelope has several major advantages. It results
in a more feasible problem (reduced number of points to examine)
and may be more easily interpreted (e.g. a fixed point at low a may
correspond to conventional trimmed flight of the aircraft) and these
steady state conditions govern the way in which transient response
develops. Examination of the parameter dependence of the fixed
points using continuation methods and bifurcation theory will also
take into account nonlinear effects present in the system. Control
surface saturation for example can be easily identified together with
the steady-state deflections required for trimmed flight.

3.2 System stability

In the normal application of bifurcation analysis to a system, the same
set of equations is used for both continuation and when linearising the
system to evaluate the system stability. The continuation design
framework however incorporates several steps where the system
being used for continuation could be different to that used for the
stability analysis.

For example, in this paper, when using the continuation algorithm
to calculate steady state control deflections for given aircraft states
two different systems are used. In the first, the control deflections
(states) are found whilst trimming a constrained set of aircraft
equations of motion. In the second, the control surface deflections are
fixed and the system linearised with respect to the aircraft states in
order to find the correct Jacobian and corresponding stability.

There are other instances where it is useful to be able to distinguish
between the system being used for continuation and the system used
for stability analysis at each fixed point. Equations (3) and (4)
represent two nonlinear systems. In the general case, these two
systems need not be related but for most practical aircraft applications
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they are linked in some way, usually via the aircraft equations of
motion with different constraint equations.

X =f(x,0)=0 X, fi € R 8, € Rm ...3)
=, 8)=0 X,fe R 3, e Rk L4

Two general examples of where two systems might be used in the
CDF methodology are when solving for algebraic constraints on the
aircraft (e.g. when using a specific steady or quasi-steady state
condition such as turning flight) and when solving for gain schedules
during a continuation run. In a more general design application,
where optimisation is performed on a set of parameters to meet
several separate design criteria, more than two models may be used.

4.0 AIRCRAFT MODEL - HHIRM

The Hypothetical High Incidence Research Model (HHIRM)@29,
was created to provide a benchmark for nonlinear analysis and
control design. It was developed by Goman, Khramtsovsky and
Usoltsev in 1995 for the then UK Defense Research Agency (now
QinetiQ). The aerodynamic characteristics of the HHIRM are very
similar to those of many existing combat aircraft and can be easily
tuned to arbitrarily chosen characteristics for qualitative nonlinear
dynamics analysis and control law design.

The HHIRM is ideal for research into control law design because
the aerodynamic and thrust models are entirely based upon simple
mathematical functions of aircraft parameters. The aerodynamic
control surfaces used in this work are the elevator (—40 < §, < 40
degrees), aileron (30 < 3, < 30 degrees) and rudder (-30 < §, < 30
degrees). No control surface rate limits are applied. All the
functions used to create the aerodynamic model are smooth, and it
is therefore implicit that within the specified control surface limits
the model may be highly nonlinear but remains smooth (differen-
tiable) with continuous first derivatives. The use of mathematical
functions instead of large unwieldy aerodynamic tables means that
the software code for the entire model is far smaller and faster to
run.

In the asymmetric version of the model, lateral-directional
asymmetry appears at zero sideslip, zero rotation rate and zero
aileron and rudder deflection above a certain angle-of-attack, o.
This is uncontrollable at very high o using rudder and aileron due to
both reduced control surface authority and large lateral-directional
moments. There is also an associated loss of directional stability
due to shadowing of the vertical tail, and loss of lateral stability
arising from forebody vortex breakdown effects. In this paper we
consider the fifth order reduced-order form of the model.

4.1 Fifth order HHIRM

The fifth order implementation of the HHIRM represents the
approximate short period, Dutch roll and roll subsidence modes:

& = g—TanB(pCosa + rSinar) + Zy

mV,CosB
B= pSinOL—rCOSOL-Fi
myy
p:i{(l}“’ ~1.)gr+1. (- + pg)+ L] .5)
q.:[iy{(llz _]LY)rp+IXZ (rz _p2)+M]
r’:li[(ln—l,},)pqﬂn (p—qr)+N]
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starboard (s)

port (p)

Figure 1. Thrust vector alignment.

A complete breakdown of the aerodynamic model is given in Ref.
24. In summary however, the force and moment terms (Y,,, Z,, L,
M and N) include both aerodynamic and propulsive components
calculated using the predefined mathematical functions.

4.2 HHIRM thrust model

The HHIRM includes a nonlinear engine model, as well as thrust
vectoring for use in advanced control law design. There have been
several notable research programmes (e.g. NASA F-18 HARV29)
where thrust vectoring has been shown to dramatically improve
aircraft handling in the high o regions of the flight envelope.

The HHIRM is considered to be a twin engine aircraft with the
subscripts s and p in the following equations denoting the
starboard and port engines respectively. Full power (7j) and
maximum reheat (7,,) thrust are approximated for any given point
in the flight envelope as follows:

T, =T, (\+K" WM +K P @ M )[p(g))] ()
P
Tmr = Tmr() (1 J’,Klm” (H )M +K é”" (H M 2)[‘;(([(—)[))] . (7)

The coefficients K/», K,», K;mr, Kym and a and b are calculated
using the same spline routines that are used for the aecrodynamic
data. Full power thrust 7y, (H = 0, M = 0) and maximum reheat
thrust 7,,,, (H =0, M = 0) are constants.

A simple linear interpolation is then used to calculate the power
produced at the current throttle setting & Equation (8) is used
when the throttle setting & < 8 and Equation (9) when the
throttle setting & is in the reheat region.

61
r=1, 5 .8
T=T (T -T ) Sf 8!/[’ (9)
o mr o 1-8 T

o

Thrust vectoring is considered to be obtainable in two axes for
each nozzle independently. The direction of thrust is controlled
with parameters 8, and 6, corresponding to nozzle deflection.
These are shown in Fig. 1 applied to the port nozzle (p). Note the
central line corresponds to the engine axis which is aligned to the
body axis of the aircraft. The thrust vectoring is applied in order
to increase the available control power, in particular in the high
alpha regions of the flight envelope where the aerodynamic
control surfaces lose authority.

Positions of the starboard and port nozzle hinges as shown in
Fig. 1 are given in Equations (10) and (11) (metres). The only
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5 -10
&, (deg)

Figure 3. o (deg) vs J, (deg) reduced range for the symmetric HHIRM.

difference between the two nozzle positions is a lateral
displacement. This is symmetric around the centreline which is
indicated by the displacement being at + y;.

ry=(x;,¥;,2)=(50,05,00) ... (10)
r, = (X, =¥ 2) = (50,05, 0-0) .1

Several assumptions are made in order to simplify the engine
model. The first is that the throttle setting to each nozzle is
identical, resulting in a single throttle control. The second is that
the deflection of each nozzle is coupled to the other. Simultaneous
deflection of the nozzles laterally (8,) in the same sense allows a
contribution to yaw control. Differential deflection in pitch (5,)
with the deflection of each nozzle being directly proportional but
in an opposite sense allows a contribution to roll control. Thus
nozzle deflection is linked to two new control variables 9,,; and
8, It is assumed that the nozzles are ideal and therefore there
are no thrust losses associated with nozzle vectoring. A maximum
nozzle deflection of £20 degrees is used in this paper.
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Figure 4. p (deg/s) vs 3, (deg) for the symmetric HHIRM.

5.0 HHIRM BASELINE

5.1 Symmetric fifth order HHIRM

The results given in this section are for the nominal baseline
HHIRM configuration. Figures 2, 3 and 4 are bifurcation diagrams
of a and p plotted against the continuation parameter, J,. Three
branches are shown in each plot: the main trim branch, which
exists with zero lateral-directional variables between 8, = +40
degrees; and two unstable spin branches which intersect with the
main trim branch. All branches are symmetric about zero for the
lateral states. At low o the main trim branch is stable, corre-
sponding to conventional flight at low angles-of-attack.

In Figs 2 and 3 at oo = 26.5 degrees there is a qualitative change
in stability from stable to oscillatory unstable with a complex
conjugate pair of eigenvalues crossing through the imaginary axis
indicating a Hopf bifurcation. This corresponds to the Dutch roll
mode going unstable and relates to the possible onset of wing
rock. It is not possible to tell from the fixed points whether a
stable limit cycle is created (limit cycles would need to be solved
for separately). This section of the equilibria branch does not exist
over a wide parameter range and at 28 degrees o there is another
change in stability from oscillatory unstable to divergent
behaviour. This relates to the complex pair in the right half plane
meeting on the real axis and separating into two real eigenvalues.
The system then remains unstable up to o = 45-5 degrees where
the branch again becomes oscillatory unstable. This continues
until a second Hopf bifurcation at o = 52-3 degrees. The
remaining section of the branch (deep stall, down to —40 degrees
elevator and o = 60-5 degrees) is stable.

The two symmetric branches with non-zero roll rate, p, that
exist at large negative and positive o both cross the main branch
at pitchfork bifurcations. As both of these branches are unstable
they do not represent stable attractors towards which a trajectory
would move but would interact with the main branch to produce
highly nonlinear behaviour. For example, there is a section of the
plot relating to a fixed elevator deflection for which there is no
stable branch. At this point the aircraft could either move towards
a stable limit cycle or enter oscillatory (possibly chaotic)
behaviour governed by the multiple branches that exist for that
elevator deflection.

At this point results have been generated which correspond to
CDF steps 1 (creation of one-parameter bifurcation diagrams) and
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Figure 5. o (deg) vs §, (deg) for the asymmetric HHIRM.

Figure 6. p (deg/s) vs 8, (deg) for the asymmetric HHIRM.

4 (prediction of aircraft behaviour) in the analysis of the baseline
model. It is possible to look more closely at the eigenvalue
variation, estimate basins of attraction and generate time simula-
tions; here however, we move on to a second set of results for the
asymmetric model which represents a second challenging control
problem.

5.2 Asymmetric fifth order HHIRM

Figures 5 and 6 contain the bifurcation diagrams for the fifth order
asymmetric HHIRM. As before, two of the five states are shown,
o and p, plotted against the continuation parameter 9,. As
expected, the plots are no longer symmetric with asymmetric
lateral-directional components arising in all three branches. In the
low o region however, the main trim branch is symmetric,
consistent with conventional low o flight. The modes in this
region are decoupled and relatively well damped which would be
reflected in the eigenvalues and eigenvectors of the system if
linearised in this region.
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As o increases, asymmetry sets in at approximately 26 degrees
o and the system folds very shortly afterwards undergoing a
change in stability corresponding to a single real eigenvalue
crossing into the right half plane. The limit of this branch is at the
maximum positive elevator deflection, (8, = +40 degrees).

The upper branch appears similar in nature to the symmetric
implementation with a stable deep stall although the branch now
has nonzero lateral components. As it folds back down to lower a,
there are associated changes in stability. The limits on both the
upper and mid branches are linked to the maximum elevator
deflection.

As with the symmetric HHIRM model one-parameter bifur-
cation diagrams have been generated. In the next two sections,
steps 6 and 7 of the CDF are considered; identify the desired
change in operating characteristics and identify if the design goal
is physically achievable.

5.3 Open loop bifurcation tailoring of equilibria

One way of checking whether the design goal is physically
achievable, (i.e. that it is possible to create the desired steady
state) is to carry out an implicit inversion of the state equations in
order to obtain the desired steady state point or branch. This is
achieved through the open loop bifurcation tailoring of the system,
where the continuation algorithm is used to find control surface
deflections consistent with desired steady states. The calculation
of steady state control deflections or parameters will allow
demanded trim conditions to be defined but will not guarantee or
specify the associated stability. Consider a system described by:

X =f(x,p,q) ...(12)
y = h(x) ... (13)
where

x € Rr system state,
p € R'is a slow-varying system input,
y € R system output and
q € Rmis the vector of all system inputs other than p

The bifurcation tailoring problem®.:26 is to design a control law
q such that the output of the controlled system has a desired
dynamical behaviour as the parameter p varies from p, to p,:

va* (@) =g, ) for p € [pa> ) (14

where for a given p € [p, , pl, €@, ?) could be a point, a limit
cycle or even chaotic. In order to check the feasibility of a desired
steady state, only the bifurcation tailoring of equilibria is
considered. Without loss of generality, we could assume that the
outputs are the first m states of the system which we label x;

Y =X1=[x), ..., X, )7 ... (15)

In what follows we focus our attention on the problem where the
desired objective is for the controlled system to exhibit a branch
of equilibria such that, as the parameter p is varied:

xi(p) = g() forp € [pa ps) ... (16)

where g is an m-dimensional smooth function of p. This means
that, for a given p € [p,, p,], the desired output is a point, and that
this point varies smoothly as p varies from p, to p,. Partition the
state vector x as x = [x;T xyT]7 where x;; = [x,,,, ... x,,]7 and define
the auxiliary vector z as:

)
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&, (deg)

Figure 7. o (deg) vs §, (deg) for the asymmetric HHIRM tailored to
give B=p=0.

For any given p € [p,, py], z € R should satisfy the equation:

£(&(p)xy.p.9) = f(z,p)=0 ...(18)

In fact, if Equation (18) is satisfied, the system will exhibit a
branch of equilibria with the desired shape over the parameter
range p € [p,, pp]- The implicit function theorem states that if the
Jacobian of f with respect to z is invertible, then Equation (18)
implicitly defines z as a function of p, i.e.

. X, (P)
z=z,(p)=|"" 19
4.(p) - (1)
which means that
X, = x:u,(p) ... (20)
X, (P)
is an equilibrium point of the open loop system
X =f(x,p, q4 (@) -2

Therefore, if x’; is an asymptotically stable equilibrium point of
Equation (21) for any p € [p,, p,], then it is possible to use the
control input q = q’y(p) to generate the desired steady states:

x:Id (»,)
4,(p,)

In summary, this approach generates control deflections during a
continuation run which correspond to a set or branch of desired
steady states. A solution to the bifurcation tailoring problem is not
guaranteed in a nonlinear system, especially with hard nonlinear-
ities such as control surface saturation. It is precisely this aspect
that allows the open loop bifurcation tailoring to identify the feasi-
bility of proposed closed loop design goals.

1=2,(p) = .2)

5.4 Bifurcation tailoring of the HHIRM

The design goal in this section is to generate a set of equilibria
which have zero roll rate p and zero side-slip angle B for the
asymmetric fifth order HHIRM. The approach taken is to use
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Figure 8. o (deg) vs §, (deg) for the asymmetric HHIRM
tailored to give B = p=0.

-20 -13 -10 -3 o 3 10 13 20

Figure 9. o (deg) vs 8, (deg) for the asymmetric HHIRM
tailored to give B = p=0.

open loop bifurcation tailoring to achieve step 7 in the CDF;
identify if the design goal is physically achievable.

The continuation algorithm was set up to find aileron and
rudder deflections that would give zero sideslip  and zero roll
rate p. Two systems of equations were used; the first system
solved for a, J,, 8,, ¢ and r for the constrained equilibria and the
second calculated the system stability using o, B, p, ¢ and r at
each steady state identified. )

In the constrained system the [§ and 7 equations were solved for
6, and O, respectively (for the desired B and p values). For
stability, B and p again took their desired (specified) values and
perturbations in both were used to find the Jacobian matrix.

The results of the run are shown in Figs 7, 8 and 9. Plots are
shown of o against §,, §, and J,. The continuation parameter for
the run was the elevator, J,, and the limits placed on the run were
0 < a0 < 40 degrees. The upper limit of 40 degrees was chosen for
this run as at just over 40 degrees o both aileron and rudder
rapidly saturate. This demonstrates graphically that the desired
equilibria are achievable up to the 40 degree o limit.
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Figure 10. HHIRM control system.

The stability results used for the plot lines in Figs 7, 8 and 9 are
based on the the fifth order system with the states o, B, p, ¢ and r.
These results indicate a Hopf bifurcation and loss of stability
before the complex pair meet on the real axis and the system
becomes divergent at high a. The change in stability from the
baseline analysis is a result of a change in the phase space through
which the system now moves. Hence the stability of the system is
different to that of the unaugmented aircraft because the trimmed
values of the states are different.

The calculated aileron and rudder deflections (shown in Figs 8
and 9) become non-zero at the point where the asymmetry sets in
on the baseline aircraft (i.e. at oo = 26 degrees). Thus the steady-
state deflections are used to offset the non-zero lateral-directional
moments that are contained in the HHIRM model.

These results are not in themselves a usable control scheme,
most notably due to the remaining lack of stability and uniqueness
that offers little improvement over the baseline aircraft. There are,
however, two possible routes to follow; the first is to take the
calculated schedules as they stand and to add feedback in order to
stabilise the system on the newly created branch.

The second route is to use the results as a guide for an alter-
native control scheme. It is clear that the model has enough
control power to counter the steady state asymmetric moments up
to oo = 40 degrees. Therefore open loop bifurcation tailoring has
confirmed sufficient control authority for steady states and given a
useful degree of visibility as to the evolution of the system as
parameters vary. Alternative control strategies and stuctures may
now be implemented in the knowledge that the control surfaces
will not saturate over the specified range.

In this section it has been shown that steps 6 and 7 within the
continuation design framework can be carried out using open loop
bifurcation tailoring and can be used to investigate possible control
system design requirements. The feasibility of defined equilibria
have been checked, confirming sufficient steady state control
motivation before implementation of the final control scheme.

6.0 CLOSED LOOP HHIRM RESULTS

In Section 5 results were shown for the HHIRM which looked at
several steps from section A (Analysis of the baseline model) and
B (Define and check feasibility of desired equilibria) in the
continuation design framework. In this section results are
presented for section C (Design and evaluate gain scheduled
controller).

6.1 Desired eigenstructure

The overall design goal for the HHIRM is to create a single
branch of stable steady states which exhibit demanded stability
modes. For the purposes of this paper, eigenstructure assignment
is used to calculate the control system gains and a standard
command augmentation system (CAS) is used to create the
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Figure 12. Lateral feedback to J,.

demanded response. The following desired eigenvalues are
selected to meet level 1 handling qualities requirements@”):

Short period -2-0+2-07
Dutch roll -1-5+1.5f
Roll subsidence -3-0

There are two complex pairs and a single real eigenvalue. The
eigenvector selection was made to provide maximum decoupling
between longitudinal and lateral modes. Thus, if achievable, the
closed loop system should display conventional closed loop
aircraft modes.

6.2 Closed loop symmetric HHIRM

The purpose of this section is to demonstrate the benefit of using
the continuation design framework to generate gain scheduled
controllers. In order to minimise the complexity of the control
system the symmetric version of the HHIRM has been imple-
mented which means that for the lateral modes only a stability
augmentation system (SAS) is required.

The lateral-directional aerodynamic controls are augmented
with thrust vectoring (detailed in Section 4.2) and the throttle has
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Figure 14. Lateral feedback to 0,,,,,.

been set to its maximum setting of 1-0. This is done to compensate
for the loss in aerodynamic control authority at high a. The
augmented system results in increased overall lateral-directional
control authority and corresponding smaller required feedback
gains.

Figure 10 is a schematic diagram of the lateral SAS and the
longitudinal CAS implemented on the symmetric HHIRM. A
standard eigenstructure assignment routine is used to place the
Dutch roll, roll subsidence, short period and CAS integrator
modes. The system is symmetric and decoupled throughout the
desired range of 0 < o < 60 degrees and therefore only the lateral
states are fed back to the lateral control and only the longitudinal
controls are fed back to the elevator. There is no need for cross
terms in order to decouple the system.

The continuation software AUTO®®) was set up to find the
steady states whilst calculating the closed loop feedback gains.
This results in the steady states being trim points of the closed
loop system and both the controller and the aircraft being
trimmed. The steady state gains are stored as gain schedules and
are shown in Figs 11-15. These show a smooth variation in all five
sets of gains over the required o range.

Figures 11, 12 and 13 show the longitudinal and lateral state
feedback gains to the longitudinal (elevator 3,) and lateral (aileron
d, and rudder §,) aerodynamic control surfaces. The gains are
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Figure 16. Closed loop eigenvalues.

relatively small and show a smooth variation. In the lateral gains
there are sign changes in the gains corresponding to the high o
region reflecting the nonlinearities present in the HHIRM model.

What is not shown here in the interests of brevity is that without
thrust vectoring the gains ramp up considerably beyond o = 25
degrees due to the eigenstructure requirements and the loss in
aerodynamic control surface effectiveness. This leads to rapid
saturation of the control system at high o during simulation.

Figures 14 and 15 show the lateral feedback gain variation to
the thrust vectoring nozzles. These gains are small at low o where
the aerodynamic control surfaces have sufficient control authority
and increase in magnitude at high o in order to compensate for the
loss in aerodynamic control.

The maximum gain for the nozzles is found at o. = 40 degrees
where the aerodynamic control power is at a minimum. It is inter-
esting to note that unlike the aerodynamic controls there is no
reversal in the sign of the gains. This is because the sense of the
control remains constant no matter what the angle-of-attack
(unlike the aerodynamic control gains shown in Figs 11 and 12).

There are several factors which influence the magnitude of the
nozzle control gains including available thrust and demanded
eigenvalues. Using the continuation design framework it is
possible to schedule available thrust or demanded eigenstructure
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Figure 17. Thrust vectoring HHIRM time simulation: roll response.

with an aircraft state such as angle-of-attack, o. This approach
could be taken where insufficient control power were available
and reduced dynamic response would be preferable to control
surface saturation.

Figure 16 is a plot of the system eigenvalues throughout the
demanded o range (0 < o < 60 degrees). This plot was generated
on a second continuation run with the gains scheduled against the
continuation parameter (step 10 from the CDF — If necessary re-
run the continuation solving for additional branches). No
additional branches were identified and it is evident that there is
minimal variation in the eigenvalue position due to the smooth
variation in required gains. Although simple actuator models were
used for both aerodynamic and thrust vectoring controls, only the
eigenvalues associated with the Dutch roll, roll subsidence, short
period and integrator are shown.

Reaching step 10 in the CDF, this paper has shown an analysis
of the baseline HHIRM model, defined and checked the feasibility
of the desired equilibria (they already exist in the baseline
symmetric HHIRM model) and designed a gain scheduled
controller, calculated wusing an embedded eigenstructure
assignment routine within the continuation software.

It is possible to account for some of the hidden coupling terms
when scheduling against closely coupled states(19 which is given
as step 11 in the CDF. For the purposes of this paper however, the
last set of results will be time simulations of the closed loop
HHIRM aircraft model with the gains scheduled with the
demanded input. Because the closed loop system is fully
decoupled and the lateral directional feedback gains are scheduled
with o, hidden coupling terms do not present a problem.

Figure 17 shows the response of the closed loop system to a ten
degree/s perturbation in roll rate p. The first plot shows that for
all three values of o (10, 30 and 50 degrees), the roll rate
response is almost identical; an exponential first order decay
characteristic. This is because the eigenvector requirements were
selected to ensure that the Dutch roll mode remained dominant in
sideslip, B, and yaw rate, r. As a result, perturbations in roll
excite the roll subsidence mode no matter where in the a range
the system is excited.

Different aileron, rudder and thrust vectoring deflections are
required at the different angles-of-attack. There is a small period
in which the thrust vectoring yaw control 3, saturates. There is
no visible effect on the overall response of the aircraft; however, it
is a sign that the gains of the system are too high if such a small
perturbation in roll rate causes saturation. The roll control
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Figure 18. Thrust vectoring HHIRM time simulation: yaw response.

motivators (8, and §,,;) only undergo small deflections,
indicating sufficient control power whereas both yaw motivators
(8, and §,,,) undergo large deflections indicating insufficient §,,,,
authority for the required response.

Figure 18 shows the response of the aircraft to a 10 degree/s
yaw perturbation applied after 10 seconds. The yaw rate
response, r, is clearly second order in nature and for the 10 and
30 degree o plots represents an ideally damped (£ = 0-707) Dutch
roll mode. However, at 50 degrees a the response is different.
The reason for this becomes obvious if the plot of the thrust
vectoring yaw control is considered. Saturation occurs almost
immediately after 10 seconds and continues for almost 1-5
seconds. This again shows that there is insufficient yaw control
available to give the response required even with the additional
thrust vectoring.

As noted before, in order to prevent saturation, the require-
ments on the eigenstructure assignment could be relaxed. If there
were no requirement to keep specific components of a mode
consistent throughout the o range then this would result in lower
gains but a dynamic response that would vary as o increases.
Secondly, the position of the eigenvalues could be relaxed and
moved closer to their nominal positions. Finally, limits on the
thrust vectoring capability were chosen to be conservative. If
more thrust were available, maximum nozzle deflection and/or
the distance between the nozzles increased then the gains
required would correspondingly decrease.

At this point, step 12 in the continution design framework (time
simulations) has highlighted several changes that could be made
to the desired dynamic response and control system. If this control
system design were to be used in practice then iterating through
the CDF would allow the control system design to be refined.

7.0 CONCLUSIONS

This paper has introduced the concept of embedding a controller
design method within a continuation algorithm. This allows gain
schedules to be defined over wide operating regions of smooth
nonlinear dynamical systems. Eigenstructure assignment was
used as an example to design gain schedules that — within the
limits of available control power — maintain consistent handling
qualities over a very large incidence range for a fifth order imple-
mentation of a hypothetical aircraft model with highly nonlinear
aerodynamics.
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The continuation design framework (CDF) represents the
extension of bifurcation and continuation methods from an
assessment tool to a systematic methodology for control law
design. A particular strength of the technique is the link with the
underlying physics of the problem, allowing the designer to easily
identify design goals, implement controllers and evaluate changes
to the baseline model.
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