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We discuss the moment condition for the fractional functional central limit theo-
rem (FCLT) for partial sums of x; = A~%u,, where d € (- %, %) is the fractional
integration parameter and u; is weakly dependent. The classical condition is exis-
tence of ¢ > 2 and g > (d + %) ~! moments of the innovation sequence. When d is
close to —% this moment condition is very strong. Our main result is to show that
when d € ( — %,O) and under some relatively weak conditions on u;, the existence
ofg = (d+5)7"
grated processes and that g > (d + %) ~! moments are necessary for more general
fractional processes. Davidson and de Jong (2000, Econometric Theory 16, 643—
666) presented a fractional FCLT where only ¢ > 2 finite moments are assumed.

As a corollary to our main theorem we show that their moment condition is not
sufficient and hence that their result is incorrect.

moments is in fact necessary for the FCLT for fractionally inte-

1. INTRODUCTION

The fractional functional central limit theorem (FCLT) is given in Davydov (1970)
for partial sums of the fractionally integrated process A™%¢;, where A™¢ =
(1 — L)~ is the fractional difference operator defined in (3) in our Section 2
and ¢; is independent and identically distributed (i.i.d.) with mean zero. Davydov

We are grateful to Benedikt Potscher, three anonymous referees, and James Davidson for comments and to the Social
Sciences and Humanities Research Council of Canada (SSHRC grant 410-2009-0183) and the Center for Research in
Econometric Analysis of Time Series, (CREATES, funded by the Danish National Research Foundation) for financial
support. Address correspondence to Morten @rregaard Nielsen, Department of Economics, Dunning Hall Room 307,
Queen’s University, 94 University Avenue, Kingston, Ontario K7L 3N6, Canada; e-mail: mon@econ.queensu.ca.

(© Cambridge University Press 2011 671

https://doi.org/10.1017/50266466611000697 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466611000697

672 SOREN JOHANSEN AND MORTEN @RREGAARD NIELSEN

(1970) proved the fractional FCLT under a moment condition of the form E|¢; |7 <
oo forg >4 and ¢ > —4d/(d + %), which was subsequently improved by Taqqu
(1975)to g >2and g > qo = (d + %)_1. The standard moment condition from
Donsker’s theorem is ¢ > 2 (see Billingsley, 1968, Ch. 2, Sect. 10), and because
the condition g > ¢gq is only stronger than ¢ > 2 when d < 0 we consider only
de(— %, 0).

The fractional FCLT has been extended and generalized in numerous direc-
tions. For example, Marinucci and Robinson (2000) replace ¢; by a class of lin-
ear processes, assuming the moment condition g > ¢gg. The latter authors proved
FCLTs for so-called type II fractional processes, whereas Davydov (1970) and
Taqqu (1975) discussed type I fractional processes, but the distinction between
type I and type II processes is not relevant for our discussion of the moment
condition.

Davidson and de Jong (2000, henceforth DDJ) claim in their Theorem 3.1 that
for some near-epoch dependent (NED) processes with uniformly bounded gth
moment the fractional FCLT holds, but (incorrectly, as we shall see subsequently)
they assume a much weaker moment condition than previous results, namely,
q > 2. To the best of our knowledge, Theorem 3.1 of DDJ is the only fractional
FCLT that claims a moment condition that is weaker than the earlier condition.

In the next section we give some definitions and construct an i.i.d. sequence
and a fractional linear process that are central to our results. In Section 3 we
present our main results, which state that if the fractional FCLT holds for any
class of processes U (¢) with uniformly bounded gth moment containing these two
processes, then it follows that g > qo if the fractional FCLT is based on fractional
coefficients and g > g if the coefficients are more general. The proofs of both
results are based on counterexamples that are constructed in a similar way as a
counterexample in Wu and Shao (2006, Rmk. 4.1). In Section 4 we discuss the
results and give two applications. In particular, it follows from our results that
if the FCLT holds for NED processes with uniformly bounded ¢ moments, then
q > qo. Hence DDJ’s Theorem 3.1 and all their subsequent results do not hold
under the assumptions stated in their theorem.

Throughout, ¢ denotes a generic finite constant, which may take different val-
ues in different places.

2. DEFINITIONS

DEFINITION 1. We define the class Uy(q) as the class of processes u; that
satisfy the moment condition

sup Elus|? <oo for someq >?2 (§))
—00<I <00

and have long-run variance
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2
T
o= lim T_1E<2ut> , 0 <02 < o0. ()

T—o00 =1

For such processes we define two subclasses of Uy(q) as follows.

(i) Urin(q) C Uo(q) is the class of linear processes u, € Uy(q) satisfying
Uy =02 0 Tn&r—n, where 3,00 Zj’in sz < oo and & is i.i.d. with mean zero
and variance a* > 0.

(ii) Unvep(q) C Uo(qg) is the class of zero mean covariance stationary
processes u; € Ug(q) that are L-NED of size —% on v; with d; = 1,
where v, is either an o-mixing sequence of size —q /(1 —q) or a ¢-mixing
sequence of size —q/(2(1 — q)); see Assumption 1 of DDJ.

Note that the condition ¥,2(¥7, sz < oo in the definition of the class
Ur1n(g) neither implies nor is implied by (2). Also note that if u; € Urin(q)
then u, is zero mean and stationary.

Next we define the fractional and general fractional processes.

DEFINITION 2. For any u; € Uy(q) we we define the fractional process

o0
1
xe=A"u = bj(du—; for — 5 <d <0, A3)
j=0

where bj(d) = (—1)/‘(7) =dd+1)...(d+j—1/j! ~cj?' are the
fractional coefficients, i.e., the coefficients in the binomial expansion of (1—z)~¢,

and ~ means that the ratio of the left- and right-hand sides converges to one. The
general fractional process is defined by

o0
1
X = Zaj(d)u,_j for — - <d <0, )
j=0 2
where a;(d) ~ cl(j)j4 " and €(j) is a (normalized) slowly varying function; see
Bingham, Goldie, and Teugels (1989, p. 15).

Note that the b; (d) coefficients from the fractional difference filter are a special
case of a;(d). The processes (3) and (4) are well defined because, with ||x]|>
denoting the £;-norm, we have from (1) that

o
llaello < Nuell2+e 3 €)™ lu—jllz < ¢ ford <0
j=1
using Karamata’s theorem; see Bingham, Goldie, and Teugels (1989, p. 26).
We base our results on the construction of the following two specific processes.

DEFINITION 3. Let ¢; be i.i.d. with mean zero, variance 082 > 0, and finite qth
moment for some q > 2 to be chosen later. For such &, we define the following two
processes.
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(i) uy =é.

(ll) Uy = &;+ A1+d8[

For these two processes we note the following connection with the classes
ULin(g) and Unep(q).

LEMMA 1. Ford € (— %,O) and fori = 1,2, uj; e Urin (@) "\ UNED(q), and

. .2
the long-run variance of uj; is ;.

Proof. Clearly, uj; = &; is contained in both U ;n(q) and Uy Egp(g) and has
long-run variance o 2.
The process uy; = &; + Atdg, =g, + Z}'io bj(—d — 1)&;_j is a linear process

and
ZZb( d—1)2<c2 ZJ—M 4<c2n = <e forde<—1,0>,
n=0j=n n=1j=n 2

so that uy, is in Uz 1n(q). To see that uy, is in Uy g p(q), we calculate

00
[luzr —Euosler—ms .- erpm)ll2 = || Z bp(=d —1)er—ull2
n=m+1
o 172
C( Z n—2d—4> Scm—d—3/2_
n=m+1

Because %—I—d > % ford e (—3,0), this shows that uy, is £,-NED of size —3 on

&, and hence uy; is also in Uy g p(q). The generating function for uy, is f(z) =
14 (1 —2)"*4 and for z = 1 we find because 1 +d > 0 that f(1) = 1. There-

2
fore the long-run variance of uy, is lim7_ s T-E (Zthl (8,+ A1+de,)> =
f()*Var(e,) = 2.

We next give a general formulation of the FCLT for fractional processes. For
this purpose we define the scaled partial sum process

[T¢]
Xr@=o07"Y x, 0<&<], (5)
=1

where 0% = E(ZtT:1 x;)? and [z] is the integer part of the real number z.

FRACTIONAL FCLT FOR U(q). Let X1 () be given by (5) and suppose x; is
linear in u;. We say that the FCLT for fractional Brownian motion holds for a set
U(g) C Uy(q) of processes if, for all u; € U(q), it holds that

X7 3 x©) inD[0,1], 6)

where X (&) is fractional Brownian motion.
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Here, 2) denotes convergence in distribution (weak convergence) in DI[O0, 1]
endowed with the metric dj in Billingsley (1968, Ch. 3, Sect. 14), which induces
the Skorokhod topology and under which DJ[0, 1] is complete.

3. THE NECESSITY RESULTS
Our first main result is the following theorem.

THEOREM 1. Let X7(&) be defined by (5) for x; given by the fractional
coefficients bj(d) in (3) with —% <d <0, and let U(g) C Uy(q) be such that
ujy € U(q) for i = 1,2. If the fractional FCLT holds for all u; in U(q) for some
q > 2, then q > qo.

Proof. We prove the theorem by assuming that there is a g; € [2, gg) for which
the FCLT holds for /(q;) and show that this leads to a contradiction by a careful
construction of &; and therefore u; and uy;.

For u;;,i = 1,2, we define x;; and X;7 by (3) and (5). Because u;; is in U(q1)
the fractional FCLT holds by the maintained assumption for u;;, and hence X; (&)
converges in distribution to fractional Brownian motion.

(a) The normalizing variance for Xi7. The variance of EITZlXU = Z,T:1
Ay, = Ztrzl A~4¢, can be found in Davydov (1970); see also Lemma
3.2 of DDJ:

2
T
ofr =E <qu> ~ o2V T2 (7)
=1

where
C=Tar 1z \2a41 o vemrran)

(b) The normalizing variance for Xor. We write x2; and X7 in terms of xy;
and X7, using (3) and (5):

X2 = A_duzt = X1t +8t —&r—1, (8)
1[Tfl , 1
Xor () =057 Y, x = 017057 X17(E) + 057 (6172 — €0). )]

=1

We next find that the variance of Zthl Xop = Zthl Ay, = Zthl (x1r4e—e—1)
is

T 2 T 2 T 2
0'22T=E<2x2z> =E<2(xn+et—ez—1)> =E<€T_€O+lez>
t=1

t=1 =1

T 2 T
=E(er —8())2+E (Z)q,) +2E (2 A_dat(gT —80)> .

t=1 t=1
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The first term is constant, the next is 0127, and letting 1¢4, denote the indicator
function of the event A, the last term consists of

T T o
E (Z A_detsr> = Z z bi(d)E(e;—keT)
=1

t=1k=0

00

T
=0 Y, 2 beld)ljg=—1) = 0;bo(d) =0
t=1k=0

B (i ) 3

b (d)E(e/—ke0)

M8

_.
-
Il

t= 0

00 T
D b= < ¢ 2 l<c¢ ford <0.
k=0 P

g
M‘i

t

Therefore,
oy ~ oir +c. (10)

(c) The contradiction. We now construct the i.i.d. process ¢, so that it has no
moment higher than gy, i.e., E|&;|9 = oo for ¢ > g1, by choosing the tail to satisfy

1
P(lé‘;lql > C) ~ m as ¢ — OQ. an

In this case we still have E|&;|7" < co. We then find
P(oyy max |ei| <c) = Plopleil <o)' = P(lerl” < coft)

=(1=P(|e;|9" > N qu/qO))T

T
|- 1
c1T91/90 (ql(logc—l—qo_1 log T))?2

T1=491/90
~exp| — — -0
¢4 (q1(loge+q,  logT))?

as T — oo because g1 < go. Thus, 0'1_T] maxj<;<7 || S 00 because the normal-
izing constant o117 = O'ngl/zT]/qO = angl/le/”d < angl/zT]/ql is too small
to normalize max<;<7 |&;| correctly.

The definition (9) implies the evaluation

max |ejT < max |errer— ol + €0
0§é§1| reil Osfsll (7] |+ leol

< max |oor Xo7 (&) + max [o17 X 17()] + leol
0<¢<1 0<¢<1
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such that

-1 -1 -1

o max |e < max |o,r o7 X + max |X +o+ |eol. 12
T Ogésll [T‘ﬂl_oggll 17 021 X217 (6)] 05551' 17 )|+ 017 leol (12)

We have seen in (7) and (10) that 022T ~ 012T +c and alzT ~ ng VT2 5 o0 for
de (— %,0), so that 01702}1 — 1. Therefore, both al_TlaZTXZT(f) and X 7(¢)
converge in distribution by the previous results, and it follows from (12) that
al_Tl maxo<¢<1 lerel is Op(1). This contradicts that o-l_T1 maxi</<7 |&| —P> 00
and hence completes the proof of Theorem 1. n

The proof of Theorem 1 implies that the issue is that the rate of convergence,
T_(d+1/2), of Zgii] A_dul, can be very slow for d close to —%. Thus, more
control on the tail behavior of the u; sequence is needed when d € (— %, O), and
this is achieved through the moment condition (1).

We end this section by giving a result that shows when the moment condition
q > qo is necessary instead of g > go. The former is the moment condition applied
by, e.g., Tagqu (1975) and Marinucci and Robinson (2000).

THEOREM 2. Let X7 (&) be defined by (5) for x; given by the general frac-
tional coefficients in (4) wit —% <d <0, and let U(q) C Uo(qg) be such that
ujy € U(q) fori = 1,2. If the fractional FCLT holds for all slowly varying func-
tions £(-) and all uy inU(q) for some q > 2, then q > qo.

Proof. We assume that there is a g1 € [2, go] for which the FCLT holds for
U(q1) and show that this leads to a contradiction. For u;;,i = 1,2, we define
xjr and X;7 by (4) and (5) and use the proof of Theorem 1 with the following
modifications.

(a) From Karamata’s theorem (see Bingham, Goldie, and Teugels, 1989,
p. 26), we find that the normalizing variance is 012T ~ cl(T)* T+ =
ct(T)?T %,

(c) We choose the tail of ¢; as in (11) in the proof of Theorem 1 and take
£(T) = (log T)~! and find

—1
P(oy 1ISntanrleA <c)

—1
=P leil <o) = P(e? < cMoff)”

=(1=P(le|? > O qu/lIog(T)tll ))T

T
] 1
1 T0/900(T)1 (g1 (loge + gy ' log T +1og £(T)))>

T!-a/awp(T)"N
~exp| — — -0
c? (qi1(logc+qq  logT +1og€(T)))?
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as T — oo because g1 < go. Note that even with g; = go (and go > 2
because d < 0) we have the factor exp(—c(log 7)9'~%) — 0, which ensures
the convergence to zero. The contradiction follows exactly as in the proof
of Theorem 1. n

4. DISCUSSION

In this section we present two corollaries that demonstrate how our results apply to
the processes in Marinucci and Robinson (2000) and to those in DDJ, respectively.

We first discuss the implications of Theorem 1 for the results of DDJ, who state
(in our notation) the following claim (given as Theorem 3.1 in DDJ).

DDJ CLAIM. If X7 (&) is defined by (3) and (5), where |d| < % and u, €

UnED(q) for q > 2, then X1 (&) 2) X (&) in DI0, 1], where X (&) is fractional
Brownian motion.

It is noteworthy that Uy g p(g) allows u; to have a very general dependence
structure through the NED assumption, but in particular that DDJ assume only
that sup, E|u,|9 < oo for g > 2, which is weaker than ¢ > go if d < 0. The
following corollary to Theorem 1 shows how our result disproves Theorem 3.1
in DDJ.

COROLLARY 1. Let X7(&) be defined by (3) and (5) with —% <d <. Ifthe
fractional FCLT holds for all u; in Uy gp(q) then g > qo.

Proof. From Lemma 1 we know that uy, and uy, are in Uy gp(g), which by
Theorem 1 proves the corollary. u

It follows from Corollary 1 that Theorem 3.1 of DDJ (and their subsequent
results relying on Theorem 3.1) does not hold under their Assumption 1. We finish
with an application of our results to the processes in Marinucci and Robinson
(2000).

COROLLARY 2. Let X7(&) be defined by (4) and (5) with —% <d <0. Ifthe
fractional FCLT holds for all slowly varying functions €(-) and all u; in Ur 1y (q)
then g > qo. Thus, the moment condition (1) with q > qo is both necessary and
sufficient for Theorem I of Marinucci and Robinson (2000).

Proof. The necessity statement follows from Theorem 2 because u; and u; are
inUrn(g) by Lemma 1. The sufficiency statement follows because the univariate
version of Assumption A of Marinucci and Robinson (2000) (translated to type
I processes) was in fact used to define the class Uy (g) and the coefficients
a;j (d) n

It follows from Corollary 2 that g > g is both necessary and sufficient for the
fractional FCLT when using the coefficients a;(d) to define a general fractional
process and u, is a linear process of the type in Uy (q). However, it does not
follow from our results that ¢ > g is necessary for the FCLT when u; is an i.i.d. or
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autoregressive moving average (ARMA) process because the process u»; needed
in the construction is neither i.i.d. nor ARMA.
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