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New aspects of Bargmann transform using
Touchard polynomials and hypergeometric
functions

Daniel Alpay®, Antonino De Martino, and Kamal Diki

Abstract. In this paper, we study the ranges of the Schwartz space 8 and its dual 8’ (space
of tempered distributions) under the Bargmann transform. The characterization of these two
ranges leads to interesting reproducing kernel Hilbert spaces whose reproducing kernels can be
expressed, respectively, in terms of the Touchard polynomials and the hypergeometric functions.
We investigate the main properties of some associated operators and introduce two generalized
Bargmann transforms in this framework. This can be considered as a continuation of an interesting
research path that Neretin started earlier in his book on Gaussian integral operators.

1 Introduction and preliminary results

The Bargmann transform introduced in [8] is a fundamental mathematical model
of quantum mechanics that maps the classical Hilbert space of square integrable
functions on R” onto the so-called Bargmann-Fock space. This space consists of entire
functions on C” that are square integrable with respect to the Gaussian measure. Some
authors refer to this as the boson Fock space with n-degrees of freedom; see [21]. The
book [31] presents a comprehensive introduction to the theory of Fock spaces and
related topics in mathematical analysis. For applications in the study of coherent states
and other topics in quantum mechanics, we refer to [2, 3, 18]. It is worth mentioning
that the Bargmann transform was extended in [1] to the case of polyanalytic functions
using time frequency analysis tools such as the short-time Fourier transform (STFT).
A different approach using the true polyanalytic Bargmann and polyanalytic Fock
spaces was introduced by Vasilevski in [30]. See also [5] for the case of polyanalytic
functions of infinite order and [16] for the case of meta-analytic extensions. Recently,
new connections with the theory of superoscillations are investigated in [6, 7]. For
recent developments in quaternionic and Clifford analysis, one may consult [9-15,
22]. Before presenting our main results, we start by recalling some basic notions and
properties of Fock spaces and Bargmann transform. For more details on this topic, we
refer the reader to [31].
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Definition 1.1  An entire function f : C - C belongs to the Fock space F(C) if

e =+ LIf @R arE) < oo,

where dA(z) = dxdy is the classical Lebesgue measure for z = x + iy.

The Fock space is a reproducing kernel Hilbert space, with reproducing kernel
given by

K(z,w) = e**, Vz,weC.

The Fock space has the following sequential characterization:

n=0

11 F(C) = {f(z) = iz”an, (an)nen, € C, i nla,|* < oo}.

Another fundamental tool that we use in this paper is the Bargmann transform
introduced in [8]. In the literature, there are several versions of this integral transform.
In this paper, we use a modified version of the transform, which can be found in the
book [31]. Given a function ¢ € L*(R) the Bargmann transform is defined for any
zeCas

i 2 2

(12) B(e)(z) = /RA(z,x)go(x)dx, Az, x) = (%) exp(—xz ot zx).

The kernel of the Bargmann transform can be written in terms of generating function
of the normalized Hermite functions. Precisely, the Hermite functions are defined by

(13 () = H () = ()" TS (),

where H,(x) are the probabilistic Hermite polynomials. Hence, the normalized
Hermite functions are defined as

o) = hn(x) B (—l)" e% ar e’%
) Ihal  (27)iv/nl dx”( )

Therefore, we can write the kernel of the Bargmann transform as

1 i z”hn(x).

(2n)i = n!

(14) Az, x) =

It is well-known that B is an unitary transform mapping L*(R) onto the Fock space
F(C). The inverse of the Bargmann transform is denoted by B~'. Moreover, the
Bargmann transform applied to the normalized Hermite functions gives back complex
monomials:

(1.5) B(&n)(z) =

Zn
Val

The main purpose of this paper is to continue exploring this fascinating research
topic and investigate new aspects of this transform involving relations with the

Schwartz space and its dual space of tempered distributions. Indeed, inspired by the
discussion in [21, Propositions 2.5 and 2.6], we aim to give a complete characterization

I’lENo.
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New aspects of Bargmann transform 407

of the range of the Schwartz space § and its dual 8’ under the Bargmann transform.
We will develop a detailed study of these spaces. In literature, the Bargmann transform
is studied on the Hilbert space L? that contains the Schwartz space § and which is
contained in the space of tempered distributions 8’. Namely, we have

(1.6) SclL’cs.

It is well-known that the range of the space L* under the Bargmann transform is the
Fock space. It is natural to wonder if there exists a characterization of the ranges of
the Schwartz space 8 and the space of tempered distributions 8’ under the Bargmann
transform. In this paper, we tackle this problem and we find out that the action of the
Bargmann transform on the spaces 8 and 8’ lead to interesting reproducing kernel
Hilbert spaces. Precisely, in this paper we introduce and study the following spaces:

g‘fp((C) = {f(Z) = Z)Znam (a )ﬂ€N0 cC, Z (|na”+ 1)2p oo} >

Fp(C):= {f(z) = Z z"ay,  (an)nen, €C, Z |a, |2n‘(n +1)* < oo}
n=0 n=0
for p > 0. The space H,(C) arises from the formal application of the Bargmann
transform to the Schwartz space, while the space J,(C) results from the formal
application of the Bargmann transform to the space of tempered distributions.

The reproducing kernels of the spaces H,(C) and F,(C) can be expressed in
terms of the Touchard polynomials and the hypergeometric functions, respectively.
The Touchard polynomials were introduced first in [28] as polynomials having Stirling
numbers of the second kind as coefficients. They share same interesting proper-
ties with other well-known families of orthogonal polynomials such as Rodrigues
formula, generating functions, and orthogonality conditions. Associated with the
spaces H,(C) and F,(C), we introduce and study two generalized Bargmann
transforms that are constructed by taking the generating functions associated with
some orthonormal basis against the Hermite functions. It is also possible to think
about the Bargmann construction here by acting on the classical Bargmann transform
with some specific operators combining powers of the momentum and annihilation
operators. The technique that we use to achieve these objectives consists of com-
puting higher derivatives of the classical Bargmann kernel and taking their linear
combinations with suitable coefficients involving the Stirling numbers of the second
kind. In particular, while developing the results of this paper we computed explicitly
in Proposition 2.37 the higher derivatives of the classical Bargmann kernel A(z, x),
which is given by

- A(z, x) = Hy(x - 2)A(z, x),
where k > 0 and Hy (z) denotes the holomorphic extension of the Hermite polynomi-
als, see [26, 29].

Plan of the paper: in Section 2, we construct the new reproducing kernel Hilbert
space H,, that are built upon the characterization of the range of the space of tempered
distributions under the Bargmann transform. In particular, we obtain a new repro-
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ducing kernel function whose expression involves the Touchard polynomials. We also
study some operators associated with the J{, space and investigate a generalized
Bargmann transform based on this space. In Section 3, we study the reproducing
kernel Hilbert space J, that characterizes the range of the Schwartz space under
the Bargmann transform. Finally, in Section 4, we present a connection between the
reproducing kernel Hilbert space H,, and &, through the Fock space.

2 The space J{, and associated operators

2.1 Construction and basic properties of the J{,-space

It is well-known that the Schwartz space can be viewed as the intersection of weighted
% spaces (see [21, Proposition 2.5]), while the union of weighted ¢? spaces corresponds
to the space of tempered distributions (see [21, Proposition 2.6]), see also [27].
Precisely we have

N AN, (n+1)*) = 8(R) c L*(R) c 8'(R) = |J A(N, (n+1)7??).
p>0

p>0
Lemma 2.1 For a fixed p > 0, we have
B((N, (n+1)72)) = 3,(C),

where

(21) }CP((C) = {f(Z) = iznan, (an)neNo cC, Z |¢1n|21’l' Oo} .

“(n+1)%
Proof To show the result, we have to prove that
B(Sp) = H,(C),

where
:{Zgnan’ (an)nENo cC, Z(n+1)‘2p|an|2<oo}.
n=1 n=1

A function g belongs to B(S,) if and only if there exists f € S, such that g(z) =
B(f)(z). From the action of the Bargmann transform applied to the nominalized
Hermite functions, see (1.5), we get

(o) Z?’l
z) = a,.
B(f)(2) Z:l N
We set b, := % Then we have
2,1 e +1)2p Z'“”' (n+ )7 < co.
Therefore, we get B(f)(z) € H,(C) ]

https://doi.org/10.4153/50008414X24001019 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24001019
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Thanks to (1.5) the Bargmann transform can be defined on the whole of 8'(R). This
extension, still denoted by the letter B, is defined by

o n
‘B((an)nsNo) = Z 7an)
n=1 .

or, formally, by

pNgE:
N

B(if) 2N

We have the following result, characterizing the image of 8’ under B.

Theorem 2.2 B is bicontinuous from 8’ onto B(8") = Ups; I, (C).

Proof We denote by i, the injection map from ¢*(N, (n +1)7?P) into
8" = U2 (N, (n +1)729),

The inductive topology on the latter is by definition the finest topology for which all
the injections i » are continuous, see e.g. [17, Definition 1, p. 136]. A similar remark
holds for the image of 8’ under B.

By the characterization of continuous maps with domain a space, with an inductive
topology and domain a locally convex space (see [25, Section 6.1, p. 54]), we have
to show that for every p the map B o i, is continuous from ¢*(N, (n +1)7??) into
B(8’). But the restriction B, of the Bargmann map B to £*(N, (n +1)7?) has range
B(A(N, (n+1)72P) = H,(C), see Lemma 2.1, and is continuous since it is isometric
by construction. Furthermore, the inclusion map I, from B(¢*(N, (n +1)~*)) into
B(8") is continuous by the definition of the inductive topology on B(8’). But for
ae (P*(N,(n+1)7%F)) we have

ip(a)=a and B,(a)=B(a).
Hence,
Boiy(a)=B(a) and I,oB,(a)=B,(a)=B(a).
Thus
Boi,=1,0B,

so that B o i, is continuous since I, o B, is continuous. Thus, B is continuous by
definition of the inductive topology.
The proof for B~ is similar. [ ]

Now, we aim to discuss the main properties of the space J(,(C). This space takes
an importance because it constitutes the building block of the range of the space 8’
under the Bargmann transform. First, we give a rigorous definition of this space.

Definition 2.3  Let p € N. We define the Hilbert space J(,(C) as the set of all entire
functions endowed with the inner product

[}

| JE—
(2.2) <f’g)f}fp((C) = Z (nfﬁanbna

n=0
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where f(z) =Y ,2,2"a, and g(z) = X0 buz”, with (ay)nen,> (bn)nen, € C such
oo |bn|zn!

‘”nlznl
that 377 (ninyr < 0 Yoo iy <

The inner product defined in (2.2) induces the following norm:

ad n!
1£13¢,ccy = Z,; WWF, feFH,(C).

Remark 2.4 For p =0, the space J(,(C) coincides with the classical Fock space,
see (L.1).
As a consequence of (2.2), the inner product of two different monomials is given
by the following formula:
n!

- > 0.
(n+1)2° m,m 20

(2.3) (z”,zm)gfp((c) =

n,mo»

Now, we consider the following function:
= Z"w"(n+1)%F

(2.4) Ky(zw) = %
n=0 .

Proposition 2.5 Letw € Cand p € N.

i) The function K,(z, w) belongs to 3{,(C).
ii) The evaluation map e, (f) = f(w) is a continuous linear functional on 3(,(C).
Furthermore, we have

lew (O < fllac, )| Kpllac,cy» Y € FHp(C).

Proof
i) Weset a(w) :=

m and thus we can write

=Y Z"a(w).
n=0
Hence, we have
S (n+)??

(2.5) IKpll5¢,(cy = Z  (n )2p| a(w)|* = r;) T|W|

ii) Let (an)nen, € C. By the Schwartz inequality and (2.5) we have
|€w(f)| < Z |W| |an
=

= /n! (n+1)?
T e o Ml

1
> (n+1)% (e n! :
< 2: ( |) |an|2 > |W|2n
n=0 n: n=0 (H+l) P

< fllae, ) IKpllac, (cy-
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The previous result guarantees the existence of a reproducing kernel for the
space H,,.
Theorem 2.6 Let p €N, the reproducing kernel of the space 3(,(C) is given by
Ky(z,w).

Proof Let f(z) =Y ,2)z"a,, with (a,)as0 S C, being in the space J{,(C). We set
b, = ”(n+1)

. By formula (2.2), we have

K@) = 3 Goiszpnbn = 2 aun” = f ().

= (n+1)?2
This proves the reproducing kernel property. [ ]

Now, we establish a relation between the reproducing kernel introduced in (2.4)
and a special class of polynomials: the Touchard polynomials. These were first intro-
duced in [28] and are defined as

Ty(x): ZS(nk

where S(n, k) are the Stirling numbers of the second kind and can be calculated using
the following explicit formula:

k
2.6) S(n, k) = ]:!;)(—1)i(lz)(k—i)”.

Examples of Touchard polynomials of degree up to five are given by
T() (x) =1,
Ti(x) = x,
Ty(x) = x* + x,
Ts(x) = x> +3x% + x,
Ty(x) = x* + 6x° + 7x% + x,
Ts(x) = x° + 10x* + 25x° +15x% + x.
The generating function for the polynomials T, (x) is given by
o knxk

|
iz k!

(2.7) Tn (x) = eix
Remark 2.7 1t is clear that the Touchard polynomials can be easily extended in
complex variables by extending x to z € C.

Proposition 2.8 Let p € N, then the reproducing kernel of the space 3,(C) can be
written as

(2.8) Ky(zw) =
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Proof By formula (2.7) and Theorem 2.6, we have that

eZW ) 1 &= k2p+1zkwk
C D) = — S
zw W (2 k!

k2P k-1, k-1

1 (k=1

(k +1)2PZkypk
k!

M8

k

s

=
I
o

= K, (zw).
[

Remark 2.9 The Touchard polynomials T,,.1(zw), for p > 1, can be always factor-
ized in terms of zw. This means that the right-hand side of formula (2.8) vanishes at
the origin.

Remark 2.10 If we consider p =0 in (2.8), since Ty(zw) = zw, we get back the
reproducing kernel of the classical Fock space.

Now we tackle the problem to find the existence of a geometric description of the
space H,,(C). This is related to study the one-dimensional (full)-moment problems:
Given a real sequence s = (Sp ) nen, and a closed subset K of R, the K-moment problems
states: When does there exist a Radon measure y on R supported on K such that s, =
Jr x"du(x) for all n € No?

For K = [0, +00), the solution of the previous problem is given by the so-called
Stieltjes theorem. In order to state this result, see [24, Theorem 3.12], we need to fix
some notations. We denote by Es the shifted sequence given by

(ES)n = Sn+l> HGNO.

Furthermore, we denote the Hankel matrix H, (x) by

So S1 S2 Sn

S1 S S3 Sn+l
H,,(x) =\ $2 S3 S4 Sn+2

Sn Sn+l Sn+2 S2n

Theorem 2.11 (Solution of the Stieltjes moment problem) A real sequence s =
(Sn ) nen, is a Stieltjes sequence, that is, there exists a Radon measure y on [0, 00) such
that

(2.9) sn:/mx"d‘u(x), for neNy,
0

if and only if all the Hankel matrices H,,(s) and H,,(Es), n € Ny, are positive semidefi-
nite.

In [24, Corollary 4.10], the author proved a condition that the Stieltjes moment
problem has to satisfy in order to have a unique solution.
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Proposition 2.12  Let s = (s, )nen, being a Stieltjes sequence. Then if there exists a
constant M > 0 such that

sy <M"(2n)!  for mneN,
then the sequence s has only one representing measure on [0, o).

To show the existence of a geometric description for the space 3, (C), we need also
the following generic result of changing variables for an integral, see [23, Proposition
4.10].

Theorem 2.13  If M is a continuous, nondecreasing function on the interval [a, b], then
for g being a nonnegative Borel function on [M(a), M(b)] we have

M(a) b
oy £PNG)= [ a(M(p)ANM(p)).
Another fundamental tool that we use is the Hadamard (also called Schur) prod-

uct between matrices. Given two matrices A € C™*" and B € C™*", the Hadamard
product is denoted by A ® B and its elements are given by

(A@B)ij=(A)ij(B)ij.

The peculiarity of this product of matrices is that the product of two positive-
semidefinite matrices is still positive-semidefinite. This result is known as Schur
product theorem. Now, we have all the tools to prove the existence of a geometric
description for the space J,(C).

Theorem 2.14  There exists a unique radial measure do(x, y) such that

1 n-m n! .
%/;Cz z da(x,y):mtsn,m, z=x+iy.

Proof We start by passing in polar coordinates in the integral [ z"z"do(x, y). Let
z = pe'?, where p € [0, 00) and 0 € [0, 27r], then we have

1 1 oo 2 X

_ nzm g , _ 7\/ f n+m t(n—m)Gd d

27 [Cz #do(x.) 2m Jo 0 pre 6du(p)
= Snm fo p*"u(p).

This means that the problem is reduced to find a measure u(p) such that

(2.10) [ prautey =

’ o P AHP C(n+1)2’
Now, we use Theorem 2.13 with M(p) = p?, g(p) =p",dN =dv,a=0and b=k e R,
we get

fokpz”dV(p2)= fokzp”dV(p)

By sending k to infinity, we get

fompz”dV(pz) :fowp”dV(p)-
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Ifwe set du(p) := dv(p?), we get
[ pautey= [ pnav(e).

By the expression (2.10), we have to find a measure dv(p) such that

oo !
(2.11) [0 p"dv(p) = (an'

Now, the problem is reduced to the so-called Stieltjes-moment problem. We set s, :=

W. In order to show that (s, ) 4en, is a Stieltjes sequence, we have to use Theorem

2.11. Hence, we have to show that

(n+m+1)2r (n+m)? |

are positive semidefinite matrices. We observe that we can write the matrix Ty as the
Hadamard product of two matrices

N 1 N
(4 m)1) e © ((m+m+1)2P)

n,m=0

It is clear that the matrix

) N
((m +m+1)2P )n,m_O ’

is positive semidefinite. Now, we observe that

N
n+m)! .
(mmf) Diag(r!),

«n+mnﬁmﬂ:Dmgmn(

n,m=0

where we denote by Diag(m!) and Diag(n!) the matrices that have entries m! and n!
on the diagonal, respectively. By the Chu-Vandermonde formula

()5 0)0)

(n+m)! N
( nlm! ) ’

n,m=0

we get that

is positive semidefinite. This implies that the matrix Ty is positive-semidefinite. To
show that also the matrix Sy is positive definite, we observe that we can write

Sw=((nem-n)Y o (1)

(n+m)2p I

https://doi.org/10.4153/50008414X24001019 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24001019

New aspects of Bargmann transform 415

N

It is clear that (ﬁ) is positive-semidefinite. Now, we show that
n+m) n,m=1

((n+m- 1)!)1;\1),1=1 is also positive semidefinite. This follows from the fact that
(n+m-1)!=T(n+m-2) :f Mot e,
0

Therefore we get that also the matrix Sy is positive-semidefinite. Hence by Theorem
2.11 there exists a measure dv(p) that admits a representation like the one in (2.11).
The unicity of the solution follows by Corollary 2.12. Indeed by using the Stirling’s
approximation, it is not difficult to show that

sp < M"(2n!), Vn e Np.
This concludes the proof. [ ]
2.2 Some operators on }{,-space

The classical Fock space is the unique Hilbert space of power series defined in a
neighborhood of the origin for which the annihilation operator d and the momentum
operator M, namely

d
Mef(2)=2f(), 0f(2)i= - f(2)
are closely defined on the span of polynomials and are adjoints to each other, i.e.
0" =M,.

Moreover, the annihilation and the momentum operators satisfy the classical
commutation rule

(2.12) [M;,0] = M;0-0M, = -7,

where J is the identity operator. In the context of analytic functions in a neighborhood
of the origin the backward-shift operator R is defined as

. @10
7 f(0), z=0.

Another operator that plays a role in this context is the integration operator I,
introduced in [4] and defined by

anNE = [ ).

In [4, Lemma 2.1], the authors proved that the integration operator is the adjoint of
the backward shift operator, i.e.

R =1
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The commutator of Ry and I is equal on the monomials to

1, n=0
(2.13) [Ro,I](z") = { " )
- , n=12,..
n(n+1)
We denote by Dy the (formal) diagonal operator defined by
1 1 1
2.14 Dg :=di L—=——=————=s. -
214) 0 1ag( 276 n(n+1) )

Hence, we can write
(2.15) [Ro,I] = Dy.

The goal of this section is to study the adjoint of the operators Ry, 9, M, and I for
the space 3, (C).

Proposition 2.15 Let p € N. The adjoint operator of the backward-shift operator in
H,(C) is given by

(n+2)*? .,
*_n _ n+
(216) ROZ = m

Proof We have to show that (Roz", 2" )s,(c) = (2", R52™ ) 3¢, (c) for m, n e No. If
we suppose # > 1, by formula (2.3), we have

(n-1)!

<ROZ",Zm>:}c,,((C) = (2"71>Zm)}cp((c) = Sn-1,m>
and
. (m+2)%°
(Z",Rozmbcp((c) = m( ", m“)g{p(c)
_ (m+2)?  n 5 ~ (n—l)!(s
- (m N 1)2p+1 (71 i 1)217 n,m+1 — I’lzP n,m+1-

This proves the result for n > 1. For n = 0 the result is trivial, indeed we have

(m+2)%

(m +1)2p m+1>

(Rol, Zm)fJ-CP((C) =0 and (1, R32m>g.cp((c) = (1,z H,(C) = 0.

Proposition 2.16 Let p € N. The adjoint operator of the annihilation operator in
H,(C) is given by
_ (1’[ + 2)2P n+l

2.1 (DA St A
217 R e

Proof For m, n € Ny we have to show that (9z",2" )s,(c) = (2", 0"2" )3, (c). For

n > 1and by formula (2.3) we get

(n-1)! _ !
n2r nTP

(az",zm)gcp(c) = n(Znil, Zm>1}(p((c) =n 8n—1,m = 8n71,m-
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By formula (2.17), we have

. (m+2)%
(0@ = Gryryar (07 D)
_(m+2)??  nl 5 _nl 5
S (m+1)2 (ne1)2 P e

Hence, we have the result. For n = 0, the equality is trivial. Indeed, we have

(m +2)%

(m+1)2p m+1>

(81, Zm)g{P((c) =0 and <1, a*Zm>g{p((C) = (I,Z ﬂ—(p((C) =0.

Proposition 2.17  Let p € N. Then adjoint momentum operator in H,(C) is given by

n2p+1
L M) =0

MzZ'= —2z"",
z (n+1)2r

Proof For m, n € Ny we have to show (M.z",z")s,(c) = (2", M;2" )5, (c)- For
m > 1and by formula (2.3) we have

n _m _ n+l _m _ (71+1)!
(M:2", 2% )ac, () = (2", 2" )ag, () = nx 2y dreom
while
m2p+1 .
(2", M;2" )¢, (c) = (niw 1)2P(z”,z’” )3¢,(0)
o omP n! _(n+1)!
T (m+1)2 (n+1)20 P (na2) N

This proves the result for m > 1. For m = 0, the result is trivial, indeed we have
<MZZn, l)g{p((c) = (Zn+l, 1)9{,,(([:) =0 and (Zn’M;U}(P((C) =0.
]

Proposition 2.18  Let p € N. The adjoint operator of the integration operator in 3, (C)
is given by

n?b
(218) I*Zn = Wznil, I*(l) =0.

Proof We have to prove that (Iz",z")g¢,(c) = (2", 72" )s¢,(c)> for m, n € No. We
show first the result for m > 1, by (2.3) we have

1 1 (n+1)! n!
I n’ m — zn+1’zm — — ) ,
< zZ,z )}CP((C) n +1< )U{P(C) n+l (n N 2)21) n+l,m (I’l . 2)21’ n+l,m
whereas

<Zn Ix-Zm> — LZP(Z” Zm—1> — nilé\ .
> 3, (C) (m +1)2p > H,(C) (I’l+2)2p n,m—1-
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This shows the result for m > 1. For m = 0 the result is trivial, indeed we have
m2P

-1
W(L 2" )ac,(c) = 0.

(I, Zm)?c,,((c) =0 and (1, I*z’”)gfp((c) =
]

We summarize the actions of all the adjoint operators previously studied in the

following table:
Operator | Ryz" dz" M,z" Iz"
.. (n+2)% 1| (n+2)* _a41 w0 2p -1
Adjoint | o™ | Gm et | anw? ek

In the following results, we show that the previous adjoint operators can be written
in some specific forms. Precisely, let A* be an adjoint operator in I, (C). We are able
to show that the operators R;;, 0%, M}, and I* can be written as the composition of
the respective adjoint operators in the Fock space and a specific diagonal operator.

Theorem 2.19  Let p € N. Then the adjoint operator of the backward-shift operator can
be written as

Ry =I(J+RoI)*?,
where J is the identity operator.

Proof We show first the result for monomials z", with n € Ny. By formula (2.16) and
the binomial theorem, we have

R*Zn — (I’l +2)2p Zn+1 — 1 (1+ 1 )2P Zn+1
0 (n+1)2p+1 n+1 n+1

_ 2 2p 1 n+l

Now we observe that for k > 0, we have

1
2.20 RoI)kz" = "
( ) ( 0 ) (I’l + l)k z
This implies that
1
k _ +1
(221) I(R()I) Z" = Wz" .
By inserting (2.21) in (2.19) and applying another time the binomial theorem formula
we get
2p 2P 2p 2P
Ryz" = > ( L )I(Rol)k =1 ( L )(ROI)k 2" = I(J + RoI)* 2",
k=0 k=0
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Now, let us consider f(z)=Y,;2,a,2" and g(z) = X;2,bnz" in H,(C), with
(an)neng> (bn)nen, € C. By (2.20) and the binomial theorem, we get

(f I(j+R01) 2p )ﬂp(c) = (f I(J + R()I i )
=0 a0

(1’l+2) n+1
Z (n+1)2p+1 b”)

n (n+1)%

This shows that Ry = I(J + RoI)*P. [

Theorem 2.20 Let p € N. Then we can write the adjoint operators of the annihilation
operator in the following way:

= M, (J + RoI)??,
where J is the identity operator.

Proof We show first the result for monomials z", with n € Ny. By formula (2.17) and
the binomial theorem, we have

2p 2p 2p
(222) a*zn — (}’l + 2) Zn+1 — (1 + 1 ) Zn+1 — Z (zp) 1 Zn+1'
n+l n+1 o\ k) (n+1)k

By (2.20) we have that

1
k
(223) MZ(R(]I) Z" = Wz"“, k>0.

By (2.22), (2.23) and the binomial theorem, we obtain

92" = M, (ZZP (ZP)(ROI)") 2" = Mo(J+IRo)™.

k=0 k

Let us consider f(z) = Y.,;2 a,z" and g(z) = 3,2, bnz" in I, (C), with (a,) nen,»
(bu) nen, < C. By (2.20) and the binomial theorem we get
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n=0 H,(C)
— (n+2 n+l
-, b
(fnz-;)(’“rl) n>}c(<c)
4
= (n+1)%
i (f,zl n2p b
n= 3,(C)
ad n!
= ;anbn 15
= (Z (n+ 1)a,,+1z",g>
n=0 3,(C)
= (af’gbcl,((cy
This shows that 0* = M, (J + RoI)?*. |

Theorem 2.21 Let p € N, then we can write the adjoint operator of the momentum
operator as

(2.24) M} =09(J - RoI)??,
where J is the identity operator.

Proof We show first the result for monomials z", with n € N. By the binomial
theorem and Proposition 2.17, we have

M*Zn = 7n2p+1 Zni1 = ( — ! )Zp anl
z (n+1)%r n+l
2 (2p n

225 = -1)F L
(229 (kzo(k)( ) (n+1)k)z
By (2.20), we have that
2.26 IR 2" = — 2" k0.
(220) (Rol) (n+ 1)kz z

By inserting (2.26) in (2.25), we obtain
2p 2p
Mz =0 ( L )(—Rol)k 2" = 9(J - RoI)*.
k=0

The result follows trivially for n = 0. Let f(z) =Y, an,z" and g(z) = Yooy bnz"
be functions in J{,(C), with (au)neng> (bn)nen, € C. By (2.20) and the binomial
theorem, we get
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o)

fa(j R() anzn

(2307 - Rol)g)ac. () = )
EENENE

0o 2p+1 i
) <f Z: (n+1)2p bn )HP(C)

(n + 1)2p+1

n= 0 (n+2)% (n+2) an)

¥, (©)

X (n+1)!
- Z anbn+l (l’l 1 Z)ZP

n=0

= <Z an_lz”,g>

n=1 3, (C)
(

=(M.f, g)ac,(C)-
This shows that M} = 9(J — RoI)?P. ]

Theorem 2.22  Let p € N. Then we can write the adjoint of the integration operator I as
(2.27) I" = Ro(J = RoI)??,

where J is the identity operator.

Proof We show first the result for monomials z”, with n € N. By using the binomial
theorem and formula (2.18), we get

* N o_ n2p n-1 _ 1 2 n-1 2p k n—
(2.28) I'z" = Sy ® () ‘(,;,( Jc )(n+1)k) -

By (2.20), we have that

1
(n+1)k

By inserting (2.29) in (2.28) and using again the binomial theorem, we get

2" = R, (ZZP (zlf)(-ROI)k) 2" = Ro(J — RoD)??.

k=0

(2.29) Ro(RoI)*z" = 2" k> 0.

The result follows trivially for n = 0. Let f(z) = ¥.,o a,2" and g(z) = > e buz" be
functions in 3, (C), with (@, ) neny» (bn)nen, S C. By the binomial theorem we get

(f>Ro(T=RoI)* g) ¢, (c) <f> Ro(J - RoI)* i bn2n>

Hp(C)
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ad n!
= Z ananrl (1’1 N 2)217

n=0

= An-1 4
{55

n1 1 3, (C)

(

This shows that I* = Ry(J — RoI)??. |

We sum up all the previous results in the following table:

Operator | Ry 0 M, I

Adjoint | I(J+RoI)*? | M,(J+RoI)?* | 9(J—RoI)** | Ro(J—Rol)*?

Remark 2.23  If we consider p = 0 in Theorems 2.19, 2.20, 2.21, and 2.22, we get the
results that hold in classical theory of the Fock spaces.

Unlike to what happens in the classic case the operators M, and M do not satisty
a commutation relation, as well as Ry and R, see (2.12) and (2.15). We show that the
commutators in the space J, (C) are related to some specific diagonal operators. We
denote a generic diagonal operator by

D= diag(do, dl, dz, )
We define the forward and backward shifts of D as

(2.30) DW = diag(0, do, ds, ...),
(2.31) DY = diag(d, dy, ds, ...),
respectively.

Proposition 2.24  The operators M, and M satisfy the following formal relation:
(2.32) [M,,M}] = [A (Id — [A(—l)]—l)zp _ACD (Id - [A(—z)]—l)zp] ,
where Id is the identity matrix, A := diag(0,1,2,3,...) and [.]™" is the inverse matrix.

Proof We prove first the result on the monomials. By Theorem 2.21, we have

[Mz, M7](2") = MM (2") - M; M, (2")

_ (ZZP (25)(_1)kMza(Roz)k s (zlf)(—l)ka(ROI)kMz)z”.

k=0 k=0
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By (2.20), we have
(n+1)

(nv 2

_n
(n+1)k

n

M,d(IRo)¥ (") = and  9(IRo)*M,(z") =

Then by the binomial formula, we have

3 = (o8 ()t e 0o 3 ()t )

k=0
(2.33) = [n (1—1)2p—(n+1) (1— ! )Zp]z”.
n+1 n+2
Now, by setting
(2.34) A :=diag(0,1,2,3,...,n,...), B:=(1,2,3,...n+1,...),

11 1 111 1
(235) C:= diag(l,f,f,..., ,) D:= dlag(f — = ,...),
2°3 n+1 2’34 " n+2

we can formally write (2.33) in the following way:
[M., M:] = [A(1d - ©)*F - B(1d - D).

Finally, we observe that B = A(™), C = [A(-D] ! and D = [AC?)]7!, These consider-
ations imply (2.32). [ ]

Remark 2.25 1f we consider p = 0 in Proposition 2.24 we have that M} = 0 and
A-ACY — diag(-1,-1,-1,...) = —id.
Hence, we get back to formula (2.12).

Proposition 2.26  The operators Ry and Ry satisfy the following formal relation:
(2.36) [Ro, Rg] = Do [A(’l) (1d +E)* - A (1d + ECD)” ] ,

where 1d is the identity matrix, A = diag(0,1,2,3,...), E:=diag(1,1,1,1,..,1,..)
and Dy is the diagonal matrix defined in (2.14).

Proof We prove the result on the monomials. By Theorem 2.19 and for # > 1, we have

[Ro> Rg](2") = RoR(2") = Ry Ro(2")

& (2p k+1 & (2P k
(2.37) = RoI " - I(RoI)*Ry(Z").
I;)(k)(()) (z") I;J(k)(o) 0(z")
By formula (2.20), we have
N Zn n
(Ro)*'(2") = (e D)F and  [I(RoI)*Ro](z") = ey
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Hence, we get

o o 2 (ﬁ(zzf)(ﬂyc ,ﬁ(zf)i)
- _n(n1+ 1) (zz_’5 (zlf)W)

" T(ne )(( +1)Z(2p)n_n,i(zlf)(njl)k)zn'

From the binomial theorem, we get

[Ro,R;](z") = _n(n1+ 5 ((n +1) (1+ :Z)ZP -n (1+ - 1 1)217)2”'

Now, for n = 0 we have that Rj (1) = 4? therefore by (2.37), we obtain

[Ro, Ry ](1) = RoRy (1) — RGRo(1) = 47,
Therefore, we proved that

(2.38)

[Ro,RS](Z")={

4, n=0
((r+D)(1+ 1) —n(1+ 1)) 2", n=123,..

n(n+1)

Now by setting

11 1
E := diag (1,1, == een f,...) ,
2°3 n

and by the notations introduced in (2.34) and (2.35) we can write (2.38) formally as
[Ro, Ry] = Do [B (1 + E)*" — A (1d + C)*].
Finally, by observing that B = AC™) and C = ECD we get (2.36). [
Remark 2.27  If we take p = 0 in Proposition 2.26 we have that Rj = I and
ACD _ A = diag(1,1,1,...) = Id.
Since Dyld = Dy we get back the identity (2.13).
2.3 The J{,-Bargmann transform

In this section, we show another characterization of the space 7, (C). This is obtained
by means of a specific map from L*(R) onto 3, (C).

Proposition 2.28 Let p € N. For every x € R and z € C we define the function

(2.39) Ap(zx) = 3 D (n+ 12"

0 V/n! )
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where &, are the normalized Hermite functions. Then, we have:

1) the function A, (., x) is entire for every x € R.
2) a function f € H,(C) if and only if there exists ¢ € L*(R) such that

(2.40) f2) = [ Ap(zx)9(x)dx = (9. A,z oo

Proof We know by [19] that the normalized Hermite functions are uniformly
bounded by some constants, i.e.

3C >0 such that |€x(x)| < C forevery neN and xeR.

This implies that the series in (2.28) is convergent, and so A, (., x) is entire. Now, we

show the second point of the statement. Let us suppose that f(z) = (g, A,(z,.)) 2, for
¢ € L*(IR). We have to prove that f € 3{,(C). Then, we have

f(z) = f(i an(x)q)(x))dx
_ Z: (n+1) z" /fn ©o(x)dx
= iz &n>

where &, := (’\'}1) [ n(x)@(x)dx. Since {&,} 72 is an orthonormal basis of L*(IR)
and by the Parseval’s equality we have that

ni)(n :!1)2p|a”|2: \/lz—ﬂi fan(x)q)(x)dx

- [ lp(x)Pdx

= lgllz: < .

This proves that f € 3, (C).
Now, we show the converse. From the definition of the space H,(C) we have

flz) =X pz"apand ¥, (n+1)21,|an| < oo, with (ay) ey, € C. We set

o(x)= 3 f

n=0 I)P

This function belongs to L?(R). Indeed we have

ngn(x)

lolh= 3 (gl <

Since the normalized Hermite functions are a basis of the space L*(R) we have

(9, Ap (2, ni) (n +1)P ﬁ ni)z”an = f(2).

This concludes the proof. u
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The previous result gives the motivation to consider a Bargmann transform defined
in the space J(,(C).

Definition 2.29 Let p € N. For any ¢ € L*(R) we define the J(,-Bargmann trans-
form as

Bp(p(2) = [ Ap(a 0@ Aplax) =

i n+1) z" o (x),

)% n=0
where h,, are the Hermite functions defined in (1.3).

Remark 2.30 1If we consider p = 0 in Definition 2.29 we get back to the classical
Bargmann transform, see (1.2) and (1.4).

To show the next result, we need the following notation:
(2.41) A;(x) = Ap(z,x),
that it means that the variable z is fixed.

Proposition 2.31 Let p € N. For any z, w € C we have that

zw

e _
(2.42) <A;,A¥>L2 = Zinzp_*_l(ZW).

Proof Letz, w € C, by the definition of the kernel A, we have

(A3, A%)1a = fA;(x)Ag(x)dx

(j+1)Pe! (k+1)Pw"

(2.43) A DE: Z e
( Vit ) Vi )

The Hermite functions form an orthogonal basis of the space L*(R), hence we have

(2.44) fR L& (x)dx =8, jkeN,

where J; 1 is the Kronecker symbol. By Proposition 2.28 we can exchange the double
series in (2.43) and so by formula (2.44) we have

<Az Aw ; (] + I)Pf;%)pzjw [R fj(x)fk(x)dx
j>k=0
(k+1)%Pz*w
= kz;) o
=K, (z,w).

The result follows by Proposition 2.8. ]

Remark 2.32 Formula (2.42) gives another representation of the Touchard polyno-
mials in terms of the L*-inner product of the kernel of the #{,-Bargmann transform.

Now, our goal is to find a closed expression of of the }{,-Bargmann transform.
We recall that the number operator is defined by means of the combination of the
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momentum and annihilation operators, i.e. M.d. It acts on the monomial z", with
n > 0, in the following way:

(M,0)z" = nz".
By iterating the action of the number operator to z” we get
(2.45) (M)’ 2" = 2",  j>o0.

In [20], the author proved that the action of the number operator can be written in
terms of the Stirling numbers of the second type, see Stirling. Precisely, it holds that

. j dk
(2.46) (M,9) = k; S(js k)zkﬁ

Theorem 2.33  For p € N we can write the kernel of the } ,-Bargmann transform as
(2.47) Ap(z,x) = (I+M,0)f A(z, x), V(z,x) e CxR.
Moreover, we can write
(2.48) Ap(z,x) = (0M,)! A(z, %),
where A(z, x) is the kernel of the classical Bargmann transform, see (1.2).
Proof By the binomial formula, we have

(n+1)f = i (p)nf

j=0 \J

This implies that we can write the kernel of the }{,-Bargmann transform as

(2.49) _< (P) 1 i hn(.x)njzn].

By (2.45) and using another time the binomial formula, we have

o) - 5() e £ 000
_P p j 1 oohn(x)zn
—];)(J.)(MZB)J[(Z”);;) . ]

:;( )(MaJA(z x)

= (9+ M,0)" A(z, x).
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Finally, the equality (2.48) follows from (2.12). [

A direct application of the previous result is given by the following generating
formula.

Corollary 2.34  For p € N we have that

3 A”(pz"x) = exp[(J+ M,9)] A(z, x).
p=0 :

Now, we show a recurrence-like relation for the kernel A,(z, x).
Proposition 2.35 Let p € N. Then, we have
Apii(z,x) = Ap(z,x) = M, (J+ OM,)P 9A(z, x), V(z,x) e CxR.
Proof By Theorem 2.33 we have

Api(z,x)=(T+ M,3)"*! A(z, x)
=(J+M.0)Ay(z,x)
=Ay(z,x) + M;0A,(z,x).

By using another time Theorem 2.33, we have

(2.50) Api(z,x) = Ap(z,x) = M0 (I + M,9)? A(z, x).
Now, for j > 0 we have

(2.51) 9 (M,0)’ =9 (M,9) " M,o = (oM,)’ 9.

By the binomial formula and (2.51), we have

20+ M) Azx) = 3° (‘?)8(Mza)jA(z,x)

=0
P p .
_ Z( ) (M)’ 2A(z x)
j=0 \J
(2.52) = (9+0M,)F 0A(z, x).
By plugging (2.52) into (2.50) we get the final result. ]

Now, we prove that the kernel of B, can be written also in terms of the Stirling
numbers of the second kind.

Proposition 2.36 Let p € N. Then we can write the kernel of the }{,-Bargmann
transform as

(2.53) Ap( )-fi(p)s('k) kikA( )
. p(z,x _j:Ok:Oj jk)z Az x),

where S(n, k) are the Stirling number of the second type.
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Proof By Theorem 2.33 and formula (2.46), we have

Ap(ex) = Z( )(za)]A(zx :ii( ) (k)2 —A(z %),

This proves the result. [ ]

To show the next result we recall the extension of the Hermite polynomials in the
complex variable z, see [26, 29]. Precisely, these are given by

[%J k n—2k
D menr (vae)
M) =2 oy 2f

These polynomials satisfied the following recurrence relation:
d
(2.54) Hi(2) = zHi(2) - d—ZHk(z).

Proposition 2.37  For k > 0 we have
dk
- —A(z,x) = Hy(x - 2)A(z, x),
where A(z, x) is the kernel of the classical Bargmann transform.
Proof We prove the result by induction on k. For k = 0, the result is trivial because

Hy(x - z) = 1. Now we suppose that it is true for k and we prove it for k + 1. We start
by observing that

%A(z,x) = (x-2)A(z,x).

Hence by (2.54) and the inductive hypothesis we get

dk+l d dk
WA(Z,X) = E ( A(Z x))

= diz (Hk(x —Z)A(Z,X))

- —din(x -2)A(z,x) + Hi(x - z)(x — 2)A(z, x)
z

= [Hk(x -z)(x-2z)- %Hk(x - z)] A(z, x)
= Hin(x - 2)A(z, x).
]

The above result paved the way to get a closed formula for the H,-Bargmann
transform.

Proposition 2.38  Let p € N. Then we can write the },-Bargmann transform in terms
of the classical Bargmann transform. Precisely, for any ¢ € L*(R) it holds that
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By(9(2)) = (J+M:0)" (Bp)(2)
= (OM:)" (By)(2)

@59 -5 3 ()50 000

Moreover, we can write the J{,,-Bargmann transform as

(2.56) 1
By(p(z)) = ( )ii( )S(],k)z fHkx z)exp(—+xz—zz)<p(x)dx.

Proof The result follows from Theorem 2.33 and Proposition 2.53. Finally by (2.55)
and Proposition 2.37 we get (2.56). ]

2.4 The Fock space connected to the J(, space

In this section, we study a connection between the space J{,(C) and the Fock space.
This is achieved by a diagonal specific operator. A similar operator has been also
considered in [21, Proposition 2.6], but in this paper we follow a different approach. At
the end of this section, by using the connection between the spaces 3(C) and 3, (C),
we show also some basic properties of the J{,-Bargmann transform.

Theorem 2.39 Let p € N. The the operator
(2.57) €pi=(J+M,0)".
realizes a surjective isometry from the space F(C) onto H,(C).

Proof We show first that the operator &, is injective. To do this we prove that £,
realizes an isometry. Let us consider f € F(C). We apply the operator &, to a function
f=200z"an, with (a,)nen, € C. Since €,(z") = (n +1)P2" we get

&,(f) :ep(fjoz”an)

(n+1)fz"a,

Ms

0

=
I

2",

M8

(2.58)

n=0

where «, := (n +1)”a,. Therefore, we have

8 2 — e 2 — ! 2 — 2 .
| p(f)”}g,(@) n;) (n+ 1)21,|04n| ’;)” |an Hf”:r(C)

This proves that the operator €, is an isometry between the spaces J(C) and 3, (C).
Now, we show that the operator €, is surjective. Let g € {,(C). Hence, we can write
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2(2) = Xplo 2" an, with (a,)nen, € C. To achieve our aim we have to find a function
f € F(C), such that

8(2) = &,(f)(2).

Precisely, we have to pick a sequence (b, )neN0 c (C such that f(z) = >, 2"b, and

If% = S n!|bal* < co. Let us consider b, = P +1)}, Then we have

Ep(f)(2) = Z(n +1)Pz"b,

n=0
= g(2).
Moreover since g € J(,(C), we have
2 o n! 2
Hf“&"((C) ; nllb,|* = nZ;) WVM < 00,
Therefore, with the above choice of (b,,) sen, We have that f € F(C). ]

Remark 2.40 The operator &, is the identity if we take p = 0.

Proposition 2.41  For p € N the adjoint of the operator € , is given by (RoI)?. Moreover,
the inverse of the operator &, is given by its adjoint.

Proof Letusconsider g € 3{,(C)and f € F(C). To prove the result, we have to show
that

(€x(f)s&)ac, ) = {f> (RaD)P(8))5(c)-

We can write f(z) =Y, 02"an, g(z) =X 002" by, with (an)ueny,> (bn)nen, € C.
From the definition of the operator € ,, we have that

(2.59) (Ep(f), &sc,0) = <Z(”+1)P2"amg> Z O anby.
n=0 F(C) n=0 I1+ )
On the other side since
RoI)?Pz" = < ,
(Rol)z (n+1)?
we get
2.60 RoI)? = - nby.
(2.60) {(fs (RoD)?g)5(c) = (f Z(n+1)p>}( © Z::(nJrl)p
P

Since (2.59) and (2.60) are equal we get that 8; = (RoI)?. Finally, since the operator
& is unitary its adjoint coincides with its inverse. [ ]

Now we show that we can write the reproducing kernel of the space 3, (C) in
terms of the operator &,,.
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Lemma 2.42 Let p € N. Then we have
o7

EWEZ( ZW) -

where E7, £, denote the operator €, with respect to the variables z and W, respectively.

Proof Since £}(z") = (n+1)Pz" and EW(W”) = (n+1)?w" we have

SWEZ( ZW) SWEZ(OO b )

{5

b n!
i (n+ 1)2Pz wh
=K,(z, w),
where K, (z, w) is the reproducing kernel of the space },,(C). By Proposition 2.8, we
get the result. [ ]

By combining the properties of the operator €, and the ones of the classical
Bargmann transform, we can deduce the main properties of the J{,-Bargmann
transform.

Proposition 2.43  Let p € N. Then the },-Bargmann transform is a unitary operator
and satisfies

(n+1)Pz"
||pr(§0)”3{,,(<€) = HSDHLZ(R), and 3p(£n)(z) = T

Proof First we show that B, is an unitary operator. By Proposition 2.38, Theorem
2.39 and the fact that the classical Bargmann transform is unitary we get

[B5 (@) lac,c) = 1€(B)(@)3¢,(c) = IB(P) () = lpllra(m)-

By using another time Proposition 2.38 and formula (1.5), we get

8 Zn n 4
By(£a) = £p(B(:)(2)) = ij) ( \;n_ll) .

3 The space J, and associated operators
3.1 Construction and basic properties of the F,-space

In this section, we study the range of the Schwartz space S(R) under the Bargmann
transform. The goal of this section is to show the main properties of the space that
come out from this application.

Lemma 3.1 For a fixed p € N we have
B ((N, (n+1)*)) = F,(C),
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where
(1) F,(C):= {f(z) =S an (@) €C0 S Janful(n +1)% < oo}.
n=0 n=0

Proof The result follows from similar computations performed in Lemma 2.1. m

Theorem 3.2 Let p € N. Then we have

B(ﬂé%N4n+U%3):ryB@%an+U”».

p>0 p>0

Proof We show the equality by a double inclusion. Let f € M50 *(N, (n +1)%?).
Then for any p € N we have f € £*(N, (n +1)??). Since the Bargmann transform is
unitary we have

Bf e B(EA(N,(n+1)*)).

This implies that Bf €N, B (Z(N, (n+ 1)21’)) . Now we show the other
inclusion. Let g€y B (3(N,(n+1)??)). Then for any peN we have
g€ B (A(N, (n+1)?F)). Then there exist a, € £2(N, (n +1)??) such that

g=B(ayp).
Similarly, we can take a, such that we have
g=B(ag).

Therefore, we have
B(ap) = B(ag).
Since the Bargmann transform is unitary, for any p > 0 we have
ag=ap:=acl*(N,(n+1)%).
Therefore we have
g=B(a)eB (ﬂ (N, (n+ 1)21’)) :
>0
This concludes the proof. L
Now we give a rigorous definition of the space F,,(C).

Definition 3.3 Let p € N. We define the Hilbert space F,(C) as the set of all entire
functions endowed with the inner product given by

oo

(3.2) (f>8)7,) = 2. nl(n+1)*Pa,b,,

n=0

where f(z) =Y 2 y2"a, and g(z) = X ;702" by with (a,)nen,> (bn)nen, € C such
that 3200 n!(n +1)*]a,|? < 00, o2, nl(n +1)*2|b,|? < oo.
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The inner product defined in (3.2) induces the following norm:

[}

113, e = 3 nl(n + 1) fan.

As an obvious consequence of (3.2) we have the following:

(3.3) (Zn,Zm>gp(C) =nl(n+ 1)2"6,4,,,1.

Remark 3.4 For p =0 the space F,(C) coincides with the classic Fock space, see
(L1).

Let z, w € C. We consider the following function
e ani’l
Kp(zow) = ) ————.
p(zw) ,;)n!(n+1)21’
By using similar arguments of Proposition 2.5 we have the following result.

Proposition 3.5 Letw € Cand p e N.

i) The function X ,(z, w) belongs to F,(C).
ii) The evaluation map e, (f) := f(w) is a continuous linear functional on F,(C).
Furthermore, we have

lew(D < [ fl7, ) Kpllae,cy» V€ Fp(C).

The above result guarantees the existence of the reproducing kernel of the space

F,(C).

Theorem 3.6  Let p € N. For any z, w € C the reproducing kernel of the space F,(C) is
given by K (z,w)

Proof The result follows from similar arguments used to prove Theorem 2.6. ]

The reproducing kernel of the space F,(C) can be written in terms of a specific
generalized hypergeometric series that are defined as

S (X))o (xg)n 2"

(3.4) F (X1, e X3 Y15 s Y3 2) = ), ————— —, zeC,
B ! ! r;)()’l)n'---'()’q)n n!

where (a), is the Pochhammer symbol defined for a > 0 as (a), := %

Proposition 3.7 Let z, w € C. Then for p € N the reproducing kernel X, of the space
T (C) can be written as

Kp(z,w) = 2pFap (1,152, .., 252w).

Proof By Theorem 3.6 and the expression of the generalized hypergeometric series
we have
oo ( Zw) n

Kp(z,w) = Z

& ()
(2 _ (@i

Z [(n+1)!1]?

n=0

n!
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a0 (T(n+2))* n!
[l (ZW)”

B Z:: [(2)a]22 !

= zpFZP(l,..., L;2,...,2;zw).

L& @) @)

Unlike to what happens for the space J(, (C) studied in Section 3 the space F,(C)
do not satisfy any geometric description. This is proved in the following result.

Proposition 3.8  Let p € N. There is no a radial measure o(x, y) such that

1
(3.5) — [C 22" do(x, y) = nl(n + 1) 8 m.

Proof To show this result we use Theorem 2.11. We set s,, := n!(n + 1)??. The matrix

Sy = ((n+m)! (n+m+1)2p)

m,n>0"

is not positive semidefinite. Indeed, if we pick n, m = 0,1 and N =1 we can write the

following 2 x 2 matrix
1 47
4? 2-97)°

This matrix is not positive semidefinite. Hence by Theorem 2.11 we cannot find a radial
measure o(x, y) asin (3.5). ]

3.2 Some operators on F,-space

The goal of this section is to study the adjoint of the operators Ry, d, M, and I in the

space J;,(C). First we show how the adjoint operators acts on the monomials.

Theorem 3.9 Let p € N. Then for n € N we have that

o the adjoint of the backward-shift operator is given by

(n+ D)7
(n+2)2

>

(3.6) Rjz" =

o the adjoint of the annihilation operator is given by

(n + I)ZP n+l

(37) 0"z" = WZ

>

o the adjoint of the momentum operator is given by

(n+D* .

(38) M;Zn = WZ » M;(l) =0,
o the adjoint of the integration operator is given by
+1)%°
(3.9) I'z" = uz"*l, I'(1)=0

n2p
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Proof It follows by similar arguments used to prove Proposition 2.15, Proposition
2.16, Proposition 2.17, and Proposition 2.18 and by using formula (3.3). [ ]

In Section 4, we proved that in the space J{, (C) the operators Ry, 9, M, and I*
can be written as a composition of the respective adjoint operators in the Fock space
and a diagonal operator. In the next results, we show that there is a similar result for
the operators Ry, 97, M, and I* in the space J,(C).

Theorem 3.10 Let p € N. Then we can write the adjoint of the backward-shift operator
in the space ,(C) as

(3.10) Ry =I(J - REIM,)?*F

Proof We show first the result for monomials z", with n € Ny. By the binomial
theorem, we have

2p
(3.11) 1(9-R2IM, ) 2" (Z (ZP)( ¥ (R2IM,) )
Now we observe that for k > 0 we have
1
312 RAIM K" = —— 2"
( ) ( 0 ) < (1’l+2)kz

By plugging (3.12) into (3.11) we get
2p 2 -1 k
-8 () )
_ 1 < _l)k n+l
Cn+1 Zzz( )(n+2)k)z
_ 1 21 2P ( 1)k 1 n+l1
Thtl Z ( )(n+2)k T2 |*

2p1 2 k
(3.13) 1 ((ZLCHED (e 2y 1)Zn+1‘

n+1 (n+2)%

Now, we change the index of the above sum with ¢ = 2p — k and we get

2

zgl (2p)(_1)k(n +2)7 = Zp: (2;13 g)(n +2)f(-1)**

k=0 k £=1

(3.14) 3 (ZP)(n +2)% (1"

=1

https://doi.org/10.4153/50008414X24001019 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24001019

New aspects of Bargmann transform 437

By substituting (3.14) in (3.13), by the binomial theorem and by (3.6), we get

L (S0 e
n+1 (n+2)%
_ 1 Zizo (215)(_1)k(n+2)k 21
n+1 (n+2)2

1 (”+1)2P n+l
n+1(n+2)%
RS g

(n+2)%

- 1(7-R3IM;) " 2.

(3.15) 1(7-RIM,)" 2" =

Now we show the result for a generic function f in F,(C). Let f(z) = X;2 an2z" and
g(z) = 32, buz" be another function in F, (C), with (a,) neny»> (b ) nen, € C. By the
binomial theorem, we get

10 R ), = (11 (0~ B 5 b,
F(C)

I
———
bt
=
Lre
~
Ry
+
Do
N—
5
sl
=
hA
i~
By
e —
S
a

1}
[~]8
)
B
N
B
L
—~
S
|
—
~
S
)
s

This shows that Rj = I(J—RﬁIMZ)Zp. [ ]

Theorem 3.11 Let p € N. Then we can write the adjoint annihilation operator for the
space T,(C) as

(3.16) 0% = M (J - R}IM,)??,

Proof We show first the result for monomials z", with n € Ny. By similar arguments
used to prove (3.15), we deduce that

2p
_p2 2pn _ (n+1)*F
(3 - RGIM,) Pz (n+2)2pz .
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By (3.7), we get

+1)%°
(3.17) M, (I - REIM,)* 2" = uz"“ =0%z".

- (n+2)2

Now we show the result for a generic function f in F,(C). Let us consider f(z) =
Yosoanz" and g(z) = Y02 baz" in Fp(C), with (au)neng> (bn)nen, € C. By the
binomial theorem we get

(fs M(3 - RGIM.)* g) 5, (c) = (f’ M (- RyIM,)*P Y an")
n=0 -’fp(c)

) (f, i ( ”“)zpz”“bn)

n+2

s R
= Z apnby_nin*?

n=1
= (Z (n+ 1)an+lz",g>
n=0 Fp(C)
{

This shows that 0* = M, (J - R3IM,)*P. [

Theorem 3.12  Let p € N. Then we can write the adjoint of the momentum operator for
the space F,(C) as

(3.18) M} =09(J+IRy)*.

Proof We show first the result for monomials z”", with n € N. By the binomial
theorem formula we have

(3.19) 0(J+IRy)*z" = a(zz (2:)(IR0)")Z”.

k=0

We observe that for k > 0 we have

n

(3.20) (IRo)*z" = %
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By inserting (3.20) into (3.19) we get

2p
25+ 1RoY#2" =3 3 (2;)1)zn

k=0 nk

Plopyv1o1),
= X (7)ot )2

k=0

Sty ()n?r 7k + 1) o

(3.21) =n o

Now, we change the index of the sum above with ¢ = 2p — k and we get

2p-1 2p 2p 2p
(3.22) ( )nzP*" = ( )nf .
;) k ezl 2p -4

We observe that (2;1_’ é) = (Zé) ) This implies that

2p-1 2p I’IZP 2p 2P 2p 2]7
(3.23) ( )—+1: ( )n£+1: ( )n‘f.
2R Ul ek D 31 P Ny

Finally by inserting (3.23) in (3.21) we get

sk ()n (n+1)%
2p_n _ =0\ ¢ n _ n-1
(3.24) 0(J+1IRy)*z" = a( R e M
Finally by (3.8) we have

(3.25) 9(J +IRy)*Pz" = M 2",

Formula (3.25) is still valid for n = 0. Since
M;(1)=0,  3(J+1IRy)*(1)=0.

Now, we prove the result for a generic f in F,(C). Let f(z) = X2, a,2" and g(z) =
Y nzo bnz" be another function in F,(C), with (@, ) neny> (bn)nen, € C, then we have
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apby(n+1)(n+2)*

( anlznag>
n=1 Fp(C)
(M. f,8),(c)-

This shows that M} = 9(J + IR,)*’. [

e 1078

Theorem 3.13 Let p € N. Then we can write the adjoint of the integration operator for
the space F,(C) as

(3.26) I* = Ro(J + IRy)*?

Proof We show first the result for monomials z" with # € N. By similar arguments
used to prove (3.24) we have

n+1)%°
(9+IRg)*P2" = %Z
Hence by (3.9) we have
(4D oy e
RO(j‘FIR )ZPZ —T :IZ.

If we consider n = 0 we have

(1) =o, Ro(J+1IRy)** (1) = 0.
Now, we prove the result for a generic f € F,(C). Let f(z) = ;2 a.2" and g(z) =
Yomeo bnz" in I, (C), with (a,) neng> (bn)neny, € C. By the binomial theorem we get

(f>Ro(J+1IRo)* g)5,(cy = { f>0(J + IRo)** Z bz

n=0 L(m

( i l’l+1)2 Zn—lbn>
n=l Fp(C)

This shows that I* = Ry(J + IR, )??. |
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We sum up all the previous results in the following table

Operator | Ry ) M, I

Adjoint | I(J - R3IM,)*P | M,(J - R3IM,)*! | 9(J +IR¢)?*? | Ro(J + IRy)*?

Now we investigate the commutators of M, and M as well as Ry and Rg. Similarly
to what happens for the space H,,(C) we do not have any commutation relations, like
in the classic case. In the next result, we use the notation of backward of a diagonal
operator, see (2.31).

Proposition 3.14 Let p € N. The operators M, and M} satisfy the following formal
relation:

(3.27) [M,, M}] = A(Id + E)* - AUV (1d + [ECV])?P

where Id is the identity matrix, A :=diag(0,1,2,3,...) and E:=
diag(1,1,%,3,..,%,..).

Proof We show the theorem only for monomials z”, with n € N. By Theorem 3.12
we have

[Mz, M7](2") = MM (2") - Mz M, (2")

Z(ZP)M (IR (2") - Z(ZP)B(IR YE(2"
[ED o el

By the binomial formula we have

1\? 1 \*
(M, M;](z") =|n (1+ —) -(n+1) (1+ —) z".
n n+1
If we take n = 0 we have
[M., M7 (1) = MM (1) = M; M, (1) = —4°
Therefore,
—4P, n=0

(M M;](2") = {[n (1+ 1)~ (n+1) (14 7)2"]%, n=1273..

n+l

Finally by the notion of the backward of a diagonal operator, see (2.31), we have

[M,, M;] = [A(Id + E)*? - AUV (1d + [ECV])?F].
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Proposition 3.15 Let p € N. The operators Ry and Ry satisfy the following formal
relation:

(3.28) [Ro,R:] = Do [A(‘l) (1d - [ACD]) Z A (1d - [A(‘2>]‘1)2p] ,

where Id is the identity matrix, A := diag(0,1,2,3,...), [.]™" is the inverse matrix and
Dy is a diagonal matrix introduced in in (2.14).

Proof We prove the result for monomials z", for n € N. By Theorem 3.10, we have

[Ro,Ry](2") = RoRj(2") = RyRo(2")

- 55 ()0t raaane ) -

N

p

(F) v awime e

=~
(=]

(B G £ )

By the binomial formula, we have

1 1\ 1 1\
R - [ 1Y (L))
[0 0](2) [n+1 n+2 n n+1 z

:_n(nl+1) [(n+1)(1— ni—l)zp_n(l_ niz)zp]zn'

For n = 0 we have

I

* * * 1
[RO’R(]](I) = RORO (1) - RORO(I) = 47
Therefore,

[Ro B (") {5’ '
0> Rp [\ )= 1 1 \2P 1 \2p

TETy [(n+l)(l—m) —”(1‘m) ]z”, n=12,..
Finally by the notion of the backward of a diagonal operator, see (2.31), and the
notation (2.14) we have

[Ro,Rg] = Do [A(_l) (1d - [A(_l)]_l)ZP ~A(1d - [A(—z)]—l)ZP] .
|

Remark 3.16 By taking p = 0in (3.27) and (3.28) we get back the relations (2.12) and
(2.15), respectively. Indeed

Do [ATY — A] = Dy [diag (1,2,3,...) - diag (0,1,2,3,...)] = Dold = Dy.
3.3 The J,-Bargmann transform

The goal of this section is to further develop a characterization of the space F,(C)
through a unitary operator from L*(IR) onto F,(C). We find out that this operator
can be considered a generalization of the Bargmann transform in the space F,(C).
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Proposition 3.17  Let p € N. For every x € R and z € C we define the function

(o) i’l

(3.29) Ap(z,x) = Z;)(n YN

where &, are the normalized Hermite functions. Then we have

&n (%),

1) The function A,(.,x) is entire for every x € R.
2) A function f € F,(C) if and only if there exists ¢ € L*(R) such that

(3.30) f(2) = /R Ap(zx)p(x)dx = (¢, Ap(z )12

Proof The result follows from similar arguments used to prove Proposition 2.28. =
The above result motivates the following

Definition 3.18  For p € Nand any ¢ € L?(R) we define the F,-Bargmann transform
as

i z"hy(x)

8By(¢(z)) := _/RAP(Z,x)go(x)dx, Ap(z,x) O & (n+ ent
By using the notations fixed in (2.41) we have
Proposition 3.19 Let p € N. For any z, w € C we have
<.A;, ‘A;’)Lz = 2pF2p(1> veey 1; 2, veey 2; ZW),
where 5 F, is the generalized hypergeometric series.
Proof By the definition of the kernel A, and Proposition 3.7 we have
f i ZE(x) (i R (x) )d
= G+ /) \is (k+1)pVk!

k

(.A;,.A;;/)LZ

Ziw

Eilx dx
szo(]ﬂ)p(ku)p\/_\/_/ J

nd 2w/

‘,;ﬂ(m)zp

=K, (z,w)

:ZPFZP(I’""1;2""’2;Zw)'

The kernel of the F,-Bargmann transform can be written in a specific way.
Theorem 3.20 For p € N we have
(3.31) Ap(z,x) = (RoI)P A(z, x), V(z,x) e C xR,

where A(z, x) is the kernel of the F ,-Bargmann transform.
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Proof We observe that (RoI)? =
classical Bargmann we have

[ +1)P then by the definition of the kernel of the

AP(Z,x) % i Znhn(x)

(2m)i 1= (n+1)Pni2:

:(ROI)P((Z ; i z"hn(nx))

7'[)4 n=0 1’1!22

= (RoI)?A(z, x).
[

The following result, see [4, Theorem 4.6], will be useful to write the kernel
Ap(z, x) in another way.

Proposition 3.21 Given Dy as (2.14) we have

n
(3.32) (IR))" = " Ak, I*RE,
k=1

where Ay ,, is a diagonal operator defined by means of the following recurrence relation
k

(3.33) At = Attt + 2 DG A,

=1
where D(()Z) is the forward diagonal of Dy, see (2.30). The initial values are given by

Ayn=1d and Ao,n = diag(0,0,0,...), neN,
and for the remaining values k, p we have
Ag. = diag(0,0,0,...).

Proposition 3.22  Let p € N then for any z, w € C we have
(3.34) Ap(z,w) = (Do +1IRo)PA(z, w)

P J
(3.35) =y Z ( )A I*REA(z,w),
j=0 k=1

where Ay, ; are defined in (3.33).

Proof The equality (3.34) follows by Theorem 3.20 and the relation (2.15). Now we
show (3.35). By the binomial formula and Proposition 3.21 we have

Ap(z,w) = (RoI)P A(z, w)

:g( )Dp J(IRy) A(z, )

P
Z > Df” J( )Ak A*R§A(z,w). n
=0 k=1 j

The previous result paved the way to write the F,-Bargmann transform in three

different ways.
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Proposition 3.23 For p €N and any ¢ € L*(R) we can write the F,-Bargmann
transform as

8Bp(9(2)) = (RoI)?(Bo(2))
= (Do +IRo)?(By(2))

50 (e

where Dy is the diagonal matrix defined in (2.14).
Proof The result follows by Definition 3.18, Theorem 3.20, and Proposition 3.22. =

3.4 The Fock space connected to the F,-space

In this section, we show a connection between the Fock space and J,(C). Similarly
to what happens for the space J{,(C) in Section 2.4 the connection is provided by a
diagonal operator. Moreover, in this section we further investigate the properties of
the J,-Bargmann transform.

(3.36) V, = (RoI)?.

Theorem 3.24 Let p € N. Then the operator V, is a surjective isometry from the space
F(C) onto F,(C). Moreover the adjoint of V,, is given by the operator &, defined in
(2.57).

Proof Firstly we show that the operator V, is an isometric operator. We observe
that V,(z") = (n+1)P Therefore for f e F(C), such that f(z) =Y >, 2"a,, with
(an)nen, € C, we have

vp(f i an = iznﬁna

n:() n+ 1)17 n=0

where 8, := Hence we get

( +1)P

(o]

1V (N7, (c) = Z (n+ 1) |Bul” = [ £15c)-

Now, we show that the operator V,, is surjective. Let g € F,(C). Hence we have g(z) =
Yoo 2" ay with (a,) nen, € C. Our goal is to find a function g € F(C) such that

(3.37) 8(2) =V, (f)(2).

We have to choose a sequence (by)neny, € C such that g(z) =3,7,2"b, and
||g\|§(c) < o0, If we take b, := (n +1)Pa,, we have

ZT’I

Vo(f) = Z m n = g(2).

Now, since f € F,(C) we have

lgl5c) = 22 nllbal” = 3 ni(n+1)*F|ay|* < co.
n=0 n=0
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Therefore g € F(C). Now we show that the adjoint of V, is € ,. We have to show that

(Vp(f)’gh,,(m =(f, Ep(g))?(C),

for feJF(C) and geJF,(C). Let f(z)=2;202"an g(2)=2,202"by, with
(an)neng> (bn)nen, € C then we have

(3.38) (Vo () gy = 3. mi(n+1)?a,by
n=0

We observe that €,(z") = (n +1)Pz". This implies that

oo

(3.39) (f>€p(8)F(c) = S nl(n+1)Pa,b,
n=0
Since (3.38) and (3.39) are equal we get the result. [ ]

Lemma 3.25 Let p € N. Then for any zw € C we have
VEVE (™) = 2pFap (L, e 52,0 2200),

where \7}‘;’\7; 4enote the application of the operator 'V, with respect to the variables w
and z, respectively.

Proof ~We start by observing that Vy (w") = (n+1)P and V5 (z") = (n+1)P By Propo-
sition 3.7 we have
zZ"w"
Vw»\?z Zwy _
o) = Z;) nl(n+1)2%P
=K, (z,w)
= 2pF2p(1’ veey 1;2, vees 2; ZW)
]

Proposition 3.26  Let p € N. Then the J,-Bargmann transform is a unitary operator
and holds that

18B5(9)l5,(c) = l@l2@y, — and  B,p(&n)(2) = W

Proof Since the Bargmann transform 8B, is a composition of two unitary operators:
the classical Bargmann transform and the operator Vp, see Theorem 3.24, we get

H‘SBP(S") HS“,,(C) = H?’HLZ(Ry
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n

Finally by formula (1.5), the fact that V,(2") = (niil)P and by using another time
Proposition 3.23 we get that

8Bp(§n)(2) = (n+f)np\/ﬁ'

4 A relation between the 3{, and J, spaces

In this section we show how the two spaces J{,(C) and JF,(C) are connected each
other through the Fock space.

Theorem 4.1 Let p € N. The operator that maps the space F,(C) onto 3, (C) is given
by
®, = (J+M,2)™".

Proof By combining Theorems 2.39 and 3.24 we have the following scheme:

Fp(C)
v, o,
)% ) \}W

Then we can write the operator ©, as

F(C) C)
®,:=E,0(V,) "

By Theorem 3.24 we know that the operator V, is unitary, hence its adjoint coincide
with its inverse. So we have

®,=E,0(V,) T =E,08,=(T+M3)*.

Theorem 4.2  Let p € N. Then the inverse of the operator ©, is given by

Ap=(0,)" = (RoI)™.
Therefore, the operator A, maps the space 3, (C) to F,(C).
Proof By Theorem 4.1 we have that

_1y-1 -
Ap=(Epo(Vp)™) =Vpo (&)™

By Proposition 2.41 we get

Ap=V,0V,=(ReI)*.

]

By means of the operators ®, and A, we can relate the reproducing kernel of the
spaces F,(C) and 3, (C)
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Theorem 4.3 Let p € N. Then for every z,w € C we have

(4.1) G)W@z 2 (Kp(z,w)) = Kp(z,w),
and
(4.2) AWAZ 2 (Kp(z,w)) = Kp(z,w),

where we denote by ®%, 05, Ag, Aj the operators © , and A, with respect the variables
z and W, respectively.

Proof Westartbyobservingthat®3(z") = (n + 1)2Pz" and ®"f’ (w") = (n+1)%w",
Now by the definition of the kernel X, (z, w) we have

®70% (K, (2, w)) = O 67 3 e
P per no(f’l+1)2Pl’l'

i n+ 1)21’ Z"w"
= Kp(z, w).
The equality (4.2) follows from the fact that A} (2") = (n+l)2P Ay (W) = (n:"ﬁ and
similar computations performed to get formula (4.1). ]

The above result implies the following connection between the generalized hyper-
geometric series and the Touchard polynomials.

Corollary 4.4 Let p € N. Then for every z,w € C we have

zw

- e -
®W®p(2PF2P(1 ...,2;ZW)) = W T2p+1(ZW),
and
B ezw
A;VAIZ, (zw T2P+1 (ZW)) = 2PF2P(1’ vees 1; 2, veey 2; ZV_V),
Proof The result follows by Theorem 4.3, Propositions 2.8 and 3.7. ]

The operators ®, and A, are also useful to relate the two type of Bargmann
transforms introduced in this paper.

Proposition 4.5 Let p € N. Then we have
©,(8B,) =By,
and
Ap(Bp) =8B,.
Proof By Proposition 3.23 we have
0 (8Bp) = 0,V (B).
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Since ®, = €, and by Theorem 3.24 we have V, = ()", by using Proposition 2.38
we get

0p(8By) = E(B) = B,.
Now by Proposition 2.38 we have
Ap(Bp) = ApEy(B).

We observe that A, =V, and by Proposition 2.41 we have £, = (V,) ™. Therefore by
Proposition 3.23 we get

Ap(By) =Vy(B) = 8B,.
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