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COINTEGRATING REGRESSIONS
WITH TIME VARYING COEFFICIENTS

JOON Y. PARK AND SANG B. HAHN
Seoul National University

This paper considers cointegrating regressions with time varying coefficiems
coefficients are modeled as smooth functions evolving over.titrie shown that
they can be estimated nonparametrigalking suitably modified series estimators
Presented is the efficient method of estimatiwhich relies on simple prefiltering
of the data and preestimation of the madehe test for the adequacy of model
specification is also develope@®ur model and statistical methods are applied to
analyze the 5. automobile demand function

1. INTRODUCTION

The notion of cointegration has gained great popularity since the publication of an
influential paper by Engle and Grangé©987). Cointegration provides an effec-
tive and appealing conceptual framework to model economic long-run relation-
ships and interpret models that include nonstationary variables with unit fbots
has howeveybeen much less successful and fruitful in the practical dontain
many of the published empirical papéperhaps more in unpublished onaghat
we see is the evidence for the absemu# the presencef cointegration

The observed frustrating evidence may be attributed to the misspecification of
empirical modelsmost notably due to the existence of omitted variablesand
parameter instabilityOf these two prominent sources for model misspecifica-
tion, the latter seems particularly relevant héFae parameter inconstancy can
especially be important in cointegrated modélscause they describe long-run
relationships and are estimated using data whose time span is usually rather long
Needless to sayny relationship is likely to change if investigated over a long
time spanRecentlyit has indeed been investigated by Han€E392 and Quin-
tos and Phillipg1993, who considered Lagrange multipliéctM ) tests for pa-
rameter constancy in cointegrating regressions

This paper considers cointegrating relationships that vary or evolve smoothly
over time More specificallywe look at cointegrating regressions with time vary-
ing coefficients that are assumed to be generated by a smooth fungtich
regressions seem to be very useful for modeling long-run economic relationships
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that are believed to slowly evolve with timeong-run demands for many com-
modities may exhibit such characteristipessibly as a result of habit persistency
among other thingd/Me indeed show in the paper that theSUautomobile de-
mand can be suitably modeled using a cointegrating regression with coefficients
smoothly changing over tim&he empirical results from our application clearly
demonstrate the empirical relevancy of our model and methods

Itis shown that the coefficients in our models can be estimated nonparametri-
cally using series estimatorEhe resulting estimator is consisteiftwe let the
number of series functions used to approximate the unknown coefficient gener-
ating function increase appropriately as the sample size gitilven the regres-
sors are strictly exogenojtbe estimator is efficient and has mixed normal limiting
distribution This extends the result in Park and Phillid988) for cointegrating
regressions with fixed coefficientsor more general modelsve may use the
approach by Parkl992 to obtain an estimator that is efficient and asymptoti-
cally GaussianThe method is based on the regressions transformed through pre-
filtering of the data and preestimation of the madié also provide methods to
test for the adequacy of our model specificatiagainst two most relevant alter-
native hypotheseshe cointegrating regression model with fixed coefficients and
a spurious regression with time varying coefficients

The remainder of the paper is organized as folloBesction 2 introduces the
model assumptions and some preliminary results useful for the development of
our theory The basic statistical theories are given in Sectiom®articular the
consistency of our estimator is establishauad its limiting distribution is shown
to be mixed normal for the regression with strictly exogenous regressors
sistent estimation of the error variance is also discusSedtion 4 considers
more general models and develops efficient methods of estimation and testing
Asymptotic mixed normality of the estimator is shown to be extended to the
general modeldNe present the methods and theories of testing for the adequacy
of model specification in Section # Section 6an empirical application of our
method to the 5. automobile demand equation is present®dction 7 con-
cludes the papeand the mathematical proofs are given in the Appendix

Itis convenientto define here some notation that will be used frequently through-
outthe papeAs usua)|- | denotes the moduluBy conventionif applied to a vec-
tor or matrix the notation denotes the maximum of the moduli of their components
For avectox = (x;), | -|| signifies the Euclidean norme., | x|? = Xx2. Itis also
used to denote the standard operator norm for a matrikherefore |A| =
supl| Ax|/||x|. It is well known that| A|? is dominated by the maximum eigen-
value of AA. Moreover |A|2 = tr(A'A) = Yaf for A= (a;). The same notatign
| -1, is usedto denote the supremum norm for function§ 1], the space of con-
tinuous functions on the unit intervid,1]. This should cause no confusidfor
functions that are vector valugithe notation signifies the maximum of the supre-
mum norms of the component functioiandard notations such@sandO, for
stochastic orders ang, and—, for convergences of random sequences are used
repeatedly without any referenéenally, equality in distribution is denoted byy.
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2. THE MODEL AND PRELIMINARY RESULTS

We consider the model given by
Yo = af X + Uy, (1)

where the regress@k;) is anm-dimensional integrated process of order one and
the coefficient(a;) is anm-vector of parameters that are allowed to change over
time. We denote by the sample size and let

-«(5) 2
a=af1). @

wherea is a smooth function defined d0,1]. Note thata, is dependent upom,
though we suppress the subscngor notational simplicityThe (u;) are station-
ary errorsMore precise assumptions on our modelwith (2) will be introduced
subsequently

We specifyv, = Ax;, whereA is the usual difference operat@nd define

W = (Ug,vf)" 3)
We will make the following assumption

Assumption 1 Let
We = 2 b &y,
i=0

and we assume thdt(1) is nonsingular an@i | ®;| < co and that(e,) are inde-
pendent and identically distributédi.d.) with ¥ = Eg; e/ > 0 andE|&|P < oo
for somep = 4.

The proces$w,) is thus assumed to be a general linear pracess conditions
on the summability of®;) and the moments @t ) are standardnd comparable
assumptions are routinely imposed in time series literature

For the subsequent development of our theibiig useful to write

W = W + (Wimy — W), 4)

wherew; = ®(1)e; and®, = X2, ®; &,_; with &; = X2, @;. The representa-
tion in (4) is motivated by the Beveridge—Nelson decompositidz) = & (1) —
(1— 2)®(z). As demonstrated in Phillips and S92, (w,) behaves likgw;)
in many contextsWe havein particular that>)| ®;| < oo under our assumption
i|®;| < co. Therefore (W) is well defined as a stationary time seties

For the statistical analysis of our mod&le need to invoke an invariance
principle Denote by z] the largest integer that does not exceexhd letW be
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an(m+ 1)-dimensional vector Brownian motion with varian@e= ® (1) ¥®(1)".
If we let

1 [nr] 1 [nr]
Wi (r) = m glw{ =®(1) m zlst,
then it follows immediately from the classical Donsker’s theorem a4 W
becausd| g |? < . Moreover if we define
i 1 [nr]
We(r) = E t:Etha
then it follows from(4) that

sup [We(r) = Ws(r)| =2 [nax
=t=n

O=r=1

L
| = %D

Therefore we also havé\y® —4 W, as shown by Phillips and So(d992.

However the invariance principle is not enough for our purposés also
necessary to have stronger approximations that involve explicit convergence rates
They are given subsequently as a lemma

LEMMA 1. Let Assumptiod hold. Then

(@) SUFbsrs1|Wn°(f) —W;(n)|= Op(nia), and
(b) there exists Wsuch that W =4 W, and supy=r=1|Wh(r) — W(r)| = Op(n~?) for
large n where a= (p — 2)/2p.

Naturally the convergence rate is faster(d;) has higher momentst ap-
proaches/nasp — co.
For the development of our thegmye let

W, = W, (5)

throughout the pape®©ur main purpose is to obtain the distributional results for
the series estimator of proposed in the pap€eFhe convention introduced %)
is therefore innocuous as long as our main results are concéfetei allows us
to avoid repetitious embeddings\4f; into the probability space whe¥&, andwW
are defined and in consequence greatly simplifies the exposition of the. paper
However we emphasize here that all the subsequent results other than the main
distribution theory should be interpreted with cautibacause they generally do
not hold without the conventio(b).

As mentioned earliewe leta in (2) be a smooth functiarFor the smoothness
of a, we explicitly require the following assumption

Assumption 2 We assume that is g-times differentiable with bounded de-
rivative on[0,1] for someq > 1.

Assumption 3 q> (7p — 2)/2(p — 2).
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If p =4 as given in Assumption, it suffices to have that is seven times
continuously differentiable with bounded derivatiVée may allow for less smooth
functiona, under the existence of higher momentgg9. It is required thatv is
at least four times differentiahle

For the estimation of, we consider the estimand given by

() = (a(ry),...,a(rq)"),

where we denote by;’s the numbers in the unit interva0,1]. Note that the
functionallIl : C[0,1]™ — R™is linear and boundedt is indeed easy to see that
we havdlI(c, f; + ¢, fy) = ¢ II( f;) + ¢, II( f,) for ¢y, ¢, € R andfy, f, € C[0,1]™
Moreover [II( f)| = (md)Y?| f| for f € C[0,1]™

If « is sufficiently smoothwe may approximate it componentwise by a series
of polynomial andor trigonometric functions of0,1]. In particular we consider
in the paper the trigonometric pairs

(cosA;r,sinAir)i=; with A; = 27i (6)

and the constant function 1 for the series functigpg. Obviously our asymp-
totic analysis is not affected by the addition of a finite number of series functions
Therefore we may also allow for the Fourier flexible foritFFF) functions
which include the linear and quadratic functipmsandr? in addition to the
trigonometric functions ir{6). The following lemma shows that can be arbi-
trarily well approximated byy,., a finite sum of the series functiorig; )< ;. It

also provides the rate of convergencexfto .

LEMMAZ2. Suppose that Assumpti@imolds Then for eaclk =1, there exists
a, such that®|a, — | — 0 ask — oo, where b= g — & for § > 0 arbitrarily
small

Because of the boundednesglnfioted previouslyit follows thatx® || TT(«,.) —
II(a)| — 0 ask — co. We may consequently approximdté«) by I1(«,) for
largex.

We write a,, more explicitly as

a, = ':E]_BKi Pi, (7)

whereB,; € R™fori=1,...,k. Furthermorelet B, = (B.1,-..,Bw) € R™ and
fe = (¢1,...,0,), so thate, = (f, ® Im) B.. Then we have

H(aK) = (aK(rl)”""aK(rd)’), = TKBK’ (8)

whereT, is anmdXx mk matrix given byT,, = F, @ | ,with F, = (f.(rq),..., f.(rq))
fork = 1.
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It is well known for the trigonometric series functions(#) that

2k 1

=D enN?—>1 and = X ei(r)ei(r,) >0 forry#r,

Ki=1 K i=1

ask — oo. We therefore haveR. T, /k — | ,gask — co. Becausd, T, > 0 for all
k = d, it follows that

T T, T T,
C1 = Amin T = Amax T =0 (9)

for all k = d, wherec,,c, > 0 are some constantslere and elsewhere in the
paperwe denote by ,in(A) andA »a(A), respectivelythe minimum and maxi-
mum eigenvalues of a matri

We can generaliz€l) to models containing a constant term and time trend
which are given by

Yy = 7+ a{ X + Uy, (10)
yt=7T+pt+a{Xt+U[, (11)
andAx; = p + vy. Such models may often be more useful for the practical appli-
cations Itis also possible to consider models with higher order polynomial time
trends or models with time varying coefficients for the deterministic treviis
will, howevey mainly concentrate on modél) in the paper to ease the exposi-

tion. The statistical theories for all the extended models are similar to those for the
simple mode(1).

3. BASIC STATISTICAL THEORY

As shown previouslyr andIT(«) can be approximated ke, andIl(«, ) for large
K, respectivelyin C[0,1]™ andR™? We may in turn, estimatea, andII(«,)

using

dnK = AnKi @i (12)
i=1

and

() = (Qne(M1)seen,@ne(ra)') = T B (13)

defined accordingly a&7) and(8), whereBn. = (Bhets- -, Bhe) IS an estimate
for B, = (Bl1,...,Bre)- Itis required thak — oo asn — oco. Later on we will
definex explicitly as a function oh.

For our modelit is natural to consider the ordinary least squdf@kS) esti-
mator 3, of 3, from the regression

yt = X:(tBK + uKt’ (14)
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where in notation defined earlier

t
XKt = fK(H) ®Xt’

t ’
uKt = ut + (a - aK)<_>Xt'
n
We may write explicitly
Bric = (K X)X Yon = Bie + (X Xue) ™K Une (15)

Whereynn = (Y1, [EKE] Yn)’, XnK = (XK17 ceey XKn)” andunK = (ukla [EKE] uKn),'
Itis necessary to introduce some additional notation to develop our subsequent
statistical theoryWe let

(k) = Ew,W_ (16)

be the autocovariance function @f;) in (3) and define

[oe]

3=T(0), A= i rk), o= > k. (17)
k=1

k=—o0

The autocovariance functidik) in (16) is absolutely summable under the sum-
mability condition on(®;) in Lemma 1 Note thatQ = > + A + A’. The variance
of the limit Brownian motionVin Lemma 1 is given by the long-run varianQe
of (w;). We also define

A=3+A (18)

It will be useful to partition the parameter matric@sand A in (17) and (18)
accordingly agw;). We denote by; andAj for i,j = 1,2 the partitioned sub-
matrices If the partitioned submatrices are indeed scalars or vectioes the
lowercase letters;; andd; will be used In particular we denote byw?(= wq1)
the long-run variance of the regression errarss.

Partition the procesd/, introduced in Lemma 1 as

W, = (Un, Vi) (19)
conformably with(w;) and define

) f<m> and (& — an)(r) = (a = ak)<[”_r:]>_

n

Then we have the following lemma
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LEMMA 3. Let Assumptiod hold. Then as n— oo, we hae for eachk that

1N 1
(a) 2 z Xiet X”(t = f an fr;K ® VnVn/ + Op(nia)
n® =1 0
1N 1 1
(b) - 2 Xyt Uy = f fre ® Vo dU, +f foe ® 812+ Op(nia)
Ni=1 0 0
1 n 1
© 7 3 %elta = 1) =1 | (e ® ViVh) (@~ ) + = a0, (2°2)
t=1 0

independent ok, where a is gien in Lemmal.

Now we define

1
Ane = f fo fre ® Va4,
0

1

1
BnK = f an ® Vn dUn +f an ® 5i2’
0 0

1
Cn = f ( an ® VnVn’)(an - anK)
0

and let
1
A, = f f.f! @ VV/,
0
1 1
BK:f fK®VdU+f fK®512’
0 0

1
C« =fo (fe @ VV')(a — a,),

whereW = (U,V')’ partitioned similarly as\j, = (U,,Vy)" in (19). The following
lemma gives their asymptotic results

LEMMA 4. Let Assumption& and?2 hold. Then we hae as nk — o

@ JALIAM = Op(D), [Anc — Acll = Op(n~2k) + Op(n~1k2?),
(b) ” BK” = Op(Kl/Z), ” B« — BK” = Op(niaKl/z)’
© IC, IChk] = 0p(x¥27®),

where a and b are definedespectiely, in Lemmasl and 2.

For the estimatofI(&,,) in (13) to be consistentve should let increase as
the sample sizetends to largeThis is to eliminate the bias in the limiowever
it should not grow too fasbecause it would then make the variance of the esti-
mator explodeMore preciselythe following assumption is required
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Assumption 4 We letkx = cn" with 2/(2g —1) <r < (p — 2)/3p, wherec is
some constant anglandq are given in Assumptions 1 and 2spectively

Recall thatp andq are the maximum orders of existing momentg gf and
derivativesa, respectively The smoother the functioa is, the smaller is the
required rate of increase in the number of approximating tefines bias would
still disappearOn the other handas the underlying time series has higher mo-
ments we are allowed to include more terms for a better approximation without
making the sampling variance explod&henp,q = oo, we may choose = cn'
for any 0< r < 3. We will continue to denote the truncation numberiin the
subsequent resulthough it is more appropriate to use the notatigbecause it
is dependent upon.

Define

Mae = Te(Xie Xne) T (20)

Propositions 5 and 6 present the asymptotic results for the sampling error vari-
ance and the truncation biagspectivelyin estimatingll(«) by IT(dp,).

PROPOSITION 5 Let Assumption&—4hold. Then we hae

(@ M(ane) = M(e) + Op(n~*x)
(b) M 2(11(Gne) — M) = (T AT V2T ALB, + 05(1)

as N— oo.

PROPOSITION 6 Let Assumptiong—4hold. Then we hae

@ M(a,) =T(a)+o(k ")
(b) Mo 2(I(e,) — (@) = Op(k~*2)

as n— oo, Where b is gien in Lemma2.

As is well expectegthe estimation error increases proportionately as the greater
number of series functions is used to approximate contrastthe bias due to
the approximation ao& with a finite number of series functions decreases as more
series functions are included

Because

ITH(drne) — M) = [T1(dn,) — (e + [T (e,) — ()],
the next theorem follows immediately from Propositions 5 and 6
THEOREM 7. Let Assumption&—4hold. Then we hae

(@ T(dn,) = (@) + Op(n" k)
(b) Mp2(T(dn,) — (@) = (TAIT) V2T ALB, + 0p(1)

as N— oo.
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We thus have shown thak(a,, ) is consistent fofl(«). The convergence rate
is given byn~«. Itis slower by a factor ofi, than the OLS estimator for the fixed
coefficient cointegrating regressiomhich converges at amrate The distribu-
tion of I1 (&, ) is generally non-Gaussian and biased even asymptotittdly-
evet if we consider the special case that, = §,, = 0, its limiting distribution
reduces to rightfully centered normal distributi®uch a case arises in particular
when the regressors;) are generated independently of the regression errors
(uy). We call such regressossrictly exogenoudn the case of strict exogeneijty
the limiting distribution of OLS estimator for the fixed coefficient cointegrating
regression is Gaussiaas shown in Park and Philligd988. We will show sub-
sequently that the Gaussianity extends to our model with time varying coeffi-
cients

COROLLARY 8. Let Assumptiong—4hold. If wi, = 61,= 0, then
Mp72(T (din) — (@) =g N(O, 02l ma)
as n— co.

The result in Corollary 8 impligsn particular that for practical purposes we
may regardw M, as the sampling variance of the estimalbia,, ), which is
distributed approximately as normal around the true val(e).

We may consistently estimate the long-run varianéef the regression errors
(up) using the residuals from the truncated regreséldh To see thiswe first let
(0,¢) be the OLS residuals from regressidd) and consider an estimator of the
form

K

1 kK & .

. 2 Z uKt uK,t*k’ (21)

N <e f t=k+1

wherev and/{,, are respectivelythe lag window and truncation number
Assumption 5 We assume that

(a) v(-)is a bounded even function with(0) = 1 such that

. _1-v(x
v(X)?dx<oco and lim =py<
-1 x>0 [X|

(b) ¢, = cn'/?for some constant.

The conditions in Assumption(8) are satisfied for many commonly used lag
windows including Bartlett and Parzen kernels and the rectangular kénnel
Assumption %b), we let the lag truncation number increase along wibut at a
controlled rateD(n3). If w? can be estimated directly frofu,) by the kernel
estimator given in21), the rate is optimal in the sense that it balances off the
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sampling bias and variancéhe condition in Assumption(®) is not crucial and
can be relaxedit is introduced to simplify proofs for some of our subsequent
results The reader is referred to AndreWs991h for more detailed discussions
of the choice ofv and(,,.

PROPOSITION 9 Let Assumption§—5hold. Then we hae
pe = 0%+ Op(n~Y3)
for large n

We may therefore consistently estimatéusing the fitted error),;) from the
truncated regressidi4). Moreover we have under the conditions given in Cor-
ollary 8 that

Ond Mat (T (drn,e) — TH(@) =g N(O, ) (22)
and consequently
@n tr M (T (éne) — TH(@)) (T (dn,) — TH(@))' =>4 Xias (23)

which allows us to perform the usual chi-square test for inference

It is not difficult to show that the asymptotic normality similar to that in Cor-
ollary 8 holds also for the parameter estimates in mo¢&ds and (11). The
proofs are entirely analogous to those for madg) if we consider

yt =+ Xl’(tBK + uKt’ (24)
Yo = 7+ pt+ X Bie T Ui (25)

in place of regressiofi4). For each, the regressions introduced(24) and(25)
can be analyzed as in Park and Phillit988. Moreover the consistency of the
long-run variance estimator of the errors given in Proposition 9 for mdglehn
readily be extended to regressidid®) and(11).

4. GENERALIZATION

The asymptotic normality given in Corollary 8 does not hold for general models
with w,, # 0 or ., # 0. Just as for the fixed coefficient modet®on-Gaussianity
implies asymptotic inefficiency of the estimator and invalidity of the standard
testing procedure&or efficient estimation and valid inferendeere we extend to
our model of time varying coefficients the method of canonical cointegrating
regressionsCCR), which was developed by Patk992 for the fixed coefficient
cointegrating regression¥he procedure requires a transformation( gf) and

(%) in (1), using the stationary components of the modealintroduced before
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we denote by (or wy) andA; (or &) for i, j = 1,2 the partitioned submatrices
of Q andA in (17) and(18). We also define

Ay = (812,A%),

which will also be used to define the CCR transformation given subsequently
We now consider the regression

Vi = X B + Ut (26)
in place of(14), where

t
X = fK<H> ®xi (27)
with

Xt* = XI - AZE_th

and

t !
yt* = yt - (fK (H) ® A221W’[>BK - (07 wlZQEZl)Wt' (28)

Because the previous transformations introduce only stationary deviations to re-
gression(14), the same relationship is sustained in the transformed regression
(26).

The stationary error@l,) in (14), howeverundergo some substantial changes
The transformed erroras;) in (26) are now given by

t !’
Ug = Ui + (a — aK)<_>Xt
n
with the CCR error
Ui = U — 12023 AX;, (29)

which constitutes the main nonperishing pdite long-run variance of the CCR
error(uy) is

2 _ -1
Wi = w11 — 012825 W1, (30)

which is the conditional long-run variance of the err@rg given the innovations
of the regressor&y),v; = AX, in the original regressiofi).

We define the CCR estimator to be the OLS estimator for the transformed
regression modeR6). Notice that the CCR errdu;’) in (29) has zero long-run
correlation with the innovations of the regressovg),v;” = Ax;". The OLS
procedure in the transformed model thus yields an efficient and optimal esti-
mator in the sense of Phillipe991) and Saikkonen199)). If we denote by
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Xie = (Xi1,..., %) @andygi, = (yi,...,yn), then the CCR estimat(ﬁ;‘,( of B,
is defined by

Bre = (X X)Xk Y-

Similarly as in(12) and(13), the estimators of andIl(«) are given respec-
tively, by &7 andIl (&, ), where

K
&:K = 2 B:Ki 4]
i=1
and

H(&;K = (&:K(rl)” .. "&:K(rs),), = TKE:K

with T, introduced in(8) and B, = (Bil1, ..., Bil).

The CCR transformation involves unknown parametetgch must of course
be estimated for practical applicatioige may easily get consistent estimates for
those parameters from the first-step OLS regresd\srdefined beforgwe let
(0,¢) be the OLS residuals from regressida) and define

WKt = (GKI’UI’)" (31)

We may consistently estimateandA by

L1 K\, . .

an = - 2 V<_>2 WKth’c,tfk’ (32)
Nik=e, \N/7¢

.1 K\ .

AHK =~ 2 V<_>E WKtWIL,t*k (33)
No=k=¢, \N/7¢

using(W,,), similarly as®?2, in (21). The estimates for the unknown parameters
used in the CCR transformation can be obtained f(@2) and (33) and 3,
in (15).

In what follows we suppose that aft;;., ..., andIl(&;..) are obtained from
the regressioli26) formulated with the estimated parameters in the CCR trans-
formation Let
M = T (X X)) T

similarly as(20). Also, we define

1
Bi=f fe @ Vdu,
0

whereU, = U — 01,052 V. Note thatU, is a Brownian motion independent gf
It has variancev?2, i.e., the long-run variance of the CCR errors giver(30).

https://doi.org/10.1017/50266466699155026 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699155026

TIME VARYING COINTEGRATING REGRESSION 677

THEOREM 1Q Let Assumptiond—5 hold. Then Proposition§ and6 and
Theorenv/ hold with &, M,,., and B, replaced respectiely, by &, M., and
B;. Morewver,

ME“Y2(TT(&5) — TH(@)) —g N(O, 021 1q)
as n— co.

Theorem 10 shows that all our previous results for regressions with strictly
exogenous regressors continue to hold for general modelsoajti 0 or 6., #
0, if formulated with variables transformed by the CCR method
A consistent estimator of the long-run varianegof the CCR errors ir{30)
can readily be obtained frof,, in (32). For such a consistent estimatiy2, we
have

e M Y2 (T () — (@) =4 N(O, 1)
and
O 2t M (T (drye) — (@) (I (a5,) — (@) =4 Xid

corresponding tq22) and (23) for the strictly exogenous cas€herefore the
usual chi-square tests aie particular valid for general models if based on the
CCR transformed regressians

The CCR methodology is applicable also for modél§) and (11) with
Ax; = p + ve. This is well expectedbecause the asymptotic normality as in
Corollary 8 holds for the parameter estimates in such modélis was noted
earlier in the previous sectio®f course we need to redefinéi,,) in (31) as

Wkt = (OK[’{)()’
to estimate the unknown parameters in the CCR transformatibare(;) are
the fitted residuals from the regression(afx;) on a constant ternThe asymp-

totic normality of the CCR-based estimator in Theorem 10 holds for mdi@ls
and(11) and also for mode(1).

5. SPECIFICATION TESTS

In this section we discuss how the adequacy of our model can be tested
particular we consider two classes of specification tests that are believed to be
powerful against most relevant alternative modelse first class of tests is in-
troduced to discriminate our model against the cointegrating regression with fixed
coefficients We thus assume that the cointegrating relationship is present in both
models and concentrate on testing whether the coefficients are fixed or varying
The second class of tests is used to test our model against the alternative of a
spurious regression with time varying coefficiertss therefore maintained that
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the coefficients are time dependeWe only test whether the regression is mean-
ingfully defined and consistently estimatétle subsequently introduce the spec-
ification tests with their statistical theories

The usual fixed coefficientFC) cointegrating regression model

Vi = a@'X; + Uy (34)

can be tested against our mod®)l with time varying coefficient§TVC), using
the variable addition approach by Pdd990 or the residual-based method by
Shin(1994). We consider two statistics given by

RS%: — RS§
= (35)
Wiy
n t 2
3(2e)
T2 = nzé)r%( (36)

whereRSSc andRS$¢ are the sums of squared residyagspectivelyfrom (34)

and the regression augmented with some superfluous regressdis eau the
fitted residuals from regressi@84). The long-run variance estimatg, is given
in (21).

The statistics introduced it85) and(36) were originally proposed to test the
stationarity against the nonstationarjtgf the regression errdu;) in (34). Be-
cause our TVC modedll) can obviously be viewed as the FC mod&#) with
nonstationary errorshey are applicable in our conteitote thatr, is essentially
the Wald statistic to test for the significance of the superfluously added regres-
sors It is modified in a trivial way to allow for the serial correlation in the errors
The statistic relies on the fact that we must be able to detect the redundancy of the
superfluous regressors if the errors are stationary and the regression is correctly
specified This is not so when the errors are nonstationary and the regression is
fatally misspecifiedThe superfluousness of the added regressors is more likely
to be undetected in this casehe statisticr, more directly tests the stochastic
order of the regression errotsuses the fact that the partial sum of the errors has
different ordersdepending upon whether they are stationary or nonstationary

For the implementation of the test basedrenwe need to choose appropriate
superfluous regressois the papemwe use time polynomial termstit?,... tS71
as superfluous regresspas suggested by Patk990. Under the null hypothesis
of the FC cointegrating regression mo@&4), the limiting distributions of-, and
T, are as given in Parkl990 and Shin(1994). Strictly speakingr; andr, are
slightly different from their original statistic§ he difference is in the estimation
of the error long-run varianc®ur statistics are defined with the long-run vari-
ance estimate of errors based(@n in contrast to theirs with the one based on
(34). Howeverbecause of Proposition ®is obvious that our modification of the
long-run variance estimate does not change their limiting distributions
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The statistics;, andr, diverge under the TVC modél). To see howr; andr,
behave under the alternative hypothesie leto(r) = (Lr,r2...,rs"1)" and
denote bylL?[0,1] the Hilbert space of square integrable functions defined on
[0,1].

THEOREM 11 Let the true model be gn by(1) and let Assumptionsand
2 hold. Then we hae

%nw%f%(f@@')lf:%

where P and Q are the residuals from the Hilbert space projectiors\éfando
on V, respectiely, in L?[0,1]. Moreaver,

1 1 fle
— =9 — s
n2 277d (1)2 o

where

R(r) =J0ra'v—Jola'vv'<folvv'>lforv.

Theorem 11 showsn particulay thatr, andr, diverge at the rata? under the
TVC model(1). The specification tests based on the statistics are therefore con-
sistent It is important to use the error long-run variance estimafgin (21),
which uses the residuals from regressiad). If it is computed from the FC
model(34), the divergence rate would be reduced

We may also test our specificatidft) against the alternative of a spurious
regression with nonstationary errors having a unit radtich is specified as

t
Vi = a{x +& withe=> u. (37)
i=1
To test the cointegrating regressi@ against the spurious regression given by
(37), we consider the statistic

_ RSSVC B RS$VC

A2
Wny

T

(38)

whereRS Sy andRSS, care the squared sums of residuals from regregdidn
and the regression augmented with additional regressotg,1. ., t5"%, defined
similarly as forr, in (35). The test relying on a statistic analogous-fan (36) is
also expected to have discriminatory powtut its critical value would be de-
pendent upon the unknown functien As for =, and,, we use the long-run
variance estimaté?2. given in(21).
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THEOREM 12 Suppose that Assumptiohs5 hold.

(@) If the true model is gien by(1) and if wy» = 81, = 0, thent —4 y2as n— oco.
(b) If the true model is gien by(37), thenT —, co as n— co.

Similarly as for the spurious regression with fixed coefficietits statistia in
(38) diverges if the true model has nonstationary errors and becomes spurious
The result in Park1990 for the spurious regression with fixed coefficients thus
extends well to the model with time varying coefficierifhis implies in partic-
ular that the spuriousnessr the absence of cointegratiomould not disappear
by allowing for the coefficients to vary over tim€onsequentlythe test that
rejects the TVC modd(l) for a large value of is consistent

For more general models withy,» # 0 or6,, # 0, the model specification test
statisticsr{ andr; can be defined from the transformed regression

Vo= ax

correspondingly te; and7, in (35) and(36), where(x;") and(y;") are the CCR
transformations ofx;) and(y;) introduced in Section.4r he statisticr* can also
be defined from regressidi26), in the same way as the statistigs defined in
(38) for regressior(14). The long-run error variance estimatg, for  should
now be replaced for* by @2, which has been introduced earlittris straight-
forward to show the following corollary

COROLLARY 13 If Assumptiondl and 2 are satisfied then the results in
Theoreml1 continue to hold fotr; and 73 with only replacement ob? by w?.
Moreawer, under Assumptions—5 the results in Theorerm?2 hold also forz™.

All our previous discussions an r,, andr, therefore extend te*, 71, andr;,
which are applicable for more general models

The test statistics, 71, 7, and their modifications are introduced to comp@ne
with (34) and(37). In particular they are not applicable to test for mod€l®)
and(11). Their behaviors are affected critically by the presence of the determin-
istic trends For the specification tests of mode0) and(11), we need to gen-
eralizer,, 7o, andr. The required generalizatiphoweveris trivial. We may for
instancedefine test statistics similarly as and, to test

Vi =m+a'x+u and y,=7 + pt+ a'x + U, (39)

respectivelyagains{10) and(11). To construct the; statistic for the regressions

in (39), we may usd,...,tSort?...,t5"! as superfluous regressors and obtain
RSS&c. The 1, statistic can also be defined using the residuals from the regres-
sionsin(39). Moreoverthe generalization af is possible to test mode(&0) and

(11) against

Vi =7 +aiX+e and y,=m+ pt+ X + &,
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where(g) is given in(37). For the definition ofr, we may use the same super-
fluous regressors as fer and obtainRS$yc. We may show that Corollary 13

holds also for the generalized statisti¢shey are modified appropriately by the
CCR method

6. AN EMPIRICAL APPLICATION

To illustrate the practical relevancy of our model and methodglagystudy a
simple econometric model set up for theSJautomobile demand functioithe
model is specified as in the textbook by Pindyck and Rubinf@8P1), but we
allow for some of the regression coefficients to change over.tue interpre-
tation of the model is also different in that the regression equation is now re-
garded as representing a long-run cointegrating relationship

The actual regression we consider is

G =7+ apy+ axfy+ azpy + U,

where(c,), (y;), (ry), and( p;) denote respectivelylog of personal consumption
expenditure on new automobildeg of personal disposable inconiboth in
billions of current dollargs 3-month Treasury bill rate in percentage per yaad
log of consumer price index of new cars with the base year 1888 monthly
data were collected from the Citibase financial data bakese time span is from
January 1959 to October 1994l the series are seasonally adjusted

The unit root tests for individual series were performBdth the tests by
Phillips(1987) and Dickey and Fullef1979 1981 strongly support the presence
of unit roots in all four serigdf they are undetrended’he evidence in favor of
the unit root is rather decisive also for detrendeg, (r;), and (p;). The test
result for detrendedc,), however is mixed and inconclusivelrhe reported re-
sults for the Dickey—Fuller test in Table 1 are based on the first-order autoregres-
sion augmented with 12 differenced lag terriifie test results were rather
insensitive to the number of augmented lagged differeftesstimate the long-
run error variance for the Phillips test reported in Tahlevé used the Parzen

TABLE 1. Unit root tests

Demeaned Series Detrended Series
Variables Phillips Dickey—Fuller Phillips Dickey—Fuller
Vi —0.57 -0.61 067 —0.95
re —-2.42 -1.97 -2.35 -1.91
[} 0.73 -0.17 —-2.49 -2.02
C —1.65 —-1.51 —4.60 -1.90
5% critical values —2.86 -3.41
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window with the lag truncation number chosen according to the data-dependent
method by Andrew$1991h.

The regression coefficient;; of (y;) was fitted using the FFF series functions
which include constant, t2 and trigonometric functions with fundamental fre-
guenciesThe generalized cross validaticBCV) method by Craven and Wahba
(1979 was employed to determine the truncation pglifite TVC of income was
actually fitted with constantime, time squaredand 15 trigonometric pairdo
implement the CCR procedyree assume thdtAr,) have zero mearHowever
we allowed for the presence of linear time trendgyy) and(p,); i.e., (Ay;) and
(Ap,) were permitted to have nonzero meahksr the estimation of long-run
parameters used in the CCR transformatjehe Parzen window was used with
the data-dependent selection of lag truncation number as in the tests for the unit
root

The results for the model specification tests introduced in Section 4 are sum-
marized in Table ZThe statistics; andr; are used to test the null hypothesis of
the FC model against the model with TV@ith the statisticr*, we test the null
hypothesis of the cointegrating regression with TVC against the alternative of the
noncointegrated model with integrated ertdfsr r{ andr*, we included four
time polynomial termg, t2 t2 andt* as superfluous regressofie limiting null
distribution of the test statistics is therefore chi-square with four degrees of
freedom

It seems evident that the cointegrated model with TVC is strongly supported
by the dataThe tests based ati andr; unambiguously reject the FC model in
favor of the TVC modelMoreover the value of ther* statistic shows that the
cointegrating regression with TVC is much preferred to the noncointegrated spu-
rious regression model with a unit root in the regression errors

The estimated TVC regression model is

¢ = —222128 + ayy, — 0.0011 r, — 1.1306p,
(—4.6002 (—0.2107 (—2.8222

with the time varying(«;) plotted in Figure 1In the parentheses are the CCR
adjusted-values for the coefficients of the constant tefm) and(p,). For the

time varying coefficient of y;), the CCR adjusted 95% confidence band is plot-
ted in Figure 1Figure 1 shows that the income coefficient smoothly decreases
from 4.91 to 365 during the estimation periotience it can be said that 1%

TABLE 2. Specification tests

Test statistics 75 75 T
Test values 6749 6.89 421
5% critical values A9 Q16 949
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FIGURE 1. Income coefficient

increase in disposable income would have led.@1% increase in automobile
sales in 1959with of course the effects of all other variables held constiant
1997 the income elasticity of automobile demand had become considerably
smaller and 1% increase in disposable income would predict only ab65¢3
increase in automobile sales

For the purpose of comparisone also fitted the FC modeThe fitted regres-
sion equation for the FC model is given by

¢, = —1.2083+ 0.8272y, + 0.0056r, — 0.2886p;.
(—9.3864 (214172  (1.8557) (—3.2303

Thet-values in the parentheses were adjusted again by the CCR proc€dare
estimated coefficients for the FC model are rather different from those for the
TVC model The FC modelwhere the income coefficient is held fixesliggests

that automobile demand is much less elastic with respect to income changes
Moreover the effect of interest rates on automobile sales is significantly positive
in the fitted FC modelin contrast to the fitted TVC model in which it is insigni-
ficantly negative Given our previous results for model specification telstav-

evet the large-values reported here should be interpreted not as representing the
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significance of the regression coefficients but as evidence for the regression be-
ing spuriouslt is well known from Phillips(1986 that thet-values diverge in a
spurious regression as the sample size increasgardless of the absence of a
true relationship

7. CONCLUDING REMARKS

We have considered in the paper the cointegrating regression model with coeffi-
cients varying smoothly over tim&uch a model seems a very reasonable alter-
native to the constant coefficient cointegrating moddien the latter fails to fit

the actual datarhe notion of cointegration is primarily used to describe a long-
run relationshipand it is likely that the relationship evolves over time especially
when the time span is long@he regression model with time varying coefficients
seems thus much more important in our context of cointegrating regression than
that of stationary regressipwhich essentially models a short-run relationship
The empirical relevancy of our model has been successfully demonstrated in the
paper through an application to theSJautomobile demand function
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APPENDIX A: MATHEMATICAL PROOFS

Proof of Lemma 1. For part(a), note that

Wo
su W(r) — Wi (r <—+max
pl (r) (o] e

1=t=n \ﬁ]
Becaus@ > 2 andX| ®; |? < oo, we have from the assumptida| &, |P < oo thatE |W;| P <
oo. However it follows from Tchebyshev inequality that

E| W, |P
P{n—Wp maxlwt\ > M}<121P{n VP |, | >M}_Weo

asM — co. This proves parta).
We now show partb). It follows immediately from Einmah(1989 Theorem 1 that
there existd\;, such thatw,; =4 W, and

t t
Wn<a> - W(E) =0,(N"?). (A1)

However because of the well-known Hélder continuity @f (see e.g., Karatzas and
Shreve 1988Theorem @5, p. 114), we have

sup

1=t=n

nr nr 12-8
’W L ])—W(r)sc [—n]—r (A.2)
for some constart and anys > 0. Because
nr
LUL N Op(n™)
0=r=1 n
the result stated in patb) can easily be deduced frofA.1) and(A.2). u
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Proof of Lemma 2. It follows as a special case from more general results in Edmunds
and Moscatell(1977). The reader is also referred to Andre(@®9914a for more readable
discussions of their results in the context of nonparametric series estimation of regression
function u

Proof of Lemma 3. PartitionW;y similarly asW, in (19). Also, define

@ni(r) =¢i<[n—nr]>-

The result in parta) is straightforwardbecause
1 N t 1
_22 < > <H>th{ :f QDniQDner?V;,‘i'Op(n_l)
t= 0

1
= f @niﬁpnjvnvr': + Op(n_a)
(0]

uniformly ini,j = 1. Note that the series functiorig;) are uniformly bounded
For part(b), we letz, = 3} w; and show that

1 n 1 1
E 2 < >ZtWt = f eniWa dW, + A f ¢ni t Op(nia) (A.3)
t=1 ] 0
uniformly ini = 1. To prove(A.3), we first write
n
- 2 (4] < >ZtWt = 2 ( )Zt LW+ Sm + Rni, (A4)
where

120 1 t ,
F] 2 WeW( + — 2 ] E W, W i= Py + Qy

Ni=1

1
Rni = n (01 (0)2gWp — (1) 2, W),

which follows immediately froni4).
We have
12 t 1
IR <H>thlwt. = f @ni Wy dW; + Op(n™t)
(0]

Ni=1

1
:f §0niWndV\41+Op(nia)
0]

uniformly ini = 1. Also, itis obvious thaR,,; = Op(n‘l/z) foralli = 1. Note that(¢;) are
uniformly boundedTo deduce the stated result frai.4), it therefore suffices to show
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that
Poi = Pai + Op(nil/z) and Q. =Qg+ Op(nil/z) (A.5)

independent of = 1, where

osE3n(2) e s (35

which we now set out to prove
Note that

3= OV

and

= 2( > q>j>\lfc1>’k— > D VD

k=0 \ j=k+1

We therefore have

1 t
—-Pa= E ‘I’k< n 2 Pi <a>(8tk8t,k_ ‘I’)>¢’L

120 t
+J§<q) <Ezl <H>8tj8l’k>q)ll<7
12 t , ,
-Qn= E D, N g N (erkeik— W) | Dk

(1o [t N\
20 =X e = e s | Ph
j#k Nit=1 n

However it follows from the existence of the fourth moment(ef) assumed in Assump-
tion 1 and the uniform boundedness(gf) that

l n

Eg < >(8t kel — W) = Op(n~?) (A.6)
d forj #k

12 t

A tzzléﬁi <H> &r-j &l = Op(n~*?) (A7)

uniformly ini, j, andk. We now haveA.5) due to(A.6)—(A.7) and the absolute summa-
bility of (®;) and(®;).
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For part(c), notice that

Et21¢|< >Xt(UKt Ut)zﬁtEl%( )tht(a )(%)

nj (aninanO')(Oln - anx) + ”a - aKHOp(l)
0

1
= nf (@niVaVin) (an — ap,) + HOZ - aKHOp(nlia)y
0

which holds uniformly ini = 1. n
Proof of Lemma 4. The proof relies on the following lemma

LEMMAAL. We hae

1
(@) sup f ffe @ VV'| = 0,(1),
k=1 0
1 -1
(b) sup f f fi Q@ VV’ = 0y(1).
k=1 0

Proof of LemmaAl. Note thatfo1 f.f.=1,, because the series functidrs) in (6) are
orthonormal inL2[0,1]. LetV = (V,,...,V.,)’ and define

Smax = SUP _ sup [Vi(r)]. (A.8)

1=i=m O=r=

Then we have
1
J fK fK, ® (VV/ - Sr%‘laxlm) =0
o]
for all k = 1. Therefore
1
| @ wW = .
0
and consequently

1
Amax(f fK fK/ ® vV’ > = Sr%ax
0

for all k = 1, which proves the stated result in péaj.
To prove parib), we first defineV, = (V¥,...,V:3), where

ViE(r) = Vi (DY Vi(r)| > &} + e{[Vi(r)| = &}
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It follows that

1
f f ! ® (VV,—&2l,) =0

[0]
for all k = 1, and thereforg

1
f fK fK, ® V&‘Vs, = 82lmK

[0]
for all k = 1. We thus have

1
Amin(f fK fK’ ® VEVF,> = 82
(o]

forall k = 1.
We now define

J. ={re[01]] inf [Vi(r)|=e}
1=i=m
Then it follows that
1 1
f foK’®Vng’—f f f,@QVV' = Zf f fl® €2l
0 0 e
However because
wi2 1
im 25 [ 1w = e ar =L, (L0,
s—=0 2¢ Jo
wherew? is the variance of andL;(1,0) is the local time oV, we have in particular
1 1
—f 1(J,) =0(1) as.
€ Jo

and thereforg

’ f ffe
Je

The reader is referree.g., to Karatzas and Shre @988 p. 203 for the definition of
Brownian local timeWe now choose > 0 sufficiently small to deduce that

1 1
Amin(f ffi® VV’) = Amin(f ffe® stsr> + 0(83)
0 0]

=¢2(1+0(1) >0 as.

=0(e) as

for all k = 1. The proof is therefore complete u

https://doi.org/10.1017/50266466699155026 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699155026

690 JOON Y. PARK AND SANG B. HAHN

Lemma Al shows thaltA, [, | At = Op(1). To show that|An. — A, = Op(n~2k) +
Op(n~1x?), observe that

sup leni — @il = O(n*«k), (A.9)
where(¢y;) are defined in the proof of Lemma B follows from (A.9) and Lemma 1 that
1 1
J §Dni§DnjVnVn/ = f (] @jVV, + Op(n7a> + Op(nilK)
o] 0]

uniformly ini,j = 1, and the proof for parta) is complete
We now prove the results stated in pébY. Itis obvious thaf B, | = Op(x¥/2). Next to
establish| B, — B,|| = Op(n~2x/2), it suffices to show that

1 1
f (pniVn dUn = J qD|V dU+ Op(nia)
0 0
uniformly ini = 1. However this follows directly from

+

1 1 1 1 1
‘f @niVn dU, _J QDinU‘ = ‘f (eniVh — @i V) dU, J ¢iVdy, _f ¢iVdu
0 o] o] 0 o]

and

Vdu - | evd
L¢IV U, J;%V u
1 1
= VUM -V + [ e U-Uave [ U= UV
0 0

along with(A.9) and Lemma 1
For part(c), we letsyax be defined as ifA.8). Then we have

= Shada — .|

1
[[fowvia-an
0o
uniformly ini =1, becausé ;) are uniformly boundedvioreover we have

= (Smax+ 1)2”a - aK”

1
”f @i Vo Vi (et — @)
0
for all largen, uniformly ini = 1. The stated results now follow immediately from the fact
thatsymax= Op(1) and Lemma 2 |

Proof of Proposition 5. Define

xr"lx an XI”W unK

A = T and B3, =
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so that we have

N(T(@ne) — (@) = NTe(Boe = Bi) = Te AR Bl

For part(a), it suffices to show that

T A% B = T.AB, + Op(n*axz) + op(nxl’b) (A.10)

becausa—2x2 nk~P = O(k). Note thatk = 0(n2#3) and there existb such that ™ =
o(n~%@b=1) under Assumption 4
To deducegA.10), note that

”ACT)TK - AK” = ”A?IK - AnK” + ”AnK - AKH = Op(n_aK)7 (All)

which follows from Lemmas 3 and #Moreover becauséA, || = O,(1) and| An. — A | =
0p(1), we have| AL = Op(1). Consequently

[AGT = Al = [AHITA = AT AT = Op(n~2k). (A12)
On the other handve have
IBf = Bell = IR = Bucll + [Bruc = Bill = Op(n™262) + 0, (nc¥27P), (A.13)
due again to Lemmas 3 and.4Therefore we have from(A.12) and(A.13)
I T AGc Bi — T AL B

= [Tl UAE = AdIBRI + IA B, — Bl

= O(kY?)(0p(N72k) Op(kY/2) + Oy (1) (Op (N2, ¥2) + 0, (Nk27P)))

= 0,(N"32) + 0p(Nk*7P),

from which (A.10) follows immediately
For part(b), we first show that

(N*My,) 72 = (T AR T) Y2
= (TAIT) Y2 4+ Op(n~2kY?). (A.14)
To prove(A.14), note that we have fror(®)
Amil’l(TKTK/) - Ci1k
)‘min(A(r)w) /\max(A%K)
Amin(TKTK,) - Ci1k
)‘min(AK) )\max(AK)

for some constart; > 0, and thereforg

)\min(TKA%;lT;;) =

)‘min(TKA;:LTK/) =

(TANT T VAT AIT) 2 = Op(k™72). (A.15)
Also, we have

ITe(At = AT = T2 [AL" — Al = Op(n~k?). (A.16)
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It can then be easily deduced frdi.15) and(A.16) that
(T AR T2 = (T AT V2

= (T AT VAT (AT = ARDTY)

X (T AITOYZ + (T AT TOY?) HTAITH Y2

_ op(n—aKl/Z)’

as was to be shown
Now the result stated in pafh) follows directly from(A.10) and(A.14) upon noticing

that
T AIB, = 0y(x) and (T,AT,) Y2=0,(k Y?)
and thain~2x¥2 nk/27P = 0(1). This completes the proof |

Proof of Proposition 6. Part(a) is obvious For the result in partb), note that there
existsb such thai ~° = o(n~*) under Assumption 4 and that

M;(l/z — Op(nx’l/z),
which follows directly from(A.14) and(A.15). |

Proof of Theorem 7. The stated results are immediate from Propositions 5 antd&
proofs are therefore omitted u

Proof of Corollary 8. Under the given conditiom,, = 6,5, =0,
1
B, = f f. ® Vdy,
(0]

andV is independent o). We may therefore easily dedydsy first conditioning on a
realization ofV as in Park and Phillips1988), that

(TKA;lTK)il/ZTKA;:LBK =d N(vazlmd)
for all k = 1. The stated result now follows from péiti) of Theorem 7 |

Proof of Proposition 9. Define pseudoestimators

1 k n
D= = E V<_> Z Usct U, t—ks

Ni=Ze, \ /i

1 k n
&f == 2 V<_) 2 Ut Ug—,

N iz, \fn/idca

https://doi.org/10.1017/50266466699155026 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699155026

TIME VARYING COINTEGRATING REGRESSION 693

which are closely related 2. introduced in(21). To deduce the stated resulte will

show that

@2 = w?+ 0y(n"13), (A.17)
@ = ®F +0y(n"13), (A.18)
dfe = @h+0p(n~3) (A.19)

under Assumptions 1-5
To establisHA.17), note that

P |k|\r<k>|s|z|(22\i+n|q>i\|¢m\+22|i|\¢i|\¢iﬂ-|)
=—oo [ LI

3 2|E|<2|<pi><§0n¢j|) <o

as aresult of the summability condition in Assumptiofifie result in/A.17) now follows
from Hannan(197Q Theorems 9 and 1@p. 280—283 under the condition given in As-
sumption %a).

To show(A.18), we write

n n
— 1
D UaUeik= > Ul + RE, (A.20)
t=k+1 t=k+1
where

n t—k n t
R = 2 (X Uy) (@ — ax)<T> + E (X Ug—y) (@ — aK)(E)

t=k+1 t=k+1

b3 a5 Poda- a5,

t=k+1

and define

5 (b) - ) -1
K<n>7(a_ax)<n _(CY_CZK)< n >

for k = 1.
We have

k n t n t—k
2 V<I_><Z(Xtut),(aax)<_> - E (Xlkut),(aax)<_>>
Ik|=¢, n/ \t=1 n t=k+1 n
b o (] n t—k+1)| nk t+k
= <E V<€i>><2 (Ut—k+lut)/6K<—+> - 2 (G <;>>
k=1 \ j=k n t=k n t=1 n
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becausgin particular |8, | = o(x°) and
1 n 1/2 1 n 1/2
(28 0e) (2 8w) o
Ni=1 Ni=1

uniformly in k. Similarly,

k n t n t
kz(ny<?n><'§1(XtUt) (a— ax)<ﬁ> - t:%l(xtut—k) (a— ax)<a)>

= 0,(NkP€3).

l n
- E Vi—k Ut

N =K1

Because

S (xeu) (a - ak><5> — op(M?)
t=1 n

we have
=25 v('—() S () (a - m(ﬂ() = 0(k¢2), (A.21)
Nii=e, \ /S n
1 k n t
- > V(_> > (XU (a— ax)<_> = 0p(kCF) (A.22)
Ni=e, \ €n/iZki1 n

uniformly in k.
Moreover

n ty t
t:%l(a - aK)(H) Xt Xt’*k(a - aK)(E)

n

=lla—ad® X Ixxi
t=k+1

n
=la—ad? X x/?
t=1
= 0p(n?k "),

and thereforg

1 k n ty t
- > V<_> > (a—ak)<ﬁ>xtxt’_k(a—a,<)<ﬁ> = 0p(nk~2¢y,) (A.23)

N k=e¢, €n

for all k. Now (A.18) follows directly from(A.20)—(A.23), becausé,, = O(n*3) andx® =
o(n1).
To deducdA.19), we write

n n

E UKI CIK,[*k = E uKt uK,l*k + RﬁK’ (A24)

t=k+1 t=k+1
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n n -1 n
2 _
RAc = — Z Uyt Xt E Xiet Xt 2 X, t—k Ust
t=1 t=1 t=k+1
n n -1 n
= 2 U X [ D Xee Xt > Xyt U, t—k
t=1 =1 t=k+1
n n -1 n n -1 n
+ 2 Uet Xt 2 Kyet Xuct E Xt Xie, t—k 2 Kiet Xrct 2 Xt Uget |-
t=1 t=1 t=k+1 t=1 t=1

As we have seen earlier

n n -1
> XetUet | = Op(nk®?) and < > x,dx,;t> =0p(n72). (A.25)
t=1 t=1
Furthermorewe may easily deduce that
1 k&
= X v ) 2 Xala| = Op(c¥2Ey). (A.26)
N=e, \tn/iz2
Now define
t t t—1
sl )=aly) el )
We have

sup sup

1=i=k 1=t=n

@

for all k andn. It follows that

KV (1 "tk
'<Z‘5ny<?n><t—21qu <E>Xtut - [:%1@ <T>Xlkut)
s (s (L))(s t-k+1) ok t+k
-2 <E y<€i>><2 (Vt—k+1U)'S; <T+> = 2 (Derkcly)'8; (%))
k=1 \ j=k n =Kk <

uniformly ini = 1. Similarly, we may show that

K\(& [t " [tk ,
kzenv<€_n><t—21¢i <E>X[ut _t:%_lﬁoi <T>thut) = Op(kt7)

K
= —
n
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for alli = 1. Therefore

1 1 k
— Xt Ut — — - Xie, t—k Ui
n\kée <€n>tz o n\ké <f ) 2k;d e

1

1 k
H“(Een <€n>t2 Xyt Ut — E ES: <€_) %lXKtuK[ k

Note thatn 1« ¥2¢2 = o(kY/?¢,,).
We now have from{A.25)—(A.28)

n n -1 1 k n €

2 Uyt Xt E Xyet Xt - 2 v - 2 X, t—kUxt | = Op Lo )
t=1 t=1 N k=e, €n )oK n

n n -1 1 k n €

E Uset Xt E Kyet Xt - 2 vy 2 Xet Uitk | = Op o .
t=1 t=1 N k=e, [N FS] n

Moreover

FRENE

foralli,j =1, and thereforg

n n -1 1 k n
<E Ut X:/(t) < Z Xt X:a> (‘ 2 v <_> Z Xyt XK,tk>
t=1 t=1 n |k|=¢) €n t=k+1
n -1 n e
X (E Xyt X;:t) <E Xyt Um) = op<u>' (A.31)
t=1 t=1 n

We may now easily dedud@\.19) from (A.24) and (A.29)—(A.31), upon noticing that
N1k, = o(n~Y3). The proof is therefore complete |

K3/2€2
=o< ) (A.27)

n

K3/262
:o< . ) (A.28)

n

= 2 [%]%= Op(nz)

Proof of Theorem 10. Denote by3, A,, (55, and@1, the estimates of the parameters
used in the CCR transformatiarfsor notational brevitywe suppress the subscriptand
« on which they dependt is obvious from the proof of Proposition 9 that

A, = Ay + Op(rl_l/3 ) sz = Oy + Op(n_l/a), W12 = w1+ Op(n_1/3)-

(A.32)

https://doi.org/10.1017/50266466699155026 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699155026

TIME VARYING COINTEGRATING REGRESSION 697

Define % andy;" similarly asx; andy;" in (27) and(28) with unknown parameters re-
placed by their estimates introduced eare may write

Vi = Rl Bie + Uty (A.33)
where
o= U — (120523 — 01,0530, — < ( ) ® A% le) (Boe = B (A.34)

in notation defined earlier
Write

n n -1
kt = Ut — E Ut Xt 2 Xt Xt | Xt
t=1 t=1
t ’ n n -1
U+ (o — o) H Xi — E Ut Xt E Xt Xt | Xt
t=1 t=1

Then we have

1o [ty [t 10 t .
ﬁz¢l<ﬁ>¢]<n) KtWKt a; < > <E>W[Wt+0p(n K) (A35)

uniformly ini,j = 1. It follows immediately from(A.35) that

o

$ =3+ 0,(n"¥?) (A.36)

becaus&; w,w{/n =3 + Oy(n~Y?) andnk 1 = o(n~¥/2).
Moreover if we let

)?t* = Xt - 52271 A

=X — A3 (W — W) — (822—1 — A3 w,

it can be easily deduced that

1 n

EZ%(t)%(t) = Op(k), (A.37)
t=1

1 : t t v VYV 1A —

szi<a>¢j<a>xt Wit = Op() (A.38)

%i‘°<t>¢l<t) *‘E%( > <;>thm+0(n v3), (A.39)
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Furthermore

12 t t 1
- il = e | = | XKW = —
ntzzl(pl<n>(p]<n) N

(A.40)

uniformly ini,j = 1.
We now have

c t t * £ . t t ’
t:21¢i H ] E R{ERS =l:21€0i H @; E XeX{ + R,

= 0y(n)

uniformly ini,j = 1, due to(A.35) and(A.37). It follows that

n 1 n
E RaXed — = 2 Kyet Xt

2 2
n= =1 n= =1

= 0,(n" ), (A.41)

which is of order smaller tha®,(n~2k) in (A.11).
Moreover we have from/A.32) and(A.38) that

n
2 Rev1

t=1

1952 @21 — Q23 woal = Op(nKl/z)Op(nil/:g), (A.42)
and because
n n t ty PPN ~
E )zkt Al/d = 2 fK - fK - ® R:wi:t (IK ® E71A’2)(BI’\K - BK)’
n n
it follows from (A.40) and our earlier results that

= 0,(Nk?)Oy(n~ 1k Y2) = O, (K52, (A.43)

n

o
2 Kyt Wit
t=1
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It can also be deduced frotA.39) that

n
> RiU — E XiUet|| = Op(n??) (A.44)
t=1
and that
n n
D XU — 2 XU | = 0p(n?k¥/270), (A.45)
t=1 t=1

Therefore we have from(A.42)—(A.45) that

l n n
r_12 RO — - D xEUF|| = Op(n™3kY2) + Oy (n~1k¥?) + 0,(Nk /27 P),
o o (A.46)
the order of which is smaller than the one(%.13).
Finally, we observe that
12 12 12
- 2 XU = = 2 XU — A3~ = 2 W, Uy
ni: ni Ni=1
1
:J an®Vn dU:
[0]
fl ) 1N 1
+ fr Ay — AS7H = D, wewy +0Oy(n~2
L@ (2em 23 S ww ) )|,
1
= f fre @ Vo dUy + Op(n™?) (A.47)
0

because, w,w{/n =3 + Op(n~%2). The stated result now follows froA.41), (A.46),
and(A.47), along with our earlier results u

Proof of Theorem 11. In what follows we assume Wo.g. that the elements its;) are
appropriately normalizechamely

()

Our subsequent results are invariant with respect to such normalizBgfine

n n -1 n n -1
P = o X — <E a{xtx{><2 xtx{) X + Uy — <2 um’)(Z xtx{> X (A.48)
-1 t=1 t=1

and
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Then we may write

1

1 n 1. -1 1 n
2T wnx( 32 2 tht)(ﬁEQtQt’) (WE%Q) (A.49)

as is well known
Let

an(r) = a<[n—nr]> and o,(r) = U([r:]>

Then it follows immediately from Lemma 1 that

1 2 1 2
mEPtSFWEatXS
t=1 t=1

- nT1/2<§nlatXtX{><t_§n:1XtX{>_ <§n‘, ) +0p(n7Y)
() o) ()

and that

1 n 1
ﬁst{—mf oV,
n¥2 5 0
which together yield

E GOt —>d f QQ,

1 n 1
32 > 4P —a f QP.
t=1 0

The stated result for; now follows from(A.49).
For 15, notice thatl; = p; as defined inA.48) and

from which the stated result can be obtained in a straightforward manner u

Proof of Theorem 12. We let

n n -1
- E S Xut E Kyet Xt Xt
t=1 t=1
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To prove pari{a), suppose that the true model is given(ly. We may then write

n n -1 n
T = 0p2 ( 2 Ut 5:<t> ( Z St 5:<t> < E St Un) . (A.50)
t=1 t=1 t=1

1 1 1
G, = f On oy, Hn:f ondU,, DnK:f fre @ Voo,
0 0 0]

and letA,,. andB,, be given as earliett can be shown as in the proof of Lemma 3 that

1 1
ﬁf Set Set = Qne + Op(n™2), (A.51)
[0]
1 n
2 Salla = Pac+ Op(n7%), (A52)
t=1
where

Qo = G — DicAniDne and Pn. = Hp — DicAnlBie

in notations defined previously
Let

1 1 1
G=f oo, H=J o du, D":J f. ® Vo'
0 0 0

andA, andB, be defined as earlieWe may easily deduce that

Gy=G+0(n?t), Hy=H+0,(n?) (A.53)
and that
|Dne = Dicll = Op(n~2k¥2). (A.54)

Moreover it follows that
ID.l = Op(1) (A.55)

uniformly in k = 1. To see thisnote that

2 K m 1 2
‘ = 2 Z (j §0ivpo'q>
i=lp=1qg=1 0

and that

K 1 2 1 1
2 J ginp(Tq = - f szaqz,
i—1\Jo 2 Jo

which holds by the Bessel’s inequality

1
f f.® Vo'
0
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Furthermoreif we define
Q.=G-D.A'D, and P.=H-D.A:'B,,
then we have fronfA.53)—(A.55)
[Qnc = Qull = Op(n"#k¥2) and [Py — P| = Op(n™ ). (A.56)
It also follows that
1Qn — Qtll = Op(2) (A.57)

becausd Q. |,[ Qi = Op(2).
We now have from{A.50)—(A.52), (A.56), and(A.57) that

T = & Phe Qnd P + Op(n™2)

=0 ?P.Q. P, + Oy(n~%),
and the stated result follows immediately upon noticing that
0 2P QP =4 x&

for all k = 1 and thah 2k = 0(1).
For part(b), we assume that the true model is given(BY). Let

t ’
=6+ (a— a,()<a>xt
and write
n n -1 n
T= d)nKz(E €t S:d) (2 St Sr’(t) (E St ekt>' (A.58)
t=1 t=1 t=1

It can be shown that

—1p—1~2 1 k
n en Wne = 5.1 VI = |6t Ct—k + Op(l)
[k[=Cn

and thereforgfor anyé > 0,
N6, G2 —p 0 (A.59)

asn — oo.
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Define

1 1
Kn= f o,U, and K= f aU
0 0

and note thaK, = K + Op(n~?). Moreover if we let
1 1

Loe = f an ® V,U, and L.= f fK ® VU,
(0] 0]

then we may show as previously that
ILne = Lill = Op(n™2«*?) and | L, | = Op(1)

similarly as the results fafD,,. — D, | and|D,| in (A.54) and(A.55).
We have

1 0
n¥/2 Elsxtext = Rnx + Op(nia)
t=

= R, + Op(n~2Y/2), (A.60)
whereR,,. = K, — D} Ast L, andR, = K — DLA L, because
” Rne — RK” = Op(niaKl/2)~

The stated result now follows easily frofA.51), (A.57), and(A.58)—(A.60). u

Proof of Corollary 13. The proofs for the stated results are tedious but straightforward
given the results in the proofs of Proposition 9 and Theorems 1LOFHEdetailed proofs
are therefore omitted u
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