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In this paper we introduce a general method for estimating semiparametrically
the different components in separable mod@&lse family of separable models

is quite popular in economic research because this structure offers clear inter-
pretation has straightforward economic consequeneesl is often justified by
theory This family is also of statistical interest because it allows us to estimate
high-dimensional complexity semiparametrically without running into the curse
of dimensionalityWe consider even the case when multiple indices appear in the
objective functionthus we can estimate models that are typical in economic analy-
sis such as those that contain limited dependent variafiles idea of the new
method is mainly based on a generalized profile likelihood appro&ithough

this requires some hypotheses on the conditional error distributignelds a

quite general usable method with low computational costs but high accuracy even
for small samplesWe give estimation procedures and provide some asymptotic
theory Implementation is discussgdimulations and an application demonstrate
its feasibility and good finite-sample behavior

1. INTRODUCTION

Separability plays an extremely important role in economics and econometrics
As long ago as 1947 Leonti€19473 19470 introduced definitionsinterpre-
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tations and consequences for different levels of separabilitygeneral sepa-
rability is motivated by the idea of two-stage decision makibet G(x) be a
utility, demand or production function withx € RY. Imagine that the regres-
sors can be partitioned into aggregates or graxps x so that preferences
within them can be described independently of the quantities of the offfes
we have subutility functiong; (x'), and we can writ&s(x) = F (11, 12, .-, 1p)-
Thus the decision is made first for eagh and then for the resulting set of
n; via F(-). In household expenditure decisiorisr example we imagine first
a budgeting for groups such as fqoagheltey and entertainment and in the
second step budgeting within each groéyiternatively, in production pro-
cesses separability is characterized by the independence of the marginal rate of
substitution between a group of inputs from changes in the level of another
input (9/9x)(g/g) = 0 or gi)gik — gliigi-k = 0 with g = 9G/ax;,
gk = 92G/ax %, i,j,k = 1,...,d. One speaks ofveak separability when
Xi, X; are from the same subset of inputs bis from a different oneStrong
separability is given whew;, x; may also be from different subseihe sub-
sets are thought to be mutually exclusive and exhausiegarding the con-
sequences for the functional form &, Goldman and Uzaw#1964) show
that strong separability is equivalent to additiviB(x) = F(n; + --- + np)
whereas weak separability is equivalentGox) = F(,,...,7n,), Wheren; is
a function of the elementsg,, k = 1,...,ds of subsets, s = 1,...,p only.
Blundell and Robin(2000 give a long discussion of the extension of this
concept to latent separabiljtiye., grouping commodities without having even
weak separability

There is an enormous amount of literature discussing separability for
demand and utility functiongDeaton and Muellbaugrl980 and for pro-
duction functions(Denny and Fussl1977 Fuss McFadden and Mundlak
1978. It is often considered in the context of problems of aggregation and
substitution(Berndt and Christenseri973 but also for the specification of
flexible functional forms and separated inferendeéom a statistical point of
view, Stone (1985 1986 stresses flexibility dimensionality and interpret-
ability. He proves that additive modeling can circumvent the curse of dimen-
sionality which in nonparametrics is of fundamental importgno®reovey
it makes these methods feasible for higher dimensional probl€his actu-
ally carries over to the more general case when the impact function can be
decomposed into lower dimensional functiona#és will be seen in this
paper

Nonparametric estimation methods for separable models have so far focused
on additive modelgseg e.g., the backfitting by Hastie and Tibshirarfi99Q
Mammen Linton, and Nielsen1999 and on the marginal impact of particular
regressors applying marginal integraticee e.g., Tjgstheim and Auestadi 994
Linton and Nielsen1995. Recently Horowitz (2001 has presented a condi-
tional moment estimator for generalized additive models with unknown link
function but without partial parametric modeling and has discussed an exten-
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sion to a trivial case of weak separabilis almost no structure is assumed
this is a nice approach for pure exploratory data analysith the only pay-
ment being some numerical deficiencies

Unfortunately none of the methods mentioned previously allow for more
complex structural models such as multiple index madeds some approaches
to non- or semiparametric estimation of some censored Tobit models we refer
to Lewbel and Linton(2002 and Ai and Cher{2002. Both use moment esti-
mators and therefore they do not need to introduce distributional assumptions
The latter approach also considers semiparametric separable models but can
only estimate the parametric part and is of a more theoretical nature

In this paper we propose a semiparametric estimation method for separable
models Such models allow for a finite-dimensional parameter vector and also
for nonparametric modeling of separable componemte unknown finite-
dimensional parameter vector is incorporated in the most generalitvegn
be part of the link function or the error distributioor it can be used for partial
linear modeling or even for combining honparametric components

This estimator extends previous estimators in at least two directioeak
and latent separability is allowgdnd limited dependent variables can also be
taken into accountWe also derive conditions such that the finite-dimensional
parameter can be estimated with the parametric rate and each separable com-
ponent with the rate according to its input variables

Because we wanted a feasipbtmmputationally nonintensivéut well per-
forming procedure that allows us to derive some asymptotic theory we have
chosen an estimation procedure that is based on a generalized profile likeli-
hood approachThis method requires the assumption of a likelihood function
for the model errorsCertainly our method requires more distributional assump-
tions than conditional moment estimatorowever several of the econometric
models considered can only be identified by specifying either the distribution
or the functionalsFurthermorelikelihood methods apply straightforwardly to
all of the problems mentioned and have good finite-sample performéalute
finally that errors in likelihood estimation caused by violation of distributional
assumptions are less problematic than sometimes beligwv&édad for models
typical in economic researckhe errors due to a misspecification in the index
functions are usually quite serious compared to the rather negligible ones caused
by misspecification of the linkSeg e.g., Fernandez and Rodriguez-PA®97).
They show that switching from a generalized linear mg@dlM) to a single-
index model(SIM) with unknown link usually does not really change the final
results whereas modeling the index in a more flexible way changes them a
great deal

The rest of the paper is organized as followsSection 2 we introduce and
explain the reasons behind the madeéie estimator and its asymptotic proper-
ties are given in Section.3n Section 4 we discuss more practical questions
and illustrate finite-sample behavior by simulatioSection 5 concludes and
gives further discussiorhll proofs are postponed to the Appendix
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2. THE STATISTICAL MODEL AND MOTIVATION

Consider a model for the relationship between a dependent varfaleR
and a set of explanatory variabl€X, T), X € X, T € 7, such that the con-
ditional distribution ofY given X and T belongs to the following family of
density functions indexed by and,,...,np:

{g(‘|T§771»~-~,7lp§9)1771€ H1,~«-»77p€ Hp70 € ®}v (1)

where ® is assumed to be a compact subsetR¥, H,,..., H, arg respec-
tively, compact subsets iR, and X and7 are also assumed to be compact sets
X CRY TC Rk

The relationship betwee¥ and (X, T) will be fully characterized by deter-
mining the values ob and 7, 7,,...,m,, wWheref is an unknown parameter
vector andy;’s are assumed to be unknown smooth functions of not necessarily
disjoint subsets 0K, 7;: Xy — H;, that take values in a set

I ={¢ € C*(Xy): d(x)) CH; forallx!e Xy}

More preciselyn; = n1(x*), n2 = 12(X?),...,m, = 7,(xP), where the vectors
x' € &y, i =1...,p, may contain common elements

For the sake of simplicitywe will considerX and T absolutely continuous
random variables defined in a compact supp®his is by no means necessary
we could also include discrete or even dummy variabspecially forT,
replacing the densities by probabilities measuFes the variableX that will
enter into the nonparametric estimation part we refer to Delgado and Mora
(1995. They show that the impact of discrete variables can be handled non-
parametrically in the same way and does not even affect the rate of convergence

Note that our approach is fairly general and nests all separable models
In fact the structure of the model will depend on the family of conditional
densities into which it will be assumed to fallhat is the functional form of
€(-[T;m1,m2,...,mp;0) Will be determined not only by the statistical assump-
tions but also by the restrictions introduced by economic theory

To explain our considerations further we present one example from eco-
nomics where separability ajpar limited dependency is of essential interest
Gronau(1973 proposes a theory of how a housewife decides whether or not
to work and how much to workHe assumes that the wage offeréll®, is
given to each housewife independently of the hours wotkedhen given a
W?°, a housewife maximizes her utility functidd(C, X%, X?) subject toX =
W°H + V andC + H = Timeg whereC is time spent at home for child care
X = (X% X2) represents all other good§imeis total available timgandV is
other incomeThus a housewife does not work if

du/aC
> W°
dU/oX JH=0
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and does work if the inequality is reversdtishe works the hours of workH
and the actual wage raW®’ must be such that

[ aU/c')C] -
ou/ox |

Gronau calls the left-hand side of the preceding equation the housewife’s value
of time, i.e, the reservation wagaVN'. If the utility function U(-) is strongly
separable in the bundles of good$ and X?, then Gronau’s model could be
statistically described as follows

w2 = m;(x1) + uy, W = 1,(x?) + Uy — Uy,
w =w? if w®>w,
Wi =0 ifWiOSWir,i=l,2,...,N, (2)

where he assumes that the paiy;, u,;) are independent and identically distrib-
uted(i.i.d.) random variables generated from a bivariate Gaussian distribution
with zero meanvariancess2, o2, and covariance..

Note that in this example we have considerably weakened Gronau’s assump-
tions because we are allowing fgk(-) andn,(-) to be unknown smooth func-
tions of the different variables instead of imposiag he didthatw® andw’
be writable as linear combinations of the independent variaBeslready re-
marked in many studiedinearity is often imposed for the sake of simplicity in
the specification of the statistical model but without justification from eco-
nomic theory Unfortunately if our interest lies in weakening the restrictions
that concern the index functipmwe cannot at the same time relax the assump-
tions about the conditional distribution of the error tefrherefore for the sake
of identification we need to take the conditional density of the error term as
known

In model (2) we are interested in estimating the parametérs=
(02,02,04,) and the unknown functiong,(-) andn,(-). Just to simplify fur-
ther discussion we impose for the sake of simplieity = 0. This condition is
used in Gronal1973; however as already remarked in Amemiya985), this
is a rather unrealistic assumpticand in fact it is not necessary for estimation
purposesThen the full likelihood based on the statistical model that is de-
scribed in(2) is

L — H{l _ F{”’h(xil) — 12(x?) H

0 o)

< TIF { n1(X") — (X ] o f { W, — my(x") ]’ 3)
1

02 01

whereF is the cumulative standard normal distribution drid its density ],
is the product over all observations without joasd]]; is the product overall
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with jobs Note that(3) represents a multiple-index model where the nonpara-
metric components are introduced into the structural model additively

The assumption of strong separability of the utility function can be relaxed
e.g., by introducing weak separability between the bundésand X?. Then
Gronau’s model can take the following alternative form

w2 = my(x1) + uy, W = 05 (xH)ma(x?) + uy — uy;,
w=w? if w®>w,
w, =0 ifw’=wy, i=12,...,N, 4)

and the full likelihood expression for mode@!) takes the form

L — 1—[{1 B F{”fh(xil){l_ 772(Xi2)}H

0 )

< T[F { na(x {1 - ﬂz(xiz)}}a_llf{wi = n2(X) ] (5)

o2 01

In this casg5) represents a multiple-index model where the nonparametric com-
ponents are introduced in a nonadditive man@ertainly a further possibility

for relaxing the model would be to make use of latent separahiléy allow-

ing for some regressors to appear in bthand X2,

Following this examplgit is also possible to develop a structural model where
the participation(binary choicé equation in(2) and(4) is replaced by a trun-
cated Tobit modelThis extension is based on Heckman’s mog@ideckman
1974, which differs from Gronau's model in that the determination of hours
worked H, is included in the modelf we are only interested in the hours of
work (H) we have the following truncated Tobit model

h(x;,t) +u, if h(x,t)+u >0
i:{ (6)

0 otherwise

where X and T are characterized at the beginning of Sectio@ume also
that the error termu, is normally distributed with zero mean and varianacg
Then it could be interesting to modBl-) in various ways a partially linear
mode| a semiparametric partially additive modstrong separability or weaker
forms of separability such as weak or latent separabllityder the preceding
assumptions the truncated Tobit model has the following likelihood function

L=HF<M>1Ulf<Hi_h(Xi,ti)>. (7)
1

o o

Settingd = (yT7,0)T we again face one of the regression problems discussed
Compare also Section 4
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In the preceding examplewe have given reasons for working with a wide
class of semiparametric structural econometric models that present estimation
problems that are far from trivial antb our knowledgeremain unsolvedthe
estimation of censored and truncated models under different types of separa-
bility restrictions Certainly in the much simpler case of a single regressor on
[0,1], Conditions | S, and NP of Severini and Won@L992 allow censored
or truncated variabledJnder the assumption of strong separahilityas addi-
tive models a wide class of estimators has been already reviewed in Sec-
tion 1. However the assumption of separability is much weaker than additivity
It allows for any combination and interaction between the component func-
tions as can be realized it4). The main advantage of the estimation proce-
dure proposed in this paper is that it can handle a wide class of separable
models jointly with any kind of nonparametric multi-index structuas we
have in(2) or (4).

3. THE ESTIMATOR

Suppose we have a sampleNfndependent replicatd§Y;, X, Ti)}i—1 ... n- OUr
goal will be to estimate jointly the parameter vectoE © and the nuisance
parameters), 7,, ..., ;. If as stated in Section 1 the conditional densityYof
given X andT belongs to the family of parametric functions represented.n
we could write the following likelihood functian

N
Ln(a’nl""vnp) = ._Elg(YiH-i;nl’-'"np;e) (8)

and then maximize it over the parameters of interEstimation of a finite-
dimensional parameter in the presence of an infinite-dimensional nuisance pa-
rameter has been considered by a number of authierg we propose estimators
that are based on a generalized profile likelihood apprdaek Severini and
Wong 1992. The estimation procedure consists of approximating the likeli-
hood function locally through a weighted likelihood approach developed in
Staniswalis(1989. Furthermore under certain hypotheses on the likelihood
function we also develop an estimator that is based on maximizing a local quasi-
likelihood function(see McCullagh and Neldet989 Severini and Staniswa-
lis, 1994). The main advantage of the method based on the quasi-likelihood
function is that there is no need to assume knowledge of the conditional den-
sity function Howevey its drawback is that it rules out the possibility of con-
sidering the multiple-index models that are typical in standard microeconomic
analysis

Let us denote the estimators of the different curves at pryrity 7, =
11(X5), ..., p = Mp(Xx§). The estimation is then implemented through a three-
step procedureThe steps are as follows
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1. For a given valueg = (x3,...,x§) and fixedd, we estimatey, N2,...,Mp as the
solution of the problem

(ﬁl,f)/ﬁZ,ﬁv“aﬁp,H) = Sup H W(nlw"’np,G),
where the weighted likelihood is

Xo = X
h

N
W(nlw'-’np’a):EK( >|Og€(Y|7T|77]15717p’0)
i=1

andK(-) is ad-variate kernel function ant the corresponding bandwidtiNote
also that all estimators depend @nThis step is repeated for ath because these
estimators are needed for the next part of the algorithm

2. Given the previous estimates for the nonparametric, patperform a simple max-
imum likelihood estimation fopy, i.e.,

N
On = sup 3 10g €(Y;, T3 71y (X1, .., g (X, 6), ©
0EB i=1
and sety; = 7, 5, forallj=12,...,p.
3. Now, with the estimators obtained in steps 1 anev@2 reestimate the nonparamet-
ric part as follows

o~ H N XJ_X|J A
ﬁj(xcj)) = sSup EKJ< Oh >Iog€(Yi7Ti;fll(xil)w-wnj7-‘-aﬁp(xip)a0N)

nE€H; i=1 il

forallj=1,...,p.

The first two steps are derived from the generalized profile likelihood ap-
proach proposed in Severini and Wo{i®92 but extended to the case in which
0, n1,...,mp, and X are multidimensionalFrom these two steps we obtain a
root-N-consistentefficient estimator o#,, but unfortunately the nonparamet-
ric components are estimated with the problem of the curse of dimensionality

The third step is included to reduce the curse of dimension@lity reduced
to d;) of the nonparametric estimatofsurthermoreit is also argued that this
third step is oracle efficieni.e.,, as efficient as the infeasible estimate that is
based on knowing all components but the one of intefEisis property has
been discussed in the context of additive modeé&e Linton 1997, 2000 and
is extended here to weak and latent separable models

Let us introduce some notation and assumptions that will be used in the re-
mainder of the papebDenote byp(X) the marginal density ok = (X%,...,XP)
and byp;(X’) the marginal density oX!. Further seto?(x) = E[Y?|X = x],
o?(x}) = E[Y?|X! = xI], and

oY, t5m1,...,mp,0) = IN€(Y, t5my,...,7mp,0), (10)

d .
Fj(l)(y,t;nla“"np’e):a_n]F(y,t;nlwn’np’a) ]:]-’“"p' (11)
J
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Here F;(-) can berespectively;(-), ¢;(-), orr;(-). Let u, denote &-vector of
nonnegative integer constanior such a vector we define

() | x| = =/ py, wherepy = (s, )T,
(i) for any functiona(x) on R

gluxl

D#a(x) = ———
) X4 OXS" 2. X"

a(x).

Now, we require that the family of density functions
T, mp30) iy € Hy,ooump € Hp, 0 € O}
satisfy the following conditions

(A.1). For fixed but arbitrary6;,ny,...,n,, where ¢, € 0, and n; €
Hl,...,n; € H,, let

P("h/’?z,---,"’)p,@) = f@(y,t§771,---ﬂ’lp,e)g(y,t;”flf,---,”’);,gl) dy’
6 e @,1]16 le-"npe Hp.
If 6 # 6,, then

P(7I1,772,-~-,77p"9) < P(Wf,n;,---,ﬁg,el)-

Letly(91,72,...,mp,0) denote the marginal Fisher information #in the para-
metric modeli.e.,

|9(771, 772,---,77p,0)

9 9
= [—¢(YT 17,9) oY, T; 77,0)}

9 9
-E £¢(YT n,0) T (Y, T; n,ﬂ)

[ 9 9
X E —<0(Y,T;n,0)—Tso(Y,T;n,0)
an an i

F) E)
X E —nso(YT n,9) T e (Y, T; 77,0)

where

ad ad d T
PN QD(Y,T;H’G) = P ¢(Y5T;nl"'~77]p’6),n'9_ QD(Y’T;nl"-"np’e)
0 00,

6,
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and

dJ d ad T
QD(Y,TV’I,Q) = < @(Y,T§n1,---,7lp,0),---, GD(Y,T§771»~--,77p»9)>-
an any np

Then assume that the mattiXny,7,,...,mp, 0) is positive definite for alp € 6
andnl S Hl,...,’)’]p S Hp.

(A.2). Assume that for vectors, | = 4 and|s,| = 4 such thatr, | + |sy| = 4
the function

DrﬂDSQQD(YaT;nl’ LEE) T’p’ 6)
exists for almost aly andT. Further assume that

E{supsupl DrﬂDS"éo(Y,T;m,---,np,0)|2} < 0.
0 7

Condition(A.1) is an identification conditionit is equivalent to Condition |
of Severini and Won@1992 p. 1777). Condition(A.2) is standard in likelihood-
related problemsand it allows differentiation and integration to be inter-
changed when differentiating

P(”hﬂ?z,n-ﬂ?pﬂ) = fﬁp(y,t§”l1,-~-»np,e)f(y,t§771+,~~-,77;,'91) dy

This assumption is equivalent to Condition S of Severini and Wargp2
p. 1777).

Next, we need to include some smoothness assumptions that are necessary
because of the use of nhonparametric smoothing methods

(B.1). For eachh € ® andx € X let us define
h(e’nl""9np’ X) = E{@(Y’T;nl"“’np9e)|x = X}‘

Then

sup  [DDIDN(G, ..., 7 X)]| < 00

for2=1r)[ =4 |s[ =2 |t/ =1 and|r,| + [s| + |ty = 4.

(B.2). Let the vectory(x) = (71,9(X"), ..., 7 0(xP))" be the solution to

F)
—h(8,14,...,m,,X) =0,
P (0,m1,...,Mp, X)
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with respect ton for each fixedd and x. Here 7,(x) is unique and for any
constant > 0 there exists anothér > 0 such that

=4

d
supsup{ — h(6,7,(x),x)
;i

6 X j

implies that
supsup7; 4(X) — m;,5(X)| = €
6 X

forj=1,...,p.
(B.3). We define
AI;;’,’OSH(Y’T) = Dr”DS(’ﬁo(Y,T;??l,---,”’]p,e)

and letf,”¥ (y,t|x) denote the conditional density afs(Y,T) given
X =x. Then

(i) E(sup,sup|Ay7(Y,T)|) < oo for[r,| =5 and|s| = 3,
(i) for any even integeq = 10 it holds that supsup, E{|A75*(Y,T)[9} < oo for
Ir,| =3 and|sy| = 4,
(iii) sup, sup, Sup, x| f;;"’sﬂ)(y,t|x)| < oofor|r,| =4and|s| =3
(iv) sup|D%p(x)| < oo and sup sup, Sup, x| D>, (y, t[x)| < oo for [t,| =m+ 2,
(v) and 0< inf, p(x) < supp(x) < co.

These smoothness assumptions affect the rate of convergence of the nonpara-
metric estimators of the different componenmts. .., n,. In fact, in the Appen-

dix it is shown that(B.1)—(B.3) are sufficient conditions to prove that the
nonparametric estimator;, j = 1,...,p, from Step | have the following
properties

(i) the N¥4-consistency conditiofisee Andrews1994

sup |7 (x4) — m;(x3)] = 0(N~¥4),
X0E Xy

(ii) and thus they are estimators of least favorable curves

Property(i) provides the slowest rate of convergence that the nonparametric
estimators must fulfill to allowdy (in step 2 to achieve theVN rate The es-
timators proposed by Klein and Spa@$993 and Ichimura and Le¢1991),

e.g., satisfy this propertyProperty(ii) imposes an asymptotic orthogonality
condition between the parametric and the nonparametric estimatoissim-

plies that the asymptotic distribution 6éf is not affected by the distribution of
11,...,7p and therefore the parametric estimator achieves the marginal Fisher
information ford. Propertieq(i) and(ii) are equivalent to what is called Con-
dition NP in Severini and Won@992 p. 1779.

Finally, we also need to impose some conditionskan) andhy. The main
conditions are as follows
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(K.1). The kernelK(-) is a real valued function ofR® such that it is com-
pactly supported witlz = (24, 25,...,29)", z € R,
fi : g g 1 ifi;=i,=---=ig=0
1 d =
Zt ... 28K (24, 2,...,24) dz;...dZ4 0 fO<ig+iy+ - +ig<m

J\ZlilK(z)ldz< oo fori=0andi =

and
supD%K (2)| < oo for [, =m+ 2.
z

(H.1). hy is a sequence of constants satisfymg= Op(N %),
1 — —
1 __1a-p-2
4m 4d 2p+q+ 4
such thatm/d > (q—p — 2)/2p + q + 4).

To have mean square error converging to zéra = 4, Assumption(H.1)
implies bandwidth rates of order < . Thus m must be larger than.By
Assumption(K.1) this implies a higher order kerneThis is a standard bias
reducing techniqueand jointly with Assumptior(H.1) on the bandwidth it is
needed to achieve the preceding conditioNéf*-consistencyNote finally that
the bandwidth rates required in conditigdf.1) are faster than the optimal ones
This is also standard in semiparametric models and is due to the fact that the
bias of the nonparametric estimator would otherwise appear in the asymptotic
properties of the parametric part

Then if 4y is the solution to optimization proble(®) in step 2 the follow-
ing result is proved in the Appendix

THEOREM 1 Under Assumptions (A.1), (A.2), (B.1)—(B.3), (K.1), and (H.1),
as N tends to infinity

\/N(éN - 00) —d N{O, |51(U1»---,np,9)},
where

|0(771, 725 - ’npag)

9
= E[a— e (Y, T; n,0) 0T sD(YT n,ﬁ)}

F) 9
-E £¢(YT n,ﬁ) T o(Y,T;n,0)

9 a
X E —¢>(YT n,é’) 7 ¢(Y,T;n,0)
o

3 a
X E —¢(YT n,G) (Y, T; n,H)
an
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and

9 ) 9 T
— (Y, T:n,0 — o (Y, im0 s10,0)s ey — (Y, Tings e o3 M0, 0) |
Py e(Y,T;n,0) = (aglso( Niseees Mpy0),.. a0k90( Nis--sMp ))

dJ dJ d T
P e(Y,T;n,0) = <— (Y, T5me, e, Mp, 0)sey —— so(Y,T;m,.--,np,@)) .
] oy My

As can be observed from this resuhe semiparametric estimator achieves
the semiparametric efficiency bourildee Chamberlajn1992 Newey 199Q
1994). Note that our model restrictions do not contain any information about a
possible dependence structure betw&eand T. Further note that the asymp-
totic variance could be approximated with the aid of the Hessian matrix

Following the example introduced in Sectionir2 Gronau’s model with strong
separability(see equatiori2)), the nonparametric estimators fgy andn, are
obtained by maximizing the smoothed log-likelihood versior{3)fand then

i_2K<XO_Xi>](Wi°_Wir>O)Wi

=1 h
N = 1 N X — X 5 (12)
0 i r
W E K<T>1(Wi°—wi > 0)
i=1
thZK( - >Jl(w°—w’>0)
7 7 -1 (13)

M2 = 11— 02 F X
0o — X
thi_ZlK< ~

The finite-dimensional parameter? can be estimated by maximizing the un-
smoothed log-likelihood version @8),

N
Z (W, — 92.(x )21 (WP — w > 0)
= : (14)
> 1(we —w > 0)
i=1

whereass is a solution of an implicit formula expression
Then under the conditions stated in Theorenwg obtain the following result

VN (62— o) > N(o, a{?}) (15)
and
1\ 2
y = E|:F(771(X )U 772(X )>] (16)
2

https://doi.org/10.1017/50266466603196065 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603196065

SEMIPARAMETRIC ESTIMATION OF SEPARABLE MODELS 1021

If instead of using strong separabilitylias additivity in Gronau’s modelwe
use weak separability as in equati@h, then the estimator in step 1 faey, is
the same as in the additive cabeit for n, we obtain the expression

(R Xo — Xi
_dEK<O—>]l(W|O_WIr>O)
R 0'2 1 Nh i=1 h
o= 1= ER— (17)
1 d2K< 0 |>
Nh¢ = h

for n1(xg) # 0, Oxg € X. Further expressions can be obtained as in the strongly
separable case

Next we study the asymptotic behavior of the nonparametric estimators ob-
tained in step 3To do this we introduce the following additional assumptions

(C.1). Nh% - oo andNh%** — 0, for j = 1,...,p, asN tends to infinity
(C.2). The support of kerneK; is compact andtK;(t) dt = 0, for anyj.
(C.3). Forallj=1,...,pit holds that

ELe ™ (Y, T;mu(XD),...,m(X)),...,mp(XP),0)[X] = xI]=0.

Assumptions(C.1)—(C.3) are standard in nonparametric regression litera-
ture For examplecondition(C.1) makes variance and bias tend to zero when
the sample size increasékhe conditionNhjdi+4 — 0 can be weakened by as-
suming only thah; — 0. Then under the previous assumptions we obtain

~ i i logN )
sup [9;(Xg) — m;(Xg)| = Op < | +O(h).
X4E Xy NhjJ

Therefore the asymptotic distribution oﬁ-(x(’)) will have a nonnegligible
bias of orderO(Nhjdi*“). To correct the bigstwo alternative procedures are
available in the relevant literatur®©ne is to approximate the distribution of
SUR(e v, |ﬁ(x5) - nj(xé)\, e.g., by a bootstrap or subsampling technigsee
Section 9. The other approach is to assume that the bandwidténds to zero
slightly faster than the optimal ratee., Nhjdi+4 — 0. We have chosen the sec-
ond procedurgalthough we remark that at this rate of decay of the bandwidth
our nonparametric estimator will achieve a rate of convergence that is slightly
slower than the optimal rat€ondition(C.3) is an identification condition that

is similar in additive models under Gaussian errors to the backfitting algorithm
(see Hastie and Tibshirgrii990. Under these assumptions the following theo-
rem holds

THEOREM 2 Under the conditions of Theorem 1 and Assumptions (C.1)—
(C.3),forany j=1,...,p
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()
INR(3,00) “08) oy
le/z(ﬁj (%), 6n)
(i)

i logN
SUp |77](X0) TIJ(XO)‘ = Op d ’
xOEXdI NhjJ

where

V. (1, 6,) —sz(t)dtM (18)
1o T b A, (15, 0017

Hi (1, 60) = E[—¢2 (Y, T;my(X1), ...,y (XD),...,60)| XI = x{], and (19)

(1, 60) = ELe (Y, Tima(X), ooy my (XD, .. mp(XP),0)2 XTI = %41 (20)
as N tends to infinity.

Remark Note that under correct specification of the statistical model the
information equality holdsH;(;, 6,) = I;(n;, 6,), and then the asymptotic vari-
ance in(18) collapses to

Vi(n:,60,) = JK-Z(t)dt.—.
e : pj(X(J))Hj(nj,eo)
As an examplgin Gronau’s model with strong separabilityee equatiol2))
under the conditions assumed in Theorenth2 estimator for,(x3) obtained
in step 3 has the closed form

l l
> K1< >l(wi° —w > 0w,

~ 1 Nhgl i=1
nj(XO) 1 N Xo _ X'l (21)
Nhd: 21 K1<T> 1w —w>0)

and shows the following asymptotic behavior

AN (A2(x3) = m1(x4)) =4 N{O,V(x3)}

asN tends to infinity where

f KZ(u) du{o? + nZ(x3)}

Xl _ X2 :
pl(Xl)E{ (771( )0_2772( )>‘X1=X&}
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In the weakly separable case of equatidh in step 3 we obtain the same es-

timator forn, as in the additive casélowever its asymptotic variance is dif-
ferent In this caseit can be shown that

[ e dutoz + miced

1 _ 2 :
0,(x0)E {F<n1(x {1 = ma(X )})Xl _ X&}

02

V() =

As can be noticed from the theoreall nonparametric components are esti-
mated at the fastest possible rate overcoming the curse of dimensiomhlgy
agrees with the results found by Stofi®©86 for additive modelsbut we re-
mark that the same result is achieved here with a weaker restriction on separa-
bility. Also, as indicated beforeve reach the same asymptotics as if the other
components in the model were knowfinally, the (pointwise asymptotic ex-
pressions could be estimated without too much extra calculatioriortu-
nately it is well known that in finite samples these estimates of asymptotic
expressions are of little practical helpstead we again refer to Section. 5

In some contextsthe results obtained in Theorems 1 anchiainly consis-
tency and Gaussian limiting distributipstill hold even if only part of the model
is correctly specifiedMore preciselyby taking a one-parameter linear expo-
nential family as the conditional distribution of given X, maximum likeli-
hood estimates of the parameters of interest are consistent and asymptotically
normal The quasi-likelihood approach allows us to estimate models up to the
identifiable (separablg components whenever they present a single-index
structure

Each member of the family has a density that can be written as

€Y, Timy,...,mp30) = explYs — b(8) + c(Y)},

whered = (n4,...,m,,0). In this caseby the properties of the exponential den-
sity function one gets

E(Y[X=xT=1)=g(t,n:(x"),...,n,(xP),6), and
V(Y|X = X7T = t) = UZVO(g(L nl(xl)v"’np(xp)’go))’

whereg(-) is a known functionNote that again heteroskedasticity is included
but the variance functiory, must depend o and X through the index
a(t, nl(xl),...,np(x P),6y). In this caseit is possible in steps 1-3 to replace
the log-likelihood logf (+) by the quasi-likelihood function(-, g(t, n.(x%),...,
1p(XP), 6)) defined as
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(Y (s—y)
ng = | g ds

whereV(-) is a known functionlf we replace the true distribution by the quasi-
likelihood function in all steps of our estimation procedutteen as shown in
Rodriguez-PéoSperlich and Vieu(2000, the preceding results still haléiow-
ever as might be expectethere is an efficiency loss if the specification is not
equivalent to the real distribution

To show the main results of this section we need to make the following
assumptions

(Q.1). Let G denote a compact subset & such thatg(t,n,(x%),...,
np(xP),0) € Gforallte T, x' € Xy,...,xP € Xg,»m € Ha,...,mp € Hp, and

6 € 0. Then supV(g) < oo, inf;V(g) > 0, sup; Q(g) < oo, and sup  %Q(s) ds
where

a@- [
Y70 iy
(Q.2). Forp=1,...,3thendPV(g)/dgP exists and is bounded for ale gG.

(Q.3). The functiong(-) is at least three times continuously differentiable
bounded with respect to all its arguments

(B.1). As for (B.1) replacinge(-) by r(-).
(B.2'). As for (B.2) replacinge(-) by r(-).
(B.3"). As for (B.3) replacinge(-) by r(-).
(C3). Forallj=1,...,p

Y = g(T3ma (XY, (XD), ., mp (XP), o)
V(g(T,”’Il(Xl),-,Wl(XJ),J]p(xp),oo))

d . . .
X a_g(Tanl(Xl)"n](xj),’np(xp)aao)‘xj =x 207
]

Assumptions(Q.1)—(Q.3) are regularity conditions needed in the quasi-
likelihood framework mainly to guarantee that the quasi-likelihood function used
in estimatingny, ...,n, andé has the properties of a likelihood functio@on-
dition (C.3') is the same as the identification conditi@®.3) but now in terms
of the quasi-likelihood function
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THEOREM 3 Under Assumptions (B)t(B.3), (K.1), (H.1), and (Q.1)-
(Q.3), as N tends to infinity

\/N(éN - 00) —d N{Ov ‘](;l(nl’ ey npa 0)}5
where

‘]0(771’ N2+ np’ 0)

d
= |:_ g(T 7]’60) aGT g(T 77700):|

d
—-E _g( ,71,90)8 Tg(T 7”00)

[ o
X E| — g(T n, 90) g(T 7, 90)

d d
X E| —9(T;n,0,) —= 9(T;n,0
om 9(T;m,60) 207 g(T;7m 0)_

with

F) 0 F) T
—o(T;m,0) = —ad(T;m5...,7M5,0), ..., — 9(T;14,...,My, 6
Py g(T;n,0) <aelg( Niseens Mps 0) aakg( Nis-eer Mp o)>

and

9 9 9 T
—o(T;m,60) = —9(T;m4,...,m5,0),..., — 9(T;7m4,...,1,, 0 .
p 9(T;7,0) (amg( Niseees My 0) Bnkg( Nis-eerMp o)>

As can be seen nqvif the model is correctly specified both criterion func-
tions coincide and therefore we obtain the efficient estimator that was shown
in Theorem 1

The behavior of the estimator obtained in step 3 is given in the following
theorem

THEOREM 4 Under the conditions of Theorem 3 and Assumptions (C.1),
(C.2), and (C.3), we have forany § 1,...,p

ANR (7 (xd) = 7;(x3))
VI2(3,(x3), b))

i logN
SUp |T/J(X0) nj(X0)| = Op N B
XOEXdI Nh]J
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f K{2(t) dt

pj(X(J;)
% <E {Y_g(Lnl(Xl),”-’np(Xp)aeo) i

V(g(t’ 771(X1), ""np(x p)’eo)) 677]
2
X g(T;m(Xl),--.,n;(Xj),.-.,np(X"),Ho)}

1 9
E{Vo(g(t,m(xl),...,np(x P), 6,)) x i,

where

Vj(”'7j,90) =

o)

2\ 1/2
><g(T;m(Xl),...,n,-(xi),...,np(xp),ao)Zxizxi] ) )

as N tends to infinity.

From Theorem 4 we remark on two important issufe estimator is oracle
efficient, i.e., as efficient as the infeasible estimate that is based on knowing all
components except the one of inter@ddoreover this estimator avoids the curse
of dimensionalityLinton (2000 proposes a two-step estimator for the additive
components in a generalized additifiee., strongly separab)enonparametric
regression modeln our approachif we adopt a generalized additive mogdel
the asymptotic variance given in Theorem 4 collapses to the variance given in
Linton (200Q Theorem 1 p. 506). This result was expected becaufer the
strongly separable cast obtain the estimators for the additive components
Linton proposes a local linear approximatjavhereas we propose a local con-
stant oneAs is well known(see Fan1992, the difference between the two
types of approximation is in the biabut the variance stays the sanioth
estimators avoid the curse of dimensionalityt Linton’s does not consider the
weak and latent separability case

4. COMPUTATIONAL ASPECTS AND SIMULATIONS

In this section we deal with some questions that are relevant in practice and
illustrate the numerical performance of our estimators by some simulations
After a bandwidth discussion we come back to the model examples from Sec-
tion 2, beginning with the censored Tobit mod&econd we consider a trun-
cated Tobit and weak separabilitp that example we also discuss the problem
when the nonparametric part of the model of interest cannot be completely iden-
tified in step 1 For those cases we suggest a feasiblell performing algo-
rithm, for which we also present a small simulation study

Unfortunately the choice of bandwidth or the corresponding smoothing
parameters in splingwavelet; etc, smoothing is still an open problem in multi-
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dimensional regression and testirgom a mathematical point of view there
exists an optimal bandwidth in the sense that the mean squared error is mini-
mized Even though for our estimators plug-in methods and cross validation
are both possible in theory the inexactness of the asymptotic expressions in
finite samples and computational burdens renders these approaches impracti-
cal. On the other handne has to admit that in our context of estimating flex-
ible functional forms non- and semiparametric methods are explorative, tools
maybe even just for finding the proper parametric motebking at matters in
that way an increase in the bandwidth simply corresponds to a decrease in the
degrees of freedoyunfortunately allowing an increasing bias toward constant
functionals An extension of our approach to a local linear smoother would re-
lax this to a bias toward linear functiondlsf., e.g., Lejeung 1985. But this is
left open for future researciNote that these considerations do not hold for the
problem of testing parametric vaonparametric functionald here the opti-
mal bandwidth is the one that guarantees the correct significance Vetvieh
is usually a different bandwidth from the mean squared error minimizing one
As a consequence of all thishe empirical researcher should apply various band-
widths always depending on their “tolerance” against smoothness or wiggli-
ness This holds especially for the choice of thgs in step 3

In step 1 bandwidthhy has to be chosen appropriately to yield good esti-
mates for the parametric part of the madghis can be handled by considering
the nonparametric part as nuisance parameidrsn as can also be seen from
theory(e.g., in condition(H.1)), one should undersmooth in stepAll we need
there for the nonparametric part is sufficient smoothness to reach convergence
in the maximization algorithmTherefore in practice we choose bandwidths
close to the smallest ones that still yield numerical convergence in steps 1 and 2
In applications on real data some additional weighting or trimming could be
useful for points at the boundary or outliers

How can a possibly unwanted double effecthgfon step 3 be avoided? We
speak of double effect because the final estiméﬁ;eare affected not only by
the estimate ob but also by the preestimates of thg j = 1,..., p. As indi-
cated in Section , 3he asymptotic results in Theorems 2 and 4 do not change if
we use consistent preestimates different from those prop&eane could
e.g., repeat step 3 without changing the theoretical restiiliss means in prac-
tice that by only one iteration in step 8ne can limit the impact dfiy (on the
final estimates of they;) to the impact caused b@hN- This allows us to con-
sider the bandwidth choices in steps 1 and 3 separately

4.1. Example 1—Censored Tobit

As mentioned previous)ywe come back to the censored Tobit models intro-
duced in Section 2Ve first consider the strong separable pne, we generate
data from

w = n,(xt) + u;, w = n,(x?) + v, (22)
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with n1(X) = n»(x) = 2.0 + 2.0/(exp{—10x} + 1) and u;,v; being indepen-
dently drawn fromN{0,1} and observingv, = w?® 1{w? > w/'}.

Here we have chosen the same functional form fgrand n, to compare
them afterwardOne might expect that the information lackifigy not observ-
ing w") would worsen the estimation af, and o, compared ton,, o,. We
implement a procedure that maximizes the likelihood

_ _ n1(%") — ma(x?)
e

< T1 F{Wi - nz(X?)} Uulf[Wi — n1(x") }’
1

oy Oy

as did Gronau1974), whereF is the cumulative standard normal distribution
andf its density

As we know that correlation between the covariates worsens the estimation
results for estimators such as marginal integration and backfitseg Sper-
lich, Linton, and Hardle 1999 sometimes by a great deale drawN = 500
observations x%, x2)T from N{0,3} with variances of 1 and covariances
01>, = 0.3. Further for the simulation it is more convenient to have all
data inside a given intervatherefore we transform each variable Ry—
0.55(2.4 arctarix)/7= + 1.0) — 0.55, thus projecting all observations into the
interval [-0.55, 0.55]. Then the functions;,, 1, are estimated on a grid of
30 points from—0.5 to O5.

In step 1 we try bandwidthby = 2.20y, 2.40y, 2.60,, Whereo, indicates
the vector of the standard deviationsxaf x,. Herg oy is close to the smallest
bandwidth without running into numerical problen@ondition (H.1) requires
higher order kernels in step. As q in (H.1) can be quite largea kernel of
orderm = 4 is sufficient and we choose the “optimal” fourth-order kerrisée
Lejeune 1985. Mean and standard deviation @f,, 5,) after performing 250
simulation runs for each bandwidtty are displayed in Table.1

In step 3 higher order kernels are no longeecessary and we choose the
quartic onewhich is of order 2As bandwidths we trj := (hy, h,)T = 0.80y,
(hy,hy)T = 1.00y, and 120,. Note that this leads to nine different estimates
(three differenthy times three differenh) for n,, 1, from which in Figure 1

TaBLE 1. Means and standard deviatiofis parenthesgsof the estimates re-
sulting from steps 1 and 2 after 250 simulation runs with mdga)

hn 2.20y 2.40y 2.607
gy 1.0387(0.1457 1.0242(0.1209 1.0370(0.1552
a, 0.8510(0.2603 0.8560(0.2651) 0.8723(0.2890
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95% CB
95% CB

-0.5 -0.25 0 025 0.5 -0.5 -0.25 0 0.25 0.5
f1,h=0.8s(X1) 2,h=0.8s(X2)

95% CB
95% CB

-0.5 -0.25 0 025 05 -0.5 -0.25 0 0.25 0.5
f1,h=1.2s(X1) 2,h=1.25(X2)

FiGure 1. 95% pointwise confidence bands%{ (left), ?;2 (right) from model(22) for
bandwidthsh™ = 0.80y in the upper rowandh™ = 1.2, in the lower one The con-
struction of the confidence bar(@.b.) is based on 250 replications withy, = 2.40y.
Dashed lines represent the data generating functions

are given some selected results when ugigg= 2.40, in step 1 The results
are displayed in terms of 95% pointwise confidence bamdtout bias cor-
rection calculated from 250 simulation ruriBhe dashed lines are the data gen-
erating functions

First, as expected we discover clearly the bias and boundary effespe-
cially when choosing a largk in step 3 Further one can see how the under-
estimation ofr, leads to confidence bands fgs much wider than for),. Finally,
as a result of the “information loss” of not observing but w®, ), is clearly
estimated with less exactness than Neverthelessdespite the complexity of
the model and highly correlated regressors the real shapes can be detected by
our procedure quite well

We now consider an example extending the estimation problem in three di-
rections weak separabilityhigher dimensionsand nonidentifiability in step.1

4.2. Example 2—Truncated Tobit

Let us turn to a problem we so far have not explicitly discussgshsider a
truncated Tobit model as introduced in Section 2

(23)

thy +np(x) +u  iftTy +n(x)+u >0
"o otherwise
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with t; € IR?, x; € R, u; ~ N(0,02), and
N(X) = 91(Xy) + M2(Xz) + 13(X3) + M3(X3) n4(Xs).

Recalling the likelihood functignthe problem we face here is that in steps 1
and 2 we cannot uniquely identify., 1,,...,1m4 but only y, o, andn. The
estimation algorithm we suggest in that case is as foliding proceed to steps

1 and 2 fory, o, andn. Then in step 3 solve a simultaneous equation system
for the smoothed likelihoods of,(x2) up to 7,(x*) making use of the esti-
mates obtained in steps 1 and 2

A computationally feasible way is an iteration in step 3 over the four likeli-
hoods for theﬁj as we have already suggested in the context of bandwidth dis-
cussionThe major difference here is that as a result of the identification problem
in step 1 we do not have all necessary consistent preestimates at hand as de-
manded in Theorems 2 and Although it is known that the derivation of a
closed asymptotic theory for such an algorithm is impossiblis a most intu-
itive procedureknown from operations research to converge under some reg-
ularity (smoothnessconditions and providing the right thinge., the estimates
presented in our theorem$he preestimates lacking in step 3 would be re-
placed by appropriately flexible parametric estimatasour simulation study
we use simply linear preestimation fgg to n; and start the iteration ovey,.
Obvious extensions of our method that would allow identification but also the
derivation of asymptotic theory are discussed in the next section

The data generating process is mod2B8) with 7,(x) = 1.0, n,(x) =
2x2 — 1, n3(x) = sin(2x), na(x) = x, y = (—1.5,2.0)7, ando, = 1.0. The re-
gressors are drawn independently witht, ~ U[0,2] andx; ~ U[—1,1] for
j =1,...,4 We draw about 700 observations to end up always Witk 600
nontruncatedy > 0.0) observationsFor the estimation we apply the identifi-
cation conditionE[n,] = E[ns] = E[n4] = 0 even though this is quite restric-
tive for n,. However simulations without fixing the expectation @f, lead to
identification problems for; andn,.

Again we have to choose a higher order kernel in stépoinpare condition
(H.1)). Note that because of the identification problgnis just equal to 1 in
steps 1 and.2With g large a kernel of ordem = 6 is sufficient to fulfill (H.1).

We choose the “optimal” sixth-order kern@lee Lejeungl985 but the quartic
one in step 30ur bandwidths ardéy = 4.00, andh = (0.6,0.6,0.6,0.9) T,
respectively

After 500 replications we get fof T = (91,92, 6,) in the mean(—1.5051
2.0115 1.11095 with standard deviationf.09733 0.10479 0.059. Figure 2
gives the 99% pointwise confidence bands for the estimatorg td 1,4, again
without bias correction and based on 500 replicatidie dashed lines are the
data generating functions

In Figure 2 we detect slight boundary effecad certainly the bands for the
functionaln, i.e, the constantare quite wide because we estimate it without
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FIGURE 2. 99% pointwise confidence bands for all function estima@es&o ?74 from
the upper left to the lower righbased on 500 replication®ashed lines are the data
generating functions

fixing the meanE[n,]. But otherwise the estimation procedure works quite
well and always detects the correct functional form even in this high-dimensional
complex model with onlyN = 600 observations

5. CONCLUSION AND EXTENSIONS

In this paper we present a new method for estimating semiparametric models
with nonparametric separable components/andimited dependent variables
These models are rather standard in economics literdtu&ection 2 we show
how our procedure can take into account many complex regression systems as
Tobit models This, to our knowledgeis the first method to date that allows
semiparametric modeling of such complex structufesde from the theoreti-
cal consequenceshown in Section 3the use of maximum likelihood tech-
nigques allows us to identify the semiparametric mod&dreover it makes the
estimator feasible in the small data sets typical in empirical reseatdh is
demonstrated in Section 4 together with a detailed discussion of problems re-
lated to application

However for the future it will be necessary to give some attention to the
problem of testing the distribution assumptidwet us emphasize again that for
the sake of identification one cannot model nonparametrically both the distri-
bution function and the index functionalBherefore in our context the distri-
bution assumptions cannot be relaxed more but have to be tested aftelnward
the case of SIMi.e., models of the formE[Y|X] = G{B8"t + n(x)}, where
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7(-) is nonparametricone can test the specification @f(-) as proposed in the
bootstrap paper by Hardleluet Mammen and Sperlich2000. Approximate
x? tests could perhaps also be applied on the residuals

The latter paper also gives many interesting guidelines with respect to boot-
strap inferences in our conteXthe construction of confidence ban@s inter-
vals) and the various specification tests developed there can be apiptiedver
making use of our estimatqrhe implementation to the models considered here
is not immediateCertainly the theory has yet to be properly develaped

An extension of this method to dependent data is straightforwaodreful
check of the proof reveals that the same statements we made in Theorems 1-4
can be made for time series data with some strong mixing conditldo®/-
ever for the sake of transparency in the ideas of methods and proof we have
restricted ourselves to the independent case and instead refer to( Bag)
for an idea as to how the proofs need to be modified to fit the dependent case

An extension for which further theory is not necessary is the followiter
call the identification problem discussed in SectionNbnparametric func-
tions say n; andz,, which always occur jointly in the index or indicesnd in
the same additive or multiplicative wag.g., 71 + 12, can never be identified
separately in step 1 of our procedutastead one would restrict oneselfn
steps 1 and ,2to the estimation of the identifiable parameters and functions
That is one would estimate); , = n; + 7,. To estimaten,, 7, efficiently, in
step 3it is sufficient to have any consistent preestimatorigor 7,. It is well
known (seg e.g., Linton, 200Q Hardle et al, 2000 that these can be obtained
by marginal integratiotthere by integrating ovetj, ,), and the necessary theory
carries directly over to our casNote also that marginal integration applies not
only to additivity but also to many more combinatioisge Linton and Nielsgn
1995 Sperlich Tjgstheim and Yang 2002 Pinske 2000).

If one were to apply marginal integration in geneta¢fore step 3then our
paper overlaps for special cases with existing pagdeos instance for single-
indexed generalized additive partial linear modelsr paper includes then the
estimators presented in Hardle et @000 but adding step 3 to yield full effi-
ciency For the same model Lintof2000 proposes a proceduralso using
marginal integrationwhere he yields “efficiency” by doing a single-iteration
backfit in step 3He speaks as we do of efficiency in the sense of reaching the
bounds of an oracle estimator for which the nuisance components are known
See also our references to that paper in Sectjomh&re we compare the final
estimators in detail
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APPENDIX: PROOF OF THE MAIN RESULTS

Proof of Theorem 1. The proof of this theorem is based on a generalization of Prop-
ositions 1 and 2 from Severini and Wo(t992 p. 1780. AssumptiongA.1) and(A.2)
imply directly Conditions | and S from Severini and Wo(iP92 pp. 1777, 1778. Fur-
thermore for fixed 6, under(A.1), (A.2), (K.1), and(H.1) the estimator obtained as a
solution of

(ﬁl67ﬁ2,67'”7ﬁp,9) = Sup W(nl7-”7np’0) (Al)

is an estimator of a least favorable cur¥e see thisnote that if7y(x) = (71,4(X), ...,
Mp,6(X))T is the solution ta(A.1) then

N 3 N N X_Xi
E_lOgg(YhTi;nl,ﬂw'-,np,G’B)K =0.
an h

i=1

Furthermore
N 2 ) A . Xi
izzl aganf 109 €(Yi, Ti5 1,95+ > M0, 0K -
N g2 R A X=X\ 4
+ E 61)61;T |Og€(Yi,Ti;Wl,e,...,np,g,G)K T 607 na(x) =0.
i=1
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Then using the preceding assumptions and the properties of the Watson—Nadaraya
smoother

9 9? -t
0T M(X) —p —{E [ o™ (Y, Timy(Xh), ..., mp(XP),00) [T =t,X = XH

2

P
8 E[aaa 2957 PN Tim(X),. -,np(xp),Go)T=t,x:X],

and the estimator obtained {A.1) is an estimator of a least favorable curi&everini
and Wong 1992 p. 1779 Condition NRb)). Condition NRa) is obtained as follows
Let us denote

(" 59)()() th 2K< >A(r Se)(YI’TI)

f() 1 X=X
N—hﬁK( n )

Consider the casg, = sy = 0. Then using the same approach as in the proof of Lem-
mas 5 and 8 from Severini and Wo§992 one can show that

ﬁN(aynli--wnp’X) =

sup supsupD%G, 4(x) — D*h(8,74,...,7,, X)|
Maeenp O X
= O,(h + N ~lv2(p+a+2INyh (Il +di2pta+a/(p+a+2))
and
sup supsunD‘xf(x) D&f(x)|
= O, (hY + N ~lv2(p+a+2INyp (Il +di2pra+a/(prat+2))

for somey > 0. For the bandwidth use the rate assumedHril); then

SUp Supsun ﬁN(Bynla”-,np, X) - h(077)17~~-777pax)| = Op(Nil/4)

and

sup SUpsuﬂDlxﬁN(e,nl,---,ﬂp, X) - D‘Xh(arnlw-wnp’X)l = Op(N71/4hﬁ‘tx‘)'

The same can be done for,| > 0, and|sy| > 0, and then Conditions N@) from
Severini and Wond1992 p. 1779 are verified Because Conditions 5, and NP are
verified, then Propositions 1 and 2 apphnd the proof is complete u

Proof of Theorem 2. To simplify the proofsj is fixed, and we can see tha?;; is
indeed such that

7 = arg max\\{* (. Oy ),
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where

i .
' )Iog€(Yi,Ti;ﬁl(Xil),...,nj,...,ﬁp(Xip),eN).

A 1 X
\M*(TIPBN)_N_E <

J

A Taylor expansion otoJ @ around the poin’t;]' n,(Xij) gives directly the existence of
some7); belonging betweem; andnJ, such that

1 " oA
go]-( )(Yi,Ti;17'1,...,...,nj,...,nr'J,GN)
_ _(1)(Y T .5 A i A é )
QDJ i |,771,“-’77]71’77]777]+1a---777p9 N
) 2 N N o oA
+ (77] - 77;)401( )(YiaTi;nlls--'77]j|71’7]jls77jl+11'--sn;35GN)'

So this leads directly to

aVVJ*(”IJyéN) N N N ~ 0
6—77‘ =A(0y) + AZ(nj:aN) + [As(6y) + A4(77j30N ] (771' - ), (A.2)
]
where
1N x4 — X/ N .
W 2 K] ( h I qu(l)(YirTi ?77'1,---,771"—1, njlrnlerls---rn;I)raN)
~ =1 i
Al(eN) 1 N Xé— X-j ’
i K. !
Nhg 2 h
1N x) — X} _ L o
WZ:LK1< Oh )(njo_njl)goj(Z)(YisTi;n.!l.w--rnjl177_’j|777j|+1y--~:77;)70N)
ji= j
AZ(nj,aN) = 1 N i X-j )
_— 2 K XO—'
1 N (xh=X
WEK]< h I @i (Y|7T|77’17 s =15 M55 Mj+1> 9npa0N)
~ jTi=1 Jl
A3(0N) 1 N Xé— X] ’
i K. !
Nh .:21 "\ h
and
. 1 1 xJ— X
A4(77]s0N) 1 N j _ X-j Nh]dl i—ZlKj ( hj
Nt = T

2 N i N oA
X [¢J( )(YhTi;n}b---’njlflrnjlrnjurl;-“77];)76N)

oY, NI N Si4
( 771, 917;717 77]‘917jl+17---377;)» 6N )]
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Now we will study the asymptotics of the preceding teymecalling that under the
conditions established in Theorem YN (6 — 6p) = Op(1) and SURIcx, |7 (X)) —
7 (x))| = 0p(N~¥4) forj = 1,..., p. For the termA; note that by the mean value theorem

1 X=X/ @ N N i A )
WZKJ T ‘PJ (Yi’Ti;nlw'-rnjfl’nj57’j+13"-5np59N)
i i=1 i
1 xJ— X} _ S _
B W ElK] (T‘ 901(1)(Y|,T|,77|1,,7IJI—1,77]|,77]|+1,J],'neo)
= j
1 X=X\ & o I o
+W|21KJ< h. : é8_77|¢I(l)(Yi7-ﬁ;nilln-"777jl—19nll’nll+17"‘777;|37eN)
1= ]

1 N (x=-x o
X (A (XD = (X)) + —= S K| =) —
(nl( |) 7I|( |)) Nh]dJZL ]( hj 801—

X (pj(l)(Yi ?Ti ;1_7;.7-”77_];71777;7 7_7ji+17---a7_7|i37 e_N)(éN - 90)
By using the following results from Theorem 1

sup |7;(x4) — m;(x)| = Op(N~4),

xo S Xd

A 1

Oy = b6+ Op<ﬁ>

and a strong law of large numbers we obtain
h? 1

A _ ]
A(0y) = A(6y) + Op(N 4y + O, W + W , (A.3)
i

where

1 N - X/ o _
Al(eo) - N_ Z ( >§D](1)(Y|7T| 77717 ’njlfl’ 7Ij|y77j|+1,---377,'3,90)~

l

Now, becauseE [ (Y, T; 1y (X1),..., 1, (X)),...,mp(XP),60)| X = x3] = 0, standard
results on Watson—Nadaraya smoothers give us

A.(6) =, 0,
E(AL(6y)) = o(hjz),

1 1
Var(Al(eo)) = W |:f Z(t)dtl (7]] 700)pj 1(X0):| + 0< nhd ) (A4)
]

and

1;(1°,60) = ELe™ (Y, T5my(X1), ..., m(XI), ..., mp(XP), 80)% | XT = x3].
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For the next two termswith the same arguments we arrive at

h? 1
A _ ]
AZ(nj’gN) = Az(nj,ao) + Op(N 1/4) + OP<W + W>, (AS)
]

where

N xJ— X} o . S .
E Kj (77]0 - 77,")90,' (YI aTi ;7’5.’ (AR 7)j'71, njl’ 7]]-'+1, ceey 77;'31 90)

i=1 h;
N Xj _ X’j
2 Kj 0 i
i=1 hj

]

Az(ﬂjaeo) =

with
Ax(n,60) =, 0,
E(Az(n,65)) = o(h?),
Var(Ay(n, 0y)) = o(Var(Ay(6y))), (A.6)
and

A3(éN) = E[goj(z)(Y,T,nl(Xl),,nl(Xl),,00)|XJ = Xé]

1
+ 0[P+ —= | + 0,(N"V4),
{1+ ) o

which finally leads to

Ag(Oy) = —H;(nP,00) + 0,(1), (A7)
where

H (02, 00) = E[—¢? (Y, Tsma(XD), ..., (XI),..., 00)[ XT = x}].

For the tern1A4(nj,éN), this can be dealt with by using various argumeimnsieed the
absolute continuity condition oqaj(z) leads directly to

Ay(m;,6y) >0 (A.8)

in probability This convergence is uniform ovef andé (because botly; andg belong
to some compact and so the continuityqq(?) is indeed uniform The proof of(i) is
completed as follows_et us denote

Z = \[ND3 (4 — n0). (A.9)

By applying(A.2) at pointy; = 7;, we arrive at

- W( As(By) + Al ) )

_AS(éN) - A4(ﬁj ’ éN)
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Using (A.5) we have that

. 1
\NRIAL (7, 6y) = \NRIA,(4;,60) + O, <h1-2+<d1/2) + F)

N
Moreover by expressionA.6)
\jNhjCijE[Az(ﬁj,Bo)] =o(y Nhjdj h),

and finally because of conditiofiC.1) on the bandwidth we have th@thas asymptot-
ically the same distribution as

Nh]dl _ Al(eN) .
—As(6y) — A4(7’j70N)

Now apply(A.3), (A.7), and(A.8) and remark that thug has the same distribution as
\/Nh% A;(65)/H; (1P, 65). On the other hand the Lindeberg—Feller theorem together
with (A.4) leads to

Ii(”’ijoﬁo) ) (A10)

pj(xcj))

To complete the proof of the first part of the theoremote that by continuity of the
functionV;(n;) and because of Theorenti we have

Vi () .
—> .
Vi(nf) P

(A.11)

Finally, because of Slutsky’s theorerfA.11) and(A.10) are enough to prove the result
of Theorem 2i).

To show(ii), if in place of using the Lindeberg—Feller theorem as we did to pfoye
we use Bernstein’s type inequalitgee Serfling198Q p. 95) we immediately get the
following expression foA;(6p):

[logN
A(6p) = Op< W)
1

Writing Snow in the form
Ax(By) + Ax(d, By)

S= = — |,
—As(0y) — A4(77j’0N)

and usingA.5), (A.6), (A.7), and(A.8) to treat the termd\,, Az, andA,, we get directly

[logN
S—Op< N_h]dl> (A.12)

Finally, (A.9) and(A.12) are enough to complete the proof of péi} of the theorem
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