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Abstract. We prove an improved C* Koebe principle for a C* interval map with non-flat
critical points, where k > 3, that requires no disjointness of the intervals involved.

1. Introduction

The real Koebe principle is a major analytic tool in studying iterated interval maps. The
most well-known version of this principle provides estimates on the first- or second-order
derivatives for diffeomorphisms with negative Schwarzian derivatives; see [3]. In recent
works [2, 8], it is proved that such an estimate remains true for diffeomorphic branches of
iterates of a general smooth interval map with non-flat critical points.

In certain circumstances, we need a C* Koebe principle to obtain estimates on higher-
order derivatives. A result in this direction was obtained in [6]. However, in order to apply
that result, one has to prove an upper bound for the sum of the length of the orbit of an
interval, which often requires extra work. In this paper we shall prove an improved version
of the C* Koebe principle for smooth multimodal maps that requires no estimate on the
sum of the length.

More precisely, we consider a C! map f from the interval X := [0, 1] into itself. Let
Crit(f) denote the set of critical points of f, i.e. the set of points where f’ vanishes. We
shall always assume that for some r > 2, f is C" outside Crit(f) and for each critical
point ¢, there exist C" local diffeomorphisms ¢, ¥ defined on a neighborhood of 0 with
¢(0)=c, ¥ (0)= f(c), and a real number £ = £, > 1 (called the order of ¢) such that
|l o fog(x)] =|x|® holds when |x| is small. Denote by F” the class of C" maps of
[0, 1] with non-flat critical points and all periodic points repelling.

Given a homeomorphism ¢ : I} — I between compact intervals, let «; : I; — [0, 1] be
the orientation-preserving affine homeomorphism (i = 1, 2) and let

[pl=wogpoa;' [0, 11— [0, 1.
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For a bounded interval J and t > 0, let (1 4+ 27)J denote the concentric open interval
of length (14 2t)|J|. We say that an interval J is t-well inside an interval T if
TO>(+21)J.

The main result of this paper is the following theorem.

THEOREM A. Let f € F", where r > 3. For each Tt > 0 and each 1 <k <r, there exist
Ky = Kk (t) > 0 and & = £(f, ©) > O satisfying the following. Let T C [0, 1] be an open
interval and let J be a closed subinterval of T such that the following hold:

° f5:T — f5(T) is a diffeomorphism;

o« IfMDI<E

° f5(J) is t-well inside f°(T).

Then for ¢ = [ f|J] we have

|D*¢| < Ki.
Furthermore, K1 — 1 and for each k > 1, K — 0 as T — o0.

A conditional C" (r > 2) Koebe principle was proved in [6], where an upper bound on
Z;;%) | f/(T)| was required to obtain the same conclusion of the theorem. It was observed
in [4] that, for C” (r > 3) maps, we only need an upper bound on Z;;B | £7(J)|*. We shall
prove here that we always have such an upper bound.

THEOREM B. Let f € F3. Foranya > 0, there exists a constant C = C(a) > 0 satisfying
the following. For any interval T C [0, 1] and integer s >0, if f*:T — f*(T) is a
diffeomorphism, then

S
Yot <c.
j=1
In [7], the author proved this theorem for C2*" unimodal maps. The argument given in
this paper is significantly simpler.

Proof of Theorem A assuming Theorem B. By [4, Theorem 2], for each t > 0 and each
1 <k <r, there exists a constant n = n(f, t) > 0 such that, under the further condition
Z;;E) | f7(J)|*> <, the conclusion of Theorem A holds. This result was proved by
modifying the argument in [6]. Although it was also stated for S-unimodal maps in [4],
the proof works through in the general case by the following modification: in the proof of
Claim 2, we replace the Koebe principle for maps with negative Schwarzian derivatives by
[8, Theorem C].

By Theorem B, there exists a universal constant C = C(1/2) >0 such that
Z‘;;é | £1(T)|3/*> < C. Since f has no wandering interval (see [3]) and all periodic points
are repelling, there exists & > 0 such that if | f*(T')| <&, then

max | 4 (T)] < (n/C)>.
j=0

Thus
s—1 ) s—1 ) 1 . s—1 ) 5
DD =Y IMP < fmax | £1 Y LR <.
j=0 j=0 7= j=0
The proof is completed. a
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Remark. Recall that a diffeomorphism ¢ : J' — J between bounded intervals is in the
Epstein class &; if ¢! extends to a univalent holomorphic function from C\ (R \ (1 +
27)J) into C. The same outline in fact gives the following stronger estimate on the
distortion of f*|J under the circumstances of Theorem A: given ¢ > 0, provided that
| f°(T)] is small enough, we can find a map v in the Epstein class £;/2 such that the
C* distance between ¢ = [ f°|J] and v is at most ¢.

The rest of the paper is devoted to the proof of Theorem B. The real bounds properties
developed in [8] are the basis for our analysis.

Notation. We say that a constant is universal if it depends only on the number and order of
the critical points of f.

2. A reduction
For V C [0, 1], let

D(V)={x€][0, 1]| fk(x) € V for some k > 1}.

The first entry map Ry : D(V) — V is defined as x — @) (x), where k(x) is the entry
time of x into V, i.e. the minimal positive integer such that f*®)(x) € V. The map
Ry |(D(V) N V) is called the first return map of 1.

An open interval V C [0, 1] is called nice if f"(0V)NV =0 for all n>0. A
component of D(V) (respectively D(V)) N V) is called an entry domain (respectively return
domain) of V. It is well known that the entry time is constant in any component of D(V).

A sequence of open intervals {Tj}j.:O is called a chain if foreach j =0, 1,...,5s — 1,
T is a component of f -1 (Tj+1). The intersection multiplicity of the chain is defined to be
the maximal number of the intervals T; that have a common point.

Given a nice interval V and a chain T = {Tj}§'=o’ we say that the pair (V, T) is
admissible if f* . Ty — Ty is a diffeomorphism and 7y C V.

A pull back of an open interval V is a component of f~"(V) for some n > 0. Denote
by p (V) the maximal length of all pull backs of V. Clearly, if U is a pull back of V, then
pU) = p(V).

The following proposition was proved by van Strien and Vargas; see [8, Theorem C(1)].

PROPOSITION 1. Assume f € F>. Forany &€ > 0, there exists &’ > 0 such that if I, V are
nice intervals, V is €-well inside I, and x € I, f*(x) € V, then the pull back of V along
{x, f), ..., fRx)} is &-well inside I.

To prove Theorem B, it suffices to prove the following Main Lemma.

MAIN LEMMA. Let f € F3. For any a >0, there exists a constant C = C(a) > 0
satisfying the following. For any admissible pair (V, {T; };20), with |V | sufficiently small,
there exists 0 < s’ < s such that

N

doonte < cp(v)®,
j=s'+1
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and one of the following holds:

° s’ =0; or

° there is a nice interval V' such that V' is &-well inside some pull back of V and
V', {T; }‘;/:O) is an admissible pair, where & is a universal constant.

Proof of Theorem B. Without loss of generality, we may assume that f*(7") C V for
some nice interval V with |V| small. By the Main Lemma, for any o > 0, there exist
a constant C = C(«) > 0 and integers 0 = s, < - - - < 52 <1 < 59 = s and nice intervals

Vo=V, Vi, Vo, ..., V,, which are pull backs of V, such that:
° ff(TycV;for0<i<n;

o XTI < Cp(Vim) for 1 <i <

° V; is £-well inside some pull back of V;_; for 1 <i < n.

Let us prove that there exists a constant A = A(§) € (0, 1) such that p(V;) < 1p(Vi_1)
for 1 <i <n. To this end, fix i and let I be a pull back of V;_1 with (14 2&)V; C I.
Letting U be a pull back of V;, we shall show that it is well inside a component of
D(I)U 1. If U C I, then by Proposition 1, U is well inside /. Otherwise, U is contained
in a component U" of D(I) \ I. Let r be the entry time of U’ into I. Then f"(U) is
contained in a pull back of V;, hence well inside I, by Proposition 1 once again. Since the
chain {U j’.};zo with U/ = I and U = U’ has uniformly bounded intersection multiplicity,
we obtain that U is well inside U’ by the usual Koebe principle.

Therefore
S . n Si—1 . n
DIt =Y" Y 1Mt <) Covi)®
j=l1 i=1 j=si+1 i=1
n
<Y oAy <
i=1
where C’ = C’() is a constant. ]

3. Pull back by monotone branches
The goal of this section is to prove the following proposition.

PROPOSITION 2. There exists T > 0, and for any o > O there exists C = C () > 0 with the
following property. Let I be a small nice interval and J be a return domain of I with return
time r such that (1 +2t)J D 1. Let K be a subinterval of J such that " : K — f"(K)
is monotone. If f4" : T — f47(T) is a diffeomorphism and f'"(T) C K forall0 <i < q,
then

q
Z |ftr(T)|1+a S C|1|1+0t

i=1
The constant 7 is chosen according to the following proposition, which provides a useful
estimate in the case that |J| and |/| have almost the same length.

PROPOSITION 3. There exist universal constants T >0 and M with the following
property. Let I be a small nice interval and let J be a return domain of I that has return
time r. Assume that I C (1 4+2t)J. Let U= {Uj};.:O and {Ij};.:O be the chains with
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U =0+2t0)I DI, =1and Uy D Iy = J. Then:

(1)  the intersection multiplicity of U is not greater than M ;
) foreachx € Uy, |(f7) (x)] < C;

(3) ifc e Uy is a critical point of f", then

d(f"(c), ¢) = k|Uol;

(4) if f"|Uo has a critical point, then the Schwarzian derivative Sf” (x) < —k/|J|? for
all x € Uy, where k > 0, C > 0 are universal constants.

This is [5, Proposition 5.2], except that we have changed the assumption of the last
item from ‘f"|J has a critical point’ to ‘f"|Uy has a critical point’ and changed the
notation ‘7;’ to ‘U;’. The same proof works: indeed, the assumption that ‘f"|J has a
critical point’ was only used to guarantee that 7T(= Up) contains a critical point, and the
proof showed that |7p|/|J| is bounded from above.

Recall that the Schwarzian derivative of a C> map ¢ is defined as

QOW 3 (p// 2
Sp="——-Z(=).
= T2y

The following lemma, due to Yoccoz, provides useful estimates in the almost parabolic
case.

LEMMA 1. (Yoccoz lemma) Let ap <aj; <az < --- < ay < ap+1, and let ¢ : [ag, a,] —
a1, ant1] be a c3 diffeomorphism with S < 0 such that ¢(a;) = aj+1 for all0 <i <n.
For any o >0, there exists C =C(o) > 1 such that if |ay — ao| > olag — a,| and
lan — an—1| > olag — ayl, then forall 1 <i <n,

1 1 < |a,~ - ai_1| 1
Cmin(i +1,n+1—-i)2 " |ag—a,] — mini +1,n+1—1i)2
Proof. See [1, Appendix A] for a proof. O

Proof of Proposition 2. Clearly, we may assume that g > 2. Note that this assumption
implies that K N f"(K) # #. The argument will be divided into two cases.

Case 1. Assume that f"|K has no fixed point. Since K N f"(K) # ¢, this implies that
f"+ K — f"(K) is monotone increasing. Without loss of generality, let us assume that
f"(x)>xforallx € K.

We only need to consider the case that " : K — f"(K) is a diffeomorphism. To see
this fact, let c; < ¢y < - - - < ¢y, be the critical points of f"|K, and let K1, Ko, ..., Kpy+1
be the components of K \ {c1, ¢2, ..., ¢}, labeled from left to right. Then m is uniformly
bounded and f”|K; is diffeomorphic for all 1 < j <m + 1. Since f"|K moves every
point to its right-hand side, we can find 0 =¢9 <q1 < g2 <--- < ¢gm+1 = ¢q such that

fir(r) c Kjyi forall g; <i <gjq1, j=0,1,...,m. Once we prove the proposition
in the diffeomorphic case, we shall obtain upper bounds for Zi’g}lj ol FIr(T)|1+ for all

0 < j < m, which clearly implies an upper bound for Z?:l | Fir(T)| e,
Let Vo = (a, b) be the maximal open subinterval of Uy that contains K and such that
/"1 Vo has no critical point.
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Subcase 1.1. Assume that Vo = Up. Then f"|Up is a monotone increasing diffeomorphism,
hence so is f":J — I. Since J C I, f" has a fixed point p in J. Since f” has no
attracting fixed point, we have Vo C f"(Vp). Let A = Df"(p) and let J,, = (f"|J)7" (),
n=0,1,....By[3, Theorem IV.B], A > 1 is bounded away from 1. Since f™" :J, — I
is a diffeomorphism that extends to a diffeomorphism onto U, = (1 + 27)/, we have

|Jn] < CATM,

where C is a constant depending on t. Since fi’(T) C Jy—i—1 for all 0 <i <gq, the
proposition follows.

Subcase 1.2. Assume that Vy # Up. We claim that we can find a universal constant ¢ > 0

and
a<ap<ay<ay<---<ay <b<ayqi
such that:
° f"(aj))=ajy foralli=0,1,...,N;
e |ap—ai|l=olag —anland|ay—1 —an|=olag —anl;

o (ao, an+1) D K.

Assuming the claim for the moment, let us prove the proposition. Since f"|Up has a
critical point, by Proposition 3, Sf” < 0 holds on [ag, ay]. By the Yoccoz lemma, we
obtain that

lai — ai_1| = |lag — an|/minG + 1, N + 1 — i)? (1)

holds foralli =1, 2, ..., N. Let kK be minimal such that T C [ag, ar]. Recall that we are
assuming that ¢ > 2. Hence k < N, and for 1 <i < g — 2 we have
ST Clai, agyil C lao, a].
By (1), we obtain that
-2 i -2
‘t( /(D) )”‘” <"Z(|a,~ —ak+,-|>1+“
—\lao —an| T\ lao — anl|

is bounded from above by a constant. Since |ag —an| < |U,| = (1 + 27)|I|, the
proposition follows.

Let us prove the claim. First we notice that one of the boundary points of Vj, say b, is a
critical point of f”. By Proposition 3,

|f"(b) — bl > k| Uy
Write K = (xg, x1). Let us prove that there exists a constant ko > 0 such that

max | f"(x) — x| = ko|Upl. 2
x€la,xo)

In fact, if a is also a critical point of f”, then (2) holds by Proposition 3. If we

assume that we are not in this case, then a € 9Uy and G = (f"(a), f"(xg)) contains a

component of U, \ I, hence |G| > t|I|. In the following we apply an argument from [5].

Let H=(1/3)G, and let {Hj};':o be the chain with H. = H and Hy C (a, xg). We
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may assume that |Hg|/|Up| is not too small, for otherwise (2) obviously holds. Let
o :R — R be an affine homeomorphism such that o (Hp) = (0, 1), and consider the map
¢:=00f oo"1:(0,1)— o(H). By [5, Proposition 5.1], ¢ is C3 close to a map in
the Epstein class &2. By [5, Lemma 5.3], it follows that SUP f, | f"(y) — y|/|Hp| is
bounded away from zero. In particular (2) holds.

Now let us take ag € [a, xo] such that | f"(ag) — ag| > xo|Up|. Since f” has no
attracting fixed point, we have

f1 () >b+«|Uol, f"(ap) > ao+ kolUol.
Let N be maximal such that
ao < f"(ap) < -+ < [V (ao) <b.

Then f"N+D(ag) € (b, f7(b)]. Write a; = £ (ag). Since |(f”)’'| is uniformly bounded
on Uy, and since | f" (b) — b|/|Up| is bounded away from zero, |ay—1 — ay|/|Uo]| is also
bounded away from zero. The claim follows.

Case 2. Assume that f" : K — f"(K) has a fixed point p. Since f has no attracting fixed
point, f”|K has a unique fixed point. Denote by 1=, I" the left and right components of
I\ {p}, respectively. Then I’ is a nice interval that has a return domain J' that contains
p in its boundary. In the case that (f")'(p) >0, J; = J N I'; otherwise, J; C J N I'.
The return time s of J; to [; is either r or 2r according as f"|K is monotone increasing
or decreasing. Let K; be the maximal subinterval of K such that f"(K;) C K, and
let Ki =K NnJ, ie{+, —}. Then fS|K{ is monotone and has no fixed point. For
0<js<(g—Dr, f/°(TNI") C K. Applying Case 1, we obtain the desired estimate. O

4.  Proof of the Main Lemma

Let I be a nice interval and J a return domain of /. For x € J, we say that the first return
map R;:J — I is non-central with respect to x if R;(x) ¢ J. The following theorem
is [8, Theorem A].

PROPOSITION 4. For each f € F3, there exists a constant T > 0 such that the following
holds. Let In D> 11 D ---D I,4+1 be a sequence of intervals, and let x € I,,41 with the
following properties:

° Iy is nice;
. foreachi=0,1,...,n, Ii1 is a return domain of I,;
. there exist integers m < m < n such that both Ry, : Iy+1 — I, and Ry, Ly —

1;, are non-central with respect to x.
Then I+ is T-well inside Iy.

Proof of the Main Lemma. Let @ > 0 and let (V, {Tj}j.zo) be an admissible pair with |V|
small. It suffices to prove the following.

(*) There exist universal constants C > 0 and 7 > 0 such that for any component / of
D(V) U V, there exists 0 < s’ = s'(I) < s such that

Z |Tj|1+aSC|[|l+a,

s'<j<s,T;Cl
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and such that one of the following holds:
1 s =0;0r
(ii) Ty is contained in a nice interval I’ with (1 +27)I’ C I.
In fact, let so = max; s’(I). Then either so =0 or Ty, is well inside a pull back of V.
Moreover,
)

Z |Tj|l+oz — ZI: Z |Tj|1+oz SZ Z |Tj|1+oz

Jj=so+1 so<j<s; T;Cl I s'(N)<j<s; T;Cl

<Y ClU<Cp(V)* Y I <Cp(V)*.
1 1

To prove (x), let us fix a component / of D(V) U V. Certainly we may assume that
T; C I for some 0 <j<s. We shall define inductively a sequence of nice intervals
Je CJg—1 C---CJ1 CJo=1 and integers 0 < sp < sp—1 <--- <81 < 5o < s such that
TSJ. CJjforall0<j<k.

Let Jo =1 and sop < s be maximal such that Ty, C Jo. Suppose that we have defined
JiCJi-1C---CJpand 0 <s; <sj—1 <---<sp such that T;;, C Jj for all 0 < j <i.
Let 0 <s;+1 <s; be maximal such that Ty,,, C J;, and define J;11 C J; to be the return
domain of J; that contains Ty, ; if there is no such s;1 1, then let k = i.

Let R;|J; = f". Let m < k be maximal such that

S0 =851 =81 —82=""=8Sm-1—"Sm =T.

Statement. There exists my < m such that
mo
oIt <t 3)
i=0
and such that one of the following holds:
(@) mg=m;or
(b) T, is contained in a nice interval / "with (1 +2«)I' C I
where C > 0, k > 0 are constants.
Assuming the statement for the moment, let us prove that either (i) or (ii) holds.
If (b) holds, then (ii) holds with s' =s,,, and we are done. So let us assume that (a)
holds. If m =k, then fi(T) NJy=0forall 0 <i <sg, so f5:T — f%(T) is a first

landing into J, therefore the intervals f(T), f 2T, ..., f(T) are pairwise disjoint,
hence
1 1
Soooamitr= Y ninlE < > <t
I<j<s;,T;Cl 1<j<s.T;Cl 1<j<si,T;Cl

Thus (i) holds with s” = 0 in this case. Assume now that m < k. Then s,;, — ;41 > r. Let
me{m+1,m+2,...,k}bemaximal such that
Smo— Sm+1 =Sm+1 — Sm+2 = =SH-1 — S
Applying the statement, replacing I by J,,;, we obtain that m < i < m such that
mo
D AT < Cll T < e,

1=m
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and such that one of the following holds:
&) mg=m;or
(B) T%O is contained in a nice interval /” with 1+ 2K)f "cJn,Cl.
If (b) holds, then (ii) holds with s’ = Sy, and we are done. If (3) holds and 71 = k, then we
obtain (i) as above. Suppose that (4) holds and m < k. Then for an arbitrary x € Ty
Ry, i ILny1 — Iy and Ry, : I;, — I are both non-central with respect to x. Thus,
by Proposition 4, J; . is uniformly well inside 7. Thus (ii) holds with s’ =s;,; and
I'=Jpg.

The rest of the paper is devoted to the proof of the statement. Let us first assume that

(142001 D Jy=1, 4)

where 7 is the constant in Proposition 3.

If f7:J; — I is monotone, then by Proposition 2, (a) holds with my = m. So let us
assume that f” : J; — I has a turning point. Provided that |/| is small enough, f"|J; is
a composition of folding maps, so f"(dJ;) consists of one point in the boundary of 7. To
fix the notation, let us assume that /" maps dJ; to the left endpoint of /. Let ¢, ¢’ be the
left and right most turning points of f"|J;, respectively. Let L, L’ be the left and right
components of J; \ [c, ¢’]. Note that (L) = f"(L") = f"(Jy).

First suppose that f”|J; has no fixed point. Then f"(x) < x for all x € J;. Denote all
the critical points of f” in J; by ¢ < ¢z < - - - < ¢;. The number p is uniformly bounded.
Since f”|J; moves every point to its left, applying Proposition 2 in each piece (c;, cj+1),
we obtain that (a) holds with my = m.

Assume now that f"|J; has a fixed point. Since f” has no attracting fixed point,
f"(c) >c. Thus f”|J; has an orientation-reversing fixed point p with p >c¢. The
pre-images of the fixed point p under f”|J; divide the interval J; into finitely many
subintervals J, 1 <i < v, labeled from left to right. Note that each interval int(J i) is
a nice interval. Let Q =int(J!), Q' =int(J") be the left and right most subintervals,
respectively. Then f” is monotone on Q and Q’, and f"(Q) = f"(Q’) = (ag, p), where
ay is the left endpoint of 1.

Since (1 + 2t)J; D I, by Proposition 3, f"|J; has a uniformly bounded derivative,
and | f"(c) — c|/|J1| is bounded away from zero. Therefore |c — p|/|J1| is bounded
away from zero since f'(c, p) = (f7(c), p). Since |f"(Q) = |f"(Q")] =lao — p| >
lc — pl, 1Q1/1J1]l = 1Q’|/|J1] is bounded away from zero. Thus each int(JH, 1 <i <v,is
uniformly well inside J;.

Let K > p be the maximal subinterval of J; such that f”|K is diffeomorphic. If T, > p
for all 1 <i <m, then T;; C K for all 1 <i <m. By Proposition 2, we obtain that (a)
holds with mg =m. So assume that there exists a minimal integer 1 < iy < m such that
Ty, # p- Then by the same argument, we have that Zi‘):_ll | £5(T)|'+ < C|I)'*. For
all ip <i <m, Ty, is contained in one of the intervals J/, 1 < j <v. If Ts,.OJrl c J/ for
some J/ distinct from Q and Q’, then (b) holds with mg = ig + 1. Otherwise, let i; <m
be maximal such that f% (T) C Q U Q' forall iy <i <iy. Since f"(Q)N Q' = f"(Q"HN
Q' =0, we have Ty, C Q for all ip < j <i; — 1. By Proposition 2, Z?:l.oﬂ T, |+ <
C|I|'** for some universal constant C > 0. If i =m, then (a) holds with mo = m.
Otherwise, (b) holds with mg = s;,41.
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So far, we have proved the statement under the assumption (4). The general case can be
treated as follows. Let ng < m be maximal such that (1 + 27)J, 2 J,—1 forall 1 <n < ny.
Then |J,—1| = (1 4+ 1)|J,| for all 1 <n < ngy. Hence

no no o0 .
ST e <t <t Y a4
i=0

i=0 i=0

Thus (a) holds if ng = m. Otherwise, ng < m and (1 + 27)Jy41 D Ju,- Replacing Jo, Ji
by Jug» Jng+1 in the above argument, we complete the proof. O
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